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Imbibition, the displacement of a nonwetting fluid by a wetting fluid, plays a central role in
diverse energy, environmental, and industrial processes. While this process is typically studied in
homogeneous porous media with uniform permeabilities, in many cases, the media have multiple
parallel strata of different permeabilities. How such stratification impacts the fluid dynamics of
imbibition, as well as the fluid saturation after the wetting fluid breaks through to the end of a
given medium, is poorly understood. We address this gap in knowledge by developing an analytical
model of imbibition in a porous medium with two parallel strata, combined with a pore network
model that explicitly describes fluid crossflow between the strata. By numerically solving these
models, we examine the fluid dynamics and fluid saturation left after breakthrough. We find that
the breakthrough saturation of nonwetting fluid is minimized when the imposed capillary number
Ca is tuned to a value Ca∗ that depends on both the structure of the medium and the viscosity
ratio between the two fluids. Our results thus provide quantitative guidelines for predicting and
controlling flow in stratified porous media, with implications for water remediation, oil/gas recovery,
and applications requiring moisture management in diverse materials.

I. INTRODUCTION

Imbibition, the process by which a wetting fluid dis-
places a nonwetting fluid from a porous medium, plays
crucial roles in our lives. It underlies key energy pro-
cesses, such as oil/gas recovery [1–4] and water manage-
ment in fuel cells [5]; environmental processes, such as
geological CO2 sequestration [6–9], groundwater aquifer
remediation [10, 11], and moisture infiltration in soil and
wood [12–16]; and diverse other applications including
operation of chemical reactors [17] and wicking in fab-
rics [18, 19], paper microfluidics [20], building materials
[21–23], coatings [24], and diagnostic devices [25]. As a
result, the physics of imbibition has been studied widely.
A common simplifying assumption is that the medium is
homogeneous, with uniformly-disordered pores of a sin-
gle mean size with no spatial correlations between them.
For such homogeneous media, decades of previous work
have demonstrated how different invasion dynamics and
flow patterns can arise depending on the pore size, solid
wettability, surface roughness, as well as the fluid vis-
cosity, interfacial tension, and flow boundary conditions
[8, 26–39].

However, in many cases, porous media are not homo-
geneous. Instead, they can have parallel strata, charac-
terized by different mean pore sizes, oriented along the
direction of macroscopic fluid flow [40–43]; these can fur-
ther impact the interfacial dynamics in complex ways
[40–47]. Being able to predict and control imbibition in
stratified porous media is therefore both fundamentally
interesting and of critical practical importance. Some
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studies have indicated that heterogeneous invasion can
arise during spontaneous imbibition from a bulk fluid
reservoir [48, 49], but did not investigate the distinct case
of forced imbibition at a fixed flow rate. Other studies
have provided tantalizing evidence that different hetero-
geneous invasion behaviors can arise during forced im-
bibition, but only probed a narrow range of flow rates
[50–52], only focused on bulk fluid saturation [47, 50, 53],
or explored small differences in pore size between strata
[47, 50, 52, 54–58]. A systematic study of these dynamics
is lacking, and thus the physics of imbibition in stratified
porous media remains poorly understood.

Our previous work took a first step towards addressing
these gaps in knowledge by experimentally visualizing the
onset of forced imbibition in stratified porous media [59].
Our work explored a wide range of imposed volumetric
flow rates Q in media with parallel strata characterized
by a large permeability ratio, arising from different mean
pore sizes in the strata. We found that imbibition is
spatially heterogeneous and exhibits an unexpected tran-
sition in fluid displacement behavior: for small Q, the
wetting fluid preferentially invades the fine stratum of a
smaller mean pore size, while for sufficiently large Q, the
fluid instead preferentially invades the coarse stratum of
a larger mean pore size. This transition, which is not
captured by models of imbibition that assume a homo-
geneous medium overall, reflects the complex interplay
between pore-scale capillary forces driving imbibition in
the different strata, transverse viscous forces due to cross-
flow between strata, and longitudinal viscous forces due
to macroscopic flow through the medium. However, while
these results provide insight into the initial nature of im-
bibition at the inlet of the medium, they do not consider
the subsequent dynamics as the fluid continues to move
through the medium and ultimately breaks through at
the outlet.

These dynamics can play a critical role in many of the
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applications mentioned above. In particular, they deter-
mine two key quantities that are often used as metrics
of performance: the breakthrough time tb and the break-
through nonwetting fluid saturation SO. For example,
in oil/gas recovery [60, 61] and groundwater remediation
[62, 63], a wetting fluid is often used to displace and
remove nonwetting fluid, such as hydrocarbons and non-
aqueous contaminants. In these cases, the fluid prop-
erties and injection conditions must be chosen to most
rapidly remove the largest quantity of nonwetting fluid,
and therefore minimize both tb and SO. However, due
to the dearth of predictive models of imbibition, current
approaches rely on trial and error. Hence, an improved
understanding of the full dynamics of forced imbibition
in stratified porous media is needed.

Here, we combine analytical theory with computa-
tional pore network modeling to examine these full dy-
namics. First, to gain intuition, we develop a theoretical
model of imbibition in a porous medium with two par-
allel strata by considering the balance of capillary and
viscous forces, neglecting crossflow between the strata.
This balance is quantified by the global capillary number
Ca ≡ µw(Q/A)/γ defined using macroscopic quantities,
where µw is the wetting fluid dynamic shear viscosity, A
is the overall cross-section area of the medium, and γ is
the interfacial tension between the fluids. Next, to as-
sess the influence of crossflow, we design a pore network
model that explicitly treats this behavior. By numeri-
cally solving both models, we explore the full dynamics
of imbibition; in particular, we investigate how the per-
formance metrics tb and SO depend on Ca as well as the
structure of the medium and the viscosity ratio of the two
fluids. Our findings suggest a simple rule: to minimize
both tb and SO, as is often desirable, Ca should be tuned
to a transition value Ca∗ that emerges from our theory,
contrary to the conventional belief that Ca should be
maximized. Taken together, these results thus demon-
strate that – in addition other commonly-considered fac-
tors such as wettability and fluid properties – stratifica-
tion is another important factor that must also be con-
sidered when modeling imbibition in porous media. More
broadly, our work provides quantitative guidelines for
predicting and controlling flow in stratified porous me-
dia, with implications for water remediation, oil/gas re-
covery, and applications requiring moisture management
in diverse materials.

II. THEORETICAL MODEL
FOR IMBIBITION DYNAMICS

As a first step toward modeling the complex flow behav-
ior during imbibition, we consider a porous medium with
parallel coarse and fine strata, characterized by uniform
pore throat radii ai, cross-sectional areas Ai, permeabili-
ties ki, and porosities φi; hereafter i ∈ {c, f} denotes the
coarse and fine stratum, respectively. A schematic of this
model is shown in Figure 1(a). Following our previous

FIG. 1. (a) Schematic of forced imbibition in a stratified
medium with crossflow. Blue indicates wetting fluid and
white indicates nonwetting fluid. The subscripts {c, f} de-
note the coarse and fine stratum, respectively. Q represents
the total imposed volumetric flow rate. Qc and Qf repre-
sent the volumetric flow rate into the coarse and fine stra-
tum, respectively. qcf and qfc represent the volumetric cross-
flow rate per length. xc(t) and xf (t) represent the position
of the wetting/nonwetting fluid interface in each stratum.
{ai, Ai, ki, φi} represent structural descriptors of each stra-
tum i. (b) Schematic of pore network model. Each stra-
tum is modeled as a series of nodes separated by a distance
∆x through which resistors flow. The black resistors repre-
sent longitudinal flow, while red resistors represent transverse
crossflow. Our theory and simulations do not rely on a specific
pore morphology; however, [59] provides experimental images
of an example stratified medium.

work [59], we analyze the distribution of pressures p in
each fluid and each stratum during imbibition. The pres-
sure gradient in each stratum and fluid is described by
Darcy’s law ∂pi

∂x = −µmQi

kiAi
, where m ∈ {w, nw} denotes

the wetting and nonwetting fluids, respectively. Further-
more, at the interface between the fluids, the pressure
in the wetting fluid is reduced by the capillary pressure
pc,i ≡ 2γ/ai compared to the nonwetting fluid [64–68].

The flow rate can vary along the length of each stratum
due to crossflow. Without loss of generality, we assume
that the initial longitudinal position of the invading wet-
ting/nonwetting fluid interface in the coarse stratum, xc,
is slightly ahead of the position of the invading inter-
face in the fine stratum, xf . Because the strata are in
contact with each other over their entire length `, fluid
can flow across them. We represent this crossflow by
qij , the transverse volumetric flow rate from stratum i
to stratum j per unit length along the medium; for sim-
plicity, we consider that crossflow only occurs within a
given fluid, i.e., there is no crossflow across different fluid
phases. Mass conservation then implies that

Q = Qc +Qf (1)

with Qc = Acφ
dxc
dt

+

∫ xf

0

qcf (x′) dx′ (2)
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and Qf = Afφ
dxf
dt
−
∫ xf

0

qcf (x′) dx′, (3)

where we have taken the porosity φ to be equal across
the different strata for simplicity.

Using Equations 1, 2, and 3, we then use Darcy’s Law
in the coarse stratum from the inlet to the outlet to ob-
tain an expression for the total pressure drop across the
medium of length `:

pinlet − poutlet =∫ xf

0

µw
kc

(
Qc −

∫ x
0
qcf (x′) dx′

Ac

)
dx

+

∫ xc

xf

µw
kc

(
Qc −

∫ xf

0
qcf (x′) dx′

Ac

)
dx

+

∫ `

xc

µnw
kc

(
Qc −

∫ xf

0
qcf (x′) dx′ +

∫ x
xc
qfc(x

′) dx′

Ac

)
dx

− pc,c.
(4)

Repeating this procedure for the fine stratum results in
another expression for the total pressure drop across the
medium:

pinlet − poutlet =∫ xf

0

µw
kf

(
Qf +

∫ x
0
qcf (x′) dx′

Af

)
dx

+

∫ xc

xf

µnw
kf

(
Qf +

∫ xf

0
qcf (x′) dx′

Af

)
dx

+

∫ `

xc

µnw
kf

(
Qf +

∫ xf

0
qcf (x′) dx′ −

∫ x
xc
qfc(x

′) dx′

Af

)
dx

− pc,f .
(5)

Because the fluid pressure is equal across the strata at

the inlet and outlet, Eq. (4) is subtracted from (5):

µw

∫ xf

0

[(
Qf +

∫ x
0
qcf (x′) dx′

kfAf

)

−

(
Qc −

∫ x
0
qcf (x′) dx′

kcAc

)]
dx

+ µnw

∫ xc

xf

[(
Qf +

∫ xf

0
qcf (x′) dx′

kfAf

)

− µw
µnw

(
Qc −

∫ xf

0
qcf (x′) dx′

kcAc

)]
dx

+ µnw

∫ `

xc

[(
Qf +

∫ xf

0
qcf (x′) dx′ −

∫ x
xc
qfc(x

′) dx′

kfAf

)

−

(
Qc −

∫ xf

0
qcf (x′) dx′ +

∫ x
xc
qfc(x

′) dx′

kcAc

)]
dx

− (pc,f − pc,c) = 0.

(6)

We introduce the ansatz that a difference in pres-
sures in the strata at a given longitudinal position x
drives a transverse crossflow between the strata: qij(x) =
αij [pi(x)−pj(x)], where αij is a proportionality constant.
To obtain the crossflow term, we integrate Darcy’s law to
some arbitrary distance x and simply subtract the pres-
sures obtained in each stratum at that location. This
procedure yields the following integral equations for the
crossflow in the wetting and nonwetting fluids, respec-
tively:

qcf
αcfµw

−
(

1

kcAc
+

1

kfAf

)∫ x

0

(∫ ξ

0

qcf (x′) dx′

)
dξ

=

(
Qf
kfAf

− Qc
kcAc

)
x,

(7)
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qfc
αfc

=

− µw
∫ xf

0

[(
Qf +

∫ ξ
0
qcf (x′) dx′

kfAf

)

−

(
Qc −

∫ ξ
0
qab(x

′) dx′

kcAc

)]
dξ

− µnw
∫ xc

xf

[(
Qf +

∫ xf

0
qcf (x′) dx′

kfAf

)

− µw
µnw

(
Qc −

∫ xf

0
qcf (x′) dx′

kcAc

)]
dξ

− µnw
∫ x

xc

[(
Qf +

∫ xf

0
qcf (x′) dx′ −

∫ ξ
xc
qfc(x

′) dx′

kfAf

)

−

(
Qc −

∫ xf

0
qcf (x′) dx′ +

∫ ξ
xc
qfc(x

′) dx′

kcAc

)]
dξ

+ (pc,f − pc,c) .
(8)

Together, the six coupled integral equations Eqs. (1), (2),
(3), (6), (7), and (8) provide a description of the full dy-
namics of imbibition in a stratified porous medium. How-
ever, in practice, analytically solving these equations is
challenging. Therefore, in our previous work, we per-
formed a linear stability analysis of these equations [59]
to predict the flow behavior only at its incipient stages
of imbibition. This analysis predicted two different types
of behavior during the beginning of imbibition, which we
confirmed using experiments: fine-preferential invasion,
where the wetting fluid invades the fine stratum faster,
and coarse-preferential invasion, where the wetting fluid
invades the coarse stratum faster. The linear stability
analysis does not capture any of the subsequent dynam-
ics and therefore, does not enable predictions for the two
key performance metrics tb and SO. Hence, in this work,
we turn to numerical simulations of Eqs. (1), (2), (3), (6),
(7), (8) to examine these subsequent dynamics.

A notable idealization of this theoretical model is that
it treats the nonwetting/wetting fluid interface in each
stratum as a flat front that completely displaces non-
wetting fluid as it moves. However, interfacial instabili-
ties are well-known to arise during flow, particularly at
large values of the fluid viscosity ratio µnw/µw [31]. Un-
der these conditions, the fluid interface can destabilize
into discrete fingers, with different regions moving at dif-
ferent speeds. Moreover, discrete ganglia of nonwetting
fluid can form and remain trapped behind the moving
fingers. These additional behaviors are known to depend
on a complex array of factors including flow rate, pore
geometry, medium wettability, and pore size [31, 73–79];
explicitly incorporating these additional physics into our

model will be an important direction for future work.
Nevertheless, the work presented here provides a useful
first step that highlights the critical role played by strat-
ification in influencing the dynamics of imbibition and
consequently, the performance metrics tb and SO.

A. Imbibition Dynamics Without Crossflow

To gain intuition, we first simplify the model and ne-
glect crossflow between the strata i.e., we set both qfc
and qcf to be 0. Furthermore, to highlight the ex-
plicit dependence of the permeability on pore size and
porosity, and to connect our results to previous exper-
iments on synthetic granular media [59], we apply the
Kozeny-Carman relationship for permeability [80, 81],
ki = φ3a2

i /[1.2(1 − φ)2], hereafter. This relationship
is well-established for a range of porous media, such as
many granular packings [80, 81]; however, it is not gen-
erally applicable for other porous media, such as those
with more complex pore morphologies. Thus, while our
model summarized by Eqs. (1), (2), (3), (6), (7), and (8)
is more general, the numerical solutions hereafter serve
to provide a specific example of the model predictions.
We numerically solve the simplified equations to deter-
mine the interface positions xc(t) and xf (t) at different
imposed Ca. Using these simulations, we examine three
key structural parameters: the ratio of the characteris-
tic pore throat sizes of the two strata ac/af , the ratio of
the cross-section areas of the two strata Ac/Af , and the

nondimensional length of the overall medium `/
√
A, as

well as the viscosity ratio µnw/µw. We use the experi-
mental parameters from our previous work as the default
values, but also sweep a broad range of these parame-
ters, as summarized in Table I. In each case, we plot the
position of the nonwetting/wetting fluid interface in each
stratum i normalized by the overall length of the medium,
xi/`, as a function of time t normalized by the charac-
teristic invasion time τ ≡ `Aφ/Q. This nondimensional
time t/τ corresponds to the number of injected fluid pore
volumes of the entire medium. The results obtained are
shown in panel (a) of Figs. 2, 4, 6, and 8.

In all cases, we observe the two different invasion
behaviors consistent with our previous work: fine-
preferential invasion at low Ca and coarse-preferential in-
vasion at sufficiently large Ca. In between these regimes,
transitional invasion arises in which both strata are in-
vaded at similar initial speeds—also as observed in our
previous experiments [59]. Our previous linear stability
analysis [59] predicted that the transition between these
two behaviors occurs when Ca equals a transition capil-
lary number:

Ca∗0 =
2µw/µnw

`(1/kf − 1/kc)

(
1

af
− 1

ac

)
. (9)

This transition capillary number quantifies the value
of Ca at which the difference in the characteristic
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Physical Parameter Variable Experimental Range Simulated Range Reservoir Range
Pore throat size ratio ac/af 8.1 1.4 to 14 1 to ∼ 10 [43]

Cross section area ratio Ac/Af 0.2 to 4 0.1 to 10 ∼ 0.05 to ∼ 20 [69]

Normalized medium length `/
√
A 5 to 22 0.7 to 70 ∼ 10 to ∼ 102 [70, 71]

Fluid viscosity ratio µnw/µw 6.2 0.1 to 10 0.6 to ∼ 104 [72]

Capillary number Ca ∼ 10−6 to ∼ 10−4 10−6 to 10−3 ∼ 10−12 to ∼ 10−5 [61, 70–72]

TABLE I. Summary of relevant parameters. Experimental range refers to our previous experiments [59], simulated range
refers to the values tested in this work, and reservoir range refers to the values typically encountered in an oil reservoir.

viscous pressure drops across the overall strata, ∼
µnwQ`
A (1/kf − 1/kc), balances the difference in the char-

acteristic capillary suction pressures in the strata, ∼
γ (1/af − 1/ac). The numerical simulations presented
here show excellent agreement with this prediction in all
cases, as shown by the blue lines in panel (a) of Figs. 2,
4, 6, and 8.

Our numerical simulations enable us to go beyond our
previous prediction and reveal the full dynamics of im-
bibition over time, as detailed below. Furthermore, we
use our simulations to assess how the performance met-
rics tb, the wetting fluid breakthrough time, and SO, the
breakthrough nonwetting fluid saturation, depend on Ca
as well as the structure of the medium and the fluid
viscosity ratio, as shown in panel (a) of Figs. 3, 5, 7,
and 9. We define tb as the moment at which the wet-
ting fluid reaches the outlet in either stratum. To fa-
cilitate comparison across different simulations, we nor-
malize tb by the characteristic invasion time τ evaluated
at Ca = 4 × 10−5, the median of the range of Ca ex-
plored in our simulations. At this moment of break-
through, we also compute the breakthrough saturation
as the volume fraction of nonwetting fluid remaining in
the pore space of the adjacent, non-broken through stra-
tum: SO = [Acxc(tb)φ + Afxf (tb)φ]/(A`φ). As noted
previously, our model assumes, as a simplifying approxi-
mation, that wetting fluid invasion into each stratum sta-
bly and completely displaces nonwetting fluid: all regions
x < xc and x < xf are completely saturated with the
wetting fluid, where xc and xf represent the positions of
the flat fronts in the coarse and fine strata, respectively.

B. Imbibition Dynamics With Crossflow

Our simplified analysis neglecting crossflow between the
strata provides useful intuition on how the dynamics of
imbibition depend on the structure of the medium as well
as the viscosities of the defending and invading fluids.
Next, motivated by previous theoretical work [46, 47],
we incorporate crossflow between strata i and j via the
position-dependent transverse flow rate per unit length
along the medium qij(x) = αij [pi(x)− pj(x)], where the
pressure difference [pi(x)−pj(x)] across the interface be-
tween the strata drives crossflow and αij is a propor-
tionality constant. In particular, the pressure difference
drives a transverse volumetric flow rate of fluid across

the strata, Qij(x), which is defined within a differen-
tial width dx centered at position x along the medium:

Qij(x) = qij(x)dx, and therefore, αij =
Qij(x)

[pi(x)−pj(x)]dx .

To estimate αij , we make the Darcy-Brinkman-type as-
sumption that the transverse flow is localized near the
interface between strata, only extending over a charac-
teristic length ∼ ai or ∼ aj away from the interface into
stratum i or j, respectively. Then, treating the transverse
flow as proceeding between two porous media in series,

[pi(x)− pj(x)] =
µQij(x)
hdx

(
ai
ki

+
aj
kj

)
by Darcy’s law; here

µ is the dynamic shear viscosity of the fluid phase be-
ing considered and h is the depth of the medium (i.e.
into/out of the page in Fig. 1). Therefore,

αij =
h

µ

(
ai
ki

+
aj
kj

)−1

. (10)

The six coupled integral equations Eqs. (1), (2), (3), (6),
(7), (8) with a nonzero αij given by Eq. (10) fully de-
scribe the evolution of the nonwetting/wetting fluid in-
terface position in each of the two strata; however, an-
alytically solving these equations is challenging. Hence,
we instead develop a pore network model that numeri-
cally solves for the flow in a discretized representation
of a stratified porous medium, as described in the next
section.

III. PORE NETWORK MODEL

Our network model is schematized in Fig. 1(b). Each
stratum of the medium is represented by a one dimen-
sional array of nodes connected by edges in series (black
resistors). These two arrays lie adjacent to each other,
and are connected using a transverse array of edges (red
resistors) to incorporate crossflow—except for locations
that have different fluids in the adjacent strata, at which
crossflow is suspended (schematized by the missing red
resistor in the middle of Fig. 1(b)). A single node in-
troduces wetting fluid into both strata at the inlet with
imposed volumetric flow rate Q, and both strata join to-
gether at another single node at the outlet, providing
control of the overall boundary conditions. Each node
represents a discrete position x along the medium, with
∆x = `/50 between successive nodes and the inlet and
outlet corresponding to x = 0 and x = `, respectively.
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For prescribed {Q,A, µw, γ} – which correspond to a
given imposed value of Ca – as well as prescribed values of
{Ac, Af , µnw, ac, af , φ, `}, we solve for the fluid pressures
in the nodes and flow rates in the edges at successive
discrete time steps ∆t = 0.005τ , where τ ≡ `Aφ/Q is the
characteristic invasion time of the entire medium. We do
this using four equations:

i. Conservation of mass and fluid incompressibility
throughout dictates that all net flow

∑
Qn into a

given node n must sum to zero.

ii. For a given fluid in a given stratum, Darcy’s law
dictates that the flow rate through edge e in stra-

tum i is Qe,i = (pn1
− pn2

)
ke,iAe,i

µe∆x , where pn1
and

pn2
are the pressures at the two nodes n1 and n2

connected by the edge, ke,i and Ae,i describe the
permeability and cross-section area of the stratum,
and µe is the viscosity of the fluid type contained
within the edge.

iii. For the edge containing the immiscible fluid inter-
face at a position xi in a given stratum i, we in-
stead apply a modified form of Darcy’s law that
accounts for the fraction of the wetting fluid within
the edge fe,i and the capillary pressure difference
pc,i across the immiscible fluid interface: Qe,i =

(pn1
− pn2

− pc,i) ke,iAe,i

∆x[µwfe,i+µnw(1−fe,i)] .

iv. Within a given fluid, we apply Darcy’s law across
the adjacent strata to describe crossflow: Qe,ij =
(pn1

− pn2
)αij∆x, where the edge e now connects

strata i and j and αij is given by Eq. 10. For the
calculations given here, we choose h = 3 mm and
represent the overall cross-section of the medium as
a square with A = 9 mm2 to facilitate comparison
to our previous experiments [59].

Together, the equations in i-iv constitute a system of lin-
ear equations that we solve numerically for the interface
positions xc(t) and xf (t) until one of the interfaces breaks
through to the outlet. To validate this network model,
we first consider imbibition without crossflow (αij = 0).
The solid lines in panel (a) of Figs. 2, 4, 6, and 8 show
the results of the network model, while the open circles
show the explicit numerical solutions of the coupled set
of governing Eqs. (1), (2), (3), (6), (7), (8). Both ap-
proaches yield identical results in all cases, confirming
the fidelity of the network model.

We next use the network model to examine the in-
fluence of crossflow on the dynamics of forced imbibi-
tion. Following the studies without crossflow described
in Section II A, we examine the influence of the three
key structural parameters ac/af , Ac/Af , `/

√
A, as well

as the viscosity ratio µnw/µw. The results obtained are
summarized in panel (b) of Figs. 2, 4, 6, and 8.

In all cases, we observe similar dynamics to the case
without crossflow. In particular, we again observe the
two different invasion behaviors consistent with our pre-
vious work: fine-preferential invasion at low Ca and

coarse-preferential invasion at sufficiently large Ca, with
transitional invasion between the two. Our previous lin-
ear stability analysis [59] predicted that the transition
between these two behaviors occurs when Ca equals a
transition capillary number:

Ca∗ = Ca∗0+

µw
γ` (1/kf − 1/kc)

(
1

kfAf
+

1

kcAc

)∫ `

0

∫ ξ

0

qfc(x) dx dξ,

(11)

where analysis of Eqs. 6 and 8 yields qfc(x) =
αfc(pc,f−pc,c)(1−x/`)

1+αfc(µnw/2)
(

1
kcAc

+ 1
kfAf

)
x(`−x)

. We again find good

agreement between the results of the network model and
this theoretical prediction, as shown by the blue lines in
panel (b) of Figs. 2, 4, 6, and 8. The network model also
enables us to go beyond this previous prediction and ex-
amine the full dynamics of imbibition over time. Further-
more, we again use the pore network model to investigate
how the performance metrics tb, the wetting fluid break-
through time, and SO, the breakthrough nonwetting fluid
saturation, depend on Ca as well as the structure of the
medium and the fluid viscosity ratio, as shown in panel
(b) of Figs. 3, 5, 7, and 9.

IV. RESULTS

A. Influence of Pore Throat Ratio

The pore throat size contrast between strata is one im-
portant structural characteristic of a stratified medium.
For example, in shales, the ratio of the pore throat sizes
in a high permeability stratum compared to an adjacent
low permeability stratum can be as high as 10 (Table I).
Hence, to explore the influence of this key structural de-
scriptor, we vary the pore throat ratio ac/af from 1.4 to
14 by holding ac constant and changing af . Changing
the pore throat ratio over this range has two impacts,
because the permeability ki ∼ a2

i and the capillary pres-
sure pc,i ∼ a−1

i : it corresponds to a permeability ratio
kc/kf ranging from 2 to 200 and a capillary pressure ra-
tio pc,c/pc,f that concomitantly ranges from 0.7 to 0.07.

Dynamics without crossflow: First, we examine imbi-
bition without crossflow, as shown in Fig. 2(a). We ini-
tially focus on the smallest pore size ratio, ac/af = 1.4,
as shown in the bottom row. At the lowest imposed Ca
(first and second columns), the wetting fluid exclusively
invades the fine stratum, as shown by the green points.
We therefore classify this behavior as fine-preferential in-
vasion, indicated by the diamond symbol in the top left
corner. Under these conditions, capillarity dominates vis-
cous effects; as a result, the wetting fluid imbibes faster
into the fine stratum, for which the capillary suction
∼ a−1

i is stronger. At a higher Ca = 1.6 × 10−5 (third
column), the coarse stratum is also invaded, albeit much
slower. As invasion progresses, it speeds up in the fine
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stratum — reflecting the absence of crossflow between
the strata in this implementation of the model. In par-
ticular, the porous medium acts as a “pore doublet” in
which the growing viscous pressure drop limits contin-
ued invasion in the coarse stratum, while the enhanced
capillary suction in the fine stratum continues to drive in-
vasion into it — redirecting flow from the former to the
latter. Finally, at even higher Ca (fourth through sixth
columns), the wetting fluid invades the coarse stratum
increasingly faster than the fine stratum, as shown by
the magenta points. We therefore classify this behavior
as coarse-preferential invasion, indicated by the square
symbols in the top left corners. Under these conditions,
viscous effects increasingly dominate the influence of cap-
illarity; as a result, the wetting fluid imbibes faster into
the coarse stratum, for which the permeability ki ∼ a2

i is
larger and thus the viscous pressure drop ∼ a−2

i is lower.
The onset of coarse invasion coincides with the predicted
transition capillary number Ca∗0 (Eq. 9), as shown by the
blue line, confirming our previous prediction.

We next investigate the influence of increasing pore
throat ratio ac/af . As exemplified by the middle and
top rows of Fig. 2(a), we find similar behavior as in the
ac/af = 1.4 case, but with the onset of coarse invasion
shifted to lower and lower Ca. Intriguingly, for the largest
pore throat size ratio ac/af = 14, the transition between
fine and coarse invasion is characterized by a regime in
which both strata are initially invaded at similar speeds
(Ca = 4.0×10−6, second column): the difference between
the initial invasion speeds in the different strata is ≤ 20%
the speed of the faster-moving interface. We therefore
classify this behavior as transitional invasion, indicated
by the circle symbol in the top left hand corner. Appar-
ently similar behavior is observed near the transition (Ca
= 1.6× 10−5) for the intermediate pore throat size ratio
ac/af = 4.5, shown in the middle row and third column
of Fig. 2(a); however, in this case, the difference be-
tween the initial invasion speeds in the different strata is
not ≤ 20% the speed of the faster-moving interface. We
therefore still classify this behavior as coarse invasion,
indicated by the square symbol in the top left hand cor-
ner. This example highlights that a classification based
only on the incipient invasion behavior misses interesting
subsequent dynamics during imbibition; indeed, as inva-
sion progresses in this case, the interface speeds up in the
fine stratum and recedes from the coarse stratum, again
reflecting the “pore doublet” dynamics described above.

The shift in the transition between invasion behav-
iors is again consistent with our theoretical prediction
for Ca∗0, as indicated by the blue line. In particular, as

given by Eq. 9, Ca∗0 ∼ (1/af − 1/ac) /
(

1/a2
f − 1/a2

c

)
=

1/ (1/af + 1/ac) = ac/ (ac/af + 1), which scales as ∼
(ac/af )

−1
as pore throat size ratio increases: while capil-

lary suction guides the initial invasion of the wetting fluid
into the pores, viscous effects increasingly limit invasion
into the lower-permeability fine stratum. Indeed, at the
highest Ca (fourth through sixth columns), the wetting

fluid invades the coarse stratum almost exclusively in the
case of ac/af = 14 — again reflecting coarse-preferential
invasion.

Dynamics with crossflow: Incorporating crossflow into
the model yields qualitatively similar invasion dynamics;
compare Fig. 2(b) to (a). In particular, in all cases,
we observe a similar transition between fine- and coarse-
preferential invasion around the Ca∗ predicted by Eq.
11, as shown by the blue line in Fig. 2(b). Notably,
Ca∗ > Ca∗0 in all cases: crossflow suppresses, but does
not eliminate, the transition to coarse-preferential inva-
sion. This effect arises from the influence of crossflow in
forcing the nonwetting fluid from the fine stratum to the
coarse stratum ahead of the fluid interface, reducing the
overall viscous dissipation; therefore, one has to increase
Ca even further for viscous effects to become compara-
ble to capillarity. Additionally, unlike the case without
crossflow, we do not observe “pore doublet” dynamics in
which the flow slows down in and even recedes from the
coarse stratum: crossflow stabilizes these non-monotonic
effects.

Breakthrough time: The numerical simulations enable
us to examine the breakthrough time tb both without
and with crossflow incorporated, as shown in Figs. 3(a)
and (b), respectively. In each plot, we represent the nor-
malized breakthrough time tb/τch by the color scale, the
initial invasion behavior observed by the symbols shown,
and the transition capillary number by the blue line. We
observe similar results in both cases: as intuitively ex-
pected, the breakthrough time monotonically decreases
with Ca—intriguingly, with no apparent dependence on
ac/af or crossflow. Thus, processes that only seek to min-
imize breakthrough time should maximize the imposed
Ca.

Breakthrough saturation: We next examine the break-
through nonwetting fluid saturation SO both without and
with crossflow incorporated, as shown in Figs. 3(c) and
(d), respectively. We represent SO by the color scale,
the initial invasion behavior observed by the symbols
shown, and the transition capillary number again by the
blue line. Contrary to the conventional belief that Ca
should be maximized to minimize SO, we find that in
both cases, the breakthrough saturation exhibits a non-
monotonic dependence on Ca: SO is minimized near the
transition capillary number Ca∗0 or Ca∗. Intuitively, this
non-monotonic behavior reflects the improved displace-
ment of nonwetting fluid during transitional invasion, in
which both strata are simultaneously invaded, instead of
only one being preferentially invaded. Thus, processes
that seek to minimize both breakthrough time and break-
through saturation should not maximize the imposed Ca.
Instead, they should be tuned to slightly above the tran-
sition capillary number that describes the transition be-
tween invasion behaviors. The value of this transition
capillary number decreases with increasing pore throat
size ratio, highlighting the critical role played by the ge-
ometry of the medium in influencing performance during
fluid imbibition.
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FIG. 2. Influence of pore throat ratio on imbibition dynamics (a) without crossflow and (b) with crossflow.
Plots show the normalized wetting/nonwetting fluid interface position as a function of normalized time. The open colored
circles show the numerical solutions to Eqs. (1), (2), (3), and (6) to obtain the wetting/nonwetting fluid interface in each
stratum xi(t). The connected solid lines show the results of the network model. Green and magenta indicate the fine and
coarse stratum, respectively. The interface position x is normalized by the length of the medium ` and time t is normalized by
the characteristic invasion time τ ≡ `Aφ/Q. Diamonds indicate fine-preferential invasion. Circles indicate transitional invasion
when the difference between the initial interface velocity in each stratum is ≤ 20% the speed of the faster-moving interface.
Squares indicate coarse-preferential invasion. The solid blue line indicates the value of (a) Ca∗0 or (b) Ca∗ for each row. The

normalized medium length is `/
√
A = 8.3, the cross-section area ratio is Ac/Af = 1, and the viscosity ratio is µnw/µw = 6.2.
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FIG. 3. Influence of pore throat ratio on (a),(b) breakthrough time and (c),(d) breakthrough nonwetting fluid
saturation. Plots show both metrics for imbibition (a),(c) without crossflow and (b),(d) with crossflow. (a),(b) Breakthrough
time plotted as a function of imposed Ca and ac/af . The color scale indicates the normalized breakthrough time tb/τch on a
logarithmic scale, where τch is fixed to be τ evaluated at Ca = 4.0 × 10−5. (c),(d) Breakthrough nonwetting fluid saturation
plotted as a function of imposed Ca and ac/af . The color scale indicates the breakthrough saturation on a linear scale. For

all panels, the normalized medium length is `/
√
A = 8.3, the cross-section area ratio is Ac/Af = 1, and the viscosity ratio is

µnw/µw = 6.2. The symbols are as described in the caption to Fig. 2. The solid blue line indicates the value of Ca∗0 for (a),(c)
and of Ca∗ for (b),(d).
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B. Influence of Cross-Section Area Ratio

The cross-section area of each stratum is another key
structural descriptor of a porous medium. The ratio
of the cross-section areas between strata in a typical oil
reservoir can range from 0.05 to 20 (Table I). Hence, we
vary the cross-section area ratio Ac/Af from 0.1 to 10
while keeping the total cross-section area A ≡ Af + Ac
constant.

Dynamics without crossflow: First, we examine im-
bibition without crossflow, as shown in Fig. 4(a). We
initially focus on the smallest cross-section area ratio,
Ac/Af = 0.1, as shown in the bottom row. We again ob-
serve a transition between fine-preferential and coarse-
preferential invasion driven by Ca, reflecting the dom-
inance of pore-scale capillarity at low Ca and macro-
scopic viscous forces at high Ca. This transition again
coincides with the predicted transition capillary number
Ca∗0, as shown by the blue line, confirming our previous
prediction. We next investigate the influence of increas-
ing cross-section area ratio Ac/Af . As exemplified by the
middle and top rows of Fig. 4(a), we find similar behavior
as in the Ac/Af = 0.1 case. This result is again consis-
tent with our theoretical prediction for Ca∗0, as indicated
by the blue line. In particular, because the fluid pressure
is equal across the strata at the inlet and outlet, Ca∗0 (Eq.
9) is independent of Ac/Af . Our simulations confirm this
expectation: while we see slight differences in the full dy-
namics of imbibition across the different simulations, we
observe no variation of Ca∗0 with Ac/Af .

Dynamics with crossflow: Incorporating crossflow into
the model yields qualitatively similar invasion dynamics;
compare Fig. 4(b) to (a). In particular, in all cases,
we observe a similar transition between fine- and coarse-
preferential invasion around the Ca∗ predicted by Eq. 11,
as shown by the blue line in Fig. 4(b). Again, Ca∗ > Ca∗0
in all cases: crossflow suppresses, but does not eliminate,
the transition to coarse-preferential invasion. Further-
more, we again find that incorporating crossflow removes
the non-monotonic “pore doublet” dynamics.

Breakthrough time: The breakthrough times tb deter-
mined from the numerical simulations, both without and
with crossflow incorporated, are shown in Figs. 5(a) and
(b), respectively. We again observe similar results in
both cases, but with the results below the transition Ca∗0
shifted to higher values of Ca when crossflow is incor-
porated, reflecting the shift in the transition to Ca∗. As
intuitively expected, for a given Ac/Af , the breakthrough
time monotonically decreases with Ca. Intriguingly, how-
ever, we observe different dependencies on Ac/Af for a
given Ca below or above the transition value (Ca∗0 or
Ca∗); for Ca below the transition, tb decreases with in-
creasing Ac/Af , while conversely for Ca above the transi-
tion, tb increases with increasing Ac/Af . These differing
dynamics reflect the difference in invasion behaviors; in
the case of fine-preferential invasion at low Ca, increasing
Ac/Af reduces the volume of the fine stratum, and there-
fore the volume of fluid needed to be displaced, while for

coarse-preferential invasion at high Ca, increasing Ac/Af
increases the volume of the fluid that needs to be dis-
placed from the coarse stratum. Thus, processes that
only seek to minimize breakthrough time should maxi-
mize the imposed Ca and, if possible, minimize Ac/Af .

Breakthrough saturation: The breakthrough nonwet-
ting fluid saturation SO determined from the numerical
simulations, both without and with crossflow incorpo-
rated, are shown in Figs. 5(c) and (d), respectively. We
again observe similar results in both cases, but with the
results shifted to higher values of Ca when crossflow is
incorporated, reflecting the shift in the transition from
Ca∗0 to Ca∗. Furthermore, we again observe different de-
pendencies on Ac/Af below or above the transition value
(Ca∗0 or Ca∗), reflecting the difference in invasion behav-
iors. In the case of fine-preferential invasion at low Ca,
increasing Ac/Af reduces the volume of the fine stratum
from which nonwetting fluid is displaced, while in the
case of coarse-preferential invasion at high Ca, increasing
Ac/Af increases the volume of the coarse stratum from
which nonwetting fluid is displaced. As a result, con-
trary to the conventional belief that Ca should be max-
imized to minimize SO, we find that breakthrough satu-
ration is minimized near the transition capillary number
Ca∗0 or Ca∗ — again reflecting the improved displacement
of nonwetting fluid from both strata during transitional
invasion. Thus, processes that seek to minimize both
breakthrough time and breakthrough saturation should
not maximize the imposed Ca. Instead, they should be
tuned to be near the capillary number that describes
the transition between invasion behaviors, independent
of Ac/Af .

C. Influence of Medium Length

The overall length ` of the medium is another key struc-
tural descriptor. For a fixed cross-section A, changing the
length of a porous medium changes its overall aspect ra-
tio; hence, to describe the length in a non-dimensional
form, we normalize it by the characteristic transverse
length

√
A. The normalized length of typical oil reser-

voirs can exceed 100 (Table I). Hence, we vary the nor-

malized length `/
√
A from 0.67 to 67 while keeping the

total cross-section area A constant, which corresponds to
` varying from 0.2 to 20 cm.

Dynamics without crossflow: For the case of imbibi-
tion wihtout crossflow as shown in Fig. 6(a), we observe
fine-preferential invasion at the lowest Ca, reflecting the
dominance of pore-scale capillarity; by contrast, at suffi-
ciently large Ca, we observe coarse-preferential invasion,
reflecting the increasing influence of macroscopic viscous
forces. Just above the transition (Ca = 1.0×10−6) for the

longest medium `/
√
A = 67, shown in the top row and

first column of Fig. 6(a), we again observe apparent tran-
sitional invasion and long-time “pore doublet” dynamics.
This case is still classified as coarse invasion based on the
initial invasion speeds—again highlighting that a clas-
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FIG. 4. Influence of cross-section area ratio on imbibition dynamics (a) without crossflow and (b) with crossflow.
Plots show the normalized wetting/nonwetting fluid interface position as a function of normalized time. The symbols, colors,

and lines are as described in the caption to Fig. 2. The normalized medium length is `/
√
A = 8.3, the pore throat ratio is

ac/af = 8.1, and the viscosity ratio is µnw/µw = 6.2.

sification based only on the incipient invasion behavior
misses interesting subsequent dynamics during imbibi-
tion. In all cases, the transition between fine- and coarse-
preferential invasion behaviors again coincides with the
predicted transition capillary number Ca∗0, as shown by

the blue line, confirming our theoretical prediction (Eq.
9). In particular, because Ca∗0 ∼ `−1, longer media —
for which the macroscopic viscous pressure drop is larger
— exhibit the transition to coarse-preferential invasion
at lower Ca.
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FIG. 5. Influence of cross-section area ratio on (a),(b) breakthrough time and (c),(d) breakthrough nonwetting
fluid saturation. Plots show both metrics for imbibition (a),(c) without crossflow and (b),(d) with crossflow. (a),(b) Break-
through time plotted as a function of imposed Ca and Ac/Af . (c),(d) Breakthrough nonwetting fluid saturation plotted as a
function of imposed Ca and Ac/Af . The color scales are described in the caption to Fig. 3. For all panels, the normalized

medium length is `/
√
A = 8.3, the viscosity ratio is µnw/µw = 6.2, and the pore throat ratio is ac/af = 8.1. The symbols are

as described in the caption to Fig. 2. The solid blue line indicates the value of Ca∗0 for (a),(c) and of Ca∗ for (b),(d).

Dynamics with crossflow: Incorporating crossflow into
the model again yields qualitatively similar invasion dy-
namics; compare Fig. 6(b) to (a). In all cases, we observe
a similar transition between fine- and coarse-preferential
invasion around the Ca∗ predicted by Eq. 11, as shown

by the blue line in Fig. 6(b). Again, Ca∗ > Ca∗0 in all
cases: crossflow suppresses, but does not eliminate, the
transition to coarse-preferential invasion. Furthermore,
we again find that incorporating crossflow removes the
non-monotonic “pore doublet” dynamics.
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FIG. 6. Influence of medium length on imbibition dynamics (a) without crossflow and (b) with crossflow. Plots
show the normalized wetting/nonwetting fluid interface position as a function of normalized time. The symbols, colors, and
lines are as described in the caption to Fig. 2. The cross-section area ratio is Ac/Af = 1, the viscosity ratio is µnw/µw = 6.2,
and the pore throat ratio is ac/af = 8.1.

Breakthrough time: The breakthrough times tb deter-
mined from the numerical simulations, both without and
with crossflow incorporated, are shown in Figs. 7(a)
and (b), respectively. We again observe similar results
in both cases. For a given value of Ca, fastest break-

through occurs at smaller `/
√
A as intuitively expected

– the medium is shorter and thus will be invaded faster.
Moreover, for a given `/

√
A, fastest breakthrough occurs

at at higher Ca, again as intuitively expected. Thus,
processes that only seek to minimize breakthrough time
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FIG. 7. Influence of medium length on (a),(b) breakthrough time and (c),(d) breakthrough nonwetting fluid
saturation. Plots show both metrics for imbibition (a),(c) without crossflow and (b),(d) with crossflow. (a),(b) Breakthrough

time plotted as a function of imposed Ca and `/
√
A. (c),(d) Breakthrough nonwetting fluid saturation plotted as a function of

imposed Ca and `/
√
A. The color scales are described in the caption to Fig. 3. For all panels, the cross-section area ratio is

Ac/Af = 1, the viscosity ratio is µnw/µw = 6.2, and the pore throat ratio is ac/af = 8.1. The symbols are as described in the
caption to Fig. 2. The solid blue line indicates the value of Ca∗0 for (a),(c) and of Ca∗ for (b),(d).

should maximize the imposed Ca and, if possible, mini-
mize `/

√
A.

Breakthrough saturation: The breakthrough nonwet-
ting fluid saturation SO determined from the numerical
simulations, both without and with crossflow incorpo-

rated, are shown in Figs. 7(c) and (d), respectively.
Contrary to the conventional belief that Ca should be
maximized to minimize SO, we find that in both cases,
the breakthrough saturation exhibits a non-monotonic
dependence on Ca: SO is again minimized near the tran-
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sition capillary number Ca∗0 or Ca∗, once more reflect-
ing the improved displacement of nonwetting fluid from
both strata during transitional invasion. Thus, processes
that seek to minimize both breakthrough time and break-
through saturation should not maximize the imposed Ca.
Instead, they should be tuned to be near the capillary
number that describes the transition between invasion
behaviors. The value of this transition capillary num-
ber decreases with increasing normalized medium length,
again highlighting the critical role played by the geom-
etry of the medium in influencing performance during
fluid imbibition.

D. Influence of Viscosity Ratio

Another key control parameter is the viscosity ratio be-
tween the nonwetting and wetting fluids, µnw/µw; for
example, groundwater remediation and oil recovery op-
erations often tune this parameter over a wide range for
conformance control (Table I). Hence, we probe µnw/µw
ranging from 0.1 to 10. Here, we accomplish this by
holding µw constant and varying µnw; the reverse case
yields identical results (not shown). We reiterate that,
while our results help to highlight the critical role played
by stratification in influencing imbibition, they do not
capture the full physics associated with interfacial insta-
bilities that can arise during flow, particularly at large
values of µnw/µw [31]. Incorporating these effects will
be an important extension of our work.

Dynamics without crossflow: We first consider the
dynamics of imbibition without crossflow, as shown in
Fig. 8(a). At the lowest and highest Ca, we again ob-
serve fine- and coarse-preferential invasion, respectively,
reflecting the competition between pore-scale capillarity
and macroscopic viscous forces. Just below the transition
for the smallest and largest viscosity ratios µnw/µw = 0.1
and 10, shown by the bottom and top rows, respectively,
we again observe apparent transitional invasion and long-
time “pore doublet” dynamics. In all cases, the transi-
tion between fine- and coarse-preferential invasion behav-
iors again coincides with the predicted transition capil-
lary number Ca∗0, as shown by the blue line, confirming
our theoretical prediction (Eq. 9). In particular, be-

cause Ca∗0 ∼ (µnw/µw)
−1

, increasing the fluid viscosity
ratio shifts the transition to coarse-preferential invasion
at lower Ca: while capillary suction guides the initial in-
vasion of the wetting fluid into the pores, viscous forces
exerted by the invading fluid increasingly limit invasion
into the lower-permeability fine stratum.

Dynamics with crossflow: Incorporating crossflow into
the model again yields qualitatively similar invasion dy-
namics; compare Fig. 8(b) to (a). In all cases, we observe
a similar transition between fine- and coarse-preferential
invasion around the Ca∗ predicted by Eq. 11, as shown
by the blue line in Fig. 8(b). Again, Ca∗ > Ca∗0 in all
cases: crossflow suppresses, but does not eliminate, the
transition to coarse-preferential invasion. Furthermore,

we again find that incorporating crossflow removes the
non-monotonic “pore doublet” dynamics.

Breakthrough time: The breakthrough times tb deter-
mined from the numerical simulations, both without and
with crossflow incorporated, are shown in Figs. 9(a) and
(b), respectively. We again observe similar results in both
cases: tb monotonically decreases with Ca, with no strong
dependence on µnw/µw or crossflow. Thus, within the as-
sumptions of our model, processes that only seek to min-
imize breakthrough time should maximize the imposed
Ca.

Breakthrough saturation: The breakthrough nonwet-
ting fluid saturation SO determined from the numerical
simulations, both without and with crossflow incorpo-
rated, are shown in Figs. 9(c) and (d), respectively.
Contrary to the conventional belief that Ca should be
maximized to minimize SO, we find that in both cases,
the breakthrough saturation exhibits a non-monotonic
dependence on Ca: SO is again minimized near the tran-
sition capillary number Ca∗0 or Ca∗, again reflecting the
improved displacement of nonwetting fluid from both
strata during transitional invasion. Additionally, for a
fixed µnw/µw, SO decreases with increasing Ca up to the
transition — reflecting the broad range of capillary num-
bers over which increasingly transitional invasion arises.
Thus, within the assumptions of our model, processes
that seek to minimize both breakthrough time and break-
through saturation should not maximize the imposed Ca.
Instead, they should be tuned to be near the capillary
number that describes the transition between invasion
behaviors, whose value decreases with increasing viscos-
ity ratio, highlighting the key role played by fluid formu-
lation in influencing performance during imbibition.

E. Comparison to an averaged model

In practice, imbibition dynamics are often modeled by
treating stratified porous media as being non-stratified,
with homogeneous, strata-averaged properties – thus
treating imbibition as being homogeneous across differ-
ent strata. The work presented in this paper has revealed
how such averaging can yield erroneous predictions. As
a final illustration of this point, we compare the predic-
tions of our model explicitly incorporating heterogeneous
invasion dynamics for media of different pore throat size
ratios (Fig. 2) to the predictions of a stratum-averaged
model, in which the medium has a single effective per-
meability given by the area-weighted permeabilities of
the separate strata: kavg = (Afkf + Ackc)/(Af + Ac).
Because of the heterogeneous flow arising from stratifica-
tion, in all cases, fluid breakthrough is considerably faster
in the stratified medium than one would expect for a ho-
mogeneous medium — as shown in Fig. 10. Compare, for
example, the black curves (imbibition in a homogeneous
medium) to the green and magenta curves (imbibition in
the fine and coarse strata, respectively) in the top row of
Fig. 10b. At the lowest Ca, fluid barely enters the coarse
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FIG. 8. Influence of viscosity ratio on imbibition dynamics (a) without crossflow and (b) with crossflow. Plots
show the normalized wetting/nonwetting fluid interface position as a function of normalized time. The symbols, colors, and

lines are as described in the caption to Fig. 2. The length of the medium is `/
√
A = 8.3, the cross-section area ratio is

Ac/Af = 1, and the pore throat ratio is ac/af = 8.1.

stratum; as a result, it breaks through the fine stratum
rapidly, whereas at the same time, it would only have
invaded ∼ 40% of a homogeneous medium. Conversely,
at the highest Ca, fluid barely enters the fine stratum,

and breaks through the coarse stratum rapidly, whereas
it would have only invaded ∼ 70% of a homogeneous
medium. Moreover, in both cases, the bypassing of ei-
ther the coarse or fine stratum leaves behind ∼ 50% of
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FIG. 9. Influence of viscosity ratio on (a),(b) breakthrough time and (c),(d) breakthrough nonwetting fluid
saturation. Plots show both metrics for imbibition (a),(c) without crossflow and (b),(d) with crossflow. (a),(b) Breakthrough
time plotted as a function of imposed Ca and µnw/µw. (c),(d) Breakthrough nonwetting fluid saturation plotted as a function
of imposed Ca and µnw/µw. The color scales are described in the caption to Fig. 3. For all panels, the normalized medium

length is `/
√
A = 8.3, the cross-section area ratio is Ac/Af = 1, and the pore throat ratio is ac/af = 8.1. The symbols are as

described in the caption to Fig. 2. The solid blue line indicates the value of Ca∗0 for (a),(c) and of Ca∗ for (b),(d).

the defending nonwetting fluid—a considerable amount
that is completely missed by the averaged model, which
does not capture any of the heterogeneous invasion be-
haviors that arise in stratified media, and therefore only
approximates the flow behavior near the transitional in-

vasion regime.
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FIG. 10. Influence of averaging permeability between strata on imbibition dynamics (a) without crossflow and
(b) with crossflow. Plots show the normalized wetting/nonwetting fluid interface position as a function of normalized time.
The open colored circles show the numerical solutions to Eqs. (1), (2), (3), and (6) to obtain the wetting/nonwetting fluid
interface in each stratum xi(t). The connected solid lines show the results of the network model. Green and magenta indicate
the fine and coarse stratum, respectively. The black line indicates a homogeneous medium with a permeability that is the
area-weighted average of the two strata (i.e. kavg = (Afkf + Ackc)/A) .The interface position x is normalized by the length
of the medium ` and time t is normalized by the characteristic invasion time τ ≡ `Aφ/Q. Diamonds indicate fine-preferential
invasion. Circles indicate transitional invasion when the difference between the initial interface velocity in each stratum is
≤ 20% the speed of the faster-moving interface. Squares indicate coarse-preferential invasion. The solid blue line indicates
the value of (a) Ca∗0 or (b) Ca∗ for each row. The normalized medium length is `/

√
A = 8.3, the cross-section area ratio is

Ac/Af = 1, and the viscosity ratio is µnw/µw = 6.2.
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V. DISCUSSION AND CONCLUSION

Our theoretical analysis and numerical simulations of the
full dynamics of forced imbibition in a stratified medium
quantify two distinct heterogeneous invasion behaviors,
consistent with our and others’ previous experimental re-
sults [47, 50–59]: at small imposed capillary number Ca,
the wetting fluid preferentially invades the fine stratum,
while at large Ca, the wetting fluid instead preferentially
invades the coarse stratum. We find that the transition
between these behaviors is well described by the transi-
tion capillary number Ca∗0 (Eq. 9) or Ca∗ (Eq. 11) – de-
scribing imbibition without and with crossflow between
the strata, respectively – as predicted by our previous
linear stability analysis [59]. Furthermore, our results
suggest that crossflow between adjacent strata shifts the
invasion dynamics to higher values of Ca, reflecting the
shift in the transition from Ca∗0 to Ca∗. Our numeri-
cal simulations enable us to examine how two key per-
formance metrics – the wetting fluid breakthrough time
tb and the nonwetting fluid breakthrough saturation SO
– depend on injection conditions as well as the struc-
ture of the medium. In a homogeneous, averaged model,
both quantities are minimized, as is often desirable, by
simply maximizing the imposed Ca. Our work makes
a starkly different prediction: to minimize both break-
through time and breakthrough nonwetting fluid satura-
tion, practitioners should tune Ca to near the transition
capillary number, thereby preventing one stratum from
being bypassed. Thus, we anticipate that this work will
help guide imbibition processes in energy, environmen-
tal, and industrial applications that seek to control both
tb and SO. Two prominent examples include pump-and-
treat remediation of contaminated groundwater aquifers
[40, 82] and enhanced oil/gas recovery [40, 41, 43, 83, 84];
in both cases, injected wetting fluids are used to displace
nonwetting fluid from heterogeneous subsurface media as
quickly and effectively as possible. Other examples in-
clude controlling moisture wicking in building materials
[21–23], layered microporous fabrics [85–87], and paper
microfluidics [20, 88–90],

Together, this work highlights how stratification fun-
damentally alters the dynamics of forced imbibition in a
porous medium. It represents a first step toward cap-
turing all the physics underlying these complex dynam-

ics, and necessarily involves some simplifying assump-
tions and approximations. For example, we treat the
nonwetting/wetting fluid interface in each stratum as be-
ing sharp; incorporating the influence of pore-scale het-
erogeneities and interfacial instabilities will be an impor-
tant extension of our work. Moreover, our model de-
scribes crossflow across strata within a given fluid using
a Darcy’s law model of transverse flow localized near the
interface between the strata; more detailed studies of this
crossflow, and incorporating crossflow with different flu-
ids into the model, will be a useful direction for future
work. While our model, as summarized by Eqs. (1), (2),
(3), (6), (7), and (8) is general, the numerical solutions
using the established Kozeny-Carman relation serve to
provide a specific example of the model predictions suit-
able for e.g., granular packings; applying our model to
media with more complex pore morphologies, for which
other relations for the permeability will be more suitable,
will be a useful extension of our work. Finally, while
our work focuses on a porous medium with two adjacent
strata as a model system, the results motivate further
studies of flow in media with even more strata.
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and P. Coussot, How bound water regulates wood drying,
Phys. Rev. Applied 14, 054051 (2020).
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