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Abstract

A two-fluid model is used to study the effect of point particles on the Rayleigh-Bénard stability
threshold in a laterally unbounded cell. Equal particles are steadily and uniformly introduced at
the top plate at their terminal velocity with a fixed temperature. Both velocity and temperature
are allowed to vary while, falling, the particles interact with the fluid. This interaction is modulated
by the ratio of the particle density and heat capacity to those of the fluid. Particles are found to
have a stabilizing effect, which increases with their concentration and density up to several orders of
magnitude above the single-phase stability threshold. This result is primarily a consequence of the
particle mechanical, rather than thermal, coupling, with the fluid. The particle initial temperature
has a strong effect on the undisturbed temperature distribution in the cell, which is a significant
factor for the stability of the system. The addition of particle greatly increases the dimension of

the parameter space necessary to characterize the flow.
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I. INTRODUCTION

The importance of particulate flows in nature and technology has motivated a rich litera-
ture devoted to improving our understanding of the physical processes that determine their
behavior. The major part of this work has dealt with isothermal systems [see e.g. 4, 25, 32,
for recent reviews|, but study of the effect of suspended particles on heat transfer processes
— and, in particular, on Rayleigh-Bénard convection, which is the topic of the present paper
— is gaining importance.

A significant impulse to this line of research was given by interest in the heat transport
properties of so-called nanofluids. In a series of papers, Nield and Kuznetsov studied natural
convection of nanofluids in different situations [35-38] on the basis of the mathematical
model proposed in Ref. [8]. This and related work is reviewed in [19, 23, 29], among others.
Nanoparticles are sensitive to processes, such as Brownian motion and thermophoresis, which
quickly become unimportant as the particle size grows to the micrometer scale and beyond.
In this size range particle inertia becomes significant and the homogeneous-fluid model often

adopted for nanofluids is no longer appropriate.

There are a few theoretical studies dealing with particle-resolved simulations of particu-
late Rayleigh-Bénard convection [see e.g. 18, 24, 48-50], but much of the work on this topic
has relied on extensions of the Lagrangian-Eulerian point-particle model widely used in the
study of adiabatic turbulence in particulate flow. Refs. [39, 40] studied the effect on the
Nusselt number of particles introduced at the upper plate of a cylindrical Rayleigh-Bénard
cell at a weakly turbulent Rayleigh number of 2 x 10°. The particle-fluid mechanical coupling
was found to be more significant than the thermal coupling in affecting the heat transfer
through the cell. This conclusion was also reached in Ref. [41] at the same Rayleigh number.
The Nusselt number was found to increase with the particle loading and the particle specific
heat reaching a maximum for a particle Stokes number of about one. This effect occurs in
spite of an attenuation of the turbulent kinetic energy and is due to the direct transport of
thermal energy by the particles which are picked up by the turbulent eddies near the hot
bottom plate and carried up by the rising plumes. When the Rayleigh number is increased
up to 10" the situation becomes more complex [42]. At such large Rayleigh numbers there
are large-scale circulating structures that carry the particle for a long time hindering their

settling. Furthermore, particles do not settle uniformly on the base of the cell but pref-
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erentially under regions of large upwelling. A very recent study focuses on micron-sized
particles and describes implication for the spreading of pollutants and contaminants [52].
Other situations have been studied theoretically by similar means. Refs. [16, 17, 44] studied
particle transport and settling in a differentially heated cavity at Rayleigh number up to
7 x 108 using one-way and two-way coupling. Ref. [26] studied the transport of particles in a
laminar thermal plume. Buoyancy effects caused by the direct heating of the particles have
been investigated in the context of solar energy harvesting [see e.g. 14, 43, 46].

The abundance of studies devoted to effects of buoyancy in particulate flows that can be
deduced from these examples is a witness to the practical importance of these phenomena
in nature (e.g., crystallization in magma chambers, snow and rain formation), technology
(e.g. metallurgy, fluidized beds, solar energy) and society (e.g., dispersion of pollutants).
Motivated by these applications, this paper presents a study of the linear stability of a lat-
erally unbounded particulate Rayleigh-Bénard system based on a standard two-fluid model.
Particles are assumed to be introduced steadily and uniformly at the upper plate and to
be removed at the bottom plate. The downward motion of the particles renders the spatial
operator of the problem non-self-adjoint so that the principle of exchange of stabilities pre-
vailing in the single-phase version of the problem [see e.g. 9] does not apply and some of the
eigenvalues are complex. The numerical solution of the eigenvalue problem shows however
that the eigenvalues with the largest real part, on which the stability of the system depends,
are real. Near marginal conditions, the complex eigenvalues have a negative real part and
do not affect the stability of the system.

The mathematical setup that we develop has some similarities with Rayleigh-Bénard
convection in a porous medium which has been studied extensively [see e.g. 5, 34, 51], both
in connection with geothermal energy and geological sequestration of carbon dioxide [see

e.g. 13, 22, 30, 45], and in view of its intrinsic scientific interest [see e.g. 3, 20, 21, 27].

II. MATHEMATICAL MODEL

One of the basic frameworks for the study of particulate flows is the so-called point-
particle model in which the finite size of the particles is disregarded. This model goes back
to the early days of the study of these systems [see e.g. 12, 31, 33| and has been widely

used ever since [see e.g. 4, 11, 15, 32]. Its use is justified when the fluid-particles mixture is

3
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dilute and the particles are much smaller than all the flow length scales. In the Eulerian-
Lagrangian version of the point-particle model, the effect of the particles is included in
the fluid equations as a sum of delta-functions centered at the particle positions multiplied
by appropriate sources, i.e., forces for the momentum equation and energies for the energy
equation [see e.g. 4, 11]. The position, velocity and energy of the particles, on the other hand,
are found by integrating the momentum and energy equations for each particle. It is not
straightforward to adapt this framework to the study of the linear stability of the Rayleigh-
Bénard problem, while an Eulerian-Eulerian description, with quantities pertaining to both
the fluid and the particulate phase described by continuous fields, considerably simplifies
the task. Conceptually, this latter description can be connected to the Eulerian-Lagrangian
one by replacing the sum over the sources representing the contribution of the particle
contained in a macroscopically small volume of the mixture by the product of the number
of contributing particles multiplied by average values of the sources. With the Boussinesq
approximation [see e.g. 6, 9, 34, the fluid momentum equation modified to include the effect

of the particles is then given by
pr(Ou+u-Vu) = -Vp+ u,Vu+ps [l - B8(T —T,)] g — nm,f. (I1.1)

Here u, p and T are the fluid velocity, pressure and temperature fields, f, 5 and py the fluid
viscosity, thermal expansion coefficient and density at the reference temperature 7,., and g
is the (vector) acceleration of gravity. The particles are assumed to be equal spheres with
mass m,, density p, and diameter d,, and to be distributed with a local number density n.
The force per unit particle mass exerted by the fluid on the particles is denoted by f. We

model this quantity in a fairly standard way as

f = , (11.2)

in which w is the velocity field of the particulate phase and 7, is the particle characteristic

time given by

d2
= (IL3)
18psvyrRe
with vy = ps/py the fluid kinematic viscosity. The factor rg., defined by
rre = 14 0.15Rey %7 | (I1.4)
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represents a finite-Reynolds-number correction to the Stokes drag force [see e.g. 10]; the
particle Reynolds number Re, is defined later in (I1.15). Consistently with the point-particle

approximation, the particle effect on the fluid continuity equation is neglected so that
V-u=0. (IL.5)

In a field framework, the ordinary time derivative following each particle of the Eulerian-
Lagrangian description is replaced by a convective derivative so that conservation of the

particle number density is expressed by
om+V-(nw)=0, (11.6)
while the momentum equation for the particulate phase is

8tW—|—W~VW:f—|—<1—%)g, (IL.7)
p

in which the last term represents the particle weight corrected for the buoyancy force.

Similarly to (II.1), the fluid energy equation is written as

T +u-VT = D;VT + nlr (11.8)

PrCpf
with ¢, the fluid specific heat and @), the heat transferred by the particles to the fluid, for

which we assume the form

Qp = ndohy, (T, —T), (11.9)

in which 7}, is the temperature field of the particulate phase. The heat transfer coefficient
h, is expressed in terms of the Nusselt number Nu,, for which we use a standard correlation
applicable to spheres, namely [see e.g. 7, 10, 47|

dyh
Nu, = 22
P kf

with k; the fluid thermal conductivity and Pr the fluid Prandtl number. The particle

=2+ 0.6 Re)/*Pr'/?, (I1.10)

temperature is treated in the lumped-capacitance approximation so that the energy equation

for the particulate phase is
MyCpp (0T + W - VT,) = =Q,, (I1.11)

with ¢, the specific heat of the particle material. On the basis of this equation we can define

a temperature relaxation time for the particles similar to (I1.3), namely

Tth — s (1112)
s
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in terms of which (II.11) becomes

T, +w-VT,=—" (I1.13)

A. Unperturbed state

We assume a base state in which the fluid is at rest and the particles are uniformly
distributed with a number density ny and fall at their terminal velocity wg given, from
(IL.7), by

Wy = ( — ﬁ) 7,8 = —wk, (I1.14)
Pp

with k a unit vector in the z direction directed upward against gravity. The particle Reynolds

number in terms of this velocity is given by

R — Bowo _ (/P — Dgdy (IL15)
P vy 18v3rge '

As discussed in Ref. [40] if, at the upper boundary, particles were introduced with zero
velocity and allowed to accelerate to their terminal velocity, a dense, non-uniform particle
layer would form which would obscure the interpretation of the stability results. To avoid
this inessential complication, we assume that particles are introduced at their terminal
velocity. This procedure is equivalent to assuming that the distance travelled by the particles
during the acceleration phase, of the order of wy7,, is much smaller than the cell height.
Accumulation of particles at the lower boundary is also assumed to be a negligible effect.
This aspect of the model may be justified if the particle-fluid mixture is dilute and the particle
size is much smaller than the cell height so that the thickness of the particle layer grows
very slowly essentially maintaining the temperature of the bottom plate. Both assumptions
are satisfied when reliance on the point-particle model is justified. It may also be noted
that a similar device to avoid the inessential effects introduced by the boundary layers
that form near the plates is adopted in the so-called “homogeneous models” of single-phase
Rayleigh-Bénard convection in which the top- and bottom-temperature boundary conditions
are replaced by periodic ones, with a temperature gradient imposed [see e.g. 1, 28].

The undisturbed fluid pressure field corresponding to the situation envisaged is found
from (II.1) as

m.,n
Vpo = ps[1+ B(Ty — T})] g + —2=2°

Tp
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in which Ty = Ty(z) is the undisturbed temperature field in the fluid. It is evident from
this result that horizontal variations of the undisturbed particle number density ny or fluid
temperature Tj would induce horizontal variations of the pressure field which, in turn, would
give rise to fluid flow. We return on this point in section I1C.

A consideration of the energy equations leads to the identificaton of two characteristic
length scales which play an important role in what follows. In the first place, the steady

version of the particulate energy equation (I1.11) may be written as
Ty = —Easzo + Tp0> (1117)

in which T, = Tj0(2) is the temperature field of the particulate phase in the unperturbed
base state. The length ¢, defined by

_ MpCppWo

g =20 11.18
dehpo ( )

characterizes the distance traversed by a particle during the time necessary for its tempera-
ture to equalize with that of the surroundng fluid. This interpretation is justified by noting
that, if AT is a typical fluid-particle temperature difference, (m,c,pAT)/(7d2hyAT) is the
ratio of the energy content of the particle to the rate at which this energy is transmitted to
the fluid, so that ¢ equals the particle fall velocity wy multiplied by this time scale. Secondly,
upon eliminating (), between the two energy equations (I1.8) and (II.11), we find

/
0¥y + ﬁaszo =0, (11.19)

[k [k, AT
L= |—2L o , 11.20
Wd%hpno non ( )

with AT a typical temperature difference as before. To elucidate the physical meaning of

in which

this length scale we rewrite (I1.19) in order of magnitude as

l
Agy ~ ﬁkfﬁszo, (I1.21)
in which Agy is the difference between the conduction heat fluxes in the fluid over a distance
L (which would of course vanish in the absence of the particles). Since L/{ is the number
of layers over which the fluid and particle temperatures equalize, this relation states that

the change of ¢ equals the mean heat flux induced by the particle temperature gradient.

7
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FIG. 1. The normalized undisturbed temperature distribution in the cell [Ty(z/H) — T¢|/(Ty, — T¢.)
for, from left to right, (T,x — 1¢)/(1), — T¢) = —1,0, 1 and 2. The particle volume fraction is
ap = 1074, the dimensionless particle diameter § = 0.01 and the particle Reynolds number Re, = 1;

the parameters R, E and Pr have the same values as in figure 2 below.

In other words, L is the characteristic distance over which the heat conduction in the fluid
is significantly affected by the particles. This interpretation is also supported by rewriting

(I1.20) as
AT

in which A is an arbitrary horizontal area. The left-hand side is the heat flow rate in the
fluid through the area A while the right-hand side is the number of particles in a layer of
thickness L, each one exchanging heat with the liquid at the rate @),.

Upon elimination of Ty between (I1.17) and (I1.19) we have

0, <—£8§Tpo + 0. Ty + éTm) =0. (11.23)

We assume that the particles are injected with the temperature 7}, at the top plate z = %H ,

with H the height of the cell. The solution of this equation may then be written as

Tyo(2) = Ty + Ky [1 — e MUHIP] 4 [ [1 — e7R U272 (I1.24)

8
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with K; and K, integration constants and

o= (1441445 (I1.25)
Y 2 ) '

From (II.17) we then find the temperature field in the fluid phase as
To(2) = T + Ky [1— (1 — Chy)e M HZD] 4 K [1— (1 — Chy)e ™27 (11.26)

The fluid temperature boundary conditions 7' = T, and T" = T}, at the top and bottom of

the cell, z = :I:%H , determine the integration constants as

(T =Tp) 1 = (1 = lhy)e ™) — Lho(Ty, — Th)

n Oky [1 — (1 — Ek’g)e_sz] — lky [1 — (1 — Ekl)e_le] '

(T —Ty) [1— (1= lhy)e ™ H] — ki (T}, — Tp)
Cky [1 — (1 = lko)e R2H) — Cho [1 — (1 — Lky)e—FH] "

It can be checked that, for neutrally buoyant particles, for which £ = 0, the fluid temperature

K (I1.27)

Ky = (11.28)

(I1.26) reduces to the single-phase linear solution

z

1
Ty = =(T; T)— (T, —T.)—. 11.29
0 2(h+ ) — (T )H ( )

For future reference we show some examples of the normalized temperature profile [Ty(z) —
T.]/(T, — T,) in figure 1 for four values of the normalized particle injection temperature,
(T,x—1.)/(T},—T.) = —1, 0, 1 and 2. The feature to note here is the major qualitative change
of the temperature distribution and, in particular, of its gradient, which has such a profound
effect on the stability problem. Very cold particles, with (7, — 1.)/(T, — T.) = —1, induce
a large and negative gradient in the lower part of the cell, which is destabilizing. As the
particle temperature increases past that of the of the cold plate, (T, —1.)/(T,—1.) = 0, and
approaches that of the hot plate, (T, —1.)/(1, — 1) = 1, the gradient gradually decreases
over a large portion of the cell. When the particles become even warmer, again a strong
negative gradient appears, this time in the upper part of the cell, which will be seen to be

destabilizing in certain ranges of the other parameters.

B. Linearization

We now linearize the mathematical model of the previous section by setting
u=u, p=p+p, T=TH+T, (11.30)

9
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n=mnyg+n, w = —wok + W', T, =Tw+T,, (I1.31)

with the primed quantities assumed small with respect to the corresponding base-state
fields carrying the index zero (for the fluid velocity smallness is understood in the sense that
|Ou'| < |u’ - VU'|). For simplicity, we omit to perturb the drag force and the heat transfer
coefficients evaluating them at base-state conditions. This slight inconsistency affects the
particle mechanical relaxation time via the Reynolds-number correction 7g, defined in (I1.4)
and the thermal relaxation time via the Nusselt number (I1.10), neither of which depends
strongly on Re, in the range investigated in this paper.

After subtraction of the base-state relations, and omitting quadratic terms in the per-

turbed quantities, the fluid model equations become

Vou =0, (11.32)
1 I
o' = ——Vp' + v,V — BT'g + &nova v mpwon'k, (I1.33)
Py Pf Tp PfTp
T -1
AT +.0.Ty = DyV2T' + -0y _ Pl 2, (11.34)

Prépf PrCpf Tth

In (IL.33) v, = Zd3 is the particle volume and, in (I1.34), /, is the vertical component of the

fluid perturbation velocity. The corresponding equations for the particulate phase are

o' — we0,n' +neV-w =0, (I1.35)
R
ow — wodw' = 2 (11.36)
Tp
/ / / T/ B TI;
8tTp — woasz +Ww - VTpo = - . (1137)
th

It is interesting to point out a similarity between the momentum equation (I1.33) and
the corresponding equation of the Brinkman model for flow in a fluid-saturated porous
medium [see e.g. 5, 34]. Indeed, written out in detail, the term multiplying w’ — u’ is

PpTMoUp 18ngv,rpge

= V. (I1.38)
PfTp dz !

The permeability x of a porous medium is defined in such a way that the pressure gradient
equals (—pug/k) times the (relative) velocity. For the present case in which the particles
apply a point force to the fluid, this definition leads to
2
dp

= —r 11.39
" 18ngvprre ( )

10
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which is precisely the inverse of the fraction in (I1.38). A similar interpretation can be
developed for the fraction multiplying 7" — 77 in the energy equation (I1.34), bringing this
term to a form similar to the one adopted in the local thermal non-equilibrium model of
heat transfer in fluid-saturated porous media. One difference is that, in a porous medium,
the solid phase is stationary while, here, it is falling. This is not a major difference as long
as the particles are uniformly distributed which, as explained in section III below, is the
situation explored in detail in this paper. Nevertheless, it may be noted that, in principle,
a spatial particle non-uniformity can give a mechanical contribution to the instability of the
system, an effect that is absent in a porous medium in which, at most, non-uniformities of the
solid-phase distribution can only affect stability by thermal processes. Another difference is
that, here, the particles can be introduced with an arbitrary temperature while, in a porous
medium, the solid phase temperature may lag that of the fluid, but is usually enslaved
to it, at least in the absence of radiation or radioactive heating. As shown in figure 1,
the undisturbed particle temperature can have a major effect on the fluid temperature
distribution in the cell which, as will be shown below, has some interesting consequences for

the stability of the system.

C. Boundary conditions

We envisage a cell with a height H and much larger dimensions (infinite in the limit) in
the horizontal directions. Since the fluid is confined within the cell, its normal velocity on
the horizontal boundaries must vanish. Standard conditions of prescribed temperatures at
the boundaries are also assumed so that

1
u, =0 and T'=0 at 2= :|:§H. (I1.40)

We consider the case of no-slip conditions at the boundaries so that, from the fluid continuity
equation [see e.g. 9],

1
=0, at z = iiH' (I1.41)

These boundary conditions on the fluid fields are the same ones adopted in the linear stability

0,

z

theory of the single-phase Rayleigh-Bénard problem.
For the particulate phase, the present mathematical model can describe various situa-

tions, all compatible with the postulated uniform base state. For example, particles can be

11
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introduced at the upper plate with a small spatial non-uniformity, a small temperature non-
uniformity, or both. As can be understood from the expression (II.16) of the undisturbed
pressure field, in these situations one would expect to encounter fluid flow for any tempera-
ture difference so that the stability threshold T}, — T, would effectively vanish. As a matter of
fact, with a horizontal particle number non-uniformity, the stability threshold may even turn
negative. While these are interesting situations well deserving to be investigated, a natural
first step in a study of particulate Rayleigh-Bénard convection is to consider how the fluid
stability is affected by particles introduced uniformly with a uniform temperature. This is
the problem on which we focus the analysis that follows. Thus, on the upper boundary at

z= %H, we impose that

T'=0, w. =0, (11.42)

in which w’ is the vertical component of the particle velocity field. No conditions can be
imposed on the disturbance velocity and temperature fields at the lower boundary z = —%H .
The values of T} and w’, there will depend on the interaction of the falling particles with the

fluid and must be found as part of the problem solution.

III. SET-UP FOR THE SOLUTION

To solve the perturbation problem posed in the previous section we start by taking the
double curl of the fluid momentum equation (I1.33) and considering the z-component of the

result which is, after using (11.32),

OV, = vV, — Bg [02T — V°T']
_&aoaz(v -w') = V2w, 4+ V2, L My [
Pf Tp PfTp

oZn' — V] . (IIL1)

We decompose the fields into horizontal normal modes each one of which is assumed to
depend on the horizontal coordinates (z, y) proportionally to a function f(z,y) with the

property that
@2+ =—kf, (I1L.2)

12



o with k& the modulus of a wave number in the horizontal plane. With this ansatz, V? = 9% — k?
o3 and the previous equation becomes

0102 — KW, = vy (0? — k*)*ul, — Bgk*T

J— 2 _ 1.2 AN

Pt Tp PrTp
274 Upon taking the divergence of the particle momentum equation we find, using (I11.32),
V.-w
0V - W) — wedo (V- w) = —— (IL.4)
Tp

o5 This equation shows that, as the particles fall from higher levels with velocity wg, V - w’
2 will tend to relax to zero on a time scale 7,. It is therefore evident that, if V- w' = 0 at
o7 the upper boundary, V - w’ will vanish for all times. An alternative way to reach the same
s conclusion is to note that, as is evident from section II B, the spatial operator of the problem
a9 is independent of time and, therefore, the general solution will be the sum of terms having
20 an exponential time dependence proportional to €, with the n’s eigenvalues of the spatial

21 operator. For V - w’, each one of these terms, W’(x), say, satisfies the equation

DW= wed W = 2 (I1L.5)

Tp

22 with solution

i _
2 1 , (I1L.6)

W'(x) = W(z, y) exp {_ (n ' l) o

Tp
x with W/(z,y) the boundary condition on W’ at the top boundary z = £H. If W/ is taken
284+ to vanish, W’ will vanish for all times and all z’s in agreement with the previous statement.
s With this choice, particle non-uniformities cannot develop in the bulk of the system, but
26 can still be introduced as boundary conditions on the upper plate. Indeed, the perturbation

27 number density mode corresponding to W' can be found from (I1.35):
nn' — wed,n' +ngW' =0, (II1.7)
28 and is

n'(x) = {n;(x, y) + 1,noW! [1 ~exp (— %ZUZ)Z)] } exp {—wio (%H - z)} . (IIL8)

20 with n}(x,y) the value of the n’-mode at the top boundary. As anticipated in section 11C,

200 this work focuses on the effect on the stability threshold of particles introduced uniformly

13
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at the top plate at the same rate as in the base state. Thus, we take nj = 0 so that n’ =0
as well. It should be noted that, with these choices, particle clustering, and the attendant
sweeping effect [see e.g. 2|, is eliminated as a potential factor affecting the stability of the
system. Situations in which W’ and n’ are non-zero require a separate investigation.

The problem is now reduced to four equations in the unknowns u’, w’, T, T7:

2 ]{22 [AN
B,(0% — k), = vy (92 — k)%, — BgkT’ — 220 (9; = K)oz =) (IIL9)
P Tp
u, —w!
!, — wed w, = =—= (I11.10)
Tp
T —T
0T + 1.0, Ty = Dy(0% — k)T’ — Lrm"0 Ly (1IL.11)
PrCpf Tth
T T
8tTI§ — ’LUQ@ZTI; + wlzasz() = - P . (11112)
th

It may be noted that (IIT.10) and (II1.12) can be solved to express w’, and T} in terms of u/,
and 7", respectively, so that the particle fields can be eliminated from (II1.9) and (III.11).
The resulting system of integro-differential equations can be reduced to differential equations
by an additional differentiation with respect to z. We do not take these steps as they do

not seem to lead to a significant simplification of the mathematical problem.

A. Nondimensionalization and nondimensional quantities

We nondimensionalize lengths in terms of the cell height H, velocities in terms of the

free-fall velocity vy = \/gBT), — T.)H, time in terms of H /vy and temperatures in terms of
Ty, — T.. Upon so doing, equations (II1.9) to (II1.12) become

(& — 1) [atu; —E@ R

Re, |[Pr_ , u, —w!

+ KT + S%(aﬁ —E)(u, —w)) =0,  (IIL.13)

e 4 - o z z
o, 5 Raazwz 5P 0, (I11.14)
T +u.0. Ty — $(a§ —kOT' + i(T’ -1 =0, (T11.15)
v Ra Pr St P
Re, [|Pr T -T)
T — 24/ —0,T 0. Ty — P —0. III.1
&g P 5 RCL8 P + ’UJZ& 0 Stth 0 ( 6)
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In these equations, and in all the relations that follow, time and space coordinates as well as
all the field quantities and operators are dimensionless but, to avoid unnecessarily encum-
bering the writing, we do not use a special notation to indicate this fact.

In addition to the particle Reynolds number Re, defined in (II.15), the parameters ap-
pearing here are the Rayleigh and Prandtl numbers, defined in the same way as in the

single-phase case,

T, —T,)H?
Ro= 98T —T)H” Vi (IIL.17)
viDy Dy
the ratio 0 of the particle diameter to the cell height
dp
== III.1
5= (11L.15)

the Stokes numbers for momentum and energy,

VFTp R6?  |Ra VT, 0°FE
Sty = — = ——1/ —, Sty, = vV Ra Pr, I11.19
H 18z V Pr th @t (IL1.19)

and the physical properties ratios

r="r = p=w (I11.20)
P PrCpf

Other than with the Stokes numbers, the effect of the particles appears via the the mass
loading and the analogous heat capacity quantity defined by

M= no0 = Rngu,, € =200 = Engu, . (I11.21)

Pf PrCpf
Equations (II1.13) and (III.15) show that these parameters modulate the effect of the par-

ticle Stokes numbers on the fluid. The product ngv, = ay appearing here may be seen as
the undisturbed particle volume fraction but, since the present model neglects the volume
occupied by the particles, ag should more properly be regarded as a dimensionless form of
the undisturbed particle number density. We may also note that
M _ 187’Ren0vp\/§ E _ 6 Nu,ngv, . (111.92)
St 92 Ra’ Stu,  62/Ra Pr

The first fraction in the ratio M /St,, will be recognized as the inverse of the Darcy number

Da = r/H?, with the permeability x defined in (I1.38). Finally, an additional independent
degree of freedom is necessary to characterize the temperature at which the particles are
introduced at the top boundary. For this purpose we define

T,—T
T =P ~¢ 111.2
P, — T, (TI1.23)
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The length ¢ defined in (I1.18) scaled by the particle diameter and the ratio ¢/ L appearing
in (I1.25) for the undisturbed temperature profile are

(  Re,PrkE 4 NoUp
L_rerbE L g prE, 0% 111.24
4, G6Nu, = L T\ 6Ny, (i124)

The ratio of the particle terminal velocity to the fluid free-fall velocity is

wyg Re, [Pr
— =—1\/ =" I11.25
vy 0 V Ra ( )

IV. NUMERICAL SOLUTION

The solution of equations (II1.13) to (III.16) is sought in the form of normal modes with
a time dependence proportional to exp(At), with the A’s eigenvalues of the spatial operator.
The second- and fourth-order spatial derivatives are discretized by central differences except
for the term 0?w’ at the node next to the bottom boundary where the lack of a boundary
condition for w! forces us to use a second-order accurate one-sided derivative. First-order
accurate upwind differencing was used for the first-order derivatives in the convective terms
in (III.14) and (II1.16). We ran several simulations with both 80 and 120 nodes to examine
grid convergence finding essentially indistinguishable results.

The generalized eigenvalue problem resulting from the discretization was solved using the
function eig(-, -) of MATLAB based on the generalized Schur decomposition of the matrices.
Even though the spatial operator of the problem is not self-adjoint, we found that the
dominant modes have real eigenvalues. For each wavenumber k we increased the Rayleigh
number starting from an appropriately small value until the real part of the dominant
eigenvalue became positive and repeated the search by gradually increasing k. The critical
Rayleigh number reported in the figures in the next section is the smallest value of Ra

identified in this way, typically with a relative accuracy of 0.1% or better.

V. NUMERICAL RESULTS

The introduction of particles greatly increases the number of dimensionless parameters
necessary to characterize the flow. Summarizing, in addition to the Rayleigh and Prandtl
numbers Ra and Pr, a minimal set of parameters would include the undisturbed particle

volume fraction ay, the particle Reynolds number Re,, the ratio J of the particle diameter
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FIG. 2. Critical Rayleigh number vs. undisturbed particle volume fraction aq for the droplets/air

case. The parameter values are R = 800, E = 3385, Pr = 0.71, T; = 0.

to the cell height, the property ratios R and E and the dimensionless temperature of the
injected particles, T = (T, — 1¢)/(T), — T¢). In addition to their number, another factor
that makes it difficult or impossible to isolate the effects of specific parameters, each one of
which would, by itself, permit a focus on specific physical effects, are the mutual relationships
among them. For example, the ratio of the two Stokes numbers is

St Nu, R
Sty,  3rge PrE’

(V.1)

The first factor depends (rather weakly, in the range of present concern) on the particle
Reynolds number, while the second group will be fixed once the physical properties of the
fluid and particles are specified. Thus, St,, and St;, cannot be varied independently without
changing other parameters. As can be seen from (I1.15), for a given kinematic viscosity, i.e.,
a given fluid, the particle Reynolds number depends on the particle-fluid density ratio R and
on the particle diameter. Thus, for a given § = d,,/H, the Reynolds number can be changed
either by changing the density ratio, which will affect the mechanical Stokes number, or by
changing the cell height H, which will affect the Rayleigh number. The mass and thermal
loadings depend on R and E, the latter dependent on Sty, once 6, Re,, Pr and Ra are
specified. Given the intricacies of this situation, the best we can do is to show some results
useful to illustrate broad trends. We focus on two particular cases, one, with R = 800,

E = 3385, Pr = 0.71, representative of a water-droplet/air system, and the other, with
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R =3, E=0.5 and Pr =5, representative of a sand/water system.

A general feature of all the results that follow is that particles have a stabilizing effect, as
can be understood from the similarity pointed out earlier with Rayleigh-Bénard convection
in a porous medium. The effect is quite strong when the density of the disperse phase
is much larger than that of the fluid as can be seen in figure 2 for the droplets/air case,
particularly when the particle diameter is small. Although in all cases the critical Rayleigh
number starts close to the single-phase value Ra = 1707 when the particle volume fraction
ap is small, it quickly rises with increasing ayg, the faster the smaller 6 and the larger Re,.
Figure 3 is analogous for the sand /water system, with the particles introduced at the cold-
plate temperature 77 = 0 as in the previous figure, and again with ¢ = 0.01 and 0.05, and
Re, = 1 and 10. In this case the effect of the particles takes longer to manifest itself, so
much so that the case with ¢ = 0.01 and Re, = 1 remains indistinguishable from the single-
phase system even at a volume fraction of 1% at which the droplet/air system is already
considerably influenced by the disperse phase. This is a general feature of systems in which
the density contrast is not very marked. Contrary to the previous case, this system appears
to be affected more by the increase of ¢ from 0.01 to 0.05 than by the increase of Re, from
1 to 10.

The stabilizing effect of increasing R is easily understood from the two momentum equa-
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FIG. 4. Examples of the velocity eigenvectors corresponding to the A = 0 eigenvalue for two
difference ratios, R = 3 and R = 30. The other parameters are ag = 0.01, 6 = 0.05, Re, = 1,
E=015R, Ty =0, Pr =5.

tions. The coefficient of the last term of (I11.13) is independent of R and, therefore, the
stabilizing effect of this term will mostly depend on the magnitude of the velocity difference
u, —w’. Asis evident from the particle momentum equation (III.14), the particle velocity

’|. Since particle

perturbation is a consequence of drag by the fluid, so that |u), — w!| < |u
inertia increases with R, the effectiveness of drag in reducing the difference u, —w! decreases.
The last term of (II1.14) gains thereby importance, which stabilizes the flow. (Indeed we
have found that setting w’, = 0, which increases the importance of the last term of (I11.14),
has a marked stabilizing effect.) This explanation is made evident by the eigenvectors cor-
responding to the eigenvalue with the largest real part A = 0, examples of which are shown
in figure 4 for R = 3 and R = 30. When the density contrast is small, the fluid and particle

eigenvectors are close to each other, but a significant difference appears for R = 30.
Increasing the particle Reynolds number has a stabilizing effect for the same reason as
increasing R. Increasing ¢ can be seen as amounting to increasing the particle response time
7, and, therefore, the effect on the particle momentum is similar as can be seen comparing
the two coefficients in (I11.14) which are the only ones that matter since the time derivative

term vanishes at marginal conditions.

For 6 = 0.05, the dimensionless wave number kH corresponding to the critical Rayleigh
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FIG. 5. The dimensionless wave number kH corresponding to the critical Rayleigh number of the
droplets/air case shown in figure 2. The parameter values are R = 3, § = 0.01, £ = 0.5, Pr = 5,
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number appears to be little affected by the particle volume fraction in the range shown in
figures 2 and 3. For example, for the sand/water case, kH grows from ~3.1 to ~ 3.25 for
Re, =1 and between ~ 3.1 and ~ 3.7 for Re, = 10. For § = 0.01, however, the dependence
is stronger, increasing from ~ 3 up to ~ 10 for both figures 2 and 3; an example for the
former case is shown in figure 5. For the sand/water system, an increase of this magnitude
requires a much larger volume fraction. A plausible explanation for this result is that the
mean inter-particle distance is of the order of d,/ ozé/ ® or, in dimensionless form, &/ ozé/ °,
a fact that introduces smaller and smaller spatial scales as the particle volume fraction is

increased.

Figures 6 and 7 show the effect of the particle temperature for 6 = 0.01 and the same
droplets/air and sand/water systems, with ag = 107* and Re, = 10 for the former and
ap = 0.01 and Re, = 1 for the latter. Since, as shown by (II.15), the particles act as a heat
source for the system, increasing their temperature would be expected to enhance stability
by decreasing the degree of stratification, which is indeed what is observed for the sand /water
system and, in the first part of the temperature range, for the droplets/air system as well. In
the latter case, however, the critical Rayleigh number reaches a maximum and then starts

to decrease with further increasing the particle temperature, a phenomenon that is also
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FIG. 6. Effect of the normalized particle temperature T,y = (T,x — 1¢.)/(T), — T¢) on the critical
Rayleigh number for the droplets/air system with § = 0.01, R = 800, E = 3385, Pr = 0.71,

Re, =1 and ap = 10~%. Note the lack of monotonicity as 7T » 1s increased.

encountered for the other system at larger values of 7). The explanation for this inversion lies
in the effect that the particle temperature has on the undisturbed temperature distribution
shown earlier in figure 1. As long as the temperature distribution is monotonically decreasing
with height, warmer fluid is transported upward by the fluid disturbance velocity in the
regions where v/, > 0 while colder fluid is transported downward where v/, < 0. Both effects
are destabilizing as, being lighter, the warmer fluid will tend to rise further and the colder
fluid, conversely, to sink deeper. Thus, the system is stabilized if the vertical temperature
gradient becomes less negative, which is a consequence of a moderate increase of T as can
be seen comparing the temperature distributions for 7y = 0 and 77 = 1 in figure 1. This
is the cause of the increasing critical Rayleigh number with T in part of figure 6 and in
figure 7. However, by inducing a non-monotonic undisturbed temperature distribution in
the cell, a further increase of T} creates a strongly negative temperature gradient in the
upper part of the cell, which favors instability, and the critical Rayleigh number starts to
decrease. The undisturbed temperature is non-monotonic also for 7y = —1, but the region
where it is growing with height is smaller than that where it is strongly decreasing and this
latter region prevails. Due to the difference in physical properties, in the case of the sand-

water system the undisturbed temperature becomes non-monotonic only for larger values of
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T’y which are somewhat unrealistic and, therefore, are not included in the range of T’y values
covered in figure 7. We have verified however that the critical Rayleigh number starts to

decrease for sufficiently large values of T also for this system.

Figure 8 shows an example of the dependence of the stability threshold on the mechanical
Stokes number, varied by varying the ratio R of the particles-to-fluid densities. Here 6 =
0.05, ap = 0.01, ¢pp/cpy = 0.15, Pr = 5 and Re, = 1. In descending order, the lines
correspond to T = 1, 0 and -1. As St,, increases with R, the fluid-particle velocity difference
increases as explained before, which stabilizes the system. As shown in figure 1, warm
particles, with 77 = 1 reduce the undisturbed temperature gradient in the cell and therefore
produce a stronger stabilizing effect. On the other hand, very cold particles, with Ty =
—1, greatly increase the negative temperature gradient in the lower part of the cell, which

diminishes their stabilizing influence.

An example of the effect of the thermal Stokes number St;,, varied by varying the heat
capacity ratio E, is shown in figure 9 for the droplets/air (solid line) and the sand/water
systems. Here = 0.05, ag = 0.01, 77 = 0 and Re, = 1. The general trend is similar to that
seen before in figure 8 when the density ratio R is varied, and for a similar reason. Indeed,

the ratio £/St, in the fluid energy equation (II1.15) is independent of E, while a large E, or
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a large St;,, hinders the equalization of the particle and fluid temperatures. This increases
the difference 7" — T in the fluid energy equation and, with it, the effective energy source,
which tends to destabilize the system. This explanation is confirmed by the appearance of
the eigenvectors, examples of which are shown in figure 10. Analogously to figure 4, we see
that the temperature difference is small for the sand/water case, for which F = 0.5, while

it becomes very large for the droplet/air system for which £ = 3385.

VI. SUMMARY AND CONCLUSIONS

This paper started with the presentation of a mathematical model of the two-fluid type
for the study of the Rayleigh-Bénard convection in a laterally unbounded cell with the
bottom plate kept at a higher temperature than the top one. The general model was then
specialized to the situation in which particles are introduced steadily and uniformly at the
top plate at their terminal velocity. The effect of the particles on the stability threshold of
the system was investigated by a standard decomposition into normal modes.

The addition of particles greatly enlarges the parameter space of the problem and it has

not been possible to carry out an exhaustive parameter study. Rather, we have focused
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FIG. 10. Examples of the temperature eigenvectors for the droplet/air and sand/water system for

ag = 0.01. The other parameters are 6 = 0.05, T,y = 0, Re, = 1.

ae on two specific cases in which the physical properties are similar to those of a sand/water
a5 system and to those of a water-droplets/air system. The numerical results have shown that
a6 particles tend to inhibit the onset of natural convection thereby stabilizing the system. This

a7 effect can be understood noting that the particles resemble a distributed drag force and heat
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source in the fluid, similarly to a porous medium. An interesting result was found to occur
when the particles are injected at a temperature higher than that of the bottom plate. In
this case the undisturbed temperature distribution ceases to be monotonic with the effect
that, all other parameters being the same, the system is destabilized.

Other situations can be studied within the framework of the mathematical model outlined
in section II. For example, it may be expected that, if particles are introduced non-uniformly
at the top plate, or with a variable velocity, or with unequal density, they would promote,
rather than hinder, the onset of convection. A similar, but particularly interesting question
due to the competition between physical effects, would be the effect of introducing particles

at different temperatures. These problems will be investigated in future work.
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