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Flapping flight and swimming are increasingly studied both due to their intrinsic scientific richness
and their applicability to novel robotic systems. Strip theory is often applied to flapping wings,
but such modeling is only rigorously applicable in the limit of infinite aspect ratio (A) where the
geometry and kinematics are effectively uniform. This work compares the flow features and forces of
strip theory and three dimensional flapping foils, maintaining similitude in the rolling and twisting
kinematics while varying the foil A. We find the key influence of finite A and spanwise varying
kinematics is the generation of a time-periodic spanwise flow which stabilizes the vortex structures
and enhances the dynamics at the foil root. An aspect-ratio correction for flapping foils is developed
analogous to Prandtl finite wing theory, enabling future use of strip theory in analysis and design
of finite aspect ratio flapping foils.
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I. INTRODUCTION

Biologically inspired robotic systems offer benefits in
their flexibility, maneuverability, energy savings, and
speed. However, development of bio-inspired micro air
vehicles (MAVs) and autonomous underwater vehicles
(AUVs) requires a detailed understanding of unsteady
three-dimensional fluid mechanics of propulsive flapping
at intermediate Reynolds-number (Re ≈ 1000 − 10000).
Because of the cost and complexity of three-dimensional
(3D) simulations, most propulsive flapping studies are
conducted using a strip theory approach which assumes
a simplified two-dimensional (2D) flow across the wing
sections. However, this approach can lead to poor en-
gineering predictions for the forces and efficiency due to
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the inherently 3D nature of the geometry, motion, and
flow structures [1].

The key 3D fluid dynamic effects on a finite flapping
foil undergoing 3D motion are spanwise flow, tip vortices,
and 3D instabilities of the vortex wake. Spanwise flow
promotes the fluid dynamic interaction between sections
of the wing which can result in high lift generation [2–4].
The exact mechanism of this high lift on bird or insect
wings is still highly debated between the spanwise flow
[3, 5, 6] and downwash-induced flow caused by the tip [7–
9]. In addition, the tip of a finite foil definitely produces
non-planar wakes which have been shown to influence
stall on an impulsively translated flat plates [10], pitch-
ing flat plates [11], revolving wings [12–15] and a finite
foil undergoing 2D kinematics [16]. Finally, even on an
infinite wing with no tip effect or mean spanwise flow,
3D evolution of the vortex wake limits strip theory ap-
plications. Zurman-Nasution et al. [17] showed there is
only exist a narrow band of kinematics, for instance at
Strouhal number ≈ 0.15− 0.45 for heaving-pitching mo-
tion, where the wake remains two-dimensional and 2D
force predictions are accurate. In this 2D range, the
motion of the foil stabilize the spanwise-perturbed 3D
structures found in the separated wake of a stationary
foil, but 3D structures reappear when the amplitude of
motion increases the shed vortex circulation above a 2D
viscous stability limit. This secondary instability along
spanwise-aligned vortex tubes also causes the transition
from 2D to 3D flow in circular cylinder wakes [18, 19].
Despite the importance of these effects, wake analysis for
finite foils undergoing 3D kinematics is still rare because
of the greatly reduced simulation cost when using 2D
strip theory.

The key geometric parameter in the flow and forces on
3D flapping foil is the aspect ratio, A, defined as the
square of total wing span length over the planform area.
Chopra [20] provided potential flow calculations indicat-
ing that decreasing A would reduce thrust coefficient
and efficiency. On the contrary, move recent experiments
by Fu et al. [21] show that the circulation over the tip
velocity increases with A but drops at A = 4, poten-
tially explaining why many insects have low A wings.
These contradicting results show the need for simula-
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tions detailing the A influence on the flow and forces of
wings undergoing 3D kinematics. Pressure and force co-
efficients of pitching plates were found to collapse with a
scaling parameter (1+c′B)−1, where a constant c′ is mul-
tiplied by a parameter B representing the amplitude-to-
span ratio [22] or the inverse aspect ratio 1/A [23]. This
is similar to Prandtl finite wing theory although Smits
[24] emphasizes that this added mass scaling is somehow
misleading because it neglects the circulatory forces. In
addition, these studies and others such as [25, 26] which
use purely 2D kinematics cannot study the contributions
of 3D kinematics on the flow features and force scaling.

The ability to make 3D predictions from 2D simula-
tions using analogous concepts to Prandtl’s finite wing
theory is an intriguing approach for speeding up compu-
tations, but it must be based on a strong understanding
of the influence of A on the unsteady 3D flow. In this
work, we provide a detailed analysis using 3D simula-
tions of rolling and twisting foils; a combination of 3D
kinematics that imitates the natural flapping motion of
animal’s flippers [27, 28] but can also be directly mapped
to simple pitch and heave motion of each section. The
addition of 3D twist to the foil kinematics also relates the
current work to previous studies which indicate improved
lift [29, 30] and thrust coefficients [31, 32] for flexible foils.
The instantaneous and phase-averaged vortex structures
in the tip flow and wake, the spanwise flow along the foil,
and the unsteady sectional forces on the foil are studied
while aspect ratio is varied. Finally, we relate the sec-
tional forces on the 3D foils to Prandtl finite-wing the-
ory in order to scale the 2D strip theory force predictions
onto 3D flapping wings.

II. METHODOLOGY

II.1. Geometry and kinematics

This study uses a NACA0016 foil with chord length
C, thickness D = 0.16C, pivot point at 0.25C from the
leading edge, a rectangular planform section with span
length S, and a tapered elliptic tip with a length of 1C
as shown in Fig. 1. We will characterize the aspect ratio
by S/C which is varied from 1 . . . 6. The foil is placed
in a uniform flow with constant inflow speed U∞ and
a fluid density ρ and the chord-based Reynolds number
Re = U∞C/ν = 5300.

The 3D foil is prescribed to move in either pure roll
or a combination of roll and twist, where roll is defined
as rigid rotation around the streamwise axis x and twist
is rotation around the spanwise axis z with linearly in-
creasing amplitude towards the tip, Fig. 1.

In a strip theory approach, these 3D kinematics are
converted into 2D kinematics for each section along the
span. The 2D sectional kinematics can be linearized for
small amplitude roll to simple heave H(t) and pitch θ(t)
motion in each spanwise plane, with functional form

H(t) = a sin(2πft) (1)

θ(t) = θ0 sin(2πft+ ψ) + θbias (2)

θ0 = sin−1
(
a/(0.75C)

)
(3)

where f is the cycle frequency of flapping and a and θ0
are the amplitudes of heave and pitch at each section.
The term θbias = 10◦ is a pitch bias angle used to en-
sure non-zero average mean lift as in Zurman-Nasution
et al. [17] and the phase difference is set to ψ = 90◦ to
maximize performance [33]. In order to isolate the ampli-
tude (which varies section by section) from the frequency,
these motions are characterized as

StD =
Df

U∞
AD =

2a

D
(4)

where StD is the thickness-based Strouhal number, AD
is the thickness-based amplitude and in this work we fix
StD = 0.3. Combining these two gives the commonly
used amplitude-based Strouhal number StA = StD · AD
[34] which is proportional to the maximum heave velocity

on a section Ḣmax = 2πfa scaled by the incoming flow
velocity.

Strip theory assumes that both the geometry and the
motions change slowly along the span. The geometric
constraint is unavoidably violated at the tip, but the
kinematic condition is still a concern over the rectan-
gular region of the planform. Slowly varying kinemat-
ics are contingent on large aspect ratio; a relationship
that can be made explicit by noting that the pitch am-
plitude at each section is θ0 = θT z/S where θT is the
twist amplitude at the foil tip, Fig. 1. Therefore the
scaled spanwise derivative of the 2D strip theory kine-
matics is C∂zθ0 = θTC/S. The larger the aspect ratio,
the smaller this derivative, and the better strip-theory
should apply. Similarly, for small roll amplitude arc-
length R, the sectional heave amplitude is a = Rz/S
and therefore ∂za = R/S. To focus on the aspect ratio
effect, we prescribe a constant roll amplitude R = 0.3C
from which all other amplitudes are determined.

Another way to measure the spanwise change in 2D
kinematics along the foil, used recently by [5], is the sec-
tional angle-of-attack α

α(t) = tan−1
( ˙H(t)/U∞)

)
− θ(t) (5)

Because ˙H(t) increases towards the tip, so do the sec-
tional angle-of-attack α and it’s time derivative α̇. Fig.
2 shows α̇max increases linearly along the span, while
trigonometry causes the change in αmax to taper off near
the tip. In either case, the spanwise derivative of these
parameters depend inversely on S/C and we show they
strongly impact the flow three-dimensionality.

II.2. Numerical methods

The computational package used for this research is
the Boundary Data Immersion Method (BDIM). Wey-
mouth and Yue [35] introduced BDIM using a robust
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(a)

(b)

FIG. 1: (a) Kinematic illustration for a 3D foil undergoing rolling and twisting motions whose cross sections are
comparable to 2D foil experiencing linearly increased heave and pitch amplitude along the span. (b) Illustration of 4

phases in one cycle period (T) for pure rolling kinematic and twisting-rolling combination.

FIG. 2: The gradient of maximum angle of attack αmax
(π rad) towards the tip is positive with linear rate α̇max

(π rad/t).

and efficient Cartesian grid with implicit LES (iLES)
solver. BDIM uses analytic meta-equations for an im-
mersed body in multi-phase flow with a smoothed inter-
face domain using an integral kernel. BDIM has been
validated, proved suitable for moving bodies and capable
of resolving the flow at Re = 105 within 5% error for
thrust prediction [36].

For computational consistency, the 2D and 3D simu-
lations use the same solver. Symmetric conditions are

enforced on both spanwise boundaries for the finite foil
simulation. The domains extend from the pivot point to
4C at the front, 11C at the rear, 5.5C at the top and
bottom. Meanwhile, the tip distance to maximum span-
wise domain is 3.5C. A grid convergence study with an
infinite foil with span length of 3C and periodic spanwise
boundary conditions and a 2D foil are used to verify the
grid convergence for the lift and drag coefficients

CL =
Fy

0.5ρSpU2
∞

CD =
Fx

0.5ρSpU2
∞

(6)

where Fx, Fy are the integrated fluid force in the global
coordinate directions and Sp = CS+ π

4C
2 is the foil plan-

form area. Fig 12 in the appendix shows the standard
deviation of the forces predicted using C/∆x = 128 are
within 3% of simulations with double the resolution in
both 2D and 3D and this resolution is used for all results
presented in this work.

III. RESULTS

In this section, we compare the flow-structure evolu-
tions and forces of foil undergoing rolling and twisting-
rolling motions over one cycle, across four aspect ratios.



4

III.1. Vortex structures

This section presents the qualitative features of the
flow structures induced by the 3D kinematics on the fi-
nite foil. As a representative result, Fig. 3 visualizes
an instantaneous snapshot of the turbulent vortex wake
using λ2 iso-contours colored by the spanwise vorticity
ωzC/U∞ for an intermediate aspect ratio S = 3C and
for both 3D kinematics. The small turbulent structures
indicating vortex breakdown are present for both kine-
matics. In order to focus on the most important as-
pects of the wake, the flow was phase-averaged at phases
t/T = 0, 1/4, 1/2, 3/4. Fig. 4 shows this simplifies the vi-
sualization, revealing the dominant structures which oc-
cur every cycle and removing higher frequency turbulent
structures related to vortex breakdown. The pure roll
and twist-roll cases have distinct vortex structures due
to their different kinematics, but the periodic formation
of the vortices such as the leading-edge (LEVs), trailing-
edge (TEVs) and tip vortices are much more clear in the
phase-averaged representation.

Both the instantaneous flow (Fig. 3) and the phase-
averaged flow (Fig. 4) show strong three-dimensionality
in their vortex structures along the span. Because the
amplitude of motion increases linearly along the span, the
sectional Strouhal StA increases linearly as well. Start-
ing from the root, we see the vortices are initially co-
herent and skewed obliquely, tilted further downstream
as you progress towards the tip. This is especially clear
in the near phase-averaged wake, where coherent struc-
tures persist all the way to the tip. Both the coherence
and skew are in direct contrast to the complete 3D vor-
tex breakdown found in the wake of infinite foils heaving
and pitching with the same amplitudes [17], and there-
fore this must be due to the spanwise derivative of the
kinematics not present in the infinite foil case. Indeed,
the oblique near-wakes resembles the vortices of delta
or swept wing and hints that the spanwise derivative of
the kinematics induces a stabilizing spanwise flow —as
found in swept wings and rotating foils at low revolu-
tion angles [13]. For this finite foil, the far wake vortex
structures break down into 3D non-periodic turbulence
above section z/S = 0.27. This corresponds to a sectional
StA = 0.3 where 2D uniform structures were observed for
both pure heaving and heaving-pitching combination for
the infinite foil cases in Zurman-Nasution et al. [17].

Contrasting the pure roll to the twist-roll case, we see
that the tip vortex flow of the twist-roll case has less
small-scale structures. The correspondence between the
instantaneous and phase-averaged plots shows that the
LEV vortex is essentially periodic near the foil, and does
not breakdown until further downstream in the wake.
This is due to the twist motion being out of phase with
roll, reducing the angle of attack on the tip, Fig 2, and
thereby reducing the strength of the tip vortices. This
is further quantified in the next section. In contrast,
the pure rolling TEV begins to breakdown as soon as it
separates, see Fig. 3 and supplementary videos. This
also implies that the foil tip is more lightly loaded in

Roll Twist-roll

FIG. 3: Instantaneous vortex wake visualization at
t/T = 0.5 for both kinematics and S = 3C. Vortices are

visualized with isocontours of λ2 colored by
dimensionless spanwise vorticity ωzC/U∞. Free-stream
flow U∞ is flowing right to left and spanwise scale given

in z/S.

the roll-twist case, reducing the lift forces that can be
achieved at compared to rolling kinematics, as will be
discussed further in the following sections.

III.2. Aspect-ratio effects

This section presents results on the influence of A on
the flow and forces. Fig. 5 compares the instantaneous
wake structures for S = 3C and S = 6C for a foil un-
dergoing pure roll. Note that the 2D kinematics on each
z/S slice match between these cases, e.g. StA = 0.3
on z/S = 0.27 for both foils. Therefore the strip the-
ory solution is identical for the two cases, while the 3D
simulations show obvious important differences. Because
the span is twice as long, the spanwise derivatives of the
kinematic parameters StA, α, α̇ are half as strong, weak-
ening the three-dimensionality of the flow. First, the
turbulent tip flow and wake breakdown is less uniform
in the S = 6C case, with a few vortices without small-
scale structures identifiable over a longer span length. In
addition, the center-line (z = 0) reversed Kármán vor-
tex street is completely different between the 3C and
6C cases. As the foil is motionless at the centerline,
these vortices would not even appear in a strip theory
approach, and as they are far from the tip, they isolate
the influence of the spanwise derivative of the kinemat-
ics on the 3D flow. Fig. 5 shows that the S = 6C foil
allows characteristics of the infinite foil to appear, includ-
ing very weak and 3D vortex structures in regions with
very low amplitude [17]. This area is dominated by the
stationary foil vortex-shedding induced only by the bias
angle of attack θbias = 10◦.
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Motion t/T = 0 t/T = 0.25 t/T = 0.5 t/T = 0.75

Roll

Twist-
Roll

(a)

FIG. 4: Phase-averaged velocities for pure rolling and twisting-rolling motions for S = 3C. Visualization as in
Fig. 3. See Supplemental Material at [URL ”Video1: 3C”] for comparison of pure rolling and twisting-rolling

motions for S = 3C.

These effects are reiterated and quantified in Fig.6
which shows the phase-averaged flow across the full range
of tested S/C. As before, the kinematics for each z/S
slice match across the foil sizes. The plot also quantifies
the viscosity scaled circulation of the tip vortices (Γx)
and centerline vortices (Γz). The circulation is computed
by integrating the phase-averaged vorticity over a rectan-
gular slice through the vortex cores (see Fig.6 insets) and
are kept the same size as span is varied, but not between
Γz and Γx. The tip vortices are seen to dominate a larger
portion of the flow as A is reduced, as expected. How-
ever, the relative strength of the tip vortices only grows
by a factor of 2 as the span is reduced from S = 6C to
S = C for either motion type. A much stronger effect
is observed in the center-line (z = 0) circulation of the
vortices in the reversed Kármán street. Fig.6 quantifies
that these vortices strengthen by an order of magnitude
when the span is reduced from S = 6C to S = C for the
pure roll case, and nearly two orders of magnitude for
the twist-roll case.

To further quantify the impact of A on the flow,
Fig.7 shows the phase-averaged pressure coefficient Cp =
P/(0.5ρU2

∞) at three slices along the span for the twist-
roll case. The roll case is similar and so not shown. We
find that all A produce a similar Cp distribution near
the tip (z/S = 1), whereas the near-root pressure coeffi-
cient is substantially higher for lower aspect ratios. This
is in agreement with the wake circulation findings and
supports that the near-root sections are dominated by
the spanwise derivative in the kinematics.

Finally, Fig. 8 shows the phase-averaged lift coefficient
CL for all span lengths and both pure roll and twist-
roll kinematics over a motion cycle. First, we note that
the relative magnitude of the lift is substantially reduced
when adding twist to the kinematics. This is because
twist is out of phase with roll, reducing the angle of at-
tack (Fig. 2) and therefore unloading the foil. Comparing
the results within each kinematic case, we can see that
despite the large differences in the flow and the Cp dis-
tribution, the lift coefficients are quite similar.

A clear difference in the force response shown in Fig. 8
is the large bumps in CL on the shortest foil at around
t/T = 0.4, 0.9 during roll and t = 0.6, 0.1 during twist-
roll. These large lift forces are due to the LEV remaining
near the foil longer, and thereby reducing the local pres-
sure substantially.

III.3. Spanwise flow

The previous section shows that foils with the strongest
spanwise derivatives in their kinematics have stronger
three dimensionality which increases the strength of their
wake vorticities and increases the stability of their LEV,
both of which increase pressure forces. Previous work in
revolving wings suggests that spanwise flow helps stabi-
lize and keep LEVs attached by draining their vorticity
outboard [13, 37] and we next investigate if spanwise flow
is induced by the kinematic derivatives on 3D flapping
wings.
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3C 6C

FIG. 5: Instantaneous flow at t/T = 0.5 for finite foils
undergoing the same pure roll kinematics. Labels
contrast the relatively weaker wake vortices on the
centerline (z = 0) and less turbulent tip flow on the
S = 6C foil compared to S = 3C. Visualization as in

Fig. 3.

We define the sectional spanwise flow velocity over the

foil surface as US
±

= 1
C

∫ C
0
US(x±)dx where US is the

flow velocity tangent to the foil surface and perpendicular
to the free stream direction, x is the position on C, and
± represents either the velocity on the upper or lower
surface of the section. Fig. 9 plots this quantity scaled
by the maximum sectional heave velocity Ḣmax ∝ z/S
at each section along the span.

The figure shows US is roughly proportional to Ḣmax ∝
z/S from the mid span to the tip for both pure roll
and twist-roll. As the span length increases (i.e. for
higher A) this relatively flat region occurs earlier and
the strength of the spanwise velocity decreases, both of
which indicate a more 2D flow. Close to the root, both
the heave velocity and spanwise velocity go to zero by
symmetry, but their ratio is finite and ∼ 1 . Also note the
strength of the spanwise velocity for twist-roll is smaller
than for pure roll due to relative decrease in the kinematic
derivative in that case. The drop in spanwise velocity for
S = 6C at z = S shown in Fig. 9 marks the location
of strong vortex breakdown in Fig. 5 and indicates that
the small spanwise derivative of the kinematics for this
large aspect ratio case is not sufficient to overcome the
spanwise vortex instabilities found on an infinite foil [17].

IV. DISCUSSION

The spanwise derivative in the 3D flapping foil kine-
matics has been shown to induce a spanwise flow of
proportional strength and this has a strong impact on

the flow field. This spanwise flow overwhelms the docu-
mented behaviour of flapping infinite foils where the vor-
tex strength is proportional to the scaled kinematic veloc-
ity StA, and vortex instabilities leading to 3D structures
are found at both very low and high StA [17]. On a finite
wing undergoing 3D kinematics, the spanwise flow helps
distribute vorticity along the span. As the foil span be-
comes shorter, it greatly increases the strength of the vor-
tices at the root and increasing the LEV stability. Only
the longest span length S = 6C shows similar behavior
to infinite foils since the spanwise derivatives and span-
wise flow are small. Nominally these values will falls to
zero as the span length grows infinitely. Even for S = 6C
the vortex structures are generally 3D and it is only safe
to apply 2D strip theory to cross sections experiencing
medium Strouhal number StA ∼ 0.3.

However, the forces on the foil are much less sensitive
toA than the wake, implying that it could possible for a
simple model to modify 2D strip-theory sectional forces
to approximately predict 3D finite foil loading. Con-
sider the sectional lift coefficient Cl(z/S) =

∮
Cpnyds/C,

where s is the 1D path around the z/S foil section, such

that CL ∝
∫ S
0
Cldz/S. Fig. 10 shows the peak Cl at

each section along the span of the finite wings as well as
from 2D simulations with the same sectional kinematics.
The kinematics at each value of z/S match for all 3D
and 2D simulations but the sectional coefficients do not,
meaning the strip theory predictions must be modified
to represent finite wing sectional forces.

The unsteady Bernoulli equation suggests that the
peak sectional lift should scale with the peak kinetic en-
ergy of the foil section, i.e. 1

2ρḢ
2
max. Fig. 10 tests this

scaling by plotting peak Cl against a normalized sectional
kinetic energy U2

k = (Ḣmax/U∞)2 ∝ St2A. We see that
this scaling hold linearly for the 2D strip theory, and
monotonically for the 3D sectional lift. Indeed, the slope
of the peak sectional lift a3D = dCL/d(U2

k ) changes with
the aspect ratio, tending towards the strip theory slope
as S/C increases. This lift-curve slope, a3D can be de-
termined using Prandtl’s lifting line theory[38] as,

a3D =
a2D

1 + a2D/πA
(7)

where a2D is the lift-curve slope of the 2D case. This
finite-length correction developed for steady flow works
surprisingly well to correct the peak sectional lift on flap-
ping foils, Tab. I. The only deviation greater than 10% is
the S = 6C roll case, where the lack of significant span-
wise flow to stabilize the extremely strong tip vortices
has greatly reduced the sectional lift on the end of the
foil. In contrast, the corrected strip theory prediction
have less than 6% error for all the 3D foils undergoing
twist-roll case because of its more moderate loading.

In addition to the slope, the peak sectional Cl at the
root (z = 0) also depends on S/C, as isolated in Fig. 11.
The forces for finite S/C fit a simple power law extremely
well, tending to zero as S/C becomes large in agreement
with the strip theory result.
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Motion 1C 2C 3C 6C

Roll

Twist-roll

FIG. 6: Phase-averaged flow for pure roll and twist-roll motions for different aspect ratios at t/T = 0.5. Flow
visualization as in Fig. 3. Inset figure I1 shows the spanwise vorticity on a center-line slice and I2 shows the

streamwise vorticity on a slice through the tip. The inset tables give the viscosity-scaled circulation of the shed
vortices. See Supplemental Material at [URL for ”Video2: Roll AllSpans” and ”Video3: TwistRoll AllSpans”] for

the comparison of S/C = 1...6 for pure rolling and twisting-rolling motions.

(a) (b) (c)

FIG. 7: Phase-averaged pressure coefficient of twisting-rolling foil for cross sections z/S = (a) 0.02, (b) 0.27 and (c)
1.0, at t/T = 0.5 for upper and lower side of the foil. Section close to tip is kinematic dominated, whereas the one

close to root is gradient dominated.
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TABLE I: 3D slope (a3D) change based on aspect-ratio compared to a2D for t/T = 0.5. The slopes are measured
using best-fit linear trend lines to the peak sectional lift from the root up to z/S = 0.8. Data from t/T = 0 produce

the same trend (not presented here).

Roll at t/T = 0.5, a2D = 6.52 Twist-roll at t/T = 0.5, a2D = 5.55
s/c AReff a3D(pred) a3D(sim) |ε| (%) a3D(pred) a3D(sim) |ε| (%)
6 7.2 5.07 4.06 24.8 4.46 4.47 0.2
3 4.2 4.37 4.37 0.2 3.92 4.10 4.4
2 3.2 3.97 4.13 3.9 3.59 3.81 5.9
1 2.2 3.38 3.74 9.5 3.10 3.18 2.5

(a) (b)

FIG. 8: Phase-averaged lift coefficient CL evolution for
various S/C of foil undergoing (a) roll and (b) twist-roll

motions over one cycle.

V. CONCLUSION

In this work, we analyze the vortex structures and force
characteristics of foils with prescribed rolling and twist-
ing kinematics. Using three-dimensional Navier-Stokes
simulations and matched kinematics per cross-section,
we study the influence of increasing As up to an ide-
alized infinite span and compare it with the strip theory
(2D analysis). If the A is sufficiently long, the flow in-
duced by a finite foil undergoing 3D kinematics shows
characteristics of the infinite foil flow. However, this flow
is still generally 3D and strip theory is only applicable
to the sections experiencing Strouhal numbers with 2D
characteristics StA ≈ 0.3 [17]. By decreasing theA, the
spanwise derivative in the applied kinematics increases,
inducing a strong spanwise flow on both upper and lower
sides of the foil (in opposite directions) which promotes
flow interaction between the sections. The shortest as-
pect ratio (S/C = 1) therefore produces much stronger
vortices, particularly at the root where they are 10-90
times stronger than the longest finite foil (S/C = 6) de-
pending on the kinematics applied.

Overall, we find that adding a 90◦-lag twist can reduce
the vortex breakdown produced by pure rolling motion
near the tip. Twist also delays the LEV detachment.
It indicates that small chordwise flexibility towards the
tip, as seen in the animal’s flipper or bird’s wing, likely
promotes more stable vortex structures and possibly im-
proves force production.

The forces on the finite wings are also sensitive to A,

(a) (b)

FIG. 9: Sectional spanwise velocity normalized by the
heave velocity at each z/S section for (a) roll, and (b)
twist-roll at t/T = 0.5. Solid/dashed lines indicate flow

on the upper/lower side of the foil. Positive values
indicate flow towards the tip and vice versa.

but the impact is less extreme than on the flow struc-
tures. We find the peak sectional Cl scales with local
St2A, recognized as the added mass scaling [39, 40], and
this scaling becomes linear in the limit of infinite A.
The slope dCl/d(St2A) surprisingly follows the Prandtl
finite-wing trend, i.e. lower slope for low A and vice
versa. This aspect ratio scaling has been reported to fit
the circulatory force by varying aspect ratios [22, 23, 41],
but this scaling has not been previously used to scale 3D
forces from 2D strips. We find strip theory predictions
with an A correction have error below 6% for a finite
wing undergoing twist-roll motion, indicating it is possi-
ble to scale the sectional forces experienced by 3D foils
based on results from 2D strips using a version of Prandtl
finite-wing theory.



9

(a) (b)

FIG. 10: Peak sectional lift coefficients against U2
k = Ḣ2

max/U
2
∞ for (a) roll and (b) twist-roll kinematics for 3D foils

of different spans. Strip theory results from 2D foils with the same kinematics are also shown.

FIG. 11: Peak sectional Cl at the root z/S = 0.
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