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Abstract

The dynamics of particles attached to an interface separating two immiscible fluids are encoun-
tered in a wide variety of applications. Here we present a combined asymptotic and numerical
investigation of the fluid motion past spherical particles attached to a deformable interface un-
dergoing uniform creeping flows in the limit of small Capillary number and small deviation of
the contact angle from 90°. Under the assumption of a constant three-phase contact angle, we
calculate the interfacial deformation around an isolated particle and a particle pair. Applying the
Lorentz reciprocal theorem to the zeroth-order approximation corresponding to spherical particles
at a flat interface and the first correction in Capillary number and correction contact angle allows
us to obtain explicit analytical expressions for the hydrodynamic drag in terms of the zeroth-order
approximations and the correction deformations. The drag coefficients are computed as a function
of the three-phase contact angle, the viscosity ratio of the two fluids, the Bond number, and the
separation distance between the particles. In addition, the capillary force acting on the particles

due to the interfacial deformation is calculated.

I. INTRODUCTION

The problem of particles attached to an interface between two immiscible fluids has been
extensively studied for many decades and has a wide variety of engineering and medical
applications, such as the formations of Pickering emulsions and particle monolayers. There
exists a number of excellent texts and review articles focused on this topic [IH3]. The simplest
problem that has been studied consists of a single rigid sphere translating along a flat fluid
interface between two immiscible fluids at low Reynolds number. Having a better estimate
of the drag on this particle would have an impact on many applications such as modeling the
collective motion of particles on a drop in an applied electric field [4]. The hydrodynamic
drag force exerted on a sphere can be written as Fp = —6mpialU f(us/p1,b/a, Ap), where f
is a dimensionless drag coefficient, a is the radius of the sphere, b is the immersion depth
into the upper fluid, U is the translational velocity, and p; and po are the viscosities of

the two fluid phases (see Fig. [Ifa) for a sketch of the problem). For the simple case of a
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homogeneous fluid, f = 1. A variety of experimental and theoretical studies have obtained
the drag coefficient in terms of the immersion depth and the viscosity ratio. The analytical
solution for the drag force acting on two fused spheres obtained by Zabarankin [5] provides
the solution for a translating sphere at a flat gas/liquid interface with immersion depth b
and for 0 < 8 < /2 [6l [7]. The calculation was extended by Dorr et al. [7] to cover the full
range of contact angles. Dani et al. [6] and Dorr et al. [7] assumed that the three-phase
contact line (TCL) is pinned to the particle surface, which prevents particle rotation. Dorr
and Hardt [8] considered particle rotation in their problem by allowing it to rotate until the
hydrodynamic torque and the torque caused by the interfacial tension are balanced, and the
steady-state interfacial deformation was calculated [g].

Numerical calculations of the drag coefficient f were carried out by [9HI2]. Danov et
al. and Das et al. obtained the drag force acting on a sphere straddling a flat gas-liquid
interface [9), [10] and a spherical interface at an arbitrary viscosity ratio [I1]. Pozrikidis [12]
solved the problem of a spherical particle at an interface in the presence of a simple shear
flow. As the immersion depth into the liquid phase increases, the drag coefficient f is found
to increase monotonically. A more recent numerical study by Loudet et al. [13] calculated
the two-dimensional drag on a circular cylinder straddling a deformable fluid interface at an
arbitrary viscosity using a phase-field model. Instead of pinning the TCL, the three-phase
contact angle was prescribed. Hemauer et al. [I4] further extended Loudet et al. [13]’s work
by including particle rotation.

The pair interaction of particles at low Reynolds number in a homogeneous fluid has
been well addressed in the literature. For particles attached to a fluid interface, capillary
interactions arise from the interfacial deformation around them [I5] [16]. Dorr and Hardt
[8] examined the capillary interaction between two particles via the linear superposition
of the single-particle interfacial deformation, assuming a large particle separation. The
capillary interaction between two mutually approaching particles was studied by Dani et al.
[6], where the viscous drag due to the mutual approach is approximated by multiplying the
single-particle drag by the mobility function, which accounts for the increased hydrodynamic
resistance as the particles travel closer to each other.

In this work, we wish to further understand the influence of interfacial deformations on
the drag force acting on particles at an interface. The problem is in general complex because

of the coupling of fluid flow, interfacial deformation and contact line dynamics. Hence a fully



numerical approach would be complex. Here we developed an asymptotic solution approach
which allows for a direct and straightforward examination of the impact of the physical
parameters on the flow. It has been noted in the literature [2] that uniform flow past a sphere
can represent flow past a sphere at an interface in the limit of small Capillary number. This
solution is valid for arbitrary viscosity ratio of upper and lower fluids as long as the interface
intersects the particle at its equator at 90°. This observation allows for an estimate of the
Stokes drag where the viscosity is the average of the two phases. Here we use this result as
the leading order solution in a perturbation analysis for small Ca and small deviation of the
contact angle from 90°. We obtain the analytical solution for the interfacial deformation
around a single particle. In the two-particle deformation case, a straightforward numerical
solution approach is developed. We apply the Lorentz reciprocal theorem to the zeroth-order
approximations for a spherical particle at a flat interface and the first corrections to obtain
explicit analytical expressions for the hydrodynamic drag. We compute the drag force as
a function of the three-phase contact angle, the viscosity ratio between the two fluids, the
separation distance between the particles, and the Bond number (a dimensionless number
that measures the relative importance of gravity and surface tension forces). The limit of

large Bond number and large separation distance is also examined.

II. FLUID MOTION PAST A SINGLE PARTICLE

Consider the uniform creeping flow past a fixed spherical particle of radius a located
approximately midway at an interface between two viscous fluids. The lower fluid phase is
denoted by i = 1 and the upper fluid phase by i = 2 (see Fig. [Ifa)). The fluid viscosities and
densities are denoted by u; and p;, respectively. We assume the fluid interface is deformable
and the deformation remains small, which requires that the surface tension forces are large
relative to the viscous forces, i.e., the Capillary number, Ca = uU/~, is small. Here,
U is the absolute value of the uniform background flow velocity, and v is the interfacial
tension. At the TCL, we enforce a constant contact angle 6, on the particle surface, where
the assumption of small interfacial deformation requires 65 to be close to 90°. Note that if
the top and bottom fluids were the same and 6, = 90°, this would represent uniform flow
past a sphere in a homogeneous flow with its TCL located at the equator of the sphere. In

addition, we allow for the particle to be displaced vertically and set xp = be, as the position
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FIG. 1. Illustrations of (a) a spherical particle on an flat interface between two immiscible viscous
fluids and (b) the cross-section view of a spherical particle at a deformable interface with contact
angle 6 and immersion depth b.

of the particle’s center of mass. Particle rotation is ignored.

The motion of the fluids is governed by the Stokes equations:

—Vp' + A\ V*u' =0 in fluid 4, (1)

V.u'=0 in fluid 4, (2)

where p?, u’, and \; are the respective pressure, velocity, and viscosity in fluid phase i
(1 =1,2), where A\; = 1 and Ay = A\ = ps/py. All variables are made dimensionless using

the characteristic unit of length a, the characteristic unit of velocity U, the characteristic

unit of pressure p1U/a, and the viscosity in fluid 1, p;.

Let ¥p, denote the particle surface immersed in fluid ¢, and ¥; = {(z,y, 2)|Fs(z,y, 2) =
z —h(z,y) = 0} denote the fluid interface. Along the fluid interface ¥y, the normal velocity
vanishes, the tangential velocity and shear stress are continuous, and the normal stress is

discontinuous, i.e.,

u'-n =0, (3)
t-(u®>—u') =0, (4)
t-(6®—ao')-n=0, (5)
1 Bo
2_ 1y L D+ 2008
(0°—0")-n Ca(v n)n + Ca (6)
where o' = —pI + \; (Vu' + (Vu')7) is the stress tensor, i and t are the unit normal and

tangential vectors , respectively, to the fluid interface ¥;. The Capillary number, Ca, and



the Bond number, Bo, are dimensionless parameters defined as

. 2
Ca="MY  nd Bo= LT P2)9T
Y Y

where g is the acceleration of gravity. At the particle surface ¥Xp,, we impose the no-slip and
no-penetration conditions:

(7)

(8)

where fi and t denote the unit normal and tangential vectors, respectively, to the particle

surface Xp,. Far from the particle, the velocity field approaches the uniform background

flow:

(9)

At the TCL, we define the contact angle 6, to be the angle between the tangent to the

particle surface Xp, and the tangent to the interface ¥;, both in the plane containing the
normal to the TCL, which is illustrated in Fig. (b) The constant contact angle condition

is given by
(10)

A. Asymptotic expansions

Assume
and Bo = O(1),

Ca<1, 60,=n/2+00, withd <1, f,=0(1),
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where 0 is the small parameter that describes the scale of the contact angle’s deviation from

90°. We consider the following two-parameter asymptotic expansion for any quantity f:
f=fO04Caf®0 5O .. (11)

and for convenience, we omit the superscript ¢ when referring to quantities in both fluids.
Although we will only consider the leading order behaviors, we introduce an expansion in

Ca and ¢ so that the origin of the resulting forces is clear. Here ul®? is given by

1
u®0 = 7 (—=3zy(p® — Dew + (=307(0* = 1) + (p — 1)(dp* + p+ 1)p*)é, — 3yz(p* — 1)é.) ,

(12)
and, to within an arbitrary additive constant,

P00 — —A3y/(20%) 2> 0 (13)
—3y/(2p°) 2<0

where p = /22 + y% + 22 ([17]). Note that the velocity satisfies the no-slip conditions
and , the far field condition @, and the velocity conditions and . The tangential
stress along z = 0 is zero so Eq. is satisfied. The normal stress condition at leading

order is not identically satisfied except for A = 1 and in the limit of a flat interface.

The normal stress condition is not identically satisfied except in the Ca — 0 limit of a

flat interface.

The effect of a particle density is to raise or lower the center of mass of the particle. This

can be accounted for by perturbing the particle position from the origin, i.e.,

Xp = 5béz (14)

The actual impact of a specific particle density can then be predicted afterwards by a balance
of vertical forces. For simplicity, we scale the immersion depth b as b and assume the effect

of the background flow on the particle position is accounted for by the value b. The interface
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shape h is perturbed from the flat interface, i.e.,

h =Cah®® 4 §pOD ... (15)

where Cah1?) describes the interfacial deformation induced by the background flow u®, and
Sh(OY is the static deformation induced by the contact angle, which describes the equilibrium
interface shape in the absence of flow. Note that for the two-parameter asymptotic solutions
to be valid, we require § > Ca® and 62> < Ca, which implies § ~ Ca® with % < a <2
Also note that this separation of scales allows us to independently consider the impacts of

immersion depth and capillarity.

Substituting Eqgs. - into Eqgs. - along with the boundary conditions on

the particle surface and the fluid interface,

Sp, = {(z,y, )| + y* + (2 = 6b)° = 1}, (16)
Y ={(z,y,2)|z = Caht0) 4 5h(0’1)}, (17)

we can now collect terms with similar powers of Ca and §. This result is discussed below.

Additional details can be found in [18].

B. Interfacial deformations

To parametrize the interface shape >; up to orders Ca and ¢, we introduce cylindrical

coordinates (r, ¢, z). The relation between Cartesian and cylindrical coordinates are
T =rcos¢p, y=rsine.

The O(Ca) interface shape h:?) accounts for the deformation caused by the background

flow and satisfies the stress balance equation

V2R _ BopM0) — ¢, . [¢00] . 8., (18)



and the boundary conditions

+ A0 at =1, (19)

R 50 asr — oo. (20)

The O(6) interface shape h(®Y) accounts for the deformation in the absence of the flow, and

it satisfies the stress balance equation

V2hOD — BopOD =0, (21)
and the boundary conditions
- Oh0:1)
—0s+b=—r 5 +hOD  atr =1, (22)
ROY 50 asr — oco. (23)

The RHS of Eq. (18) can be computed from the leading order solutions and ,

and is given by

. 3y 3 .
"] 6, = (00 = 010) = (1 = N = (1= A5 psing. (24)

—é. - [of
€. [U zz 2(1’2—1—1/2)

To solve for h?) | we assume the solution form h(%® = Rp(r)sin ¢, then Eq. can be

reduced to a non-homogeneous Bessel’s equation in Rp(r), i.e.,

2
R}, + 1Ry — (1 +Bor®)Rp = (1 — \)— (25)

3r2’

Using the method of variation of parameters plus the boundary condition , the solution
Rp is obtained. Finally the boundary condition ([19) is applied and we find that

KO (r ¢) = (1= \) [clKl( Bor) — ;Kl( Bor) / r igfl(\/B_or) dr
“ v (26)
—gfl( Bor)/r %Kl(\/B_or) dr} sin ¢,
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FIG. 2. The y-z cross-section views of the static deformation 6h(%1) (a and the flow-induced

)
deformation Cah?) (b) with Ca=6=0,=1, Bo=1, A =2, and 9~ 1,b=

where

C) = %, M = / 1 (VBor) dr
2K5(v/Bo

The solution of with boundary conditions and is

BOD) _ (—0~S + l;)KO( Bor)

Jook (/B £ (VB — (=6, + b)CoKo(VBor). (27)

Here, K, and I,, are the modified Bessel functions of order n. The leading order interfacial

deformation is the sum h = Cah®9 + §pOD)

Fig. |2 shows the y-z cross-sections of the static deformation A%V and flow-induced
deformation Cah™® with Ca = 6 = 6, = 1, Bo = 1,A = 2, and b = 0. The static

01 “induced by the contact angle, describes the equilibrium interface shape in

deformation dh
the absence of flow and is axisymmetric; the flow-induced deformation Cah*?) represents the
deformation caused by the uniform background flow u* = €, and appears anti-symmetric

in the y direction. Note that A is independent of ¢ and A" depends on ¢ as sin ¢.

In Fig. [3| we plot the y-z cross-sections of h = Cah(t? + §A®D with Ca = § = 1 and
varying values of Bo, from which we see that the amplitude of the deformation decreases
as Bo increases, meaning increasing the density mismatch between the two fluid phases
flattens the interface shape. Note that in the limit of small Bond number (Bo — 0), the
asymptotic assumption Bo= O(1) is violated and the deformation solutions become invalid.
Also, the values of the parameters chosen in Fig. |3 are outside the limits of applicability of
our expansions and are chosen to illustrate how the interface is affected by them. Because

of this, and since we ignore higher-order terms in the expansions, we observe a mismatch
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FIG. 3. The y-z cross-section views of the interfacial deformation h = Cah(? + §A(0D) with
Ca=0=0s=1,\=2, and varying values of Bo.

between the fluid interface and the particle surface.

C. Calculation of the drag force

The drag force exerted on a spherical particle straddling a fluid interface is

FD:FD~(—éy):FD-(—u‘X’):Z//ZPia-ﬁ-u‘”dE. (28)

i=1,2
Inserting the expansions of o and & into Eq. (28§)), we obtain to O(Ca) and O(9)
2 1466
Fp :/ / (02(0,0) + Cag210) 4 502(0,1)) . (ﬁ(070) + 513(1,0)) -u™ dz do
0 0
0
—l—/ (0109 1 CagtMO 4 551OD) (a0 L sat0) . u> dz d¢) (29)

—148b()

2m
_ / (Cah™® + 5HOV) (509 . (HOO 4 5509) . u™ d.
0

To evaluate the surface integrals in Eq. , we introduce spherical coordinates (p, 1, ¢),
defined by

x = psinpsind, y=pcost, z= pcospsind, (30)

11



where 0 < ¢ <7 and 0 < p < 27.

The spherical surface can be described as

Zp = {(p, 0, 9)lp = 1+ 66" (0,9)}, (31)
where ¢ = bsin ¥ cos v, and the unit normal vector n to the particle surface is n =
19 + a0 with

0% =¢, 2OV = —pcosidcosp/péy + bsinp/pé,. (32)

Substituting in the leading order solutions for flow past a sphere given by Egs. and
(13), we find that the O(1) drag force is the classical result [2]:

FOO = 37(x +1). (33)

The formula of the O(Ca) and O(J) drag forces are given by

FE0 =3 [ e m0 e s [N a0 o (sa)
=

2
i=1,2 0

5 @

J/

with (j, k) = (1,0) and (0, 1), where Fg’o) is the flow-induced correction drag and ng’” is the
contact angle induced correction drag. The integral 2) in Eq. can be evaluated directly
with @ = 0 for (j,k) = (1,0) and @= —37(\ — 1)(—0, + b)CyK,(v/Bo) for (j,k) = (0,1),
where C is defined in Eq . The integral in () containing the correction stress still needs

to be evaluated.

1. Lorentz reciprocal theorem

We use the Lorentz reciprocal theorem to evaluate the term (D in the O(Ca) and O(6)
drag formula . Let D; denote the region bounded by the particle surface 2533, the flat
interface 2§“), and the hemi-spherical surface ¥, at infinity (see Fig. . Let us define
Yoo = Yoo, U Ue,. We apply the Lorentz reciprocal theorem to the following two flow

problems:

12



FIG. 4. Geometry for the Lorentz reciprocal theorem.

Problem 1: The first problem is constructed by setting Ca and 0 to zero, which de-

scribes a sphere bisected by a flat interface in a uniform flow. The flow field and the stress

tensor are denoted by ul®? and (©9 respectively. We let ug’o) = ul®9 — u> denote the
leading order disturbance field. Then, at the boundaries,
ug’o) =-—u>® forxe Zg), (35)
ug’o) =0 forxeX.,. (36)

Problem 2: The second problem is described by the truncated asymptotic expansions

in Ca and 9:

up :ugm) + Caug’o) + 5u$§’1), (37)

o =09 4+ Cac™) + 55OV, (38)
where up denotes the disturbance field. For x € ¥,
up =0, (39)

13



for x € Zg),

10) (10) o1 _ _poup”
upy’ =-u*, uy =0, uy’=- ) (40)
0z
and for x € 2(10)7
ul® .8, =0, (41)
gupy” .
al g, = 09 40 _ ‘;_Dh@o) 6., (42)
z
(0,0)
£00 . (g0 .5 = £O. % RO Lg — £00) [0 {(10) _ (10 [500)]. ¢
z
(43)

and similarly for u® . e, and t(©9 . AR

(0,0)

Since solutions (up™”, %) and (up,o) are defined in the same geometry, they are

related by the reciprocal theorem

// (c©9 . n) up dZ:// (-n) a9 4w, i=1,2, (44)
Zi Ei

where ¥; = 0D; = EQUZ&?)UEOO“ and n denote the outward normal of >J;. The contribution

from the far-field integral vanishes, since

05 ~ x|7Y [Jupll ~ %78 (6@ n]] ~ %72, and |lo 0|~ |x]72 (45)

Collecting coefficients of Ca and ¢ in Eq. , we are able to express terms (I) in Eq.

(34) in terms of integrals over the flat interface 2(10)7 ie.,

O [[ e (e -ub” as— [ 00 (e ui? as )

14



for the O(Ca) drag F};’O), and

5 (00

. Z // (0,0) (00)) (0,1) dE
o>

1=1,2

for the O(0) drag F [()0’1), where the correction velocities and stress jumps are given in the

correction boundary conditions (see Appendix |A 1))

The additional drag contribution when the particle’s center is shifted from the origin is

2 ~
_ // 0.0) . (L0 . uOD g5; — / (A = 1)b. (48)
> s 16

1=1,2

The result recovers the correction drag in Eq. (3.17) from [8], where the particle translates
along a flat gas-liquid interface (A = po/pn = 0) with immersion depth 0b. Continuing, we
can now calculate the first correction to the drag. Because of the anti-symmetry of the flow

field given by Egs. - the flow induced drag F ) is zero. Using the symmetry,
(A20]) - m, and Eqs. - m, the contact angle induced correction drag

F l()o D can be integrated and rewritten as

(0,1) <9 (0,1) 2 dh(®Y
Fpyl =g(A=1) - (r* = 1) [ (6r* — 4)p"V + 3r(1 — 2r?) = dr )

4 %T(A —1)b—37(A — 1)(—0, + b)CyKy(VBo).

Eq. provides an explicit analytical expression for the contact angle induced correction

0)

drag in terms of the leading order solutions p(®? and u(®® and the correction deformation

RO given in Eq . We are able to evaluate F b by numerically integrating the first
term in Eq. (49) using the Trapezoidal rule.

Then, the truncated asymptotic expansion for the total drag to first orders in § and

Ca can be written as

Fp =F% £ §FOY = 3n(A+1) + (A — 1) ((e — b)Y (Bo) + %wé) (50)

where f(I), shown in Fig. , is the correction drag coefficient in terms of Bo. Recall that
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FIG. 5. The drag coefficient f(!) and its approximations ffll) for large Bond number plotted as
functions of v/Bo.

increasing Bo, which represents the density mismatch between the two fluid phases, flattens
the interface shape near the particle. Consequently, an increase in Bo (e.g., by increasing
the density mismatch) reduces the correction drag force caused by interfacial deformation,
as shown in Fig. In the limit of large Bond number, the shape of the static interface
z = 6h® approaches the flat interface and f") approaches zero. The asymptotic behavior

of f) as Bo — oo is described by (see [18])

3T 457 291x 1
1) — _ =
Y= B~ 1Bo + IE +0 <B02) . (51)

We let f}zl) denote the asymptotic expansion in Eq. truncated after the order Bo /2
term with n = 1,2, and 3, and plot f,sl) along with the drag coefficient f(V) in Fig. . Note
that for large values of Bo all approximations converge to Eq. with the most accurate
being fél).

We observe in Eq. that the correction drag force at order ¢ scales linearly with the
viscosity difference (A — 1), and hence when the two fluid phases have the same viscosity
(A=1), the O(§) drag vanishes. This vanishing of the correction drag when A\ = 1 is not

expected if higher order terms were included.
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In Figs. [0] and [7], we compare the normalized drag

F

-y 2

with the 2D numerical results of Loudet et al. [I3]. The drag forces in [I3] are calculated
with Ca ~ 1072 — 10™* and 40° < 0, < 140°. In Fig. @ we plot the normalized drag as
a function of viscosity ratio A in comparison with Loudet et al.’s results for contact angle
s = 75° and 6; = 110°. We see that the asymptotic solutions are qualitatively consistent

with the numerical results in that as the viscosity ratio A tends to 1, the effect of deformations
on the drag force decreases. Quantitative differences are observed. There could be several
reasons for this. First, the comparisons are made between a 3D flow in an unbounded
Stokes fluid and a 2D Navier-Stokes flow confined between two parallel planes. Second,
the values of the contact angles, 8, = 75° and 6, = 110°, violate the assumption of small
correction contact angles for the asymptotic expansion. In Fig. we set A = 0.75 and
compare the predictions. The asymptotic solution predicts the drag dependence on 6, to
first order in § (linear effects), and [I3]’s solution to the full flow problem captures the
contact angle’s higher-order nonlinear effects on the drag force. Despite the asymptotic
model’s limitation on contact angles, it allows for straightforward drag force calculations via
numerical integration or asymptotically for large Bo compared to the full-scale numerical
simulations in [I3]. The analytical solution ([50)) explicitly accounts for the dependence of the
drag force on the contact angle, the viscosity ratio of the two fluids, and the Bond number,
which provides us with deeper understandings of the interfacial deformation’s effects on the
hydrodynamic drag. In addition, while [I3]’s 2D approach can capture qualitative trends
of the flow-particle system, the analytical model’s 3D geometry provides a more physically

realistic representation of the system.

III. PAIR INTERACTIONS OF PARTICLES

In this section, we consider the steady motion of two spherical particles at a fluid interface
under creeping flow conditions, where the background flow is arbitrarily oriented relative
to the spheres’ line-of-centers. The linearity of the Stokes equations and the boundary

conditions allows us to decompose the problem into two sub-problems: uniform flows past
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FIG. 6. Comparison of the normalized drag (F'}y: Eq. (52))) with numerical results from Loudet et
al. (2020), for contact angles 6, = 75° and 110°,Bo =~ 0.2,b = 0.
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FIG. 7. Comparison of the normalized drag (F},: Eq. ) with numerical results from Loudet et
al. (2020) for viscosity ratio A = 0.75,Bo ~ 0.2, and b = 0.

two spheres at an interface, where the imposed flow direction is either perpendicular or
parallel to the spheres’ line-of-centers.

To move forward, we employ the solutions for the motion of two spheres in an unbounded
fluid [19 20]. Stimson and Jeffery [19] solved the problem of two spheres translating with
a constant velocity parallel to their line-of-centers. Goldman et al. [20] calculated the ter-
minal setting motion of two arbitrarily oriented spheres by combining Stimson and Jeffery’s

solutions [19] with the solutions to the side-by-side problem, in which the motion of the
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FIG. 8. Illustration of two spherical particles straddling a fluid interface between two immiscible
viscous fluids, where the background uniform flow is perpendicular to the line-of-centers of the two
particles.

spheres is perpendicular to their line-of-centers.

Using the same approach as for the single-particle problem, we study the influence of
interfacial deformations on the drag force acting on the particles, where the solutions ob-
tained by Goldman et al. [20] and Stimson and Jeffery [19] are used to solve the leading

order problems.

A. Flow perpendicular to the particles’ line-of-centers
1. Problem formulation

Consider two spherical particles of radii a straddling a fluid interface between two viscous
fluids with respective viscosities p; and po in a uniform flow perpendicular to the line-of-
centers of the two spheres (see Fig. . We assume the two particles have their centers
of masses pinned at —L/2é, and L/2é,, respectively, where L denotes the dimensionless
separation distance between the two particles. The nondimensionalized background flow is
denoted by u?® = e,, and we adopt similar notations used in the previous section.

As in section , we perturb the contact angle 6, from 90°, i.e., 0y = w/2 + 66,. For

7

any nondimensionalized quantity f,, where the subscript “ 1L 7 indicates variables in the

perpendicular flow problem, we consider the two-parameter asymptotic expansion for Ca

and d:

fo=f+ Caft 4 00 4 (53)
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In this discussion, we do not perturb the height of the center of the sphere. This could be
easily included by paralleling the analysis of section [[I]

The leading order problem describes two spheres at a flat fluid interface in a perpendicular
uniform flow. The equivalent problem of two spheres translating at a constant velocity
perpendicular to their line-of-centers in a viscous fluid in the absence of an interface is
solved by Goldman et al. [20]. The analytical solutions of the pressure and velocity field
in [20] are the leading order pressure p(f’o) and velocity field u(f’o) (see Appendix . As
in section [T, we modified these solutions to account for the different viscosities of the two

fHuids.

To better describe the two-sphere geometry, we introduce bicylindrical coordinates
(0,7,2). The relations between the Cartesian coordinates and the bicylindrical coordi-

nates are

csinh 7 csino
r=———, y=—>""7#9#—¥—, —7n<o<mwm, —-1n<7<T, (54)
cosh7 — coso coshT — coso

where ¢ = y/(L/2)? — 1 is the separation coefficient, and 7 = £ = farccosh(L/2) describe
the TCLs at the particle surfaces at leading order.

2. Interfacial deformations

Paralleling the analysis of section 7 the O(Ca) deformation h(j’o) and O(9) deformation

h(f’l) satisfy the stress balance equations

V2R — BonM = 6, - [0"] -, (55)
and
V2R — Bon ™ = 0. (56)
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The normal-normal stress difference €, - | (0’0)]

solutions p(f’o) and u(f’o). Then, Eq. in bicylindrical coordinates reads

- €, can be calculated from the leading order

(cosh T — cos )? 32h(j’0) n 82h(f’0) _Bopt0 _ 200 —1)X(o,7) (57)
c? do? or? + csino/(cosh 7 — coso)’
with
X =(cosh7 — cos0)"?sin’ & Z F, cosh(n + 1/2)7P)(cos o), (58)

n=2

where P, denotes the Legendre polynomial of order n, and the coefficients F), are given in
Egs. (3.55) and (3.56) in [20] and included in Appendix (see [I§] for further details).
Likewise, the stress balance equation is given by

(cosh T — cos o)? 82h(f’1) 32h(f’1) 0,1)
c? do? + or? —Boh, ™ =0. (59)
The unperturbed fixed contact angle conditions at the TCL are
cos(m/2 —V,) = +e. - ﬁL’T:in, (60)

where W, is the inclination angle, €, is the unit tangent to the 7 contour lines, and n i‘T: in
is the unit normal to the fluid interface evaluated at the TCLs (see Fig. E[) Substituting
the asymptotic expansions into Eq. and expanding in Ca and ¢ yields the boundary

conditions for h(j’o) and h(f’l)

[ coshT —coso 8h(f’0) a 0)_
h'” =0, 61
c or L . (61)
- dlr=*7
[ coshT —coso 6h(f’1) © 1)_ ~
hy” = —40,, 62
c or iy . (62)
- dlr=x7

respectively (see Appendix for details). It should be noted that the PDEs and ({56
are defined on the rectangular region |7| < 7, and |o| < 7. These second order linear PDEs
can be solved with a straightforward centered finite difference scheme, along with second

order finite difference approximations of Eqs. and , plus the periodic conditions at
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FIG. 9. Sketch of the fluid interface near two spherical particles.
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FIG. 10. The numerically calculated interfacial deformation, h = Cah(j’o) + 5h(f’1), around two

spherical particles with Ca =86 =65, =1, Bo = 1,A = 2 and L = 6: (a) 3D visualization, where
the colormap shows the interfacial height near the particle (b) x-z cross-section view for y = 0, (c)
y-z cross-section view for x = L/2.

o = =£m. The resulting linear system is solved using MATLAB’s backslash operator. Second
order convergence is observed. The partial derivatives of h(f’o) and h(f’l) with respect to x
and y are obtained using finite difference approximations, which have linear convergence.
Fig. |10|shows the numerically evaluated interfacial deformation h = Cah(j’o) —i—(5h(f’1) around
two spherical particles and its cross-section plots with Ca = 1,6 = 6, = 1, Bo = 1, and

L =6. As in Figs. 2 and [3] we set Ca = § = 6, = 1 to illustrate the deformations.
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3. Calculation of the drag force

We let X pr and X pn denote the respective surfaces of the two particles in fluid phase .

Then, the total drag force acting on the two particles is defined as

Fi =F, (—u?) Z// o - (—n.)-(—uY) d2+// 1) (—u¥) ds.
11

1=1,2 P

(63)

By symmetry arguments, the drag forces on the two spheres are equal and the drag on each
sphere is F'| /2. Paralleling the drag force calculation for a single sphere, we find that
to order Ca and 6, F| = Fio,o) + CaFf’O) + 5F£0’1), where the O(1) drag force

0 0) (0 0) 0 0) oo
=> / / o s (64)
IH

i=1,2

is computed by Goldman et al. [20]. The O(Ca) and O(4) drag forces, Ff’o) and Fio’l), are
defined as

J k) Z (J k) (00 cuP dY — h(ﬁ’k) [UT’O)] : ﬁ(f’o) -u? ds,  (65)
III E(0>

TCLM!
with (j,k) = (1,0) and (0,1), where the integrals can be evaluated over particle I and II
with

SO0 ={@y. )@ £ L2+ +22 =1}, and B0 1, = {(0,7,2)|r = Fr, 2 =0}

The surface integrals in Eq. are calculated using the Lorentz reciprocal theorem, similar
to the single particle problem (see details in Appendix [B3)). The line integrals in Eq.

represent the force contribution from the interfacial deformations at TCLs (see [18]).

(1,0

Evaluating F' ) and F 50,1) using the trapezoidal rule, we obtain the truncated asymptotic

expansion for the drag force
Fi =6x(A+ 1)) +66,(x — 1)V (Bo, L), (66)
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FIG. 11. The drag coefficient plotted as functions of (a) Bond number Bo and (b) separation L.

where fio) is the leading order drag coefficient obtained by Goldman et al. [20], and ff) is
the correction drag coefficient in terms of Bo and L, which is shown in Fig. Note that
the flow-induced drag Ff’o) integrates to zero due to anti-symmetry. Fig. (a) shows that
an increase in Bo reduces the drag coefficient fil). In Fig. (b), we see that fil) decreases
as the separation distance L decreases. This is because as the particles become closer to
each other, the total amount of interfacial deformation around them decreases, and thus
the correction drag caused by the deformation decreases. In the limit of large separation,
the flow field and the interfacial deformation near each particle converge toward the single-

particle solutions, and the correction drag coefficient ff)/ 2 converges to the value of f(V) in

Eq. (see section [LII C| below).

B. Flow parallel to the particles’ line-of-centers

Next, we consider the problem of two spherical particles at a fluid interface undergoing
uniform flow parallel to their line-of-centers (see Fig. [I2). The centers of masses of the
particles are located at —L/2¢e, and L/2e,, respectively, and the nondimensionalized back-
ground flow is denoted by P = €,. We use the same asymptotic approach as we did for the
previous problems and adopt similar notations.

Stimson and Jeffery [19] solved the problem of two spheres translating parallel to their

line-of-centers at low Reynolds number using the stream function method, which gives us
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FIG. 12. Tllustration of two spherical particles straddling a fluid interface between two immiscible
viscous fluids, where the background uniform flow is parallel to the line-of-centers of the two
particles.

the analytical solution for the leading order velocity field uﬁo’o) (see Appendix |C 1)).

A similar bicylindrical coordinates system (o, 7, z) is introduced:

csino csinh 7
r=—— y=——  —17qm<o<7nm, —-"1<7<T, (67)
coshT — coso coshT — coso

where ¢ = \/(L/2)? — 1, and 7 = £7; = Farccosh(L/2) describe the equilibrium TCLs at

the particle surfaces.

1.  Leading order pressure recovery

Unlike the previous cases, the jump in the pressure across the interface needed for the
drag calculation is not given explicitly in [I9]. But this can be found numerically by solving
the differential equation for (A —1)p = pﬁ(o’o) — pﬁ(o’o) , the leading order pressure difference

across the flat fluid interface Zgo) . The equation that p| satisfies is

- - 2,.(0,0) 0,0 2,,(0,0) (0,0)
’py . 0°p) _ 1 Oy, n l@ugg : L 0wy, _ Yye (68)
ox?  Oy? x Ox? x Ox oy? 2 )7
op _
o=V 500 at S0 (69)
Py — 0 as |x| = o0, (70)

where 0/0n denotes the normal derivative at the base TCLs, and the boundary condition

(69)) is obtained by taking the normal component of the momentum equation (see Appendix
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for the detailed derivation of Eq. ) In bicylindrical coordinates, the problem for pj

is given by
(coshT —coso)? (*p)  O*p
02 80.2 + 8’7'2 - F(O-v T)? (7].)
op| ;
= = f(o, %+ 2
an T::I:Tl f(o-’ 7—1), (7 )
op op
p-mn) =pi(mT), Fh(-mr) = -mT), (73)
71(0,0) =0 (|x| =00 = (0,7) = (0,0)), (74)
where
. 1 82u|(|0’0) 1 8u|(|0’0) GQU‘(‘O’O) u‘(‘o,o)
F - __ T - x x . x
(0,7) T ( Ox? x Ox + Oy? x2 ) ’ (75)
flo,xm) = V2l fi(o, £r). (76)
The unit normal vector to the base TCLs, n(®9 is
_ (0,0) o _ _sinosinh(+n) | 1 — cosh o cosh(£m) .
L P N $( cosh(£7) — cos P cosh(#7) — coso %) (77)

This partial differential equation for p is solved numerically using the finite difference
method and MATLAB’s backslash operator to invert the discretized linear system of differ-

ence equations, and the numerical solutions show quadratic convergence [I§].

2. Interfacial deformations and drag force

The static deformation 5h|(|0’1), induced by the contact angle, describes the equilibrium
interface shape in the absence of flow. Thus, the static deformation is unaffected by the
flow orientation and h(f’l) = |(|0’1) with the proper axis rotation. The O(Ca) interfacial

deformation h|(|1’0), induced by the background flow, satisfies the stress balance equation
Vh{" — Bohi"” = —¢. - [o*”] - ., (78)
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FIG. 13. The drag coefficient plotted as functions of (a) Bond number Bo and (b) separation L.

where the stress difference is given by
(") = (A= D=7y + V) + (V] )7). (79)

The stress balance equation ([78) is solved as before using a second order centered finite
difference method (see [I8] for details).
We use the same approach as in the previous cases to obtain the drag force exerted on

the two particles, which is given in the form of a truncated asymptotic expansion:
Fy = 6m(A+ 1) f{” (L) + 60.(\ — 1) £ (Bo, L), (80)

where fﬁo) is the leading order drag coefficient obtained by Stimson and Jeffery [19], and
fH(l) is the correction drag coefficient for the contact angle induced deformation AV, The
drag contribution from the flow-induced deformation Cah(*?) integrates to zero due to anti-
symmetry. Fig. [13[shows the drag coefficient fﬁl) as a function of Bo and L. The dependence

of fﬁl) on Bo and L is similar to that found for the perpendicular flow past two spheres.

C. Large Bond number and separation distance L limits

In the limit of large Bond number, it appears empirically that the two-particle drag

coefficients ff) and fﬁl) decay asymptotically in the same way as the single-particle drag in
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FIG. 14. Comparison of the drag coefficients, fj_l) and fﬁl), and their corresponding asymptotic
approximations, fillpprox and fﬁlgppmx, for large Bond number with L = 4, where C; =~ 14.31 and

Cy ~ —25.97 for f{") and Cy ~ 1145 and C; ~ —19.02 for f{".

Eq. . Their asymptotic behaviors can be expressed as

& —i—%
vBo Bo’

1) .01 1 1
fi )7 fﬁ ) ~ fi,ipprox’ fﬁ,a?pprox = (81)
where C and Cy are coefficients depending on L. We can determine values of C; and C; for
a fixed value of L via curve fitting (see [I8] for details). For L = 4, we find that C; ~ 14.31
and Cy &~ —25.97 for f{" and Cy & 11.45 and Cy ~ —19.02 for f{” when 15 < VBo < 30.

Fig. shows the drag coefficients ff) and fﬁl) and their approximations in Eq. .

As the separation distance L increases, the values of ff) /2 and fu(l) /2 should converge to
the single-particle drag coefficient f(*) in Eq. (50). Let fI(l) and f|T(1) denote the two-particle

correction drags normalized by the drag of two isolated particles, i.e.,

1 (1)
Yo

(1) L
=g h T g

= 355 (82)

In Fig. we plot these correction drags for the special case of Bo = 1. We observe that
the correction drag in the case of two particles in a parallel flow has a slower convergence
with increasing L compared to that in the perpendicular-flow case. This is not surprising

given that there is a difference in the convergence rates of the leading order solutions,
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i.e.,fio) ~1—3/4L for L > 1 and fﬁo) ~ 1—3/2L [19, 20]. Similar to the leading order
solutions, the deviations of the correction drag coefficients ff) and fn(l) appear numerically

to have asymptotic decays of order 1/L, i.e.,

*(1)  px(1) *(1) *(1) .
1 7fH ~ fJ—ﬁPPI”OX ’f||,appr0x =1- D/Lv (83)

where D is a coefficient depending on Bo. The value of D can be determined by curve fitting
(see Fig. to the numerical solutions. For Bo = 1, D is estimated to be: D ~ 0.95 for
I(l) and D ~ 1.91 for f‘T(l) when 20 < L < 40.

Both of the above limiting cases suggest that a more general result might exist in the
large Bo and large L limit. In particular, Egs. , and suggest the coefficient
D becomes independent of Bo. This is verified by fitting to the numerical solution to find
D. For 100 < Bo < 400 and 50 < L < 200, we find D ~ 0.80 for /" and D ~ 1.54 for
fﬁ(l). Note that these fitted values of D are close to the coefficients noted above for the
leading order drags (3/4 and 3/2), suggesting that these limiting coefficients might be the
appropriate limits for D if larger Ls were considered. These calculations suggest that the
approximations , , and along with the large L approximations of fio) and fH(O)
can be used in Egs. and to give an analytic formula for the drag in the large Bo
and large L limit.

D. Arbitrarily oriented flow

The analyses of two spherical particles undergoing flows perpendicular and parallel to
their line-of-centers allow the calculation of arbitrarily oriented flow past two spheres at
an interface. As illustrated in Fig. [I6 the uniform background flow u® is oriented at an
arbitrary angle relative to the spheres’ line-of-centers. The flow u®™ can be decomposed into

a perpendicular component to the line-of-centers and a parallel component, i.e.,
u® =uf +up ([Ju™[] =1), (84)
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FIG. 15. Comparison of the normalized drag coefficients, fi(l) and f‘T(l), and their corresponding
asymptotic approximations, fj_(l) and f|T(1), for large L with Bo =1, where D = 0.95 for fj_(l) and
D~ 1.91 for f"‘““).
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FIG. 16. Sketch of the z-y cross-section view of two particles at a fluid interface undergoing
arbitrarily oriented uniform flow in the z-y plane.

with
u? =sinOe,, uj® = cosOe,, (85)

where © denotes the angle between the flow direction and the line-of-centers of the two
spheres (see Fig. . The linearity of the Stokes equation and the boundary conditions of
the O(Ca) and O(J) problems allows us to calculate the drag force acting on the particles,

Fp, by vectorially combining the forces exerted by the perpendicular flow uf® and the parallel
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FIG. 17. The magnitude of the drag force plotted as a function of the orientation angle © with
d =0, =1, =1/2, and varying values of separation L (a) and Bond number Bo (b).

flow ue, ie.,
Fp=F, +F (86)
with
F, = F,sin@¢,, F = FjcosOe,, (87)

where F| and F) are given in Egs. and , respectively. The magnitude of the drag

force is given by

Fp = |[Fpl| = /(Fisin©)2 + (Fj cos ©)2. (88)

In Fig. [17, Fp is plotted as a function of the orientation angle ©. Given the same set of
parameters, the drag force has a larger magnitude when the background flow is perpendicular
to the line-of-centers than when parallel. As © increases from 0° to 90°, the perpendicular

component in the background flow becomes more dominant and Fp increases.
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E. Capillary attraction force

The dimensionless capillary force scaled by ya exerted on the spherical particle due to
the interfacial deformation can be computed by integrating the capillary stress along the

TCL, i.e.,
FC = / ﬁc dS, (89)
XTCL

where fic = to X 1 is the capillarity unit vector that is normal to the TCL and lies in the
interface, and t¢ is the unit tangent vector to the TCL. Let r¢ = &, + é.h(r,¢)e, denote

the position vector describing a point on the TCL at the particle surface.

Substituting all expansions into this vector formula, we find that the capillarity unit

vector ng is

(1,0) (0,1)
oh oh ) .. (90)

nc=tc xn==¢& + (C )

and to order Ca and ¢, the capillary force is

R0 RO A
FC = Fcez —/0 (Ca or (1, ¢) + (5V<1, ¢)) e, dqb (91)

= — 216(—0, + b)VBoCy K1 (VBo)é., (92)

where Cj is defined in Eq. . We observe that the flow-induced deformation does not
contribute to the capillary force at leading order due to the anti-symmetric pattern of the
interfaical height at the TCL. The interfacial height depends on the azimuthal angle ¢ in
the form of sin¢ and the capillary stress along the TCL integrates to zero. The leading
order contribution to F¢ comes from the static deformation, which yields an O(4) capillary
force in the vertical (eé,) component. Note that the lateral capillary force is zero at leading
order because the corrections to the shape of the TCL is at orders  and Ca in the vertical

component and at higher orders in the horizontal components (assuming Bo = O(1)).

Paralleling the single-particle capillary force calculation, we are able to obtain capillary
forces exerted by the deformed interface near two spherical particles. We first consider

the case where the two particles at the interface undergo uniform flows perpendicular to
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FIG. 18. The dimensionless capillary force plotted as a function of the Bond number Bo. The
green curve shows the single-particle capillary force; the red, black and blue curves are the capillary
forces exerted on one of the two particles due to the two-particle deformations in perpendicular
background flows, with separation distance L = 4,8 and 12, respectively. Parameter values: Ca =
1,0=60;=1,b=0.

their line-of-centers (see Appendix @ for detailed calculations). The leading order capillary
force F¢ is given by Eq. . Similar to the single-particle problem, the flow-induced
deformation does not contribute to the capillary force at leading order due to the anti-
symmetry argument. Also, due to the symmetric static interface shape in the direction of
the line-of-centers of the particles, the vertical capillary forces exerted on the two particles
are identical. In Fig. the capillary forces due to the single-particle deformation and the
two-particle deformations with perpendicular background flows are plotted as a function of
the Bond number. As the separation distance increases, the static deformation near each
particle converges to the single-particle deformation, and we see that the capillary force

exerted on each particle converges to the single-particle capillary force.

In the case of two particles at an interface in a parallel background flow, the flow-induced
deformation’s contribution to the leading order capillary force does not vanish because the
two particles’ interaction with the flow breaks the anti-symmetry at the TCLs. As a result,
the flow-induced deformations at the two particles” TCLs have the same magnitude but
opposite signs, which implies the O(Ca) capillary forces acting on the two particles also
have the same magnitude and different signs. Fig. shows the capillary force exerted on

the particle centered at —L/2¢&, (X)) as a function of the Bond number Bo, with different
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Parallel flow: flow-induced deformation
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FIG. 19. The dimensionless capillary force exerted on particle I (Z%) due to the parallel flow-

induced deformations plotted as a function of the Bond number Bo, with separation L = 4,8, and
12 (Ca=1,A=0).
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FIG. 20. The dimensionless capillary force due to the total deformations near two particles under-
going parallel background flows. Parameter values: Ca=1,§ =60, =1,A = 0.

values of separation L. Since the orientation of the background flow does not affect the
static deformation, the O(9) capillary force is identical to the one in the perpendicular flow
problem. In Fig. [20, we show the leading order capillary force acting on each particle due

to the total deformations.

The lateral capillary force at higher orders was calculated by Vella and Mahadevan [21],

where they derived the formula of the (dimensionless) capillary force in the absence of flow
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from the Nicolson approximation [22-24]:

Fo = 2rBo”?%?K,(VBoL), (93)

20pp=Ap)=1 _ 1

where Y = 3 5

cos B, + %COSQ 0 and pp is the particle density. The assumptions
that the contact angle is close to 90° and the immersion depth is small (6 = 7/ 2+466,,b = (5Z~))
imply & ~ § and Fg ~ 62, which verifies our discovery that the static deformation does not
contribute to the lateral capillary force at order §. Dorr and Hardt [8] studied the pair
interaction of particles by constructing the interfacial deformation around two particles via
linear superposition of the single-particle deformation. Under the assumptions of rotated and
pinned TCLs and a large particle separation, the interfacial deformation is induced solely by
the uniform background flow. Similar to our analysis, Dorr and Hardt’s calculation shows
that the leading order capillary force is in the vertical direction and the lateral capillary

force comes at higher orders and that the vertical capillary force vanishes when the uniform

background flow is perpendicular to the particles’ line-of-centers.

IV. CONCLUSIONS

In this work, we have studied the problems of fluid motion past one and two spherical
particles attached to a deformable fluid interface undergoing uniform Stokes flow. Using
the two-parameter asymptotic expansions for small Capillary number and correction con-
tact angle, we have obtained the analytical expressions for the flow-induced deformation
and the static deformation (induced by the contact angle) around a single particle. In the
two-particle problems, where the background flow is perpendicular or parallel to the par-
ticles’ line-of-centers, similar deformation solutions were calculated numerically using finite
difference methods. To study the effects of interfacial deformations on the drag force exerted
on the particles, we used the Lorentz reciprocal theorem to derive analytical expressions for
the correction drag forces in terms of the zeroth-order approximations and the deformation
solutions. For the single-particle problem, the drag force is given in the form in Eq. ,
where the drag caused by the flow-induced deformation integrates to zero due to its anti-
symmetric configuration in the flow direction, and the correction drag caused by the static

deformation is shown to linearly depend on the correction contact angle and the viscosity
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difference and have a nonlinear dependence on the Bond number. The large Bond number
limit is given in Eq. . The Bond number characterizes the density mismatch between
the two fluid phases, and an increase in the density mismatch flattens the interface shape
near the particle, which reduces the effect of the interfacial deformation on the drag force.
The normalized drag F}, (see Eq. (52)) is shown to be consistent with the 2D numerical
results by Loudet et al. [13].

For the two-particle problems, we derived the first-order approximations from the so-
lutions of two spheres translating perpendicular and parallel to their line-of-centers in a
viscous fluid [19, 20]. Similar to the single-particle problem, the flow-induced interfacial
deformations do not affect the drag force acting on the particles at leading order. The
corrected drag forces for the static deformations are given by Egs. and . A more
general solution where the uniform background flow is arbitrarily oriented relative the par-
ticles’ line-of-centers has been obtained by vectorially combining the drag forces exerted by
the perpendicular and parallel lows. We have also identified expressions for the drag in the
large Bo and L limits. Our predictions for the drag also compares well with the experimental
results of Petkov et al. [25] (see Appendix [A 3)). This is also true of Dérr et al. [7] ’s model

which has different assumptions. Additional work is needed to clarify these predictions.

In addition, we were able to calculate the capillary force exerted on the particles due
to the interfacial deformation. It is shown that the static deformation contributes to the
capillary force at order ¢ in the vertical (&,) component, and the flow-induced deformation
doesn’t contribute at order Ca in the single-particle case and the two-particle case when the
background flow is perpendicular to the particles’ line-of-centers. In the case of two particles
at an interface in a parallel flow, the flow-induced deformation is shown to have a nonzero

contribution to the O(Ca) vertical capillary force.
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Appendix A: Flow motion past a single particle
1. Leading order and correction problems

The O(1) pressure and velocity field satisfy the Stokes equations

—Vp%9 4\, V2u®0 =0

V- ul®0 =0,
with boundary conditions

w9z, y,2) »u® =¢, as|x| — oo

u®(z,y,2)=0 forxe 29 ={(z,y,2)|2* +9y* + 2% =1}
and interface conditions

u®0 . e, =0,

u 070)] . {:J(O,O) — 0’

[ (
£00 . [g©0)]. 8, =0,

for x = (z,y,0).
The O(Ca) pressure and velocity field satisfy the Stokes equation

— VphO 4 A, V2t = o,

V-ulv = 0,
with boundary conditions

u(z,y,2) >0 as|x| = oo

u(z,y,2)=0 forxe 29 ={(z,y,2)|2* +y* + 2> =1}
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and interface conditions

0,0
u(l,O) . éz — _u(010) . ﬁ(l,O) _ %h(lﬂ) . éz (A12)
z
0,0
O] 00 = _[u©0]. §10) _ —8[12( Lo oo (A13)
z

for x = (z,y,0). The correction deformation h(*) satisfies the normal stress balance equation
—V2h10 £ BohM = ¢, - [0*9)] - &, (A14)

and the correction tangential stress balance equation is given by

0,0
00 [gL0] ., — _§00) . 0o 1o | &, — 100 . [gO0]. {00 _ {00 (500)]. &

0z
(A15)
The O(6) pressure and velocity field satisfy the Stokes equation
— VpO 4 \, V2D = 0, (A16)
v -u® =0, (A17)
with boundary conditions
u®Y(z,y,2) -0 as [x| = o0 (A18)
~ou®b
u®(z,y,2) = —b 15 for x € 2(;3) ={(z,y,2)|2* +y* + 2> =1} (A19)
z
and interface conditions
0,0
u® g = g0 {0 _ % ROD g (A20)
2
0,0
D] . 09 = [0 g0 _ O] o1 00 _ (A21)

0z ’
for x = (x,y,0). The correction deformation h(>"Y) satisfies the normal stress balance equation
~V2hOY 4 Boh®Y = 0, (A22)
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and the correction tangential stress balance equation is given by

0,0
{00 [gON] g, = _§00 @ ROV &, — §00)  [gO0] {01 _ {0 [5007] g
z
(A23)

2. The leading order velocity field

In Cartesian coordinates, the leading order velocity field given by Eqgs. (A1)-(A7)) is

0,0) _ Bay(x® +y* + 2° — 1)

0,0) — _ A24
Uy, 4(332 + 92 + 22)5/2 ) ( )
1 3y +y2 4+ 22 -1 1 3
uéﬂ,o) =— |4 — y (17 +y tz ) - — ) (A25)
4 (22 + 32 + 22)5/2 (22 F 12+ 2232 (22 4 42 + 22)1/2
2 .20 .2
w00 — _ Byz(® +y* + 2 1)7 (A26)
A(z% + y? + 22)5/2
where u©0 = ¢ O)em—i—ul(/ )ey+ugo 0)eZ In cylindrical coordinates, the leading order velocity

field is given by

‘11 <4 i — (7; izz J;5:2 2o 922)) sin ¢ (A27)
(00) 411 (4 = 22 77 \/10234_7,22> cos ¢ (A28)
w0 = 17 (f«z ++Z§)5/2 D sing, (A29)
where u®® — g 4 u(o 0)% a0

3. Comparison with experimental data

In the experiments by Petkov et al., the drag coefficients of spherical particles at an air-
water interface with viscosity ratio ps/pu; = 0.02 were measured at 0, = 47.8°,53.0°, and
82.0° [25]. Petkov et al. directly measured the immersion depth and calculated the values of
the contact angle via balancing vertical forces at equilibrium. Fig. compares the result
(50) with experimental and theoretical drag coefficients, where the theoretical models by
[7H9] are under the assumptions that ps/u; = 0 and the interface remains flat. The result

is in good agreement with the experimental data for 6; = 82.0°. Further verification is
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FIG. 21. Comparison of the normalized drag computed from (Fp : Eq. ) with experimental
data from Petkov et al. [25] and theoretical predictions from the literature [7-9].

required.

Appendix B: Pair interaction: perpendicular flow

1. Leading order pressure and velocity field

The leading order pressure p(f’o) and velocity field u(f’o) obtained from [20] are given in

cylindrical coordinates (z, p, ¢) and bicylindrical coordinates (1, £, ¢) defined by

y=pcosp, z=psing,

and
csinh & B csinm

cosh& — cosn’ P= cosh& — cosn’
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where ¢ = /(L/2)? — 1. The pressure and the components of the velocity field are given in

terms of the auxiliary functions, i.e.,

Ai
p(f’o) = ——W cos ¢, (B1)
c
1
u(fg’go) = Q—(xW +2¢Z) cos ¢, (B2)
c
0o _ _ (1
uy, = — —C(pW+c(X+Y))—1 oS ¢ (B3)
0,0 1 :
u(i<p) = (20<X Y)+ 1) sin ¢, (B4)
where u(0 0 = (fxo)ex + u(o O)ep + u(fwo)eso The auxiliary functions are given in the forms:
Z =(cosh & — cosn)?sinn Z A, sinh(n + 1/2)¢P) (cosn), (B5)
n=1
W =(cosh & — cosn)/?sinn Z B, cosh(n + 1/2)¢P) (cosn), (B6)
n=1
Y =(cosh & — cosn)*/? Z D,, cosh(n 4+ 1/2)¢P,(cosn), (B7)
n=0
X =(cosh & — cosn)?sin?n Z F, cosh(n + 1/2)¢P (cosn), (B8)
n=2

where P, denotes the Legendre polynomial of order m. The formula for the coefficients

B,,D,, and F,, are

n—1 n-+2

B, = [2271 — 1(% - 1)} Apn_1 — 27, A + {2271 n 3(%L + 1)} Apia, (B9)
-1
D, =2v/2e~ "/ Dgech(n 4+ 1/2) 7 — {%(% - 1)} An_1
" (B10)
(n—i—l)(n—i—l)( 1)l a
on+3 In n+1

-1 1

F, =1 Ry (B11)

on—1"" 2n+3
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with 7 = arccosh(L/2) and =, = cothm tanh(n + 1/2)7, and A, satisfies the recurrence

equation
(n—1)(2n — 3)
— (Y1 — 1) — n— 1) Ap_
(== 1) = P ),
n(2n —1) (n+1)(2n + 3) }
+1@2n+1) =5y, — ———2 (V1 + 1)+ w1 — DA,
an+ 1) 50, - M,y LDy .
(n+2)(2n +5)
wt+1)— 2)(Yn 1| A,
= /(2)e"(t1/2m e _ 2 + <
cosh(n —1/2)7;  cosh(n+1/2)my  cosh(n +3/2)1
for n =1,2,--- . The approximate values of A,, n =1,---, N, can be obtained by numeri-
cally solving the linear system consisting of the first N equations for Eq. (B12).
2. Contact angle conditions
Inserting the asymptotic expansions into the LHS of Eq. , we obtain
cos(m/2 — W.) =sin ¥, = sin(arcsin(r.) — 6;) (B13)
—sin (arcsin(\/ 1— (Cah"™ + 6n ")) — (x/2 4 59})) (B14)
= — Cah™ 1§ (—h(f’l) - és) - (B15)

where 7. denotes the radius of the TCL (see Fig. E[) Using the tools of differential geometry,
the RHS of Eq. can be written as (see Refs. [20] 27])

. " 1 g* 8}“
=tn 7 g\ at or

) (B16)

T=%T1

where g = ¢%/(cosh T—cos 0)? is the component of the metric tensor of the bipolar coordinate
system given in Eq. , g* = ¢* is the determinant of the metric tensor, and a* is the

determinant of the surface metric tensors of z = h, (o, 7), which is defined by

vt () s (G| (1)
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Substituting the expansion of h; into Eq. (B17) yields

10)\ 2 10)\ 2 o1\ 2 0.1\ 2
CL* — 92+Ca29 ahL + ahL + 529 ahL + ahL (B18>
or do or oo

OnT? on  onY onth |
or Ot do  Oo

+ 2Cadg

(B19)

We assume the separation coefficient c is of finite order, i.e., ¢ = O(1). Then, g = O(1) and

a* =~ g*. Combining Eqgs. (B13)) - (B16]) and collecting coefficients of Ca and §, we obtain

coshT — coso 8h(f’0) ,(L0)

. 5 V=0, (B20)
coshT — coso 8h(f’1) 0,1) ~
. 5o +h = —6b,. (B21)

3. Applying the Lorentz reciprocal theorem

Applying the Lorentz reciprocal theorem to the surface integral over the particle surfaces

Ypr in Eq. for (7,k) = (1,0), we obtain

Z// oM 500y gy = // P01 (~e.) -ul) dx
=1,2 IH o

(B22)
1,0 . 0,0
e (e ul as
ZJI
where
PRCK)
ul’y &, =~y At — —=2a0 e, (B23)
2
: (1,0) : 3[0'(0 0)] (1,0) ; (0,0) 1 f(1 (0,0)
t(ovo) . [O-J_’ ] . éz — _t(ovo) . a—éhL’ . éz — t(ovo) . [UJ_’ ] . fl( 70) — t( 70) . [UJ_7 ] . éZ7
(B24)
for x € Ego). The O(1) disturbance field is given by
ufp) =ul? ¢, = ulVe, + @l - e, (B25)



and the O(1) and O(Ca) unit normal and tangential vectors to the fluid interface are

t00 = ¢, or ¢, (B26)

) oR10 8h (1,0)

A PYACED) op0

10 = =L &, or —L—e.. (B28)
ox oy

Substituting Eqgs. (B25)) - (B28)) into Eqgs. (B23|) and (B24)) yields

R au(f/%) 1,0) =~
o) (&) -ully =[oY] (u&O%’ a0 2R e, (B29)
6h10 apL0) 5,00
[aﬁ?]( uly e — ) - D=+ e o)), (B30)
and
o0 (—e.) ) (B31)
= (—[ot e, — o118, — [01:016.) - (ule, + (T} — 1)e,) (B32)
(o) h<1,0>_[0<o,0>]3h(f’0) _[U(om]@hf’o Ha(o,m]ahﬂl’o) 4,00 (B33)
az 1 lax 8I lxy ay 1zz 81‘ lx
8[0-5?,20)] 1,0) 0,0 oh” 0 on” 0,0 an" 0,0
+<Tyh< ol ol g+ ) Wl D). (B3Y)

Similar relations hold for the O(§) variables ((7,k) = (0,1)). The interfacial deforma-
tions A9 and A%V and their partial derivatives with respect to  and y are obtained via

numerical calculations.
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Appendix C: Pair interaction: parallel flow

1. Leading order velocity field

The leading order velocity field u‘(‘o,o) = u‘(lop’o)ép +u

I(I(;O)é‘p + ul(l(;’o)éy obtained from [19] is

axisymmetric and can be expressed in terms of the Stokes stream function:

00 _ 10¢¥ (00 _ - 10y

== =1--—" 1
Yo = Hay i pdp (C1)

with = pcosp,z = rsingp. The stream function 1 is given in bicylindrical coordinates

(n,€,¢) by

¥ = (cosh & — cosn) /2 Z(A” cosh(n — 1/2)¢ + C,, cosh(n + 3/2)&)(Py1(cosn) — P,i1(cosn)),
n=1
(C2)
where
B csinn B csinh
p_coshf—cosn’ ~ cosh& —cosn’

¢ =+/(L/2)? =1, and P, is the Legendre polynomial of order n. The coefficients A,, and
C,, are given by

2(1 — e CntDmy 4 (2n + 1) (™ — 1)
2sinh(2n + 1)1y + (2n + 1) sinh 27

2(1 — e Crtm) 4 2n 4+ 1)(1 — e ™)
2sinh(2n + 1)1 + (2n 4 1) sinh 27y

A, =—(2n+3)k

Cn=(2n—1)k

where 7y = arccosh(L/2) and

_ ?(=n(n+1)
b= V20@2n —1)(2n +1)(2n+3) (C5)

2. Pressure recovery

In section [[ITB] to calculate the drag force, we need the leading order jump in normal
stress across the fluid interface. The viscous stress jump can be calculated from the solution

for u|(|0’0) given by Stimson and Jeffery [19]. They did not give the pressure which we need

45



(0,0)

to complete the drag calculation. Noting that P is harmonic and that we only need p‘(‘o,o)

along the fluid interface. We can identify a PDE for this interfacial pressure by rearranging

the pressure equation into a 2D Poisson equation along the interface as

2, (0,0) 2, (0,0) 2, (0,0)
o~ O Op

52 047 5,2 , —oo < T,y < 00. (C6)

2=0

In cylindrical coordinates (p, ¢, y) with £ = pcos¢ and z = psinp, the RHS term in Eq.
(C6) can be rewritten as

2,.(0,0) 2,.(0,0) (0,0)
OB (2 (90 00p, 00 0 0P )
0722 . 0z%  0p? 0z0p0z 0z 0p ap .
z= p=0,7
2,.(0,0) (0,0)
= (o 2 oo O (C8)
op? p  Op ~
p=0,m
A R U ()
p Op oz Or
p=0,m
where apl(lo’(” /0¢ = 0 due to axisymmetry. Then, Eq. (C6)) becomes
by Oy _ _10py (C10)
a2 Ay x Ox
Note that p|(|0,0) also satisfies the €, component of the momentum equation
(0,0) 2,.(0,0) (0,0) 2,.(0,0) (0,0)
o _ T, 10w, O, o, (C11)
dp o> p Op dy? p*
At the fluid interface, Eq. (C11)) can be rewritten as
Pl _ U n 10U, It (C12)
Ox Ox? xr Ox oy? 2’
where uﬁi’o) = uﬁ%O) cos p = iu‘(‘(;’o) at z = 0. Substituting Eq. (C12) into Eq. (C10)) yields

%y 0%y _ 1

[l ll= [l [E3
+
ox? 0y? x

0x? r Ox oy? a2

aZu(Oﬂo) 1 8,“(0’0) 827]/(070) 'U/(O’O)
- (C13)
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Appendix D: Capillary force calculation: perpendicular flow

The capillary unit vectors at the TCLs on the surfaces of particle I and I can be written

as
- -1 h i inh
ﬁIC’HL _ tléli «f = + + cos o cosh 7 e sin o sin (:FTl)éy
' ' coso — cosh 1y coso — cosh 1y (D1)
—cos o + cosh Oh1:0) ORODYN
+ Ca + 6 e.|,
c or or
where
fu 81“10’171/50 B [ sinosinhr 1 — coso coshmy 5
cL = T = — x — y
‘ 8rC,L / 80‘ coso — cosh 7y coso — cosh 1y (D2)
— cosh Oh1H0) OhOb)
+cosa Ccos Ti (Ca = (Fr1,0) + 6 — (Fm, cr))]
are the unit tangent vectors to the TCLs, and
R ) 1 Oh1,0) OhO:1)
nIiH =e,+ p ((—1 + cos o coshTy) (Ca 5 +9 57 )
ORLO) KO
+ sin o sinh(Fm) (Ca 5 +0 5 )> €,
o o
| OHOO o) (b3)
+-( (1 —cosocoshmy) | Ca +9
c do do

OR0 gpOL)
+ sin o sinh(Fn) | Ca +0 &,
or or

are the unit normal vectors to the interface (the expansions are truncated after the O(Ca)

and O(0) terms ). Then, the capillary forces are computed to be

™
FLIT _ ~T,11 cdo
c = Doy
—T

coshm — coso

(D4)

™ a (1’0) (071)
:j:/ Ca 57_ (Fr,0)+46 57' (Fr,0) doe,,

—Tr
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and clearly, Ff, = Fil = F¢.
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