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A theory of aerosol coagulation due to size-dependent thermophoresis is presented. This previ-
ously overlooked effect is important when local temperature gradients are large, the sol population
is comprised of particles of much greater thermal conductivity than the carrier gas, with mean diam-
eters much greater than the prevailing gas mean-free-path, and an adequate “spread” in sizes (as in
metallurgical mists or fumes). We illustrate this via a population-balance analysis of the evolution
of an initially log-normal distribution when this mechanism dominates ordinary Brownian diffusion.

Normally, rate “constants” for fluid-phase physico-
chemical processes (like homogeneous chemical reactions
or suspended microparticle and/or droplet coagulation)
in an isotropic carrier gas are scalar properties which
depend on local state variables and not on their spatial
gradients. However, in several studies it has been demon-
strated that suspended particle thermophoresis (i.e., drift
down a gas temperature gradient) can dominate Brown-
ian diffusion as a transport mechanism—e.g., in the de-
position of optical waveguide glass micro-droplets [1-3],
or the deposition of flame-generated particulate matter
on heat exchanger surfaces [4]. This raises the interesting
question of whether local conditions are met in applica-
tions in which aerosol coagulation rates are significantly
altered in the presence of inevitable local temperature
gradients. We investigate here when such effects should
be expected and what the principal consequences will be.
Remarkably, we demonstrate that this mechanism can
locally dominate Brownian coagulation e.g. for metal-
lurgical mists and fumes—welding fumes, and, perhaps,
aerosols produced in nuclear reactor coolant spills.

Our preliminary conclusions, summarized below, are
based on a rational theory of aerosol particle coagula-
tion resulting from size-dependent particle thermophore-
sis, when the underlying mechanism of particle phoresis
outside of the free-molecule regime is the “thermal creep”
boundary condition of ideal gas kinetic theory [5, 6]. A
dimensionless thermophoretic particle “diffusivity”, writ-
ten here as: & = arD, /v, may be defined by the vector
expression for the particle drift velocity:

V=av-(-VT), (1)

where T' is the local carrier gas absolute temperature, v
the carrier gas momentum diffusivity, D, the Brownian
diffusion coefficient, and ar (dimensionless) an effective
thermal diffusion factor. For a spherical particle with
intrinsic Fourier thermal conductivity £, and diameter
d,, the decisive factor & depends on particle size (via the
Knudsen number based on gas mean free path ¢ and par-
ticle diameter: Kn = ¢/d,) and thermal conductivity ra-
tio ky/kg (where kg is the gas thermal conductivity), via
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Figure 1. Behavior of & (Eq. (2)) vs. Kn.

the simple semi-empirical relation [7] (plotted in Fig. 1)

2C; - (kg/kp + 2CiKn) - C
(14 6C,Kn) - (14 2kg/kp + 4CKn)’

a = (2)
where C' is the Cunningham-Millikan Stokes drag cor-
rection factor and approximate values of the remain-
ing gas/solid interaction coefficients are given after Eqs.
(2.21 & 2.56) of [8].

One notes immediately that, for any particular finite
k,/kg-ratio, the size-dependence of &, the feature central
to the coagulation mechanism considered here, peaks at
intermediate Kn and vanishes in both the “free-molecule”
and continuum limits. Inspection of the limiting value of
& for ky/ky — oo, defined as éo, i.€.:

_ACCy (14 2Kn [Ay + Ase=A/Kn]) Kn
e (1+ 6CKn) - (1 + 4C,Kn)

reveals that in the limit Kn — 0, at most, & ~ Kn ~ d;l
(locally).

A useful estimate of the collision rate “constant” (12)
associated with differential thermophoretic drift of two
particles of diameters d; and dy can be obtained by
adapting Smoluchowski’s estimate of the collision fre-
quency for non-Brownian particles overtaking one an-
other in a dilute suspension laminar shear flow, as sum-
marized by Friedlander [8]. This method provides the
simple symmetric result:

Bz = (w/4) (d1 +d2)* V1 = V. (4)
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Figure 2. Behavior of B12 (Eq. (6)) vs. da/d; for kp/k, = 10°.
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Figure 3. Behavior of 12 (Eq. (6)) vs. d2/d; for Kny = 1071,

Combining Egs. (2 & 4) leads us to define a nondimen-
sional B12 = P12/ Bret Where:

Bret = (7/4)d3000.1v||V In T||. (5)

In these terms the dimensionless binary collision fre-
quency can be expressed in the following compact form:

Bra = [1 4 (do/d1))? - |1 — o] /Groo 1 (6)
which, for k,/k; and Kn in the range of maximum in-
terest (see below) is not particularly sensitive to either
parameter. Figures 2 & 3 show the interesting behav-
ior of 312, with features reminiscent of the dimensionless
sedimentation kernel [8].

Before considering the consequences of this novel rate
law when introduced into a Smoluchowski-type popula-
tion balance for the evolution of a continuous number
density distribution function n(v,t) (with v = (/6)d3)
we note that Brownian diffusion acting alone (e.g., in the
absence of a temperature gradient) leads to the familiar
rate constant: Sp 12 = 2m(Dy + D2)(d1 + d2), where D,
and Ds are the corresponding Brownian diffusion coeffi-
cients (given by the slip-corrected Stokes-Einstein rela-
tion). Hence, thermophoretic coagulation will dominate
Brownian coagulation when a Peclet number, defined as

the ratio between typical thermophoretic and Brownian
relative velocities, is much larger than 1

[Vi—V,

e = Dy + D)) + da)

> 1. (7)

Recalling the abovementioned laws we find that the ther-
mophoretic effect on aerosol coagulation will become
dominant when, in addition to (C1) large local | VT,
the following somewhat less intuitive additional condi-
tions are also met, viz.: The suspended particles have:

C2: much greater effective Fourier thermal conductivity
than that of the carrier gas; i.e.: ky/ky > 102.

C3: mean diameters considerably larger than the pre-
vailing gas mean-free-path; i.e. O(Kn) < 1072,

C4: an adequate initial “spread” in diameters.

These expectations have been verified based on the pre-
dicted time-evolution of initially log-normal continuous
distributions of spherical particles, having specified the
initial geometric standard deviation (o) and Knudsen
number (based on gaseous mean free path ¢ and Sauter
mean diameter [8]), for k,/k, between 10 and co. Typical
results are shown in Figs. 4-5, based on an efficient nu-
merical solution of the Smoluchowski population balance
equation using a combined quadrature method of mo-
ments [9] along with orthogonal collocation [10]. These
evolution simulations display the essential “fingerprints”
of thermophoresis-driven coagulation, as discussed below:

One interesting result is that, even though the coag-
ulation rate 12 (Eq. (4)) is not a homogeneous func-
tion of particle volume, in the long-time limit the num-
ber density n(v,t) approaches a self-similar distribution
function 1 (n) [8]; i.e., if we define a function ¢ (n,t) ac-
cording to n(v,t) = N (v/v,t) /T (where B(t) is the
time-dependent average particle volume and N(t) the
total number density of particles), we find that in the
long-time limit ¢ (v/T, t) approaches a function that does
not depend on time. The reason for this behavior is the
following. As easily verified, once the population of par-
ticles reaches the low Knudsen number limit (dy, dz > £);
i.e., after a suitably long time interval irrespective of the
initial condition, the difference in thermophoretic veloc-
ity of two particles scales with

Co | A-3Cy
1+2kg /kp kp/kg

1+ 2ky/ky

4 4

Gy — Qo] ~ 40 - —.
@1 — & dy do

(8)

As a consequence, in that limit the dependence of the
coagulation rate on particle size is given by

(1/d2)[ . (9)

Thus, when Kn <« 1, 812 becomes a homogeneous func-
tion of degree 1 in particle diameter (degree 1/3 in terms

612|d1,d2>>€ x (dl + d2)2 |(1/d1) —
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Figure 4. Self-similar distribution function reached in the
long-time limit for k,/k, = 10, 102, 10*, 10* and oo (superim-
posed solid lines). Results for Brownian coagulation are also
plotted for reference (gray line = present numerical scheme;
solid dots after [11]—for aggregate fractal dimension = 3).
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Figure 5. Top: (a) average particle volume T over initial vol-
ume of a Sauter mean diameter particle vsmp,o and (b) geo-
metric standard deviation o4 of ¢ vs. stretched time. Bottom:
(c) skewness v1 and (d) kurtosis 32 of 1 over the correspond-
ing results approximating 1 by a log-normal distribution; for
kp/ky = 10 (separate solid line), 10%, 10 10* and oo (su-
perimposed solid lines). Corresponding results for Brownian
coagulation are also plotted for reference (gray lines).

of particle volume). Because of the abovementioned fac-
torization of the (12-dependence on k,/k, and particle
diameter, attained when Kn < 1 for all particles in the
population, we find that, in the long time limit, a pop-
ulation of particles under thermophoretically dominated
coagulation will approach a “self-preserving” form (Fig.
4), independent of k,/k,. Also, because of factorization
of the dependence on k,/k, and particle diameter of (12
reached once Kn < 1, we find that the effect of k,/k,
in the time evolution is merely to change the time-scale
(see Fig. 5). In Fig. 5 we show the average particle vol-
ume, along with the geometric standard deviation and
the symmetry (skewness) and flatness (kurtosis) param-

eters of ¢(v/7,t) as a function of t/ty, where t; is the
effective time needed to reach the self-preserving size dis-
tribution (¢(v/7)), defined here as the time at which the
time-derivative of the 5 lowest order moments of ¢ be-
comes smaller than 1072,

Our illustrative calculations suggest that the above-
mentioned conditions are actually met in metallurgical
mists and /or fumes, especially for high temperature oper-
ations carried out above atmospheric pressure (e.g. sub-
merged gas jet refinement of molten metals or welding
of offshore platforms, pipelines, ...). However, even for
micron-sized metal aerosols produced at ca. 1 atm pres-
sure we find that the thermophoretic coagulation rate
constant can exceed that for Brownian motion by a factor
of 10. Turkdogan and Mills [12] reported condensation-
enhanced diffusion-controlled evaporation rates (ca. 3-
fold) of levitated, inductively heated Fe(L) + Ni(L) alloy
droplets into 350K He at p = 1 atm. Droplet diame-
ters were ca. 0.64 cm and liquid surface temperatures
were ca. 2300K ~ 2400K. Thus, nominal temperature
gradients were ca. 0.6 x 10° K/m, values comparable to
those obtained locally in many combustion operations.
In this case the (pressure-insensitive) k,/kq- values were
also probably of the order of 102. Thus, despite the
fact that some Kn-values probably exceeded unity, the
presently estimated thermophoretically-dominated coag-
ulation rate constant for particles of, say, 0.3 and 3 pm
is over 20 times that expected for Brownian diffusion
acting alone. Moreover, a typical Peclet number of the
type Vpd,/ Dy, (equal to the product of the particle ther-
mal diffusion factor and relative change in temperature
over one particle diameter) was of order 103. A slightly
less extreme example is provided by the evaporation of
molten sodium (e.g., nuclear reactor coolant) into ar-
gon [13]—a situation for which |[VT| ~ 0.5 x 10° K/m,
kp/kqy > 103 and V,d,/D,, probably exceeded 50 for par-
ticles estimated to be 1 um diameter. The consequences
of both mechanisms (Brownian diffusion and differential
thermophoresis) acting together, i.e., when the Peclet
number based on relative drift velocity, (di + d2)/2 and
D1+ Dy is O(1) or less, will be the subject of a lengthier
treatment, currently in progress.

On the face of it, the fact that we have shown that
the local rate of aerosol coagulation, and the associated
evolution of particle size distribution, in an isotropic gas
mixture can be influenced by the presence of a local tem-
perature gradient seems to violate a fundamental prin-
ciple of the thermodynamics of linear irreversible pro-
cesses (TIP), viz.: a vectorial process should not be able
to “couple” with a scalar process—a principle often as-
cribed to P. Curie [14, 15]. However, one can view our
present treatment as outside the linear TTP domain since,
as shown, it is the magnitude of the local vector VT that
counts, irrespective of its direction. Put another way,
if |VT|| is viewed as (VT - VT)I/2 then we are, in ef-
fect, outside the realm of linearity. We are now dealing



with a more general nonlinear “constitutive law” for the
coagulation rate, proportional to the “material frame-
invariant” || VT, that all observers will be able to agree
upon. On the other hand, even though at a molecular
level the gas is an isotropic fluid, from the viewpoint of
the suspended particles, i.e., at the “mesoscopic level”,
the gas is no longer isotropic because of the preferred
direction defined by the local temperature gradient.

Lastly, we comment that particle coagulation in a lo-
cal gaseous environment experiencing a large (volume-
averaged) temperature gradient (treated here) should be
distinguished from a previously studied case in which par-
ticle size-dependent radiation loss (or gain) causes tem-
perature inequalities (T # T # T,) in an otherwise uni-
form gas at temperature T, [16]. In the latter case ther-
mophoresis influences particle dynamics only when the
coagulating particles enter each other’s thermal “bound-
ary layers”—i.e. those subregions occupying a volume
at most comparable to the local volume fraction of sus-
pended particles (often < 1 ppm). Of course, in principle,
both thermophoresis mechanisms could operate simul-
taneously, and both can become important under near-
continuum conditions.

To summarize, we have identified conditions under
which particle size-dependent thermophoresis can lead to
significant increases in the coagulation rate constant and
altered population dynamics of polydispersed aerosols
comprised of particles of the same Fourier thermal con-
ductivity. We have shown that the thermophoretically-
dominated coagulation rate constant is proportional to
the product of the magnitude of V InT', the local carrier
gas kinematic viscosity, the cross-section (7/4)(dy +d2)?,
and the difference in dimensionless thermophoretic diffu-
sivities. We have also shown that when conditions C1-4
above are met, this mechanism can actually locally dom-
inate Brownian coagulation—as in metallurgical mists
and/or fumes (of interest in resource recovery, submerged
jet refinement of metals, environmental control (welding
fumes, . ..), or nuclear power plant accident analysis) or,
perhaps, in “flame spray pyrolysis” (for the commercial
aerosol synthesis of fine metal powders; see, e.g., [17]). II-
lustrative universal plots are provided to facilitate quan-
titative estimates in new situations and to display the
“fingerprints” of this mechanism with regard to long-time
size distribution-evolution. Generalizations are now re-
quired to account for short-range “hydrodynamic interac-
tions”, particle Brownian motion and shape effects, slow
coalescence or sintering, nanoparticles in dense vapor car-

rier fluids, and other non-additive combined coagulation
mechanisms [15, 18, 19].
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