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This survey investigates wall modeling in large-eddy simulations (LES) using data-driven machine-
learning (ML) techniques. To this end, we implement three ML wall models in an open-source code
and compare their performances with the equilibrium wall model in LES of half-channel flow at
eleven friction Reynolds numbers between 180 and 1010. The three models have “seen” flows at
only a few Reynolds numbers. We test if these ML wall models can extrapolate to unseen Reynolds
numbers. Among the three models, two are supervised ML models, and one is a reinforcement
learning ML model. The two supervised ML models are trained against direct numerical simulation
(DNS) data, whereas the reinforcement learning ML model is trained in the context of a wall-
modeled LES with no access to high-fidelity data. The two supervised ML models capture the law
of the wall at both seen and unseen Reynolds numbers—although one model requires re-training
and predicts a smaller von Kármán constant. The reinforcement learning model captures the law
of the wall reasonably well but has errors at both low (Reτ < 103) and high Reynolds numbers
(Reτ > 106). In addition to documenting the results, we try to “understand” why the ML models
behave the way they behave. Analysis shows that the error of the supervised ML models is a result
of the network design and the error in the reinforcement learning model arises due to the present
choice of the “states” and the mismatch between the neutral line and the line separating the action
map. In all, we see promises in data-driven ML wall models.

I. INTRODUCTION1

Machine learning (ML) has been used in a wide range of domains in recent years, including image recognition, market2

analysis, weather forecast, and others. Computational fluid dynamics (CFD) is not exempt. ML tools were applied3

in modeling [1–8], computation [9–11], control [12], and optimization [13–15]. An overview of the ML applications in4

the field of fluid dynamics can be found in Refs. [16–18].5

Consider turbulence modeling, an old field that dates back to at least Prandtl and his mixing length model [19].6

In the past 100 years or so, many empirical models have been developed. In the field of Reynolds-averaged Navier7

Stokes (RANS), there exist the Spalart-Allmaras model [20], the SST k − ω model [21], the Full Reynolds Stress8

Model [22, 23], among others. In the field of large-eddy simulation (LES), there exist the Smagorinksy sub-grid9

scale (SGS) model [24], the Vreman SGS model [25], the equilibrium wall model [26], among others. These empirical10

models and the ones in Refs. [27–29] have survived many independent comparative studies [30–32], are shown to be11

Galilean invariant, and preserve the known empiricism like the Kolmogorov’s theory of small-scale turbulence [33]12

and the logarithmic law of the wall [34]. Many of these models are now available in commercial and open-source13

CFD software like Fluent, STARCCM+, and OpenFOAM, and can be picked up and used, as they are, by anyone.14

However, empirical models are not always sufficiently accurate. Slotnick et al. [35] noted that the available empirical15

models fall short in their predictions of separated flows, high-speed flows, and flows with strong heat transfer.16

The inadequacies of empirical models motivated the development of ML models. In this paper, the term “empirical17

models” refers to conventional, white-box turbulence models with analytical forms, and the term “ML models” refers18

to the more recent, black-box turbulence models that usually have no analytical form. Note that the wording, i.e.,19

“physics-based models” and “data-based models” in reference to “empirical models” and “ML models”, is not precise:20

physics like Galilean invariance is a building block of ML models, and empirical models also invoke data (to determine21

model coefficients, to pick one term over another). ML models give accurate results for flows in the training dataset,22

and many have reported successes [36–38]. However, these successes have not benefited front-line CFD practitioners23

as much as they should/could, largely because of the black-box nature of ML models and the resulting difficulty in24

implementing them in a CFD code. As a result, conducting comparative studies is very hard. Comparative studies25

are important to turbulence models. A model must survive many comparative studies before it can be picked up26

and used for predictive modeling. However, there are few comparative studies for ML models. The only study in27
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the present literature seems to be the one by Rumsey et al. [39], where they found that the improvements offered28

by ML models in some flows are often at the expense of degrading behaviors in other flows. Rumsey et al. do not29

favor trading off generality for accuracy. The trade-off between generality and accuracy is, in principle, one’s choice.30

However, CFD and fluid dynamics is a field where getting training data is costly [40–42], and fluid engineers need to31

handle unseen flows routinely. These circumstances make trading off generality for accuracy undesirable. ML is often32

criticized for its lack of generality and interpretability. While the method can automatically discover the ideal model33

from data without the need for prior hypotheses, it often comes at the expense of physical considerations in modeling34

[43]. The "black-box" nature of machine learning makes it difficult to comprehend the relationship between the input35

and the model’s predictions, which limits the ability to generate simple explanations or hypotheses about the data36

relationships.37

Given this limitation, we pursue a comparative analysis of various machine-learning wall models (MLWMs). Com-38

pared to ML RANS models, ML wall modeling is a less explored territory, making a comparative study a lot less39

daunting. Before we proceed further, we review the basics of LES, wall modeling, and the recent progress in ML wall40

models.41

LES is a scale-resolve tool. An LES resolves the large-scale, more energetic motions and models the small-scale,42

less energetic motions [44]. The tool is more cost-effective than direct numerical simulation (DNS) and more accurate43

than RANS, and is seeing many applications in academic research [45–53] thanks to the ever more powerful HPC44

systems. This work concerns LES of boundary-layer flows. The energetic motions in a boundary layer scale as their45

distances from the wall. As a result, to resolve the energetic motions in a boundary layer, the LES grid must scale46

as ν/uτ in the inner layer and δ in the outer layer, respectively. Here, ν is the kinematic viscosity, uτ is the friction47

velocity, and δ is the boundary layer height. This inner-layer grid resolution requirement is very restrictive at high,48

practically relevant Reynolds numbers. Yang et al. [40] estimated the grid-point requirements for wall-resolved LES49

(WRLES) and wall-modeled LES (WMLES) of a flat-plate boundary layer, where the inner layer is resolved and50

modeled respectively. According to them, the grid-point requirements for WRLES and WMLES are N ∼ Re1.86Lx
and51

N ∼ Re1.0Lx
, where ReLx = LxU0/ν, Lx is the length of the flat plate, and U0 is the freestream velocity. It follows52

that near-wall turbulence modeling, or wall modeling, is a necessity for flows at practically relevant Reynolds numbers53

[54–56].54

There are two strategies for WMLES: hybrid RANS/LES- and wall-shear stress-based methods. The existing55

MLWMs are mostly wall-shear stress models, so we concern ourselves with wall-shear stress models only. The most56

commonly used wall-shear stress model is the equilibrium wall model [57–59], which we will use as our baseline model.57

The equilibrium wall model relates the wall-shear stress with the velocity at a distance from the wall according to58

the law of the wall. This incurs errors in non-equilibrium flows [60–62], which has, on the one hand, motivated more59

in-depth research on the equilibrium wall model itself [63–69] and, on the other hand, motivated research on non-60

equilibrium wall models [70–72] and models that do not rely on the equilibrium assumption [73, 74]. A comprehensive61

review of the recent efforts on LES wall modeling is not the focus of this study, and the reader is directed to Refs.62

[62, 63, 75] as well as Ref. [76].63

The inadequacy of the equilibrium-type wall models combined with the ever-increasing availability of high-fidelity64

simulation data [77–79] have motivated MLWMs, which is the topic of this study. The past few years have seen the65

development of a number of MLWMs [3, 14, 80–84]. In the following, we review these efforts. Yang et al. [3] appears66

to be the first to apply ML in WM. They trained a feed-forward neural network (NN) against a Reτ = 1000 channel67

to predict the LES-grid filtered wall-shear stress as a function of the LES-grid filtered velocity at a distance from68

the wall. They claimed that their model predicts the mean flow in a channel at all Reynolds numbers. Huang et al.69

[14, 80] built on the model in Ref. [3] and developed WMs that work well in spanwise rotating channel and channel70

with arbitrary (in terms of direction) but small (in terms of magnitude) system rotation. Zhou et al. [81] trained71

a feed-forward neural network to predict the wall-shear stress as a function of the flow information at few off-wall72

locations. They got good results for the periodic hill flow in their a priori tests, but their a posteriori tests did not73

yield good results, for which the reason was unknown. Bae & Koumoutsakos [83] resorted to reinforcement learning74

(RL). Their method requires little knowledge of flow physics and no access to high-fidelity training data. The trained75

RL model increases the wall-shear stress in response to a high velocity in the wall layer and vice versa. The work in76

Ref. [83] concerns only channel flow, and in a follow-up work, they considered flow over periodic hills [84]. Lozano &77

Bae [85] developed a combined classifier and predictor network to predict wall-shear stress in the NASA juncture flow.78

Their approach yielded some improvement over EWM, but performance in separation zones remained poor despite79

training the model over canonical flows that include separation. Their method provides a useful advantage in that80

the classifier produces confidence levels, which can act as a warning when the MLWM’s prediction is significantly81

outside its training range. Bhaskaran et al. [86] developed a MLWM using unstructured compressible WRLES to82

predict wall-shear stress, claiming good performance in predicting complex flow boundary layers, including laminar-83

turbulent transition. However, they did not provide a posteriori validation in this work. Radhakrishnan et al. [87]84

used gradient boosted decision trees to train a model based on a database of WRLES at Reτ = 180 and Reτ = 1000.85
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Their a posteriori results show predictions close to their EWM, which itself produces a log-layer mismatch. Moriya86

et al. [88] used a convolutional neural network in their ML method to predict a virtual wall-surface velocity. Their87

model was trained using DNS data at Reτ = 180 and was tested a posteriori at Reτ = 360. However, when the grid88

becomes coarser (∆y+ > 10), the results deteriorate.89

The present work compares MLWMs from three groups, namely, the WM by Yang and co-authors [3, 14, 80], the90

WM by Zhou and co-authors [81, 82], and the WM by Bae and co-authors [83, 84]. Like any other ML papers, these91

models are shown to have good properties. Yang et al. [3] and Zhou et al. [81] claimed superior results for rotating92

channels and periodic hills, respectively. Bae et al. [83] claimed extrapolation to unseen Reynolds numbers. In light93

of the recent work by Rumsey et al. [39], we will assess if these improvements are at the expense of the logarithmic94

law of the wall. Along with this paper, we will make the MLWM implementation available on Github so that anyone95

can pick up these models as they are and apply them for predictive modeling.96

Although it will be clear in the later sections, we note that problems like the log-layer mismatch (LLM) that affect97

empirical WMs also affect MLWMs. LLM leads to a 15% error in the wall-shear stress [89]. The error can be removed98

by employing a matching location away from the wall [58], by adding a random forcing [90], by filtering the input99

velocity to the WM [59, 91], etc. Although MLWMs have complications that prevent the application of some existing100

LLM remedies, this study makes all possible efforts to remove LLMs.101

The rest of the paper is organized as follows. The computational setup and the WMs are detailed in Section II. In102

Section III, we compare the WMLES results. The results are discussed in Section IV followed by concluding remarks103

in Section V.104

II. WALL-MODELED LARGE-EDDY SIMULATION DETAILS105

A. Flow configuration and code numerics106

The configuration is the half-channel flow. The domain size is Lx × Ly × Lz = 2πδ × 2πδ × 1δ in the streamwise107

x, spanwise y, and wall-normal z directions, where δ is the half channel height. The flow is periodic in both the108

streamwise and the spanwise directions. A wall-shear stress boundary condition is imposed at z = 0, and a symmetric109

condition is imposed at z = δ. The flow is driven by a constant pressure gradient in the x direction.110

We employ the open-source pseudo-spectral code LESGO, publicly available at https://lesgo.me.jhu.edu [92].111

The code uses the spectral method in the x and y directions and the second-order finite difference method in the z112

direction. The computational domain is divided uniformly into Nx, Ny, and Nz grid points with the resolution of dx,113

dy, and dz in the x, y, and z directions, respectively. The grid planes are staggered in the vertical direction, with114

the first horizontal velocity plane at a distance dz/2 from the surface. The last grid point is just above the physical115

domain, and therefore Nz grid points translate to a wall-normal grid spacing of Lz/(Nz − 1). The code has been116

well validated and extensively used in earlier research publications [93–99]. Furthermore, it has served as a ground117

for testing SGS models and wall models [47, 71, 91, 100, 101]. Available SGS models include the constant coefficient118

[24], dynamic [102], and Lagrangian dynamic [103] Smagorinsky models, and the minimum dissipation model (AMD)119

[101, 104]. Available wall models include the equilibrium wall model [59, 91], the integral wall model [71], the slip wall120

model [105], the POD-inspired wall model [106], and as a result of this comparative study, the supervised MLWMs in121

Refs. [80, 81] and the reinforcement learning WM in Ref. [83].122

B. Wall models123

Four wall models are considered, namely, the equilibrium wall model, referred to as EWM [107], the supervised124

MLWM in Ref. [80], referred to as HYK19, the supervised MLWM in Refs. [81, 82], denoted as ZHY21 and ZYZY22,125

and the reinforcement learning WM in Ref. [83], referred to as BK22.126

1. Empirical WM, EWM127

The EWM imposes the following law of the wall locally and instantaneously:128

ū+ =
1

κ
ln

(
z

z0

)
, (1)

where u+ = u/uτ is the inner scaled streamwise velocity, κ ≈ 0.4 is the von Kármán constant, z0 = ν exp(−κB)/uτ129
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is a viscous scale, and B ≈ 5 is the intercept of the log law. The model reads:130

τw = ρu2
τ = ρ

[
κŨLES

ln(hwm/z0)

]2

, (2)

where ρ is the fluid density, ULES is the LES horizontal velocity at a distance hwm from the wall, and (̃·) denotes131

possible filtration operation [59]. Equation 2 is implicit and must be solved iteratively. The matching height hwm132

can be the first, second, or the nth off-wall grid point. In this work, we place hwm at dz/2, i.e., the first off-wall grid133

point, and filter the LES velocity to remove LLM [59]. Here, the factor 1/2 is due to the use of a staggered grid.134

2. Supervised MLWM, HYK19135

It should be clear from Section II B 1 that inverting the mean flow scaling gives a wall model. Following that line of136

thinking, Huang et al. [80] invoked the empirical knowledge in Ref. [108] and trained a network for spanwise rotating137

channel. The network inputs are:138

z+ and z+/l+Ω , (3)

where z+ = zuτ/ν is the wall-normal coordinate in inner unit, and l+Ω = uτ/(2Ω) is the non-dimensional rotation139

length scale, and Ω is the angular velocity. In the absence of system rotation, Ω is zero, and therefore the second140

input feature z+/l+Ω is zero. The network output is:141

U+
LES − g(z+, l+Ω). (4)

The g function is an empirical scaling estimate of the mean flow in a spanwise rotation channel [80, 108] defined as:142

g(z+, l+Ω) =
1

κ
ln(z+)H

(
−z+ +

l+Ω
κ

)
+

[
z+

l+Ω
+

1

κ
ln(l+Ω)−

1

κ
ln(κe)

]
H

(
z+ −

l+Ω
κ

)
, (5)

where e is the base of the natural logarithm, lΩ = uτ/(2Ω) is the rotation induced length scale (Ω is the angular143

velocity, that drops to zero without rotation), and H is the Heaviside function defined as:144

H(x) =

{
1 if x ≥ 0,

0 if x < 0.
(6)

In the absence of system rotation, the g function reduces to ln(z+)/κ. In that case, the network should predict the145

intercept of the log law at z+, which varies as a function of z. Huang et al. [80] trained their network against DNS146

at various Reynolds numbers, ranging from Reτ = 180 to Reτ = 1500, and with different rotation numbers. The147

network comprises three hidden layers with four, four, and two neurons in each hidden layer, as sketched in Figure 1.148

Huang et al. [80] pointed out that a small network size is necessary for computational efficiency, and larger network149

sizes may not be practical. It is important to note that the neural network does not provide the wall-shear stress150

directly. Instead, an iterative process is required to deduce uτ from the output of the network. This is because the151

output depends on U+
LES and the g function (Equation 4), both of which are functions of uτ . After several iterations,152

the system converges, and uτ can be deduced from U+
LES, knowing ULES.153

3. Supervised MLWM, ZHY21 and ZYZY22154

Zhou et al. [81] recognized the non-locality of the flow separation phenomenon and argued that it would be very155

hard for a wall model to accurately predict flow separation if it takes inputs at only one off-wall location. Therefore,156

they took LES information at three off-wall locations and fed the information to a feed-forward neural network, which157

predicts the wall-shear stress. Their network assumes information at hwm, hwm+0.03δ, and hwm+0.06δ. That is, the158

location of the first off-wall point is arbitrary, but the second and the third off-wall points must be at distances 0.03δ159

and 0.06δ from the first off-wall point. Table I lists the network inputs, which contain velocity, pressure, viscosity, and160

coordinate information. Their network contains 6 hidden layers, with 20 neurons in each hidden layer. The training161

is done against high-fidelity channel and periodic-hill flow data at Reh = 5600 to 10595, where Reh is the Reynolds162
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FIG. 1. Diagram representing the NN in Ref. [80]. Without rotation effects, the second feature is 0 and the g function reduces
to ln(z+)/κ.

TABLE I. Inputs, outputs and NN structure for ZHY21 [81] and ZYZY22 [82]. HL stands for hidden layers. The inputs make

use of the near-wall scale y∗ defined as y∗ =
ν

uτ,p
, where uτ,p =

√
u2
v + u2

p, uv =

√∣∣∣∣ νu

hwm

∣∣∣∣, up =

∣∣∣∣νρ ∂p′

∂x

∣∣∣∣1/3, p′ denotes pressure

fluctuations.

WM Inputs Outputs NN size

ZHY21 [
ln

(
hwm

y∗

)
;

δ

hwm

u

ub
;

δ

hwm

w

ub
;

δ

hwm

v

ub
;
hwm

ρu2
b

∂p

∂x
;
hwm

ρu2
b

∂p

∂z

]
× 3

τxzwm

u2
b

,
τyzwm

u2
b

HL6-20

ZYZY22 HL6-15

number based on the hill height. The trained networks give superior results in a priori tests, but the a posteriori163

results are mixed. In recent work, Zhou et al. [82] re-trained their model, employing a different activation function164

and including channel flow data generated from the law of the wall for Reτ = 103 to Reτ = 109. The inputs and the165

outputs are also tabulated in Table I. It should be noted that some of the features chosen in this study depend on a166

characteristic height of the flow, defined as δ for the half-channel flow. It is important to keep in mind that defining167

this characteristic height may be challenging in complex geometries.168

4. Reinforcement learning WM, BK22169

Bae & Koumoutsakos [83] resorted to reinforcement learning (RL), which does not require high-fidelity training170

data. The basic idea of RL is to adjust an agent’s or agents’ behaviors in an environment to yield desired outcomes.171

In the context of LES WM, the WM is the agent, the LES field is the environment, and the desired outcome is an172

accurate wall-shear stress. Figure 2 shows how the RLWM works. Bae & Koumoutsakos [83] began their training173

with EWM-generated flow fields at Reτ = 2000, 4200, and 8000. Several agents are inserted into the LES flow field,174

and these agents modify flow fields in order to reach the best policy π. Specifically, the agent produces an action175

an(x, y) on its environment at the instant tn based on an observation (the states sn) and a reward rn, causing the176

environment to transition from states sn to states sn+1. The action is to increase or decrease the predicted wall-shear177

stress by a factor of an as:178

τw(x, y, tn+1) = an(x, y)τw(x, y, tn). (7)

In Ref. [83], an(x, y) ∈ [0.9, 1.1]. It is worth noting that the agents in Figure 2 are single-policy agents. That means179

that from given states, all agents will predict the same action.180

In Ref. [83], two models are trained: one called the velocity wall model (VWM), and one called the log-law wall181

model (LLWM). We consider only LLWM, which was shown to give better performance. The states of LLWM are:182

1

κwm
=

hwm

uτwm

∂u

∂z

∣∣∣∣
z=hwm

, (8a)

183
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FIG. 2. Several single-policy agents are distributed in the (x, y) plane at hwm. Reprinted from Ref. [83], licensed under a
Creative Commons Attribution 4.0 International License.

TABLE II. Details of the WMLESs. In some cases, inputs are filtered using a sharp filter with a side length equal to twice the
grid spacing.

Wall model SGS model Grid size
(Nx ×Ny ×Nz)

Reτ Nagents
Matching

location (hwm)
Inputs
filtering

EWM AMD 243, 483, 723 [180, 1010] / dz/2 Yes
HYK19 AMD 243, 483, 723 [180, 1010] / dz/2 Yes

ZHY21, ZYZY22 AMD 323 [180, 1010] / dz/2 No
BK22 AMD 243, 483, 723 [180, 1010] 16, 64, 128 dz No

Bwm =
uLES

uτwm

− 1

κwm
ln

(
hwmuτwm

ν

)
, (8b)

where uLES = u(hwm) is the streamwise LES velocity taken at hwm and uτwm
=

√
τw/ρ is the model-computed184

friction velocity. We place the matching location hwm at dz, i.e., between the first and the second off-wall grid points,185

for ease of computing the velocity derivative. It may be worth noting that the implementation of RLWM is not186

straightforward. The present model requires the coupling of an RL library, here the Smarties library [109] with the187

LES solver. Ideally, the trained model should not need the RL library, a topic we will leave to future investigation.188

C. Further details189

Table II summarizes the WMLES cases considered in this study. We vary the grid resolutions from Nx×Ny×Nz =190

243 to Nx ×Ny ×Nz = 723. The sub-grid scales are modeled with the AMD model [101, 104]. We have evaluated an191

additional sub-grid scale (SGS) model, the Lagrangian scale-dependent dynamic (LSD) SGS model [91], at Reτ = 5200,192

and the corresponding results are presented in Appendix B. Eleven friction Reynolds numbers are considered, between193

180 and 1010. For ZHY21 and ZYZY22, the distances between the first and the second off-wall locations must equal194

the distance between the second and the third off-wall locations, which must equal 0.03δ. This limits the wall-normal195

grid resolution to about dz = 0.03δ unless one interpolates, which will likely introduce unwanted errors. This is why196

the grid size is 323 for ZHY21 and ZYZY22. It should be noted that the matching point location for BK22 differs from197

other WMs due to the computation of derivatives in the definition of states. The EWM and HYK19 models differ198

from others in that they use filtered inputs. The decision not to filter inputs for other models is based on how they199

were originally trained and tested, which was without filtering. Additionally, using filtered inputs for these models200

requires filtering inputs at several distances from the wall, as these models require information from multiple points.201

III. RESULTS202

Before we present the WMLES results, it would be instructive to mention two comments from Brenner & Koumout-203

sakos [110] and Rumsey et al. [39]. Brenner & Koumoutsakos [110] noted that one must apply the same standards204

to ML works. Rumsey et al. [39] noted: “the (ML) model should be ‘universal’ in the sense that it can be used205

by anyone and applied to as many flows as possible without concern for unusual or detrimental behavior; at worst,206
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(a) EWM. (b) HYK19. (c) BK22.

FIG. 3. Contours of the fluctuating streamwise velocity in the x− y plane at the first off-wall grid point z = dz/2. The flow is
at Re = 105. (a) EWM [58], (b) HYK19 [80], (c) BK22 [83]. The grid resolution is Nx ×Ny ×Nz = 483.

(a) EWM. (b) HYK19. (c) BK22.

FIG. 4. Same as figure 3 but at z/δ = 0.5.

the ML model should not degrade the accuracy of the baseline model.” We tested the already trained ML models207

provided by the authors in our solver and did not retrain them. The performance of the ML models is affected by208

the differences in the CFD solver used in our testing, which highlights the need for these models to be adapted to209

account for such differences.210

A. The effects of wall model211

Figures 3 and 4 show the contours of the streamwise velocity at the first off-wall grid point and at z/δ = 0.5. The212

Reynolds number is Reτ = 105. The grid resolution is Nx × Ny × Nz = 483, and 64 agents are employed for the213

BK22 results. Results of EWM, HYK19, and BK22 are shown. ZYZY22 results are available at only the resolution214

Nx×Ny×Nz = 323 and are not shown here for fairness. The flow fields at the same height are alike: we see small-scale215

large fluctuations at the first off-wall grid point and large-scale streaks at z/δ = 0.5 in all WMLESs irrespective of the216

wall model. Figure 5 shows the mean velocity profiles. The EWM captures the log law when the matching location217

hwm is in the log layer. When the matching location is in the viscous layer, i.e., at Reτ = 180, the algebraic EWM218

employed here yields a profile above the DNS. HYK19 gives the right mean flow at all Reynolds numbers, irrespective219

of where hwm is. ZYZY22 predicts the log law but yields a small von Kármán constant—in spite of the fact that all220

results here are from the same SGS model. This is quite peculiar, and it is not clear to the authors why ZYZY22221

yields a small von Kármán constant. Errors are found at Reτ = 180 like the EWM. BK22 also predicts the log law,222

but positive and negative LLMs are found at low and high Reynolds numbers, respectively. Errors are also found in223

BK22 at Reτ = 180. Since the log law is only exact at infinite Reynolds number, a closer comparison of the mean224

velocity profiles with DNS is shown in Appendix A for Reτ = 180, 1000 and 5200. In addition, we precisely measure225

LLM, and the result is shown in Figure 6. The increase in the measured LLM as a function of the friction Reynolds226
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(a) EWM. (b) HYK19.

(c) ZYZY22. (d) BK22.

FIG. 5. Mean streamwise velocity ū+ as a function of the wall-normal direction z+ at 11 Reynolds numbers between Reτ = 180
and 1010. (a) EWM [58], (b) HYK19 [80], (c) ZYZY22 [82], (d) BK22 [83]. DNS result at Reτ = 5200 is included for comparison
purposes [79]. The log law corresponds to κ = 0.4 and B = 5. The comparison of results for BK22 includes two sets, one
from the original paper [83] at Reτ = 5200, 104, 105, and 106 and the other from an implementation of the original model in
LESGO.

number in ZYZY22 is because ZYZY22 yields a small von Kármán constant:227

LLM ∼
(

1

κZYZY22
− 1

κ

)
ln(z+), (9)

where κZYZY22 is the ZYZY22 predicted von Kármán constant. Bae & Koumoutsakos reported results up to 106 [83].228

Their results are slightly different from the ones shown here mainly because of the difference in the grid resolution.229

The good performance at Reτ = 105 and 106 is because the h+
wm value is near the values the model is trained for, and230

the mismatches at higher and lower Reynolds numbers are because the h+
wm value is far from the training conditions.231

This is particularly true for Reτ = 180, where h+
wm is inside the viscous layer and the flow there does not abide by232

the log law. As shown in Appendix B for Reτ = 5200, the results are not impacted by the size of the domain, which233

is sufficiently large.234

Figure 7 shows the inner scaled root-mean-square of the streamwise velocity fluctuations u+
rms. The Reτ = 180235

result is different from the rest due to its low Reynolds number. The u+
rms at a fixed y/δ should not vary as a function236

of the Reynolds number at sufficiently high Reynolds numbers [111, 112]. This is what we see in Figure 7. The EWM237

and HYK19 results are similar. ZYZY22 gives a large u+
rms at Reτ = 180 but the results are otherwise similar to these238

of the EWM. BK22 gives a slightly larger u+
rms at the first off-wall grid point than the EWM, which is quite peculiar.239

B. Further results240

In this subsection, we report the effects of the number of agents and the grid resolution.241

Figure 8 displays wall-shear stress contours for a varying number of agents, 16, 64 and 128 agents for BK22. These242

agents are represented with red crosses in the figure. Due to the periodic boundary conditions, we have extra 9, 17,243

and 25 agents at the boundaries. These agents are represented with blue crosses. The wall-shear stress at a point244
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FIG. 6. LLM in inner units as a function of the friction Reynolds number Reτ for all wall models. The baseline log law is
ln(z+)/κ+B with κ = 0.4 and B = 5.

(a) EWM. (b) HYK19.

(c) ZYZY22. (d) BK22.

FIG. 7. Root mean square of the streamwise velocity fluctuation u+
rms as a function of the wall-normal coordinate z/δ plotted

for Reτ ∈
[
180, 103, 2× 103, 5.2× 103, 104, 105, 106, 107, 108, 109, 1010

]
. (a) EWM [58], (b) HYK19 [80], (c) ZYZY22 [82], (d)

BK22 [83]. DNS data at Reτ = 1000 [78] and Reτ = 5200 [79] are included for comparison.

that does not have an agent is computed from a bi-linear interpolation. Apparently, reducing the number of agents245

results in less variations in the instantaneous wall-shear stress. Figure 9 shows the LLM as a function of the friction246

Reynolds number for different numbers of agents. The number of agents has a negligible impact on the results. It is247

just that for Reτ > 109, the simulation did not converge for 16 agents. This is not an inadequacy of the model as 16248

agents are too few.249

Figure 10 shows the mean flow for grid resolutions Nx×Ny×Nz = 243, 483, and 723 for EWM, HYK19, and BK22.250

The grid resolution has negligible impact on the EWM and HYK19 results. This is desired. The BK22 results have251

some weak dependence on the grid resolution. We will explain this in the next section.252
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(a) Nagents = 16. (b) Nagents = 64. (c) Nagents = 128.

FIG. 8. A visualization of the instantaneous wall-shear stress when there are (a) 16, (b) 64 and (c) 128 agents.

FIG. 9. LLM as a function of the friction Reynolds number Reτ for different number of agents.

IV. ANALYSIS253

The purpose of this section is to provide an analysis of the behavior of black-box MLWMs and to gain insights254

into their workings. This is not commonly done but we believe it will be instructive. The discussion will involve the255

extrapolation theorem [113], which governs the way in which a neural network extrapolates. The theorem reads: for256

a non-trivial feed-forward neural network “net” that maps from R1 to R1, net(∞) = a finite constant if one employs257

the sigmoid transfer function for all neurons, and net(x) ∼ x (including net(x) ∼ 0 · x) if one employs the rectified258

linear unit as the transfer function for all neurons. The theorem was initially developed for bias-free neural networks,259

but it is often applicable to general neural networks as well.260

A. Supervised MLWM, HYK19261

HYK19 was shown to give improved results compared to the EWM in spanwise rotating channels [80] and is shown262

in Section III to also preserve the law of the wall at seen 180 < Reτ < 1500, and unseen Reτ > 1500, Reynolds263

numbers. To gain insights into the behavior of the model, we compare its predictions with the law of the wall. The264

network is itself a model of the mean flow. Figure 11 shows the network’s output U+ − ln(z+)/κ as a function of its265

input z+ in the absence of spanwise system rotation. We have observed two important characteristics of the model’s266

behavior. Firstly, the model is consistent with the law of the wall in the viscous layer up to z+ = 30, indicating267

successful training of the network. Secondly, the model asymptotes to a constant value at large z+ values, preserving268

the law of the wall at high Reynolds numbers. The exact value that the network asymptotes to is determined by269

the network’s training, but the fact that it asymptotes to a constant is a result of the network’s design, which uses a270

sigmoidal activation function. The extrapolation theorem states that a network with such a function will asymptote271

to a constant at infinity.272

To summarize, the model presented in Ref. [80] is designed to preserve the law of the wall and offers improvements273
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(a) EWM. (b) HYK19.

(c) BK22.

FIG. 10. Mean velocity ū+ as a function of the wall-normal coordinate z+ plotted for Reτ ∈[
180, 103, 2× 103, 5.2× 103, 104, 105, 106, 107, 108, 109, 1010

]
. (a) EWM [58], (b) HYK19 [80], (c) BK22 [83]. Three dif-

ferent grid resolutions are considered, namely, Nx × Ny × Nz = 243, 483 and 723. The BK22 simulation at Re = 1010 for
Nx ×Ny ×Nz = 723 did not reach convergence, likely because of too few agents (64) compared to the number of grid points.

FIG. 11. The network output
(
U+ − ln(z+)/κ

)
as a function of the input z+ (in the absence of system rotation, the number

of inputs reduces to 1). DNS data at Reτ = 180, Reτ = 1000 [78] and Reτ = 5200 [79] are included for comparison. The black
line is at B ≈ 5.2, which is the typical value for the log-law intercept. The von Kármán constant is equal to κ = 0.4.

in and only in rotating channels. These improvements are not at the expense of its performance in other flows, where274

the model gives the same results as the EWM.275

B. Supervised MLWMs, ZHY21 and ZYZY22276

In contrast to its superior performance in a priori tests, ZHY21 did not perform well in a posteriori tests. The277

model was originally trained on periodic hill flows, while we tested it on a different configuration, namely channel278
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FIG. 12. τwwm/τwLoW as a function of the friction Reynolds number. Here, τmwwm is the wall-shear stress given by ZHY21 or
ZYZY22, τwLoW is the wall-shear stress consistent with the law of the wall.

flow, and in a different solver. This difference in configuration and solver may explain why the model did not perform279

properly in our testing. On the other hand, ZYZY22 incorporated channel flow data generated from the law of the280

wall (Reτ ∈ [103; 109]) in its training and was able to capture the law of the wall in WMLES but produces a von281

Kármán constant of κ = 0.32. Although not shown in the previous section, ZYZY22’s performance deteriorates at282

grid resolutions other than Nx ×Ny ×Nz = 323, where the distances between the neighboring matching locations are283

not 0.03δ.284

We analyze the consistency of WMs with the law of the wall to gain insights into their behavior in a posteriori tests.285

The law of the wall contains both the viscous layer and the logarithmic layer. Here, we construct the law of the wall286

by stitching the wall layer in a Reτ = 5200 channel [79] and the logarithmic law, ū+ = ln(z+)/κ + B, at z+ = 100.287

The flow rate, which is needed to compute the WMs’s input, is obtained by integrating the law of the wall. The two288

WMs take velocity and pressure information at three off-wall locations. The law of the wall gives the velocity at any289

three off-wall locations. The pressure terms are set to 0 per the constant stress layer assumption that underpins the290

law of the wall.291

For the first test, we take the velocity at z1 = 0.03δ, z2 = 0.06δ, and z3 = 0.09δ, and vary the Reynolds number.292

Figure 12 compares the predicted wall-shear stress and the truth. ZHY21 overpredicts the wall-shear stress. The error293

increases as the Reynolds number increases. This explains its poor performance in a posteriori studies. In contrast,294

ZYZY22 performs well at all Reynolds numbers except for Reτ = 180.295

It is a common practice to blame a lack of training data for the poor performance of a ML model and leave no296

comment on how much data is actually needed, which is not very helpful. Here, ZHY21’s poor performance is not297

entirely because of a lack of training data. The rectified-linear unit (ReLU) activation function is also responsible.298

Per the extrapolation theorem [113], as one of the network inputs, ln(hwm/y∗), asymptotes to infinity at the infinite299

Reynolds number, the network output, τw/(ρU2
b ), also asymptotes to infinity at the infinite Reynolds number. This300

asymptotic behavior is erroneous because τw/(ρU2
b ) should asymptote to 0 at the infinite Reynolds number. The above301

explains the error in network ZHY21. We add two caveats to this discussion. First, although the ReLU activation302

function is responsible for the behavior of the specific network ZHY21, it is not true that one cannot achieve the303

correct asymptotic behavior using ReLU. The extrapolation theorem does not preclude the asymptotic behavior and304

a proper designed NN can cancel features that asymptotes to infinity such as: 0 · x + constant at x = ∞. However,305

achieving this requires expertise in machine learning. Second, the extrapolation theorem was only known recently.306

Zhou et al. [81] could not have known how to design a network to guarantee the right asymptotic behavior at the307

infinite Reynolds number.308

For the second test, we vary hwm,1, i.e., the distance between the wall and the first matching location and keep309

dhwm = 0.03δ, i.e., the distances between two neighboring matching locations fixed at the training condition. The310

results are shown in Figure 13 (a). We see that varying the distance between the wall and the first matching location311

does not incur any error. For the third test, we vary hwm,1 and force dhwm = dz = Lz/(Nz − 1), which deviates from312

the training conditions. The results are shown in Figure 13 (b), and errors show up. These errors can be removed if313

one trains for dhwm at values other than 0.03δ [82], which is outside the scope of this comparative study and left for314

future investigation.315
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(a) τxzwm/τ̄xz with hwm,1 = dz and dhwm = 0.03δ (b) τxzwm/τ̄xz with hwm,1 = dz and dhwm = dz

FIG. 13. τxzwm/τ̄xz as a function of the friction Reynolds number with (a) constant dhwm = 0.03δ and (b) dhwm = dz. In (a)
and (b), the location of the first off-wall point hwm1 = dz.

C. Reinforcement learning WM, BK22316

BK22 captures the law of the wall with positive LLM at low Reynolds numbers and negative LLM at high Reynolds317

numbers. Its behaviors are best understood by studying the state map or the action map. Figure 14 shows the318

state maps for the Reτ = 180, 103, 105 and 1010 channels, and we gather the actions taken by the RLWM during a319

statistically stationary period.320

The state map contains a neutral line:321

u+
LES − ū+

LL = 0. (10)

Here, ū+
LL is the velocity obtained from the log law with κ = 0.4 and B = 5. Both velocities are evaluated at the322

matching location hwm. For states located above this neutral line, the velocity is larger than the log-law value. Given323

these states, the RLWM should ideally generate an action an > 1. By doing so, the wall-shear stress would increase,324

which is anticipated to result in a drop in the local velocity, thereby bringing down the velocity to the log-law value.325

On the contrary, given states below the neutral line, the RLWM should ideally generate an action an < 1 to bring up326

the velocity to the log-law value. In all, there may be four scenarios:327

• A = {u+
wm > ū+

LL & an > 1};328

• B = {u+
wm > ū+

LL & an < 1};329

• C = {u+
wm < ū+

LL & an > 1};330

• D = {u+
wm < ū+

LL & an < 1};331

among which A and D are desired.332

We can re-write the neutral line as follows:333

1

κwm
ln(h+

wm) +Bwm − u+
LL = 0, (11)

alternatively,334

1

κm
=

(
− 1

ln(dz/δ) + ln(Reτ )

)
Bwm +

u+
LL

ln(h+
wm/Reτ ) + ln(Reτ )

, (12)

where −1/(ln(dz/δ) + ln(Reτ )) is the slope of the neutral line and u+
LL/(ln(h

+
wm/Reτ ) + ln(Reτ )) is the intercept. It335

follows from Eq. (12) that the slope of the neutral line decreases as the Reynolds number increases and increases as336

the grid resolution increases, the latter of which explains our observation in Figure 10. This is more clear from Figure337

15. Figure 15 (a) shows the profiles that correspond to u+
LES − ū+

LL = 0 and Figure 15 (b) shows the corresponding338

neutral lines in the state map. For a given grid resolution dz/δ, h+
wm grows as Reτ increases. Hence, given Bwm < B,339

the log-law slope decreases as the Reynolds number increases in order to satisfy the condition u+
wm = ū+

LL, which340
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(a) Reτ = 180. (b) Reτ = 103.

(c) Reτ = 105. (d) Reτ = 1010.

FIG. 14. State maps at (a) Reτ = 180, (b) Reτ = 103, (c) Reτ = 105 and (d) Reτ = 1010. The contours show the actions.
Data are collected from WMLES with the grid resolution 483.

corresponds to an increasing κwm. Also, as is clear from Figure 15, the log-law slope depends less sensitively on the341

Reynolds number as the Reynolds number increases.342

The neutral line should ideally separate the an > 1 actions and the an < 1 actions, which is the case in Figure343

14 (c). However, this is not always the case. Figure 14 (a, b, d) shows the state maps at Reτ = 180, 1000, and344

1010. The neutral lines in these three plots are at different positions than that in Figure 14 (c) but the line that345

separates the an > 1 and the an < 1 actions remains about the same. Consequently, the RLWM generates an < 1 and346

an > 1 actions in regions I and II, respectively, which brings the velocities that are above and below the log-law values347

further away from the log-law values, resulting in a negative log layer mismatch at Reτ = 1010 and a positive log348

layer mismatch at Reτ = 180 and 1000. Considering our resolution, the matching location (h+
wm) for the Reτ = 105349

case is near the matching location used for the original training, which included channel flows at Reτ = 2000, 4200,350

and 8000. This is why the performance of the model is best near this Reynolds number range, but we observed a351

mismatch outside this range.352

We may take more quantitative measures like the precision and the recall, which are defined for action an > 1 as:353

precision(an > 1) =
true positive

true positive + false positive
=

instances of A
instances of A + instances of C

,

recall(an > 1) =
true positive

true positive + false negative
=

instances of A
instances of A + instances of B

,

(13)

Similarly, one can define the precision and recall for action an < 1. We can also define accuracy:354

Accuracy =
instances of A and D

all instances
. (14)

These measures are collected in Table III for all Reynolds numbers. The accuracy is about 0.50 at all Reynolds355

numbers. Hence, the RLWM generates a wall-shear stress that brings the local velocity closer to the log-law velocity356

for 50% of the instances. We note that 50% accuracy is not necessarily bad because turbulence is itself stochastic. The357

recalls for both the an < 1 actions and the an > 1 actions are about 0.5. Hence, for about half of the instances that358
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(a) (b)

FIG. 15. (a) Profiles corresponding to u+
LES − ūLL = 0. (b) Corresponding neutral lines in the state map.

TABLE III. Precision, recall and accuracy with the corresponding mismatches.

Precision Recall

Reτ an > 1 an < 1 an > 1 an < 1 Accuracy Mismatch
(inner units)

180 0.61 0.38 0.48 0.51 0.49 +2.2
103 0.61 0.40 0.49 0.52 0.50 +1.1

2× 103 0.68 0.34 0.49 0.53 0.51 +1.5
5.2× 103 0.80 0.25 0.50 0.57 0.51 +2.0

104 0.92 0.10 0.49 0.59 0.50 +2.0
105 0.66 0.40 0.51 0.55 0.53 +1.0
106 0.58 0.47 0.52 0.53 0.52 -0.9
107 0.55 0.48 0.51 0.52 0.51 -2.2
108 0.56 0.47 0.52 0.52 0.52 -3.2
109 0.57 0.44 0.49 0.52 0.50 -3.1
1010 0.57 0.42 0.45 0.53 0.49 -3.2

the velocity is above/below the log-law value, the RLWM generates a wall-shear stress that brings the velocity closer359

to the log-law value. The LLM is not strongly correlated with either the accuracy or the recall, but it is correlated360

with the precision. When the precision of the an > 1 actions is low, more instances of C (as compared to the instances361

of A) happen. When these events happen, τw is increased in spite of u+
wm < ū+

LL, producing negative mismatch at362

Reτ ≥ 107. On the other hand, when the precision of the an < 1 actions is low, more instances of B occur, where τw363

is decreased in spite of u+
wm > ū+

LL, leading to positive mismatches at Reτ between 2000 and 104. The precisions for364

both the an > 1 and the an < 1 actions are low at Reτ = 180 and 103 and the effects cancel, leading to a small LLM.365

D. Computational cost366

The cost of a CFD model is important as well. A comprehensive analysis of the models’ cost would necessitate a367

separate study examining performance across different platforms and codes, which is outside the scope of this work.368

Here, we follow the previous authors and provide a rough estimate, see, e.g., Refs. [70, 114]. Specifically, we compare369

the costs of the three MLWMs to that of the ODE-based equilibrium wall model. We will show that the three ML370

models are all cheaper than the ODE-based equilibrium wall model. Since the cost of the ODE-based equilibrium371

wall model is not an issue, the costs of the three MLWMs should not be an issue either. It takes 5 operations to372

evaluate the algebraic EWM Eq. (2) one time: a multiplication, two divisions, a logarithmic function evaluation, and373

a square. The number of operations needed to propagate information through a feed-forward neural network from374

the input layer to the output layer is given by:375

N =

L∑
i=2

(ni−1 + 2)ni, (15)
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where L is the number of layers including the input and the output layer, ni is the number of neurons in the ith layer376

excluding the bias unit, N is the total number of operations, and +2 is for addition of the bias and the evaluation377

of the activation function. This is a rough estimate: multiplication, addition, and the evaluation of the activation378

function are all considered as one operation. It follows from Eq. (15) that evaluating HYK19, ZYZY22, and BK22379

one time takes 56, 1609, and 17412 operations (assuming one agent per grid point). The above analysis shows that380

BK22 is the most costly among the three MLWMs—if it is applied at every location. Next, we compare BK22 to the381

ODE-based equilibrium wall model. The ODE-based equilibrium wall model adds about 10% to 30% overhead to the382

LES [70, 114], which is typically not a concern. We compare the cost of the ODE-based wall model and BK22 on the383

PSU-ACI HPC cluster by independently evaluating these two models. The test reveals that the cost ratio between384

the ODE-based equilibrium wall model and BK22 is approximately four, indicating that BK22 is more cost-effective385

than the ODE-based equilibrium wall model.386

Note that this analysis only considers the execution cost of the model and does not include the training cost. Similar387

to other readily available turbulence models, these MLWMs are designed to be used as they are, without the need388

for re-training. Thus, from the perspective of a WMLES user, training costs are not apparent. That being said, it is389

important to acknowledge that for supervised WMs like HYK19 and ZYZY22, training demands the generation of a390

high-fidelity database in addition to the step of adjusting weights and biases. The associated cost is tied to the size391

of the training database and the neural network. The training of RL models is generally quite expensive, involving a392

significant number of gradient steps (around 107 for BK22). However, it does not require the creation of a high-fidelity393

database; instead, it requires a significant amount of WMLES for trial and error processes. This comparative study394

targets WMLES users rather than developers, with the goal to facilitate the selection of an appropriate existing model.395

Given that these users do not perceive the training costs, we refrain from discussing them in further detail.396

V. CONCLUDING REMARKS397

This study surveys the available MLWMs: HYK19, the supervised MLWM in Ref. [80], ZYZY22, the supervised398

MLWM in Refs. [81, 82], and BK22, the RLWM in Ref. [83]. The implementation of the three WMs are made399

available in the open-source code LESGO so that anyone can pick up these ML models and use them for predictive400

modeling.401

This study emphasizes the canonical channel flow. We follow Ref. [39] and argue that a ML model must preserve the402

known empiricism. We vary the friction Reynolds number form Reτ = 180 to 1010, and the MLWMs are compared with403

the baseline EWM and the law of the wall. Among the three MLWMs, HYK19 gives accurate mean flow predictions404

at all Reynolds numbers, ZYZY22 captures the law of the wall, but predicts a smaller von Kármán constant, BK22405

captures the law of the wall with positive and negative LLMs at low and high Reynolds numbers, respectively. The406

costs of the three MLWMs are all lower than the ODE-based equilibrium wall model and therefore are not a concern.407

408

In addition to documenting the results, we also attempt to explain why the MLWMs behave the way they behave.409

This is rarely done but is important to modeling. A priori analysis shows that HYK19 and ZYZY22 both preserve410

the law of the wall. This explains HYK19’s good performance meanwhile points to LES (LES solver, SGS model) for411

the errors (the small von Kármán constant) in ZYZY22. The analysis also shows that the LLMs in BK22’s results412

are due to the mismatch between the neutral line and the line that separates the an > 1 and an < 1 actions. When413

the two lines match, BK22 gives good results. LLM arises when the two lines do not match. We show that when the414

neutral line is above the line that separates the an > 1 and an < 1 actions, positive LLM arises, and vice versa.415

Rumsey et al. [39] argued that the improvements offer by a ML model in some flow should not be at the expense416

of other flows, requiring that a ML model must not degrade the accuracy of the baseline model. We share this417

viewpoint and support a progressive learning approach where MLWMs are developed in a way similar to empirical418

WMs, by gradually increasing complexity and verifying that at each step of the process, the fundamental physical419

laws are accurately recovered. However, we should note that applying this viewpoint to all MLWMs, particularly420

new MLWMs, is not always fair. Many papers aim to validate a new, novel methodology rather than to develop a421

CFD product. The novelty of BK22 is that it requires no high-fidelity DNS data. The novelty of HYK19 is that it422

accurately predicts rotating channel flows. The novelty of ZYZY22 is that it takes information at multiple locations,423

to predict flow separation in periodic hills flows. We conducted this survey to evaluate the capability of MLWMs424

to recover EWM results on basic channel flow configurations beyond their training range. However, the results are425

somewhat mixed. Nonetheless, there are still many ML methods that have not been explored yet, and we believe that426

with further research and development, MLWMs will yield better results. Such an approach could prove particularly427

valuable in predicting complex flow problems, including separated flows, where significant progress could be made428

[106]. To encourage the acceptance and utilization of MLWMs, we follow [39] and suggest placing emphasis on two429

key aspects: verifying their extrapolation capabilities, specifically their ability to recover fundamental physical laws430
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and improving their interpretability. By doing so, we can better understand their potential and ensure their practical431

use in the field.432

A new turbulence model must survive many independent comparative studies before it would be picked up and used433

for predictive modeling. The field of MLWM is still young, and there will be many more comparative studies in the434

future. This study is limited to channel flow, and we examined three available models. The hope is that first, more435

easy-to-implement MLWMs would become publicly available; second, simple channel flow becomes a sanity check;436

third, there would be a consensus on the inputs needed to accurately predict the wall-shear stress; and last, MLWMs437

can help address the challenge in more complex flows such as separated flows.438
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Appendix A: Close comparison with DNS444

Figure 16 compares the mean velocity profiles of DNS and LES for four WMs at three different Reynolds numbers:445

Reτ = 180, 1000, and 5200. At the largest Reynolds number, EWM and HYK19 WMs perform well as the matching446

location is located in the log layer, unlike BK22 and ZYZY22 WMs that produce a positive mismatch as seen in447

Figure 5. However, at lower Reynolds numbers, EWM still follows the log law while the matching point is located448

in the viscous layer at Reτ = 180 and in the buffer layer at Reτ = 1000, leading to a positive mismatch especially449

at Reτ = 180. On the other hand, HYK19 WM manages to reproduce the DNS profile reasonably well due to the450

variation of the intercept according to Figure 11, but a negative mismatch remains.451

Appendix B: Domain size and SGS model452

In this appendix, it is shown that the effect of computational domain size on the mean velocity for EWM and453

HYK19 is minimal, as shown in Figure 17. The baseline computational box size is used along with two additional454

domain sizes that extend in the spanwise and streamwise directions: Lx ×Ly ×Lz = 2πδ× 2πδ× 1δ, 4πδ× 2πδ× 1δ,455

and 4πδ × 4πδ × 1δ. It is important to note that the resolution is kept constant, so when the domain size is doubled,456

the number of grid points is also doubled.457

We also explored the impact of the SGS model by including the LSD model [91], in addition to the baseline AMD458

model [101, 104] in Figure 18. This topic has been previously investigated in, e.g., Refs. [115, 116], among others.459

Results show here very little effect of the SGS model for EWM, HYK19 and BK22 at Reτ = 5200. The effect of the460

SGS model on MLWMs is similar to that on EWM, indicating that the learned models are not significantly adjusted461

to compensate for deficiencies in the SGS model.462
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(a) EWM. (b) HYK19.

(c) ZYZY22. (d) BK22.

FIG. 16. Mean streamwise velocity ū+ as a function of the wall-normal direction z+ at three Reynolds numbers Reτ = 180,
1000, and 5200. (a) EWM [58], (b) HYK19 [80], (c) ZYZY22 [82], (d) BK22 [83]. DNS result at Reτ = 180, Reτ = 1000 [78]
and Reτ = 5200 [79] are included for comparison purposes. The log law corresponds to κ = 0.4 and B = 5.

(a) EWM. (b) HYK19.

FIG. 17. Mean velocity ū+ as a function of the wall-normal coordinate z+ plotted for Reτ = 5200. (a) EWM [58], (b) HYK19
[80]. Three different domain sizes are considered keeping the resolution constant: Lx×Ly×Lz = 2πδ×2πδ×1δ, 4πδ×2πδ×1δ,
and 4πδ × 4πδ × 1δ.
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FIG. 18. Mean velocity ū+ as a function of the wall-normal coordinate z+ plotted for Reτ = 5200 using EWM [58], HYK19
[80], and BK22 [83]. Two different SGS models are considered, namely, AMD [101, 104] and LSD [91] models.



20

[1] A. Vollant, G. Balarac, and C. Corre, Subgrid-scale scalar flux modelling based on optimal estimation theory and machine-463

learning procedures, J. Turbul 18, 854 (2017).464

[2] A. P. Singh, S. Medida, and K. Duraisamy, Machine-learning-augmented predictive modeling of turbulent separated flows465

over airfoils, AIAA J. 55, 2215 (2017).466

[3] X. Yang, S. Zafar, J.-X. Wang, and H. Xiao, Predictive large-eddy-simulation wall modeling via physics-informed neural467

networks, Phys. Rev. Fluids 4, 034602 (2019).468

[4] K. Champion, B. Lusch, J. N. Kutz, and S. L. Brunton, Data-driven discovery of coordinates and governing equations,469

Proc. Nat. Acad. Sci. USA 116, 22445 (2019).470

[5] H. Li, Y. Zhao, J. Wang, and R. D. Sandberg, Data-driven model development for large-eddy simulation of turbulence471

using gene-expression programming, Phys. Fluids 33, 125127 (2021).472

[6] C. Kasten, J. Shin, R. Sandberg, M. Pfitzner, N. Chakraborty, and M. Klein, Modeling subgrid-scale scalar dissipation473

rate in turbulent premixed flames using gene expression programming and deep artificial neural networks, Phys. Fluids474

34, 085113 (2022).475

[7] P. Du, X. Zhu, and J.-X. Wang, Deep learning-based surrogate model for three-dimensional patient-specific computational476

fluid dynamics, Phys. Fluids 34, 081906 (2022).477

[8] L. Sun, H. Gao, S. Pan, and J.-X. Wang, Surrogate modeling for fluid flows based on physics-constrained deep learning478

without simulation data, Computer Methods in Applied Mechanics and Engineering 361, 112732 (2020).479

[9] S. Cai, Z. Mao, Z. Wang, M. Yin, and G. E. Karniadakis, Physics-informed neural networks (PINNs) for fluid mechanics:480

A review, Acta Mech. Sin. , 1 (2022).481

[10] T.-R. Xiang, X. Yang, and Y.-P. Shi, Neuroevolution-enabled adaptation of the Jacobi method for Poisson’s equation482

with density discontinuities, Theor. Appl. Mech. Lett. 11, 100252 (2021).483

[11] A. Arzani, J.-X. Wang, and R. M. D’Souza, Uncovering near-wall blood flow from sparse data with physics-informed484

neural networks, Phys. Fluids 33, 071905 (2021).485

[12] J. Rabault, M. Kuchta, A. Jensen, U. Réglade, and N. Cerardi, Artificial neural networks trained through deep reinforce-486

ment learning discover control strategies for active flow control, J. Fluid Mech. 865, 281 (2019).487

[13] J. Viquerat, J. Rabault, A. Kuhnle, H. Ghraieb, A. Larcher, and E. Hachem, Direct shape optimization through deep488

reinforcement learning, J. Comput. Phys. 428, 110080 (2021).489

[14] X. L. Huang and X. I. A. Yang, A bayesian approach to the mean flow in a channel with small but arbitrarily directional490

system rotation, Phys. Fluids 33, 015103 (2021).491

[15] B. S. Mekki, J. Langer, and S. Lynch, Genetic algorithm based topology optimization of heat exchanger fins used in492

aerospace applications, Int. J. Heat Mass Transf. 170, 121002 (2021).493

[16] K. Duraisamy, G. Iaccarino, and H. Xiao, Turbulence modeling in the age of data, Ann. Rev. Fluid Mech. 51, 357 (2019).494

[17] S. L. Brunton, B. R. Noack, and P. Koumoutsakos, Machine learning for fluid mechanics, Ann. Rev. Fluid Mech. 52, 477495

(2020).496

[18] N. Zehtabiyan-Rezaie, A. Iosifidis, and M. Abkar, Data-driven fluid mechanics of wind farms: A review, J. Renew. Sustain.497

Energy (2022).498

[19] L. Prandtl, Uber die ausgebildete turbulenz. verh 2nd intl kong fur tech mech, zurich, English translation: NACA Tech.499

Memo 62, 435 (1926).500

[20] P. Spalart and S. Allmaras, A one-equation turbulence model for aerodynamic flows, in 30th aerospace sciences meeting501

and exhibit (1992) p. 439.502

[21] F. R. Menter, Improved two-equation k-omega turbulence models for aerodynamic flows, Tech. Rep. (1992).503

[22] B. E. Launder, G. J. Reece, and W. Rodi, Progress in the development of a Reynolds-stress turbulence closure, J. Fluid504

Mech. 68, 537 (1975).505

[23] C. G. Speziale, S. Sarkar, and T. B. Gatski, Modelling the pressure–strain correlation of turbulence: an invariant dynamical506

systems approach, J. Fluid Mech. 227, 245 (1991).507

[24] J. Smagorinsky, General circulation experiments with the primitive equations: I. The basic experiment, Mon. Weather508

Rev. 91, 99 (1963).509

[25] A. Vreman, An eddy-viscosity subgrid-scale model for turbulent shear flow: Algebraic theory and applications, Phys.510

Fluids 16, 3670 (2004).511

[26] U. Schumann, Subgrid scale model for finite difference simulations of turbulent flows in plane channels and annuli, J.512

Comput. Phys. 18, 376 (1975).513

[27] K.-Y. Chien, Predictions of channel and boundary-layer flows with a low-Reynolds-number turbulence model, AIAA J.514

20, 33 (1982).515

[28] B. Smith, A near wall model for the k-l two equation turbulence model, in Fluid Dynamics Conference (1994) p. 2386.516

[29] D. C. Wilcox, Formulation of the kw turbulence model revisited, AIAA J. 46, 2823 (2008).517

[30] F. Menter and C. Rumsey, Assessment of two-equation turbulence models for transonic flows, in Fluid Dynamics Confer-518

ence (1994) p. 2343.519

[31] C. L. Rumsey, J. Slotnick, M. Long, R. Stuever, and T. Wayman, Summary of the first AIAA CFD high-lift prediction520

workshop, J. Aircr. 48, 2068 (2011).521

[32] H. H. Xu, S. Lynch, and X. I. A. Yang, Direct numerical simulation of slot film cooling downstream of misaligned plates,522

Flow 2 (2022).523



21

[33] A. N. Kolmogorov, The local structure of turbulence in incompressible viscous fluid for very large Reynolds numbers, Cr524

Acad. Sci. URSS 30, 301 (1941).525

[34] I. Marusic, J. P. Monty, M. Hultmark, and A. J. Smits, On the logarithmic region in wall turbulence, J. Fluid Mech. 716526

(2013).527

[35] J. P. Slotnick, A. Khodadoust, J. Alonso, D. Darmofal, W. Gropp, E. Lurie, and D. J. Mavriplis, CFD vision 2030 study:528

a path to revolutionary computational aerosciences, Tech. Rep. (2014).529

[36] J. Ling, A. Kurzawski, and J. Templeton, Reynolds averaged turbulence modelling using deep neural networks with530

embedded invariance, J. Fluid Mech. 807, 155 (2016).531

[37] J.-L. Wu, H. Xiao, and E. Paterson, Physics-informed machine learning approach for augmenting turbulence models: A532

comprehensive framework, Phys. Rev. Fluids 3, 074602 (2018).533

[38] J. R. Holland, J. D. Baeder, and K. Duraisamy, Towards integrated field inversion and machine learning with embedded534

neural networks for RANS modeling, in AIAA Scitech (2019) p. 1884.535

[39] C. L. Rumsey, G. N. Coleman, and L. Wang, In search of data-driven improvements to RANS models applied to separated536

flows, in AIAA SCITECH (2022) p. 0937.537

[40] X. I. A. Yang and K. P. Griffin, Grid-point and time-step requirements for direct numerical simulation and large-eddy538

simulation, Phys. Fluids 33, 015108 (2021).539

[41] J. Li, X. Yang, and R. F. Kunz, Grid-point and time-step requirements for Large-eddy simulation and Reynolds -averaged540

Navier-Stokes of stratified wakes, Phys. Fluids (2022).541

[42] P.-K. Yeung, K. Ravikumar, S. Nichols, and R. Uma-Vaideswaran, Simulation of extreme-scale homogeneous turbulence542

on a new leadership Exascale GPU platform, Bulletin of the American Physical Society (2022).543

[43] C. M. Legaard, T. Schranz, G. Schweiger, J. Drgoňa, B. Falay, C. Gomes, A. Iosifidis, M. Abkar, and P. G. Larsen,544

Constructing neural network-based models for simulating dynamical systems, ACM Computing Surveys (2021).545

[44] S. Pope, Turbulent Flows (Cambridge University Press, 2000).546

[45] K. A. Goc, O. Lehmkuhl, G. I. Park, S. T. Bose, and P. Moin, Large eddy simulation of aircraft at affordable cost: a547

milestone in computational fluid dynamics, Flow 1 (2021).548

[46] M. Abkar and F. Porté-Agel, Influence of atmospheric stability on wind-turbine wakes: A large-eddy simulation study,549

Phys. Fluids 27, 035104 (2015).550

[47] M. Abkar and P. Moin, Large-eddy simulation of thermally stratified atmospheric boundary-layer flow using a minimum551

dissipation model, Boundary-Layer Meteorol. 165, 405 (2017).552

[48] R. Stoll, J. A. Gibbs, S. T. Salesky, W. Anderson, and M. Calaf, Large-eddy simulation of the atmospheric boundary553

layer, Boundary-Layer Meteorol. 177, 541 (2020).554

[49] M. Cho, A. Lozano-Durán, P. Moin, and G. Ilhwan Park, Wall-modeled large-eddy simulation of turbulent boundary555

layers with mean-flow three-dimensionality, AIAA J. 59, 1707 (2021).556

[50] D. Zhou, K. Wang, and M. Wang, Large-eddy simulation of an axisymmetric boundary layer on a body of revolution, in557

AIAA Aviation (2020) p. 2989.558

[51] S. Chen, Z. Xia, S. Pei, J. Wang, Y. Yang, Z. Xiao, and Y. Shi, Reynolds-stress-constrained large-eddy simulation of559

wall-bounded turbulent flows, J. Fluid Mech. 703, 1 (2012).560

[52] X. Yang and C. Meneveau, Large eddy simulations and parameterisation of roughness element orientation and flow561

direction effects in rough wall boundary layers, J. Turbul 17, 1072 (2016).562

[53] X. I. A. Yang, On the mean flow behaviour in the presence of regional-scale surface roughness heterogeneity, Boundary-563

Layer Meteorol. 161, 127 (2016).564

[54] D. R. Chapman, Computational aerodynamics development and outlook, AIAA J. 17, 1293 (1979).565

[55] P. R. Spalart, Comments on the feasibility of LES for wings, and on a hybrid RANS/LES approach, in Proceedings of566

first AFOSR international conference on DNS/LES (Greyden Press, 1997).567

[56] H. Choi and P. Moin, Grid-point requirements for large eddy simulation: Chapman’s estimates revisited, Phys. Fluids568

24, 011702 (2012).569

[57] J. W. Deardorff, A numerical study of three-dimensional turbulent channel flow at large Reynolds numbers, J. Fluid570

Mech. 41, 453 (1970).571

[58] S. Kawai and J. Larsson, Wall-modeling in large eddy simulation: Length scales, grid resolution, and accuracy, Phys.572

Fluids 24, 015105 (2012).573

[59] X. I. A. Yang, G. I. Park, and P. Moin, Log-layer mismatch and modeling of the fluctuating wall stress in wall-modeled574

large-eddy simulations, Phys. Rev. Fluids 2, 104601 (2017).575

[60] M. C. Adler, D. R. Gonzalez, L. P. Riley, and D. V. Gaitonde, Wall-modeling strategies for large-eddy simulation of576

non-equilibrium turbulent boundary layers, in AIAA Scitech (2020) p. 1811.577

[61] A. Lozano-Durán, M. G. Giometto, G. I. Park, and P. Moin, Non-equilibrium three-dimensional boundary layers at578

moderate Reynolds numbers, J. Fluid Mech. 883 (2020).579

[62] S. T. Bose and G. I. Park, Wall-modeled large-eddy simulation for complex turbulent flows, Ann. Rev. Fluid Mech. 50,580

535 (2018).581

[63] J. Larsson, S. Kawai, J. Bodart, and I. Bermejo-Moreno, Large eddy simulation with modeled wall-stress: recent progress582

and future directions, Mech. Eng. Rev. 3, 15 (2016).583

[64] A. B. Kahraman and J. Larsson, Adaptive determination of the wall modeled region in WMLES, in AIAA Scitech (2020)584

p. 1074.585

[65] H. H. Xu, X. I. A. Yang, and P. M. Milani, Assessing wall-modeled large-eddy simulation for low-speed flows with heat586

transfer, AIAA J. 59, 2060 (2021).587



22

[66] X. I. A. Yang and Y. Lv, A semi-locally scaled eddy viscosity formulation for LES wall models and flows at high speeds,588

Theor. Comp. Fluid Dyn. 32, 617 (2018).589

[67] P. E. Chen, Y. Lv, H. H. Xu, Y. Shi, and X. I. A. Yang, LES wall modeling for heat transfer at high speeds, Phys. Rev.590

Fluids 7, 014608 (2022).591

[68] F. De Vanna, M. Cogo, M. Bernardini, F. Picano, and E. Benini, Unified wall-resolved and wall-modeled method for592

large-eddy simulations of compressible wall-bounded flows, Phys. Rev. Fluids 6, 034614 (2021).593

[69] C. Meneveau, A note on fitting a generalised moody diagram for wall modelled large-eddy simulations, J. Turbul 21, 650594

(2020).595

[70] G. I. Park and P. Moin, An improved dynamic non-equilibrium wall-model for large eddy simulation, Phys. Fluids 26, 37596

(2014).597

[71] X. Yang, J. Sadique, R. Mittal, and C. Meneveau, Integral wall model for large eddy simulations of wall-bounded turbulent598

flows, Phys. Fluids 27, 025112 (2015).599

[72] Y. Lv, X. L. Huang, X. Yang, and X. I. A. Yang, Wall-model integrated computational framework for large-eddy simula-600

tions of wall-bounded flows, Phys. Fluids 33, 125120 (2021).601

[73] S. T. Bose and P. Moin, A dynamic slip boundary condition for wall-modeled large-eddy simulation, Phys. Fluids 26,602

015104 (2014).603

[74] H. J. Bae, A. Lozano-Durán, S. T. Bose, and P. Moin, Dynamic slip wall model for large-eddy simulation, J. Fluid Mech.604

859, 400 (2019).605

[75] U. Piomelli and E. Balaras, Wall-layer models for large-eddy simulations, Ann. Rev. Fluid Mech. 34, 349 (2002).606

[76] M. Fowler, T. A. Zaki, and C. Meneveau, A lagrangian relaxation towards equilibrium wall model for large eddy simulation,607

J. Fluid Mech. 934 (2022).608

[77] E. Perlman, R. Burns, Y. Li, and C. Meneveau, Data exploration of turbulence simulations using a database cluster, in609

Proceedings of the ACM/IEEE Conference on Supercomputing (2007) pp. 1–11.610

[78] J. Graham, K. Kanov, X. Yang, M. Lee, N. Malaya, C. Lalescu, R. Burns, G. Eyink, A. Szalay, R. Moser, et al., A web611

services accessible database of turbulent channel flow and its use for testing a new integral wall model for LES, J. Turbul612

17, 181 (2016).613

[79] M. Lee and R. D. Moser, Direct numerical simulation of turbulent channel flow up to Reτ = 5200, J. Fluid Mech. 774,614

395 (2015).615

[80] X. L. Huang, X. I. A. Yang, and R. F. Kunz, Wall-modeled large-eddy simulations of spanwise rotating turbulent chan-616

nels—Comparing a physics-based approach and a data-based approach, Phys. Fluids 31, 125105 (2019).617

[81] Z. Zhou, G. He, and X. Yang, Wall model based on neural networks for LES of turbulent flows over periodic hills, Phys.618

Rev. Fluids 6, 054610 (2021).619

[82] Z. Zhou, X. I. A. Yang, F. Zhang, and X. Yang, A wall model trained using the periodic hill data and the law of the wall,620

Arxiv (2022).621

[83] H. J. Bae and P. Koumoutsakos, Scientific multi-agent reinforcement learning for wall-models of turbulent flows, Nat.622

Commun. 13, 1 (2022).623

[84] D. Zhou, M. Whitmore, K. Griffin, and J. Bae, Multi-agent reinforcement learning for wall models in LES of flow over624

periodic hills, Center for Turbulence Research Summer Program Proceeding (2022).625

[85] A. Lozano-Durán and H. J. Bae, Self-critical machine-learning wall-modeled LES for external aerodynamics, arXiv preprint626

arXiv:2012.10005 (2020).627

[86] R. Bhaskaran, R. Kannan, B. Barr, and S. Priebe, Science-Guided Machine Learning for Wall-Modeled Large Eddy628

Simulation, in 2021 IEEE International Conference on Big Data (IEEE, 2021) pp. 1809–1816.629

[87] S. Radhakrishnan, L. A. Gyamfi, A. Miró, B. Font, J. Calafell, and O. Lehmkuhl, A data-driven wall-shear stress model630

for LES using gradient boosted decision trees, in International Conference on High Performance Computing (Springer,631

2021) pp. 105–121.632

[88] N. Moriya, K. Fukami, Y. Nabae, M. Morimoto, T. Nakamura, and K. Fukagata, Inserting machine-learned virtual wall633

velocity for large-eddy simulation of turbulent channel flows, arXiv preprint arXiv:2106.09271 (2021).634

[89] P. R. Spalart, Detached-eddy simulation, Ann. Rev. Fluid Mech. 41, 181 (2009).635

[90] S. Blanchard, N. Odier, L. Gicquel, B. Cuenot, and F. Nicoud, Stochastic forcing for sub-grid scale models in wall-modeled636

large-eddy simulation, Phys. Fluids 33, 095123 (2021).637

[91] E. Bou-Zeid, C. Meneveau, and M. Parlange, A scale-dependent lagrangian dynamic model for large eddy simulation of638

complex turbulent flows, Phys. Fluids 17, 025105 (2005).639

[92] LESGO: A parallel pseudo-spectral large-eddy simulation code, https://lesgo.me.jhu.edu.640

[93] J. D. Albertson and M. B. Parlange, Surface length scales and shear stress: Implications for land-atmosphere interaction641

over complex terrain, Water Resour. Res. 35, 2121 (1999).642

[94] F. Porté-Agel, C. Meneveau, and M. B. Parlange, A scale-dependent dynamic model for large-eddy simulation: application643

to a neutral atmospheric boundary layer, J. Fluid Mech. 415, 261 (2000).644

[95] M. Abkar and F. Porté-Agel, A new boundary condition for large-eddy simulation of boundary-layer flow over surface645

roughness transitions, J. Turbul , N23 (2012).646

[96] M. Giometto, A. Lozano-Durán, G. Park, and P. Moin, Three-dimensional transient channel flow at moderate Reynolds647

numbers: analysis and wall modeling, Center for Turbulence Research Annual Research Briefs , 193 (2017).648

[97] X. I. A. Yang and M. Abkar, A hierarchical random additive model for passive scalars in wall-bounded flows at high649

reynolds numbers, J. Fluid Mech. 842, 354 (2018).650

[98] X. I. Yang, S. Pirozzoli, and M. Abkar, Scaling of velocity fluctuations in statistically unstable boundary-layer flows, J.651



23

Fluid Mech. 886 (2020).652

[99] X. I. A. Yang, P. E. Chen, R. Hu, and M. Abkar, Logarithmic-linear law of the streamwise velocity variance in stably653

stratified boundary layers, Boundary-Layer Meteorol. 183, 199 (2022).654

[100] R. Stoll and F. Porté-Agel, Dynamic subgrid-scale models for momentum and scalar fluxes in large-eddy simulations of655

neutrally stratified atmospheric boundary layers over heterogeneous terrain, Water Resour. Res. 42 (2006).656

[101] M. Abkar, H. J. Bae, and P. Moin, Minimum-dissipation scalar transport model for large-eddy simulation of turbulent657

flows, Phys. Rev. Fluids 1, 041701 (2016).658

[102] M. Germano, U. Piomelli, P. Moin, and W. H. Cabot, A dynamic subgrid-scale eddy viscosity model, Phys. Fluids 3,659

1760 (1991).660

[103] C. Meneveau, T. S. Lund, and W. H. Cabot, A Lagrangian dynamic subgrid-scale model of turbulence, J. Fluid Mech.661

319, 353 (1996).662

[104] W. Rozema, H. J. Bae, P. Moin, and R. Verstappen, Minimum-dissipation models for large-eddy simulation, Phys. Fluids663

27, 085107 (2015).664

[105] X. Yang, S. Bose, and P. Moin, A physics-based interpretation of the slip-wall LES model, Center for Turbulence Research665

Annual Research Briefs , 65 (2016).666

[106] C. Hansen, X. I. Yang, and M. Abkar, POD-mode-augmented wall model and its applications to flows at non-equilibrium667

conditions, arXiv preprint arXiv:2301.06803 (2023).668

[107] C.-H. Moeng, A large-eddy-simulation model for the study of planetary boundary-layer turbulence, J. Atmos. Sci. 41,669

2052 (1984).670

[108] X. Yang, Z.-H. Xia, J. Lee, Y. Lv, and J. Yuan, Mean flow scaling in a spanwise rotating channel, Phys. Rev. Fluids 5,671

074603 (2020).672

[109] G. Novati and P. Koumoutsakos, Remember and Forget for Experience Replay, in Proceedings of the 36th International673

Conference on Machine Learning (2019).674

[110] M. P. Brenner and P. Koumoutsakos, Machine learning and physical review fluids: An editorial perspective, Phys. Rev.675

Fluids 6, 070001 (2021).676

[111] I. Marusic and J. P. Monty, Attached eddy model of wall turbulence, Ann. Rev. Fluid Mech. 51, 49 (2019).677

[112] X. I. A. Yang and C. Meneveau, Hierarchical random additive model for wall-bounded flows at high Reynolds numbers,678

Fluid Dyn. Res. 51, 011405 (2019).679

[113] Y. Bin, L. Chen, G. Huang, and X. I. A. Yang, Progressive, extrapolative machine learning for near-wall turbulence680

modeling, Phys. Rev. Fluids 7, 084610 (2022).681

[114] G. I. Park and P. Moin, Numerical aspects and implementation of a two-layer zonal wall model for les of compressible682

turbulent flows on unstructured meshes, J. Comput. Phys. 305, 589 (2016).683

[115] X. Yang, R. Baidya, Y. Lv, and I. Marusic, Hierarchical random additive model for the spanwise and wall-normal velocities684

in wall-bounded flows at high Reynolds numbers, Phys. Rev. Fluids 3, 124606 (2018).685

[116] L. Wang, R. Hu, and X. Zheng, A comparative study on the large-scale-resolving capability of wall-modeled large-eddy686

simulation, Phys. Fluids 32, 035102 (2020).687


