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While classic hydrodynamic models predict ordered formations for fish schools, observations show
that schools are seemingly disordered. Our experiments on robotic swimmers may help to recon-
cile this discrepancy by showing that many different formations all emerge spontaneously and are
stabilized due to flow interactions. Surprisingly, these locked states extend almost twice as far down-
stream for laterally displaced swimmers as for those in line. We also observe significant boosts in
swimming speed – up to 60% faster than an isolated swimmer – for side-by-side formations. These
findings demonstrate that benefits such as group cohesion and speed enhancement arise naturally
via flow interactions and for the diverse relative arrangements seen in schools.

Introduction. Fluid flows are an essential but unseen factor in many forms of group locomotion, from swarms
of swimming bacteria [1] or flying insects [2] to bird flocks and formations [3, 4] and fish schools [5–8]. Schooling
exemplifies collective motion in biology and physics, but the role of flows as mediators of the physical interactions
between swimming fish remains poorly understood [9, 10]. A long-standing conjecture is that group locomotion
provides hydrodynamic benefits as members move within the flows generated by others [5, 9, 11–13]. Assessing this
hypothesis is challenging because the hydrodynamics of unsteady swimming at high Reynolds numbers is complex
[14, 15] and flow interactions among multiple swimmers yet more complex [9, 16]. Early progress came from the
calculations of Weihs indicating that each fish within a planar or two-dimensional group optimally exploits flows by
swimming between the wakes left by two upstream neighbors, which themselves are positioned side by side [5, 13].
The benefits extend to all members if the school assumes a crystalline arrangement with a diamond-shaped unit cell.
Field and laboratory studies, on the other hand, have reported variable arrangements [6, 8, 17, 18], leading some
to emphasize social over hydrodynamic benefits [6, 10, 19, 20]. However, fish display hydrodynamic exploitation by
modifying swimming motions and reducing muscular effort in vortex-laden flows [7, 9].

Some complexities of schooling can be addressed through mechanically actuated hydro- or air-foils, which have
proven successful as analogues to fish swimming and flapping propulsion generally. Research aimed at the single
locomotor level has found that flapping foils share with their biological counterparts many common aspects of the
dynamics, flows, forces and energetics [14–16, 21]. An iconic similarity is the so-called reverse von Kármán wake left
by fish and flapping foils [21–27]: An array of counter-rotating vortices surrounds a sinuous jet-like flow, as illustrated
in Fig. 1A. Experiments and simulations show that, so long as the Reynolds and Strouhal numbers (defined below) are
in the biologically relevant ranges, this wake structure is preserved for different body and propulsor shapes, for rigid
and flexible propulsors, in 2D and 3D, and for flapping kinematics including undulatory waveforms, pitching rotations
and heaving-and-plunging oscillations [14–16, 21, 25–33]. The hydrodynamic basis of schooling can be viewed as
swimming while generating and interacting through such flows.

Recently, insights into schooling hydrodynamics have come from physical experiments and simulations aimed at
multi-swimmer interactions [32–39]. Tandem and freely interacting swimmers are observed to spontaneously assume
one of several particular spacings [34, 37, 39], an observation that evokes a lattice or ordered formation. However,
these previous studies confined foils to in-line positions and thus did not accommodate the side-by-side and diagonal
formations that make up Weihs’ model [5, 13]. Here, we investigate the broader class of planar formations using a
‘robotic school’ of self-propelling and hydrodynamically interacting flapping swimmers. By studying the two-body
problem in which a ‘test fish’ (purple in Fig. 1A) may take up any of in-line, side-by-side or diagonal positions relative
to a leader (gray), we map out the flow-mediated interactions and find that all such formations emerge spontaneously
and are stabilized. This cohesion effect provides a hydrodynamic benefit that may assist in the formation and
maintenance of schools and that operates across the diverse arrangements seen in nature [6, 8, 17, 18].

Experimental approach. Our experiments employ hydrofoils with driven flapping motions that freely and interac-
tively swim in water, with the locomotion of each foil in a pair coupled through the flows generated. To reproduce the
quasi-2D situation of Fig. 1A in which the planes of interaction (streamwise-lateral) and motion (swimming-flapping)
coincide, we construct the system represented schematically in Fig. 1B. Each foil is mounted via a horizontal arm
to a vertical axle that is driven to flap up and down by a motor. The axles are held by rotational bearings that
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FIG. 1. (A) Sketch of two fish swimming in diagonal formation while interacting through vortex wakes. (B) Experiment
consisting of two hydrofoils that are flapped up and down in a water tank (not shown), with each foil free to revolve about an
axle. Flapping leads to forward propulsion, which takes the form of large orbits around the tank. (C ) Definitions of the chord
length c, lateral spacing L, streamwise displacement d, and trajectory wavelength λ. (D) For prescribed but variable lateral
spacing, possible emergent formations include side-by-side (red), tandem (blue) and diagonal (purple) states.

allow each foil to move freely and independently in the azimuthal direction, and swimming takes the form of large
rotational orbits within a water tank. Previous studies have shown good agreement between these experiments with
rotational swimming and simulations of purely translational swimming for both isolated foils and pairs of interacting
foils [25, 35, 37–41]. The swimming motions depend on the flapping kinematics, which can be varied independently
via motor controls, and the lateral spacing between the foils, which is systematically varied in order to explore tan-
dem, side-by-side and diagonal arrangements (Fig. 1D). Additional details are given in the Supplemental Material,
including evidence that wall effects and follower-to-leader interactions due to the rotational geometry are negligibly
weak for the conditions studied here.

Compared to fish swimming, our approach idealizes the geometry and kinematics while employing parameter values
that ensure the relevant fluid-dynamical regime and wake characteristics. The imposed flapping is pure heaving-and-
plunging oscillations in which the vertical positions of the leader and follower foils are given by y1 = 1

2A sin(2πft) and

y2 = L+ 1
2A sin(2πft−φ). Here the prescribed lateral spacing is L = 0 to 10 cm, the peak-to-peak flapping amplitude

A = 1 to 2 cm, frequency f = 2 Hz and phase difference φ ∈ [0, 2π). Rigid foils of chord length c = 5 cm and span 15
cm are held at a distance 32 cm from the rotation axis to midspan. The spacing distance d between corresponding
edges of the leader and follower (Fig. 1C) and the steady-state swimming speed U are measured outcomes that are
observed to approach constant values as the foils match speeds and lock into formation. Importantly, the selected
parameters yield amplitude-to-chord ratios A/c = 0.3 to 0.4, Reynolds numbers Re = cU/ν = 103 to 104 (with ν the
kinematic viscosity of water), and Strouhal numbers St = Af/U = A/λ = 0.20 to 0.25 (where λ is the wavelength of
the swimming trajectory) that fall within the range relevant to fish [15, 21, 28, 42] and for which the wake structure
is robust across shape and flapping form [14–16, 21, 25–33].

Emergent formations and their stability. When initialized near one another, the foils swim forward and modify
their relative position before matching speeds and falling into formation. The specific formation assumed depends on
the flapping kinematics, the lateral spacing L between foils and their initial streamwise separation d0. For example,
the family of such arrangements achieved for fixed kinematics (A = 2 cm, f = 2 Hz, φ = π) and fixed lateral spacing
(L/c = 1) but variable d0 is shown in Fig. 2. When started within a body length (|d0| < c), the foils align in the
swimming direction with d ≈ 0 and swim together in a side-by-side or abreast formation (gray-red pair in Fig. 2A).
Traces of the streamwise displacement d versus time t for several trials are shown as red curves in Fig. 2B. The
pair tightly locks into formation with only small deviations, suggesting strong stabilization. When started at greater
separations (|d0| > c), the foils fall into one of several diagonal formations (gray-purple pairs in Fig. 2A) that have
discrete values of d. The corresponding traces shown as purple curves in Fig. 2B reveal a multiplicity of diagonal
states separated by about one wavelength λ, which reflects the quasi-periodicity of the wake flow. Here we include
d > 0 and d < 0, and formations with the same |d| correspond to swapped roles for the leader and follower. Beyond
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FIG. 2. (A) Multiple stable formations are observed in experiments of two swimmers with fixed lateral spacing and flapping
kinematics. (B) Time series of streamwise separation distance normalized by wavelength d/λ. Side-by-side (red) and multiple,
diagonal (purple) formations are attained by varying initial separation d0, and four trials are shown for each state. (C ) A
histogram of the distance between foils shows that more separated formations exhibit greater positional fluctuation. (D) An
external impulse is applied to the follower in a diagonal formation at t = 0, forcing a transition from diagonal (d > 0) to
side-by-side (d = 0) formation. The side-by-side pair experiences an increase in swimming speed U . (E) Swimming speeds for
formations with different lateral spacing L/c compared to the speed U0 of an isolated foil.

|d|/λ ≈ 8, no locked formations are observed and the swimmers drift in relative position rather than ‘school’ together.
Close inspection of the traces in Fig. 2B reveals that more widely separated formations exhibit greater fluctuations

in d and are less tightly locked. The positional fluctuations can be quantified through histograms of d, as shown
in Fig. 2C. This analysis uses the time-series data of Fig. 2B to determine the residence or occupancy time of
different separations d across all formations. The sharply peaked distributions for more closely spaced formations
imply strong interactions that tightly confine the group structure, while broader distributions for widely separated
formations suggest a weakening of the cohesive fluid forces. Impressively, this locking effect is sufficiently strong to
maintain formations even at distances as great as d ≈ 8λ. Previous studies indicate that inter-fish spacings in schools
are on the order of one body length [6, 17, 18], which corresponds to about 2λ given typical swimming characteristics
[42], suggesting that fish are well within the range of hydrodynamic interactions.

Speed enhancement of side-by-side formations. These results indicate a multi-stability of formations, and indeed
transitions between stable states are readily induced by applying external perturbations to the swimmers. In Fig. 2D
we show the results of an experiment in which a follower initially in a diagonal state (d > 0) is impulsively ‘kicked’
forward. It settles into the abreast position (d = 0) over about 10 flapping cycles, and the pair thereafter remains
locked side by side. Intriguingly, this transition is accompanied by a marked increase in speed for the pair. The lower
panel of Fig. 2D displays the follower’s speed over time, which matches the leader’s in both formations, normalized
by the measured speed U0 of an isolated foil with the same flapping kinematics. The pair in a side-by-side formation
travels about 30% faster than when the pair is in a diagonal formation, which has speed comparable to a solo swimmer.

To characterize the speed enhancement more generally, we measure the emergent speeds across side-by-side, diagonal
and tandem formations for A/c = 0.3 or 0.4, f = 2 Hz, and φ = π. In Fig. 2E we compare all such states, which are
distinguished by the streamwise and lateral separations, d and L. Tandem (d > 0, L = 0) and diagonal (d > 0, L > 0)
pairs are represented by blue and purple circles and display speeds similar to that of an isolated foil. Side-by-side
pairs (d = 0, L > 0), on the other hand, show significant speed enhancement, the strength of which depends on the
lateral separation L (red circles of Fig. 2E). The greatest boosts occur for closely spaced foils, and speeds up to 60%
above that of a solo foil are attained for the conditions studied here.

Map of stable formations. We further seek a complete spatial map of locked formations across all values of (d, L) by
systematically varying the lateral spacing L and initial streamwise spacing d0 and measuring the stable gap distance
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FIG. 3. Locking region for a follower relative to a leader. Spatial maps of stable formations across streamwise and lateral
spacings (d, L) are shown for fixed flapping phase φ = π and two amplitudes A/c. The shaded regions show states accessible
by changing the relative flapping phase φ.

(d− c) attained at later times. For example, the formations presented in Fig. 2 correspond to the solid diamonds in
Fig. 3 along the horizontal line at L/c = 1. Varying L for the same kinematics (A/c = 0.4, f = 2 Hz, φ = π) leads to
the set of all solid diamonds. The stable states include tandem or in-line (blue), diagonal (purple) and side-by-side
(red) positions for a follower relative to a leader (gray foil, not to scale). In Fig. 3 we report the stable gap distance
over swimming wavelength (d − c)/λ for each formation. This so-called schooling number proved useful in previous
studies [35, 37–39, 43] as a dimensionless measure of the follower’s location in the leader’s wake flow, which is quasi-
periodic with wavelength λ. Using this measure collapses the data for tandem and diagonal formations with different
flapping kinematics, as shown in Fig. 3 and previously studied for the tandem case [37, 39]. Although not shown in
Fig. 3, the equivalency of swapping leader and follower implies a symmetry whereby the purple and blue data may
be reflected to include d < 0.

Taken together, these results reveal a broad region in the vicinity of a given swimmer for which a second ‘test
swimmer’ may take up position and lock into formation. Surprisingly, the diagonal states of Fig. 3 extend significantly
further downstream than tandem states. Thus, for a follower aiming to exploit the locking effect to keep pace with
a leader, more states are available for laterally displaced positions. This property is robust to changes in flapping
amplitude, as shown by the map formed by the open circles in Fig. 3 for the smaller value of A/c = 0.3. While
the locking region becomes more narrow for lower amplitude, it remains long-ranged in the streamwise direction for
diagonal configurations.

For a given A and L, it is observed that changing the relative temporal phase φ leads to shifts in d, as shown in
supplemental Fig. S2. Advancing φ through a complete cycle of 2π causes d to advance by λ, that is ∆d ≈ λ∆φ/2π.
The vertical stripes in the data of Fig. 3 reflect the particular phase φ = π, and other phase values lead to stable
positions between these stripes. Thus the locking region is a true continuum as indicated by the background shading
of Fig. 3. Further, the side-by-side state is observed for a range of phases φ/2π = 0.3 to 0.7 (supplemental Figs. S2
and S3), indicating robust stability that does not require precise kinematic coordination between individuals.

Discussion. These results reveal the nature, range, and consequences of flow-mediated interactions between flapping
hydrofoils. The broad variety of locked formations encompasses the tandem arrangements studied previously [34, 37,
39] and reveals many new states corresponding to side-by-side arrangements and a family of diagonal formations. Our
results, along with theoretical studies [34, 44–47], indicate that the swimmer interactions are not simply attracting
or repelling but, quite generally across all formations, stabilizing. The interaction landscape seems to be highly
corrugated, dotted with stable wells and valleys whose exact positions depend on the kinematics but whose great
multiplicity lead to an effective region of stability. These findings highlight an intrinsic cohesiveness between group
members that arises naturally from the flows generated during swimming.

The simplified system employed here is most analogous to fish swimming via caudal or tail fin oscillations and to
highly aligned groups cruising at significant speeds. It remains for future work to test if hydrodynamic stabilization
persists for the full complexity and variety of swimming modes used by schooling fish [14, 15]. Encouragingly, for
the tandem case specifically, similar interactions have been observed for rigid and flexible swimmers, in 2D and 3D,
across different kinematics, and in physical experiments, simulations and mathematical models [34, 35, 37–39, 44–
47]. These similarities may be due to the robust generation of the reverse von Kármán wake by flapping swimmers
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[14–16, 21, 25–33].

Our results indicate that tandem and diagonal formations share a common stabilization mechanism involving specific
phasing or coherence of a follower’s flapping motions with the leader’s quasi-periodic wake flow. Such interactions
have been characterized in detail for tandem arrangements [34, 37, 39], and the key signatures of discrete spacings,
their multiplicity and wavelength- and phase-dependence are observed here across all diagonal positions. Because
the locking region directly reflects the leader’s wake in our experiments, the extended range of the diagonal over
tandem formations can be interpreted as due to lateral spreading of the wake, which is consistent with previous flow
visualizations [35, 37]. The side-by-side formations are not wake mediated, and their stability and speed-up are likely
rooted in the so-called flapping ground effect that applies to a single swimmer adjacent to a wall as well as out-of-phase
swimmers arranged in parallel [48–50]. These proposed mechanisms should be assessed and characterized through
modeling and simulations.

Although our experiments are highly idealized compared to the collective locomotion of animals, some qualitative
connections are intriguing. Notably, follower-wake phasing has been observed in recent studies of birds in formation
flight [4] and fish swimming in pairs [51]. Specifically, ibises display pairwise phasing of wing-beat motions for
staggered and in-line arrangements, and the follower in staggered pairs of goldfish shows a statistical preference for
phase locking onto the leader’s wake vortices. The latter is reminiscent of vortex slaloming behaviors displayed by
other species of fish [7, 9]. Further, side-by-side or phalanx formations have been shown to be preferentially adopted
by collectively swimming fish when presented with sufficiently strong flows [52, 53]. The positional stability and speed
enhancement revealed here may be benefits of such configurations.

The passive stability emphasized here is but one factor contributing to the formation and maintenance of fish
schools. The conventional hydrodynamic view emphasizes energy savings [5, 9, 11–13], which are not assessed in our
experiments. However, recent simulations, models and behavioral measurements show that such savings are available
for a variety of relative positions [8, 33, 36, 43, 44]. Indeed, intrinsically stable formations may also be energetically
efficient [45–47, 54], consistent with swimmers working with, rather than against, intrinsic hydrodynamic effects.
Passive mechanisms that assist in holding position, buffer collisions and maintain group cohesion can save control
effort and ease demands on sensorimotor systems [9, 10, 18, 55]. Our findings suggest that such a hydrodynamic assist
does not require highly specific positioning but rather operates across the diverse formations seen in nature [6, 8, 18].
For orderly and disorderly groups alike, it seems the intrinsic physical interactions promote staying in school.
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