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Dispersing small particles in a liquid can produce surprising behaviors when the solids fraction
becomes large: rapid shearing drives these systems out of equilibrium and can lead to dramatic
increases in viscosity (shear thickening) or even solidification (shear jamming). These phenomena
occur above a characteristic onset stress when particles are forced into frictional contact. Here we
show via simulations how this can be understood within a framework that abstracts details of the
forces acting at particle-particle contacts into general stress-activated constraints on relative particle
movement. We find that focusing on just two constraints, affecting sliding and rolling at contact,
can reproduce the experimentally observed shear thickening behavior quantitatively, despite widely
different particle properties, surface chemistries, and suspending fluids. Within this framework
parameters such as coefficients of sliding and rolling friction can each be viewed as proxy for one
or more forces of different physical or chemical origin, while the parameter magnitudes indicate the
relative importance of the associated constraint. In this way, a new link is established that connects
features observable in macroscale rheological measurements to classes of constraints arising from
micro- or nano-scale properties.

I. INTRODUCTION

Concentrated or “dense” suspensions comprising small
particles in a suspending liquid are ubiquitous in nature
as well as industrial settings [1–5]. Even for simple liq-
uids with completely Newtonian characteristics, i.e. con-
stant viscosity, such suspensions can exhibit strikingly
non-Newtonian behaviors under applied shear, such as
yielding, shear thinning, shear thickening, and shear-
jamming [4–9]. All of these behaviors originate from
short-ranged forces between particles that either are me-
diated by the hydrodynamics of thin liquid layers or in-
volve direct, frictional and possibly also cohesive con-
tact [10–12]. The strength of these forces depends not
only on the particles’ physical properties such as shape,
stiffness and surface roughness, but also on their surface
chemistry and its role during particle-particle contact or
through interaction with the surrounding liquid [13–17].
Given this large set of potentially contributing factors,
establishing a predictive link between microscale proper-
ties and macroscale observable flow behaviors has been a
longstanding problem.

One recent approach, by Guy et al., to address this
issue has been to classify the macroscale rheology not by
focusing on the details of specific forces, but rather on
the general types of constraints that affect relative par-
ticle movement [18]. The promise of this approach lies
in that the physical or chemical origin of any particu-
lar particle-particle interaction may matter far less than
its net effect on the ability of neighboring particles to
move with respect to one another. What remained to be
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shown, however, is which specific types of constraints are
necessary for quantitative modeling of dense suspension
rheology.

Here we demonstrate that quantitative modeling and
prediction is indeed possible. We focus on shear thicken-
ing, perhaps the most remarkable non-Newtonian behav-
ior of dense suspensions, and introduce a new diagnostic
framework to classify rheological flow curves in terms of
whether sliding and rolling constraints on particle mo-
tion are present. This approach provides insight into
why particular particle-scale properties introduce addi-
tional constraints while others do not and unlocks a new
connection between bulk rheology and nanoscale particle
surface properties (Fig. 1A).

During shear thickening the shear stress σ increases
faster than the shear rate γ̇, leading to a net increase in
viscosity η = σ/γ̇. For low solids volume fractions φ this
increase is mild and occurs continuously as a function
of applied shear, but for larger φ the viscosity can in-
crease abruptly and dramatically when a critical rate γ̇c
is reached, behavior termed discontinuous shear thick-
ening (DST). For sufficiently large φ and shear stress
σ, these suspensions can furthermore transform into a
shear-jammed (SJ), solid-like state, which “melts” back
into a fluid once stress is released [19, 20]. Past work
has established a strong foundation to understand the
evolution of shear thickening toward DST and SJ, yet fo-
cused almost exclusively on stress-activated sliding fric-
tion, represented by a single coefficient for sliding friction
µs.

In this picture, once the applied shear stress over-
whelms the repulsive interparticle potential, uncon-
strained, hydrodynamically “lubricated” contacts tran-
sition to “frictional” contacts that prevent sliding [11–
13, 21–26]. When viscosity η is plotted as a function
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of applied shear stress σ (Fig. 1B), this increase in the
number of frictionally constrained particle-particle con-
tacts manifests as shear thickening that starts at an onset
stress σon and persists up to an upper limit σmax, where
the system has reached a state with all contacts frictional.
As the solids fraction φ gets closer to the onset packing
fraction for jamming φµJ , the dependence of η on stress
becomes steeper within the shear thickening regime, until
DST is reached. In plots like Fig. 1B, DST is identified by
a slope d(logη)/d(logσ) = 1, i.e., the viscosity η = σ/γ̇c is
directly proportional to the stress. Increasing the sliding
friction coefficient µs reduces φµJ and thus, for given φ,
brings the system closer to jamming. This in turn steep-
ens the rise in viscosity with stress while at the same time
increasing the final viscosity level that is reached in the
large stress limit.

However, if only sliding constraints are considered, the
effect of µs on φµJ is modest: it reduces the onset of jam-
ming from φ0J for frictionless (µs = 0) particles, which
for monodisperse rigid spheres is equal to the random
close-packing value φRCP ≈ 0.64 [18, 22, 25, 27], to no
lower than φµJ ≈ 0.56 even for µs = ∞ [22, 25]. This
poses a serious problem for quantitative prediction, since
experiments with rough spherical particles and also with
specific chemical surface groups have demonstrated DST
for packing fractions so low that the associated φµJ lies
well below 0.56 and thus outside the range of current
models based on just µs [12–14, 17, 28–32]. Therefore,
additional constraints beyond sliding are needed to prop-
erly capture the behavior of real suspensions.

Taking cues from modeling the rheology of dry gran-
ular materials [33–37], recent simulations explored how
additional stress-activated constraints on rolling affect
shear thickening in dense suspensions [38]. Interestingly,
under the right conditions, modest increases in rolling
friction were found to generate significant effects. At the
same volume fraction where suspensions with only sliding
constraints exhibit mild shear thickening, adding rolling
friction can lead to DST, broaden the stress range over
which shear thickening is observed, and increase the vis-
cosity of the frictional state. In Fig. 1B this is shown
by comparing the flow curves with (blue) and without
(black) rolling friction. In the limit of infinite sliding and
rolling friction the frictional jamming point drops as low
as φµJ = 0.37. Short-ranged attractive particle-particle
interactions that are not stress-activated and give rise to
a yield stress can be included by simply adding them [9],
as exemplified by the dashed green trace in Fig. 1B for
the case without rolling friction.

Taken together, this opens up an opportunity that we
explore here: to model experimental suspension rheology
quantitatively and understand how the combination of
stress-activated sliding and rolling constraints, expressed
in terms of an onset stress for frictional contact and co-
efficients for sliding and rolling friction, can be linked to
particle-scale properties. In principle, additional stress-
activated constraints could be included, such as friction
that would constrain twisting at particle-particle con-
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FIG. 1. (A) Shear thickening is a phenomena that can be un-
derstood across a hierarchy of length scales, and unraveling
the inter-relationship between macroscopic rheology, micro-
scopic stress-activated constraints that hinder relative parti-
cle motion, and nanoscopic particle surface properties poses
a major challenge. Macroscale rheology can become a sen-
sitive probe of nanometer-scale interactions between particle
surfaces once the link with microscopic frictional constraints
has been established. (B) How microscopic frictional con-
straints affect shear thickening. Viscosity η plotted as func-
tion of applied shear stress σ at constant volume fraction
φ. Above the critical onset stress σon, “lubricated” contacts
are starting to become transformed into “constrained” fric-
tional ones. At σmax all contacts are constrained and a max-
imum plateau viscosity is reached. At this volume fraction,
stress-activated sliding constraints alone lead only to contin-
uous shear thickening (solid black line). Attractive central
forces typically lead to a yield stress, without affecting shear
thickening (dashed green line). Adding stress-activated rolling
constraints can lead to discontinuous shear thickening (DST,
slope 1) over a wider stress range and with a higher plateau
viscosity (solid blue line).

tacts [35, 39]. However, we find that the contributions
of constraints beyond sliding friction, as expressed by
the magnitude of the associated friction coefficients, be-
come successively smaller and that an excellent degree
of modeling is already achieved by focusing on sliding
and rolling friction as the most important ones. We also
note that here we consider exclusively constraints that
are activated by stress. Of course, similar considerations
would hold for constraints, such as particle-particle co-
hesion, that are deactivated by sufficiently large stress.

To this end we utilize simulations of rigid spheres that
include lubrication, electrostatic repulsion, and frictional
sliding and rolling constraints. We demonstrate how
quantitative detail about the constraints operative over
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FIG. 2. Unit cell of the simulation, with 2000 total particles
of two radii a (red) and 1.4a (blue). Each size particle makes
up half of the particle volume fraction. This cell is replicated
in all three directions and shearing is imposed by LeesEdwards
boundary conditions.

nanoscale distances at particle-particle contacts can be
extracted from bulk measurements of η(σ) as in Fig. 1B
by comparing the simulations with experimental data for
spherical particles. We first show that a number of com-
monly studied suspensions that vary widely in their com-
position, surprisingly have nearly identical frictional con-
straints and that they primarily affect sliding of contact-
ing particle surfaces. We term these “standard” parti-
cle suspensions. We then use the simulations to predict
how the magnitudes of stress-activated sliding or rolling
friction coefficients alter the relative contributions from
the associated constraints to the measured η(σ) curves.
Finally, we illustrate with three examples how modifica-
tions to particle surface roughness or chemistry lead to
characteristic deviations from the “standard” behavior
and how this can be understood in terms of additional
stress-activated constraints on particle rolling.

II. METHODS

For all of the experimental systems studied both the
Reynolds number and the Stokes number are vanishingly
small as they both scale with the square of the particle
size [6]. This assumption allows us to simulate particle
suspensions in the overdamped limit. We simulate an
assembly of inertialess frictional spheres in a Newtonian
viscous fluid under an imposed stress σ, that gives rise

to an imposed velocity field ~v = γ̇(t)~̂v(x) = γ̇(t)(x2, 0, 0).
We use Lees-Edwards periodic boundary conditions with
N = 2000 particles in a unit cell with a bidisperse
particles, with radii a and 1.4a mixed at equal volume
fractions to avoid ordering [22], as depicted in Fig. 2.
The particles interact through short-range hydrodynamic

forces (lubrication), short-ranged repulsive forces (elec-
trostatics), and frictional contact forces. The equation of
motion for N spheres can be reduced to 6N -dimensional
force (as well as torque) balance between the hydrody-

namic (~FH), repulsive (~FR), and contact (~FC) interac-
tions according to:

~0 = ~FH( ~X, ~U) + ~FC( ~X) + ~FR( ~X), (1)

where ~X and ~U denote the particle positions and veloci-
ties/angular velocities, respectively. The leading term in
the resistance matrix diverges as 1/h, with h being the
surface-surface distance between particles. We assume
the lubrication breakdown below hmin = 0.001a (with
a being radius of the smaller particle), below which hy-
drodynamic forces are regularized allowing the particles
to come into contact. The electrostatic repulsion used
here is representative of a repulsive double-layer electro-
static interaction between particles (mimicking polymer
coating, for instance). We model this force as an expo-
nentially decaying with h as |FR| = F0 exp(−h/λ), where
λ is the Debyle length.

Contacts between particles are modeled using tradi-
tional CundallStrack method [40], i.e., using virtual lin-
ear springs and we follow algorithm of Luding [39]. We
do not use any dashpot explicitly, but in order to sta-
bilize the simulation we make use of lubrication resis-
tance [41]. The contact force between two particles is
active only when the surface separation h < 0 or overlap
δ(i,j) ≡ ai + aj − |ri − rj | is positive.

For a particle pair with overlap δ and and center-
center unit vector n, we compute the normal contact
force FC,nor, sliding-friction force FC,slid, sliding-friction
torque TC,slid, and rolling-friction torque TC,roll as:

F
(i,j)
C,nor = knδ

(i,j)nij , (2a)

F
(i,j)
C,slid = ktξ

(i,j) , (2b)

T
(i,j)
C,slid = ainij × F (i,j)

C,slid , (2c)

T
(i,j)
C,roll = aijnij × F (i,j)

C,roll . (2d)

Here, unit vector nij ≡ (ri − rj)/|ri − rj | points from
particle j to i, and aij ≡ 2aiaj/(ai + aj) denotes the

reduced radius. Note that F
(i,j)
C,roll

F
(i,j)
C,roll = krψ

(i,j) , (3)

is a quasi-force, which is used only to compute torque,

T
(i,j)
C,roll. kn, kt and kr are the normal, sliding and rolling

spring constants, respectively. The spring stretches in
the sliding and rolling modes are denoted by ξ and ψ,
respectively. We chose spring stiffnesses such that the
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maximum particle overlaps do not exceed 3% of the par-
ticle radius to mimic the rigid limit [25, 42]. The slid-
ing and rolling frictions obey Coulomb’s friction laws:

|F (i,j)
C,slid| ≤ µs|F (i,j)

C,nor| and |F (i,j)
C,roll| ≤ µr|F (i,j)

C,nor|, with
µs and µr being the sliding and rolling friction coeffi-
cients, respectively. Sliding friction was the first con-
tact constraint to be implemented in simulations of dense
frictional suspensions [9, 25, 43] and only recently has
rolling friction been shown to have a significant effect
[38, 44]. Further details on the implementation of slid-
ing and rolling friction can be found in Singh et al. [38].
Finally, the total contact force and torque are given by:

F
(i,j)
C = F

(i,j)
C,nor + F

(i,j)
C,slid , (4a)

T
(i,j)
C = ainij × FC,slid + aijnij × FC,roll . (4b)

For more information on the simulation method, in-
cluding the functional forms of the forces in the equations
of motion as well how they are solved numerically, we re-
fer the reader to refs. [22, 25, 38]. Unit scales are γ̇0 ≡
F0/6πη0a

2 for the strain rate and σ0 ≡ η0γ̇0 = F0/6πa
2

for the stress. The onset stress for shear thickening, σon,
used in the main text is obtained from experimental data
and scales as σon = ασ0, with typical values for α around
unity.

III. RESULTS

“Standard” particle suspensions: In Fig. 3 we com-
pare the shear thickening behavior across a series of
suspension types and volume fractions: sterically sta-
bilized poly(methyl methacrylate) (PMMA) particles in
dioctyl phthalate [46], charge stabilized silica particles
in aqueous glycerol [47] or PEG-200 [48], glass beads
in poly(dimethylsiloxane) (PDMS) [49], and carboxylate-
coated particles in aqueous solutions [12, 28]. While the
differences in particle size and solvent/surface chemistries
do affect the onset stress σon for shear thickening (see
Table I), plotting the reduced viscosity ηr, i.e., η nor-
malized by the viscosity of the suspending liquid, as a
function of σ scaled by σon reveals remarkably similar
behavior at each volume fraction, with only a few mi-
nor deviations[50] (see Fig. S2 [45] for unscaled data in
Fig. 3). Furthermore, these volume-fraction-dependent
curves show near quantitative agreement (baseline vis-
cosity values, slope, and extent of shear thickening) with
simulations when sliding and rolling friction coefficients
were set to µs = 1 and µr = 0, respectively. In other
words, these suspensions can be modeled well even with-
out considering a constraint on rolling. However, with
µs = 1 this comes at the cost of using a rather large
value for the sliding friction coefficient. Our simulations
show that this can be remedied and a more physically rea-
sonable µs = 0.5 can lead to equally good fits if rolling
friction is included by setting µr = 0.07. This gives rise

to a degeneracy where different combinations of coeffi-
cients {µs, µr}, such as {1, 0} produce essentially the
same curves of ηr(σ), will lead to the onset of DST at
the same packing fraction of ≈ 0.56, and have the same
φµJ ≈ 0.58. While this degeneracy makes it impossible for
us to extract from the fits precise values for the sliding
and rolling friction coefficients {µs, µr}, it is clear that
for these suspensions sliding constraints dominate to a
degree that µs is significantly larger than µr and, as far
as the extraction of parameters such as φµJ is concerned,
contributions from rolling friction µr can be absorbed in
µs. We discuss this in more detail in connection with
Fig. 4, below.

But first we point out one important aspect in compar-
ing experiments and simulations for large packing frac-
tions φ beyond the minimum required for the onset of
DST. At such φ, stress-controlled shearing conditions
throughout the spatial extent of a suspension are very
hard to achieve in experiments. This implies that the
S-shaped flow curve in plots of shear stress versus shear
rate beyond the onset of DST (see Fig. 3, inset) is dif-
ficult to map out in experiments, the backward-bending
portion typically cannot be accessed, and only a vertical
jump in stress is observed (dotted line in the inset). In
log-log plots of viscosity versus shear stress (Fig. 3, main
panel), this jump appears as a line with slope +1, and ex-
perimental data will typically not exceed this slope even
deep inside the DST regime. However, the more ideal-
ized situation for simulations can trace out the S-shaped
curve and produce slopes ∂(logη)/∂(logσ) > 1. In Fig. 3
for the data shown in black, this discrepancy in the DST
regime between simulation data, which appear curved
concave downward, and experimental data, which appear
as straight lines of slope +1, is therefore due to the in-
ability of conventional rheometry to generate conditions
of true stress control inside the suspension [19, 51–54].

All these suspensions are therefore in a regime where
their thickening behavior is dictated primarily by sliding
constraints. We define these suspensions and others that
can be collapsed onto similar sets of ηr(σ, φ) curves as
“standard” particle suspensions. The key point here is
that, while nanometer-scale features and molecular level
details at contacting particle surfaces certainly control
the interparticle potential (and thus the onset stress),
those that modify sliding constraints appear to affect
shear thickening most strongly. The collapse of all these
experimental data onto the same family of ηr(σ, φ) curves
and the agreement with the simulations indicates that at
each packing fraction

1. the stress-dependent balance of frictional versus lu-
bricated contacts is similar,

2. once particles enter into frictional contact, they ex-
perience similar microscopic constraints, and

3. these systems primarily experience constraints on
sliding.
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FIG. 3. Shear thickening of “standard” particle suspensions show nearly identical shear thickening after rescaling by the onset
stress σon. As there are small discrepancies in the experimentally-reported volume fractions, data with similar thickening are
grouped by color. See Table I for details regarding particle size, solvent, and onset stress. Solid lines denote simulation data for
{µs, µr} = {0.5, 0.07} and Debye length λ/a = 0.01 at various volume fractions φ as mentioned. (Inset) Beyond the onset of
DST φc < φ < φµJ , simulations (solid black line) capture non-monotonic flow curves while experimental measurements cannot
(filled grey circles). For unscaled data, see Fig. S1 [45].

Particle Identity
Particle size
(diameter)

Solvent
Stabilization
type

σon

(Pa)
PMMA [46] 0.69 µm dioctyl phthalate steric 220
Silica [47] 1.54 µm aqueous glycerol charge 418
Silica [48] 0.45 µm PEG-200 charge 433
Carboxylic acid coated Latex [28] 0.20 µm pH = 6.2 aqueous solution charge 5.66
Carboxylic acid coated PMMA [12] 0.80 µm 6 M urea in aqueous glycerol charge 160
Glass [49] 20 µm low molecular weight PDMS non-Brownian 1.66

TABLE I. Details of suspension properties in Fig. 3 (see Fig. S1 [45] for determination of σon).

Altering Jamming via Microscopic Frictional Con-
straints: As shown in Ref. [38], the minimum volume
fraction φµJ required for the onset of jamming depends on
both sliding and rolling frictional constraints. In Fig. 4
we show this dependence with data traces at various
fixed µs while varying µr. The set of friction coefficients
{µs, µr} = {0, 0} represents the limit of no microscopic
frictional constraints with a jamming point φµJ ≈ 0.65.
Conversely, {µs, µr} = {∞,∞} is the limit where relative
particle motion at contact is fully constrained (e.g. con-
tacting particles can neither slide nor roll) and φµJ ≈ 0.37.

The data in Fig. 4 provide the context for understand-
ing “standard” particle suspensions as well as deviations
from it. The thick horizontal band represents the “stan-
dard” particle suspensions shown in Fig. 3, for which
the jamming volume fraction φµJ ≈ 0.58. The jamming
onset is relatively insensitive to rolling friction as long

as µr < 0.1 (but the curves do have a small slope as
µr → 0, see Figure S2 for Fig. 4 plotted on a linear-linear
scale in this region), meaning that friction coefficients for
the “standard” particle suspensions could range between
0.5 < µs < 1 and 0 < µr < 0.07. This demonstrates
that shear thickening data for given φµJ in this range can
be captured by simulations with no rolling friction but
large sliding friction (µs ≈ 1) or equally well by simula-
tions with appropriately chosen sets of values of rolling
friction 0 < µr ≤ 0.07 and sliding friction 0.5 ≤ µs < 1.

While in such sets {µs, µr} the rolling friction is always
significantly smaller than µs, we note that, in absolute
terms, even µr = 0.07 can be considered large compared
to values associated with many tribology experiments on
dry particles [55–60]. However, typical tribology exper-
iments consider contacting surfaces that are much more
macroscopic and thus surface imperfections are likely to
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play a larger role for the suspensions discussed here. Fig-
ure 4 also demonstrates that driving φµJ ≈ 0.55, while
keeping the sliding friction in the range µs < 1, is only
possible by adding severe rolling friction µr > 0.1 (also
see Fig. S2 [45]). For given µs, such large amounts of
rolling friction lead to steep drop in φµJ . This breaks
the degeneracy present for “standard” suspensions and
allows for a greater opportunity to isolate the two contri-
butions. It explains observations such as φµJ ≈ 0.45 for
raspberry-type particles [13] or related findings for other
rough particles [29, 31, 32]. Thus in systems with only
sliding and rolling constraints, by experimentally deter-
mining φµJ one can check immediately whether a shear
thickening suspension is governed mainly by sliding con-
straints (“standard”) or by a combination of sliding and
severe rolling constraints.

0.35
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0.50
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0.60

Extreme Roughness
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φ Jµ

FIG. 4. Tuning the jamming volume fraction map by chang-
ing stress-activated frictional constraints due to sliding (µs)
and rolling (µr). The horizontal thick line represents the jam-
ming volume fraction for “Standard” Particle Suspensions,
while “Extreme Roughness” refers to the experimentally mea-
sured jamming point for rough raspberry-type particles [13].

Deviations from “Standard” Behavior due to Rolling
Constraints: We now focus on three illustrative devia-
tions from the “standard” suspension behavior, starting
with the most intuitive case, namely very rough particles,
where large protruding asperities can interlock as parti-
cles come into contact. This reduces the jamming volume
fraction significantly [13, 29, 31, 32], and thus in light of
Fig. 4 indicates the presence of an additional constraint
on rolling.

As an example we show in Fig. 5A data from experi-
ments by Hsiao et al. with PMMA particles of increasing
roughness, from smooth (SM) and medium rough (MR)
to very rough (VR) (with dimensionless asperity sizes of
0.026, 0.075, and 0.082, respectively) at a volume frac-
tion φ = 0.5 [29]. For smooth colloids the distance to
jamming φµJ−φ is so large that no shear thickening is ex-
pected and ηr(σ) is essentially flat. For the MR particles
the jamming volume fraction was found in the experi-
ments to decrease to φµJ = 0.59. According to Fig. 4 this
implies standard suspension behavior, where combina-
tions of {µs, µr} for the limit of dominant sliding friction
are appropriate. Specifically, we find that simulations

with {µs, µr} = {0.5, 0} can reproduce the experimen-
tal well. However, for the VR colloids the experimen-
tally determined φµJ = 0.54 cannot be reached simply
by increasing sliding friction, even in the limit of infi-
nite µs. This is a clear indicator that now the particle
surface is sufficiently rough that asperities interlock to
constrain also rolling. Based on Fig. 4 we expect that
ηr(σ) for the VR suspensions can be reproduced by in-
creasing {µs, µr} = {0.5, 0} used for the MR system to
combinations such as {1, 0.1}. This is shown by the red
trace in Fig. 5A. We also show in Table S1 [45] the pos-
sible combinations of rolling and sliding constraints that
are extracted from other literature data [13, 29, 32] of
rough particles. This table shows that for suspensions
not in the “standard” family (i.e., for φµJ < 0.58), one
can deconvolve the contributions of rolling and sliding
friction and extract qualitative trends comparing the rel-
ative contributions of each.

Changes in particle surface chemistry have also been
shown to affect shear thickening. For example, addition
of urea decreases shear thickening in aqueous suspen-
sions of particles coated with carboxylic acid groups (-
CO2H) [12, 14], as shown in Fig. 5B. In this figure the
experimental data have been scaled by their respective
onset stresses for thickening σon. Data without added
urea (i.e. 0 M) are matched by the simulations only
when combinations of sliding and rolling friction are used
that fall outside the “standard” range in Fig. 4, such
as {µs, µr} = {0.5, 0.25} or {0.6, 0.10}. Such large ef-
fective friction, resulting from significant constraints on
sliding plus additional strong rolling resistance, can be
attributed to the formation of hydrogen bonds between
carboxylated surfaces as particles are coming into close
contact. The reduced shear thickening in 6 M urea is
then caused by “capping” of the -CO2H groups. This
disrupts hydrogen bonding, and urea thereby reduces the
effective friction coefficient to levels of “standard” sus-
pensions. This is seen by the fact that we can model
the 6 M urea data in Fig. 5B with combinations such as
{µs, µr} = {0.5, 0.07}.

The constraint-based perspective also sheds new light
on the observation that shear thickening for CO2H-
coated latex is highly dependent on pH [28]. At a
constant volume fraction, suspensions at pH = 7.1 ex-
hibit continuous shear thickening whereas those at pH
= 5.1 display DST (Fig. 5C). While the viscosity of the
low stress state of the experimental data is considerably
higher than that of the simulation, this is due to the ex-
istence of a finite yield stress and shear thinning in the
experimental data set (here we only show the data for
intermediate to high stress region, full data is shown in
Figure S3 [45, 61]). By fixing µs = 1 for convenience
and increasing rolling constraints µr from 0 to 1.0 in the
simulations, we can quantitatively reproduce the experi-
mental data- (see Table S1 [45] for other combinations of
µs and µr that can reproduce this experimental dataset).
The constraint-based picture therefore allows us to move
beyond the results of Noy et al. [62], who showed that the
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effective friction coefficient between -CO2H coated sur-
faces increases with decreasing pH. Specifically, increased
hydrogen bonding between “sticky” or adhesive proto-
nated -CO2H groups at lower pH gives rise to increased
sliding and rolling constraints, which are responsible for
the changes in the shear thickening behavior observed on
macroscopic scales.

CONCLUSIONS

Our numerical simulations highlight the power of a
constraint-based approach for understanding and pre-
dicting the shear thickening behavior of diverse kinds
of dense suspensions, including a wide range of differ-
ent particle types and particle surface features. We find
that two constraints on relative particle movement suffice
for quantitative modeling, namely separate constraints
on sliding and rolling that are activated when the local
stress exceeds a threshold such that particles are com-
ing into direct contact and experience friction forces. A
central point in this approach is that each constraint can
represent a variety of different physical or chemical in-
teractions giving rise to this friction. In particular, the
approach allows one to translate ideas about chemical in-
teractions typically developed under more dilute, closer
to equilibrium conditions to these concentrated, out-of-
equilibrium systems. In the simulations, constraints are
implemented via associated friction coefficients µs and
µr, whose magnitudes provide an indicator of their rel-
ative strength. The combination of sliding and rolling
constraints can affect the shear thickening behavior in
highly nonlinear ways. As Fig. 4 demonstrates, for phys-
ically realistic values µs ≈ 0.5 additional rolling resis-
tance can have a very large effect on φµJ and thus on the
stress response of a dense suspension. As a result, plots
of the suspension viscosity η(σ) as a function of applied
shear stress can be viewed as a macroscopic reporter of
stress-activated constraints that originate from contact
interactions at the nanoscale. In particular:

• if η(σ) follows the “standard” rheology in Fig. 3,
then the rolling and sliding friction coefficients fall
within the “flat” region of φµJ in Fig. 4, indicating
dominant sliding friction. Rolling friction is suffi-
ciently small (µr < 0.1) that its effect on the be-

havior of the suspension viscosity can be subsumed
by an enhanced sliding friction coefficient;

• if η(σ) deviates from the “standard” rheology,
then the rolling constraints are stronger due to se-
vere surface roughness or stress-activated, “sticky”
chemical interactions such as hydrogen bonding be-
tween particle surfaces

We note that access to such detailed information about
the relative contributions from sliding and rolling is ex-
ceedingly difficult to obtain from experiments that use
scanning probe techniques, which necessarily focus on
lateral sliding motion.

In terms of an effective coefficient of friction account-
ing for the role of both µs and µr, the “flat” region of
φµJ in Fig. 3 provides an explanation as to why prior sim-
ulations that did not include rolling friction were still
able to model “standard” suspensions as long as they
used large values of µs ≈ 1 [24, 25, 43]. More generally,
Fig. 3 shows that combinations of different types and
strengths of contact interactions, represented by differ-
ent sets of values for µs and µr, can give rise to the same
jamming threshold φµJ and thus the same shear thick-
ening behavior. Future work could possibly break this
degeneracy by measuring and comparing additional bulk
rheological properties to simulations, such as the sus-
pensions oscillatory response or normal stress differences
which may be more sensitive to µr and µs. Additionally,
this degeneracy could also be broken by considering the
range of stresses over which the shear thickening tran-
sition occurs, as both polydispersity and rolling friction
have been shown to broaden this range [44, 63]. There-
fore, our results suggest that φµJ suitably represents the
combined effect of the two different types of constraint.
The same framework could also be adapted to under-
stand how stress-deactivated constraints [18] give rise to
shear thinning. Finally, while we here only focused on
the connection between microscopic constraints and the
macroscopic shear thickening response, there are open
questions on how different stress-activated constraints al-
ter the mesoscale force-chain network.
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Forterre, “Revealing the frictional transition in shear-
thickening suspensions,” Proc. Natl. Acad. Sci. U.S.A.
, 5147–5152 (2017).

[27] Matthieu Wyart and Michael E. Cates, “Discontinuous
shear thickening without inertia in dense non-Brownian
suspensions,” Phys. Rev. Lett. 112, 098302 (2014).

[28] Hans Martin Laun, “Rheological properties of aqueous
polymer dispersions,” Angew. Makromol. Chem. 123,
335–359 (1984).

[29] Lilian C Hsiao, Safa Jamali, Emmanouil Glynos, Peter F
Green, Ronald G Larson, and Michael J Solomon, “Rhe-
ological state diagrams for rough colloids in shear flow,”
Phys. Rev. Lett. 119, 158001 (2017).

[30] Lilian C Hsiao and Shravan Pradeep, “Experimental syn-
thesis and characterization of rough particles for colloidal
and granular rheology,” Curr. Opin. Colloid Interface Sci.
(2019).

[31] D. Lootens, Henri van Damme, Y. Hémar, and
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