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Implicitly filtered Large Eddy Simulation (LES) is by nature numerically under-resolved. With the
sole exception of Fourier-spectral methods, discrete numerical derivative operators cannot accurately
represent the dynamics of all of the represented scales. Since the resolution scale in an LES usually
lies in the inertial range, these poorly represented scales are dynamically significant and errors in
their dynamics can affect all resolved scales. This Letter is focused on characterizing the effects
of numerical dispersion error by studying the energy cascade in LES of convecting homogeneous
isotropic turbulence. Numerical energy and transfer spectra reveal that energy is not transferred
at the appropriate rate to wavemodes where significant dispersion error is present. This leads to
a deficiency of energy in highly dispersive modes and an accompanying pile up of energy in the
well resolved modes, since dissipation by the subgrid model is diminished. An asymptotic analysis
indicates that dispersion error causes a phase decoherence between triad interacting wavemodes,
leading to a reduction in the mean energy transfer rate for these scales. These findings are relevant to
a wide range of LES, since turbulence commonly convects through the grid in practical simulations.
Further, these results indicate that the resolved scales should be defined to not include the dispersive
modes.

In numerical analysis, one generally aspires to make the resolution sufficiently fine so that discretization error is
negligible. However, Large Eddy Simulation (LES) is, by definition, under-resolved. In practice, information about the
small-scale turbulence is discarded by numerical discretization. This includes the projection of the infinite-dimensional
velocity field onto a finite-dimensional solution space (often referred to as the implicit filter) and the introduction
of numerical derivative operators, which together characterize the scales in the resolved field whose dynamics are
accurately represented. Since the resolution scale in an LES often lies in the energy-containing inertial range, the
effects of discretization error must generally be considered, with the sole exception being for Fourier-spectral methods.
In this Letter, we examine the statistical consequences of this dispserion error in LES.

A simple flow in which to explore these dispersion error effects is infinite Reynolds number forced homogeneous
isotropic turbulence with fluctuating velocities u transported with a uniform convection velocity U, with magnitude
U. We consider an LES with homogeneous isotropic resolution A, and following Moser et al. [I] write the filtered
incompressible Navier-Stokes equations for the fluctuating velocity for this case as
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where p is the pressure, f; is the forcing, - designates a filtered quantity, F(-) is a (potentially different) filtering
operator that maps the nonlinear terms to the LES solution space, and 7,; = —u;u; + F(u,;u;) is the subgrid stress.
Furthermore, 0/dx denotes the discrete derivative operator. The terms C" and C¢ are generalized commutators
[2] that, in this case, solely account for the discretization errors in the numerical derivatives. More generally, they
represent the difference between the exact terms in the filtered equations and the approximate terms used in the
LES computations. The approximations to the pressure gradient and continuity equation are not of interest here.
Instead we focus on the linear and nonlinear convective terms and their contributions Cf and C*, respectively, to the
generalized commutator C;”, where:
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Usually, these commutators are neglected in an LES.

To assess the consequences of neglecting C™, we solve and assuming C" = 0 for forced homogeneous isotropic
turbulence with periodic boundary conditions. Both filters ~ and F(-) are defined to be Fourier cutoff filters, to allow
us to isolate dispersion effects from aliasing effects. However, simulations using a collocation projection for F yielded
results similar to those presented here.

Six different discrete first derivative operators 6/0x are used: a Fourier-spectral method, a 2nd order centered
difference method, and 2nd, 3rd, 4th, and 7th order B-spline collocation methods. All the operators are implemented in
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FIG. 1: The effective wavenumbers corresponding to the first derivative operators for a Fourier-spectral method ( ), Tth
order B-spline collocation method ( ), 4th order B-spline collocation method ( ), 3rd order B-spline collocation
method ( ), 2nd order B-spline collocation method ( ), and 2nd order centered difference method ( ).

a modified version of the Fourier spectral code POONGBACK [3] by substituting the effective wavenumbers associated
with each method for the true wavenumber when evaluating first derivatives in Fourier-space. Specifically, let i% (k)
be the eigenvalue of the first numerical derivative operator that corresponds to the eigenfunction e**. Then & is
the effective wavenumber for the first derivative operator, which is plotted in Figure [1] for the numerical derivative
operators of interest here. The effective wavenumber for the first derivative in the i*" coordinate direction is then
R; = k(k;) and an effective wave “vector” & can be defined with components &;. To isolate the effects of numerical
dispersion, the Laplacian that arises from the eddy viscosity model for the subgrid stress because v; is a constant (see
below) is treated spectrally in all the LES performed here.

A third-order low storage Runge-Kutta method [4] is used for time advancement, with time step selected to maintain
CFL=0.5 as defined in Spalart et al. [4]. The filtered Navier-Stokes equations are solved using the vorticity-velocity
formulation of Kim et al. [5]; see Appendix [A| for more details regarding the implementation of the vorticity-velocity
formulation for non-spectral numerics. The skew-symmetric form of the nonlinear terms is used in the LES because
it conserves energy and has been reported to perform well in the presence of aliasing and discretization errors in LES
[6H9]. In addition, the consequences of dispersion error in other forms of the nonlinear terms are discussed.

The forcing f; is formulated to inject energy at a constant rate € as in [I0] and the simulations are performed in a
cubical domain of size L. Because the turbulence is statistically stationary, ¢ is also the mean rate of kinetic energy
dissipation. Unless otherwise indicated, all quantities are reported in units in which e = 1 and L = 27. The filtered
velocity is represented with 32 Fourier modes in each direction, for an effective uniform resolution of A = 27 /32, and
the forcing f; is active only in the wavenumber range 0 < |k| < 2. The filter F(-) (a Fourier cutoff) is applied to
the nonlinear terms as in a dealiased pseudo-spectral method, by evaluating the nonlinear product on a 48° grid and
truncating the discrete Fourier transform of the result to 322 Fourier modes (the 3/2 rule) [I1]. The subgrid stress is
approximated by a Kolmogorov model 7;; = 214.5;;, where v, = C,, AY/3:1/3 is the eddy viscosity, S;; = %(51-12]- +06,1;)
is the filtered strain rate tensor and C,, = 0.065 [12} [13]. Note, the phenomenon reported here is not dependent on
this choice of the subgrid model.

Letting * denote the Fourier transform and -* denote the complex conjugate, the evolution equation for the instan-
taneous resolved energy spectrum E(k,t) = 3u}(k,)t;(k,t) in the LES is
OE(k,t)

praa Tn(k,t) — 20| k|2 E(k,t) + F(k, 1), (4)

where Ty is the numerical transfer spectrum that represents the exchange of energy between wavenumbers due to
triad interactions, in the presence of numerical dispersion error, and F' = Re {ﬁ;(n, t) fj(n, t)} is the spectrum of the

energy production arising from the forcing. For the skew-symmetric form of the nonlinear terms used here, Tx = Tikew
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FIG. 2: One dimensional spectra in the convection direction of energy F1p and energy transfer rate Tip, with convection
velocities U = 0 and 35. Shown are spectra from theory ( ), Fourier-spectral method ( ), 7th order B-spline
collocation method ( ), 4th order B-spline collocation method ( ), 3rd order B-spline collocation method

( ), 2nd order B-spline collocation method ( ), 2nd order centered difference method ( ).

with
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See Appendix [B] for further discussion of the transfer spectrum for this and other nonlinear forms. The LES results
reported here are the one-dimensional energy spectra in the direction of the convection velocity, which is chosen to
be aligned with the grid direction (i = 1). The energy spectra are computed as Eip(k1) = >, . (E(k,t)), where
(-) indicates the expected value, which is approximated as a time average. In addition, analogous one-dimensional
transfer spectra Tip(k1) = >_,, . (Tskew(k,t)) are reported. When the convection velocity is not aligned with the
grid, dispersive effects on the one-dimensional spectra similar to those reported here occur in each grid direction in
which U has a non-zero component.

In the absence of mean convection (U = 0), each numerical scheme produces spectra that agree with an equivalently
filtered £~°/3 theoretical inertial range spectrum (see Figure . Furthermore, the transfer spectra are identical to
that for the Fourier-spectral case for all the numerical approximations (see Figure [2b]). For reference, the statistical
characteristics of the turbulence for the U = 0, Fourier-spectral case are reported in Table [I}



TABLE I: Statistical characteristics of LES turbulence averaged over 500 eddy turnover times
for the U = 0 case with Fourier spectral numerics. Values are normalized by ¢ and L/2.

Resolved Kinetic Energy, kres = 5 (@iils) 2.467
RMS Velocity, v’ = 1/(2/3)kres 1.282
Integral Scale, £ = %DQ(O) 1.129
Large Eddy Turnover Time, Tr, = £/u’ 0.880

To demonstrate numerical dispersion effects, consider the case with mean convection velocity U = 35. In this
case, the value of U/u' = 27 (u’ is the root-mean square velocity as defined in Table [[) is comparable to that at
the centerline of a turbulent channel flow, where U/u' ranges from 23 to 30 for friction Reynolds number ranging
from 180 to 5200 [3]. As expected, for spectral numerics, no change from the U = 0 case occurs in either the energy
spectrum or transfer spectrum. However, for all other numerical schemes, the one-dimensional energy spectra in the
direction of convection are significantly reduced over a range of the highest resolved wavenumbers (see Figure .
The corresponding transfer spectra in the direction of convection tend to zero over this range of resolved modes (see
Figure . In effect, numerical dispersion error prevents energy from transferring at the appropriate rate from the
largest to smallest resolved scales. As a consequence, energy also piles up in the larger resolved scales as energy is not
transferred to the smallest resolved scales at the correct rate for the subgrid model to dissipate (see Figure . For
energy conserving numerics, we must have ) Tn(k,t) = 0 for all £. To maintain this balance, the energy transfer
spectrum at all wavenumbers is affected by the dispersion error that is primarily in the largest wavenumbers (see
Figure . Moreover, the energy transfer rates in directions orthogonal to convection are not degraded, however, the
energy spectra in the orthogonal directions are impacted by the errors in the convection direction (not shown).

The reason for the observed degradation of energy transfer to the smallest resolved scales when U > 0 can be
understood through analysis of a case in which U > u’. Let e = «//U < 1 be a small parameter (not to be confused
with the mean dissipation rate ¢). Then the velocity Fourier coefficients ii; vary on a fast and a slow time scale.
Using a multiscale asymptotic representation, @; can be said to depend on a fast time variable t; = t/e and a slow
time variable t; = t. Further, as with Taylor’s hypothesis, in the continuous case, 0/0ty = eU;0/0z; is order one in
€. But, when using discrete derivatives as in , the same analysis yields 9/0t; = eU;6/dx;. Therefore, i; can be
written:

ﬁi(K’a tfa ts) == ﬁi("‘"a ts)eiieU.ktf + 0(6)7 (6)

where 1;(k, t,) is simply the fast time average of ;, which varies in slow time due to the nonlinear turbulent processes.
The instantaneous energy transfer rate for this skew-symmetric form as used here is then
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Since the turbulence is assumed to be stationary and ergodic, the expected value (T'(k)) is time independent and can
be estimated as a time average as follows:
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where ()¢, is the fast time average, and the (slow) time average of the ; triple product has been replaced by the
expected value by ergodicity.
Clearly, the fast time average in is zero unless

—_~—

wr=U-(k'—k — (k' —K)) =0, (9)

in which case it is one. When using Fourier spectral numerics, K = k and @ is satisfied identically for all the
triad interactions represented in (8). However, for other numerical schemes, such as those analyzed in Fig. |1} & is
a nonlinear function of k, and so (9) will generally not be satisfied unless |U - k| = |U - k|, severely limiting the
triad interactions that contribute to net energy transfer among wavenumbers. This occurs because the spatial Fourier
modes that can interact to transfer energy are determined by the wavenumbers k, while the convective dynamics of



those modes are determined by k. The result is that the interacting wavemodes do not maintain consistent phase
relationships, essentially shutting down the energy transfer and producing spectral anomalies like those shown in
Fig. 2l The inhibition of energy transfer due to phase scrambling discussed here is similar to that caused by rapid
rotation as described, for example, in [14] [15].

Of course, this analysis is asymptotic for ¢ — 0. For any finite €, there will be O(e) corrections because the
phase scrambling effect of the mean convective dispersion errors as described above will compete with the nonlinear
evolution of the Fourier modes. In this case, one would expect that triad interactions for which wy # 0 in @ would be
weakened, rather than completely excluded, depending on the magnitude of wp. This may be the reason the spectra
in Fig. 2 roll off smoothly for wavenumbers with significant dispersion error.

The condition @D suggests that the strength of the dispersion effect on the energy transfer at any wavenumber
is determined by U(k — k) = UAk, which measures the rapidity of the phase scrambling. Provided UAk at some
wavenumber is sufficiently small compared to the rate of other processes, one would expect the dispersion effects on
the energy transfer at that wavenumber to be negligible. This is supported by the observation that, for the third,
fourth and seventh order B-splines [16], the value of Ak at the wavenumbers where the transfer spectrum crosses that
for spectral numerics in Figure [2d|is approximately the same (~ 0.4). In addition, in simulations with the convection
velocity increased (decreased) by a factor of two (not shown), Ak at this cross-over is decreased (increased) by about
a factor of two.

While the above analysis was performed for the skew-symmetric form of the nonlinear terms, the structure of the
transport spectrum is similar for other forms (see Appendix , and the same analysis applies. This suggests that
the same dispersion effects should occur for the convective, conservative and rotational form of the nonlinear terms,
and this was confirmed numerically. Furthermore, as is well known, the convective and conservative forms do not
necessarily conserve energy in the presence of discretization error. Like the mean convective dispersion, this failure of

energy conservation is driven by the fact that k' —& — (k/ — k) # 0 (Appendix, which distorts the energy spectrum
even when U = 0. However, when U > u/, dispersion due to mean convection dominates, and the results are similar
to those presented here for the skew-symmetric form.

DISCUSSION

In many LES applications, the turbulence is convected with a velocity large compared to the turbulence fluctuations
(e.g., turbulent boundary layers [I7], flow through a wind turbine [I8]). In LES of such turbulent flows, numerical
dispersion error causes a decoherence of the phase relationship among interacting Fourier modes, which results in a
reduction of the energy transfer rate from large to small resolved scales in the direction of convection. This leads to
nonphysical changes in the energy distribution across all resolved scales.

On the other hand, the U = 0 results indicate that the nonlinear dispersion error has little effect on the LES spectra,
despite an inaccurate representation of the resolved scale dynamics (see Figures and. This is interesting because
one might expect the energy transfer to be affected by phase scrambling due to convection of the small scales by the
large scales even when U = 0. By analogy with the scaling with the mean convection velocity, the strength of this
effect should scale with u’ so that, provided uv/Ak is sufficiently small compared to the rate of other processes, the
impact of dispersion on energy transfer should be negligible. Presumably this is the case for all scales in the U = 0
simulations shown in Figure

However, the good U = 0 results presented here should be interpreted with caution, since the highly dispersive
scales can have a damaging effect in more complex flows [2] [8, [19, 20]. Consequently, in an LES, we generally cannot
expect the scales with significant dispersion error to be dynamically meaningful.

There are two potential approaches to addressing the consequences of dispersion error in LES. First, one could
introduce a model for C]” in equation to correct for the dispersion effects. However, it is not clear that such
a model can be formulated. Alternatively, one could define the large scales being simulated to only include those
with sufficiently small dispersion errors. However, the standard for sufficiently small dispersion error depends on the
convection velocity and possibly other flow characteristics, not just the characteristics of the derivative approximation.

In one approach, the large scales to be simulated can be defined using an explicit filter, acting in addition to the
implicit filter defined by the numerical discretization, to ensure that the scales with significant dispersion error are
not energized [2IH30], and this was found to be effective. But such explicit filters are commonly not used so as to
maximize the range of scales being represented. In this case, when interpreting the results one should still discount
the overly dispersive scales since their dynamics are not reliable. Further, as shown here, the large scales are affected
negatively by interaction with the erroneous highly dispersive scales, though perhaps this could be addressed through
refinements to the subgrid model. Whether explicit filters are used or not, the effective range of dynamically resolved
scales is not defined by the grid spacing, but rather the dispersive properties of the numerical approximation to the
convection term.



Appendix A: Numerical representation of the vorticity-velocity formulation

The vorticity-velocity formulation introduced by Kim et al. [5] (referred to as KMM below) is a convenient way
to solve the filtered or unfiltered Navier-Stokes equations when boundary conditions in two spatial directions (say x
and x3) are periodic, and the numerical resolution in those directions is uniform. However, there is a subtlety to the
formulation that arises when the discrete second derivative operator is not equivalent to the discrete first derivative
applied twice.

In the KMM formulation, the curl and the double curl operators are applied to the momentum equations, to obtain
equations for the vorticity and the Laplacian of the velocity. The 2-component is then solved for, and a complete
representation of the velocity is obtained from continuity. This formulation relies on three 1dent1t1es from vector
calculus, which must also be satisfied by the discrete operators. Let V-, V, Vx and A be the discrete divergence,
gradlent, curl and Laplacian operators, respectively. To recover the property of the KMM formulation that the
pressure is eliminated, we must have

VxVih=0 (A1)

for any scalar field ¥. Further, to obtain the simple form used in KMM for the double curl of the momentum equation,
and to reconstruct the full velocity,

VxVxA=-V-VA+VV-A (A2)

must hold for any vector field A, which ensures that the second term on the right will be zero when V- A = 0. Both
these discrete identities hold provided the same one-dimensional discrete derivatives are used to define the discrete
divergence, gradient and curl operators. Finally, in KMM the 2-component of the double curl of the momentum
equation yields an equation for ¢, defined as the Laplacian of ug, which requires that the discrete Laplacian obey
Auy = V - Vugy, which is not generally true. So, instead, we define ¢ = V - Vus.

Consider the discrete momentum and continuity equations:

ou ~
V-ou=0 (A4)

which could be the Navier-Stokes equations (e.g. for a DNS) or the filtered Navier-Stokes equations (for an LES),
in which case u is the filtered velocity. The H term includes the nonlinear, viscous and model (for LES) terms. Let
V,- and V,, be the divergence and gradient operators restricted to the (1,3) plane, and let wy = (V x u)y. Then the
discrete version of the KMM formulation is given by

g—f -V xVxH (A5)

% =VxH (A6)

V- @ug =¢ (A7)
T Ty = (52 - 55 (A8)
Vp - Vyuz = (‘;‘;'f - &‘;f) : (A9)

With periodic boundary conditions and uniform resolution in the x; and x3 directions, the discrete derivative operators
in those directions are circulant matrices, so that given ¢ and wq, (ATHA9) can be easily solved using discrete Fourier
transforms, which is what makes the KMM formulation efficient. This also allows one to show that the solution for
u does indeed satisfy V - u = 0. The operators V - V and V V that must be solved to recover the velocities using
(A7THA9|) are in general rank deficient because eigenvalues assomated with the Nyquist modes are zero. This is the
property that leads to checkerboard instabilities in projection methods [31]. Here, the resulting singularity of the
equations is resolved by insisting that all the Nyquist modes are zero, consistent with the Fourier cutoff filters used
in the LES. Finally, note that for spatial directions with periodic boundary conditions and uniform resolution, there
is generally no motivation to use other than Fourier spectral representations. Non-spectral methods are used here
only to allow the impacts of dispersion errors to be assessed, since often an LES must be conducted for boundary
conditions and resolutions for which Fourier spectral methods are not practical.



The modified KMM formulation described here is designed to ensure that the solutions obtained satisfy the discrete
filtered or unfiltered Navier-Stokes equations (A3)-(A4]). This is important in the current study because we are
interested in the effects of dispersion error in these equations, which are usually solved in practical simulations.
However, it is also possible to derive the ¢ and ws equations from the momentum and mass conservation equations
before discretization, and then discretize them [3, [5]. In this case, the results are still numerical approximations to
solutions of the conservation equations, but the numerical errors are different from those obtained by solving the
discrete conservation equations.

Appendix B: Energy transfer rate for different forms of the nonlinear terms

Four different forms of the nonlinear terms are commonly used for numerical discretization of the filtered or un-
filtered Navier-Stokes equations. While they are equivalent analytically, they are not equivalent in the presence of
discretization error, and so result in different forms of the discrete energy transfer spectra. These forms and associated
transfer spectra are listed below, with 0; = 52 , and u; representing the filtered or unfiltered velocity, depending on

whether the equations being solved are filtered.

1. Conservative form, §;(u;u;):
Teons(k, ) —Im{z Rty (K, )y (k' )0 (k — n',t)} (B1)
2. Convective form, u;d;(u;):

Teonv (K, 1) _Im{zwuk K, t) g (K 1)) (k — m’,t)} (B2)

3. Skew-Symmetric form, § (6;(u;ju;) 4+ u;8;(us)):

Tikew (K, t) = —%Im {Z(/% + Ro)tg (R, t)af (K 1)) (k — K/, t)} (B3)

%

4. Rotational form, u;8;(u;) — u;d;(u;) + $6;(uju;):
Trot(K,t) = —Im {Z Kyl (k, t)ag (K )0 (k — K, t) — /Qkak(n,t)a;(K/,t)a;(m — ,;/’t)} (B4)

Since analytically the transfer spectrum T'(k,t) is responsible for transferring energy between resolved modes, we
expect » . T(k,t) = 0 for all ¢, reflecting conservation of energy. However, it is well known that in the presence of
discretization error, both the conservative and convective forms do not satisfy this condition. To analyze this error,
let 7¢(k, k', t) = Ur(k, t)0 (K, t)u; (k — &', t). Then since 7(k, k', t) = 7o(—K', =K, 1),

D Teons(k,t) = —Im {Z > Reme(k, K t)} = —%Im {Z I CETALICNS t)} : (B5)

Moreover, (k — &/)¢me(K, k', t) = 0 by continuity. Therefore,

3" Teons(r, 1) = —fIm {Z Z (w — (ki — & )z) (s, )5 (K, D) (ks — K, t)} . (B6)

Similarly, for the convective form,

Z Teonv (K, t) = —%Im {Z Z (":/e — Fo+ (K — ,%’)4) g (K, )G (K, 1) 0 (k — K/, t)} (BT7)
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For numerical methods other than Fourier spectral, £ is a nonlinear function of K, so kK — K — (k — k') # 0. Therefore,
the violation of conservation of energy for the conservative and convective forms can be directly attributed to the
fact that the effective wavenumbers of triad interacting wavemodes do not sum to zero, as was the case for the effects
of dispersion due to mean convection (see Eq. E[) Notice that the errors given by and are equal and
opposite and so Y, Tskew(k,t) = 0 as expected. Similarly, the rotational form is energy conserving by construction
s0 Y, Tiot(k,t) = 0. Finally, note that the contribution of mean convection to the nonlinear terms is the same in all
four forms, regardless of discretization error. Therefore, the effects of mean convection are the same and the analysis
in equations @—@ holds for each form.
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