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Abstract

Evaporation along a curved liquid vapor interface, such as that of a wetting meniscus is a classic

multi-scale problem of vital significance to many fields of science and engineering. However, a

complete description of the local evaporative flux at all length scales, especially without arbitrary

tuning of boundary conditions, is lacking. A multi-scale method to model evaporation from steady

meniscus is described such that a need for tuning of boundary conditions and additional assump-

tions are alleviated. A meniscus submodel is used to compute evaporation flux in the bulk meniscus

while a transition film submodel is used to account for enhanced evaporation near the contact line.

A unique coupling between the meniscus and transition film submodels ensures smooth continuity

of both film and mass flux profiles along the meniscus. The local mass flux is then integrated over

the interfacial area to investigate the contribution from the different regions on the surface. The

model is evaluated with data from cryo-neutron phase change tests conducted previously at NIST

[1]. It is found that the peak mass flux in the transition region is 2 orders of magnitude greater

than the flux at the apex. Despite the enhanced evaporation in the thin film, it was found that

78-95% of the evaporation occurs in the bulk meniscus due to the large area. The bulk meniscus

contribution increases with increase in vapor pressure and Bond number but decreases with an

increase in thermal conductivity of the substrate. Using a non-uniform temperature boundary

suggests that there is a possibility that the adsorbed film may have a non-zero mass flux.
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I. INTRODUCTION1

The ability to model and predict evaporation from curved liquid vapor interfaces such as2

that of a meniscus is vital in many fields including but not limited to atmospheric science3

[2, 3], aerosol transport [4, 5], micro- and nano-scale thermal transport in MEMS applications4

[6–8] and for designing large cryogenic depots critical to long term space missions [9]. Kinetic5

theory of phase change is the current tool of choice to develop models where limiting factor6

is not the diffusive transport in the vapor phase but rather interfacial kinetics. There are7

two cases where in the diffusive model breaks down: (1) For a pure, single component liquid-8

vapor mixture, vapor density is generally uniform except in a nano-scale region close to the9

interface. (2) As the interfacial area decreases with respect to contact line length, the rate10

of evaporation is no longer proportional to the area as is implied by diffusive models [10].11

The mass flux predicted from most diffusive models reaches a singularity at the three phase12

contact point and an asymptotic treatment is necessary. It has been shown that kinetic13

effects regularize the mass flux singularity at the contact line [11].14

The most widely used kinetic approach to model phase change today was initially devel-15

oped by Schrage [12] and the original formulation reduces to [13]:16

ṁ
′′

=
2α

2− α

√
m

2πkb

(
Pli√
Ti
− Pvi√

Tv

)
(1)

where ṁ
′′

is the mass flux, m is the mass of the molecule, kb is the Boltzmann’s constant,17

Pli is the liquid pressure at the interface, Pvi is the vapor pressure at the interface, Ti is18

the temperature of the liquid at the interface and Tv is the vapor temperature. α is the19

accommodation coefficient defined as the ratio of molecules that undergo phase change.20

The magnitude of the coefficient must be between 0 and 1. The coefficients are determined21

empirically [14]. Despite decades of work on kinetic theory of phase change, measurements of22

the accommodation coefficient are inconsistent [4, 15, 16]. Even for a common fluid such as23

water, the reported values of coefficients vary by almost three orders of magnitude depending24

on the researcher or experimental method used [16]. Attempts to investigate and explain25

the discrepancy of measured values for these coefficients have not completely resolved this26

inconsistency [15–18].27

Equation 1 was originally developed for a flat liquid-vapor interface such that there is28
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FIG. 1. Regions of an evaporating wetting meniscus. htr is an arbitrary film thickness used to

distinguish the start of the transition region from the bulk meniscus. had is the adsorbed film

thickness, commonly assumed to be a uniform constant.

no influence from a solid-liquid or solid-vapor interface. As the length scale is reduced, the29

distance between the liquid-vapor interface and the solid-liquid interface reduces, additional30

stresses are imposed on the liquid film that alter its shape and local interfacial thermody-31

namics.32

Figure 1 delineates regions of interest along a wetting evaporating meniscus based on33

the dominant component of normal stress that affects the thermo-fluid dynamics and their34

approximate length scales. This delineation was first introduced by Wayner et al. [19]. The35

normal stress in the bulk is governed by capillary forces, or interface curvature. The normal36

stress in the adsorbed film region is most affected by intermolecular forces and is usually a37

nano-scale film. The transition region bridges the bulk meniscus with the adsorbed film and38

experiences a mix of both intermolecular forces and curvature. Anisotropy of the stresses39

in thin liquid films is attributed to disjoining pressure, which is a net pressure reduction in40

thin films due to intermolecular forces [20]. Curvature of the liquid-vapor interface gives rise41

to a capillary pressure jump. Hence, there is a variation in the local thermodynamic states42

along the meniscus that result in a non-uniform evaporation flux over the interface [21].43
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Wayner et al. [19, 22] adapted the planar kinetic model for phase change (equation 1)44

for a curved interface. They used the Gibbs-Duhem equations for the bulk liquid and vapor45

phases coupled with surface tension to develop a fugacity expression for the local interfacial46

thermodynamics. The expression was then integrated over a region where small changes in47

fugacity can be assumed to be equal to the corresponding change in vapor pressure. If the48

vapor density is neglected in comparison to the liquid density and thermal equilibrium is49

assumed over the interface, evaporation flux along a curved interface could be expressed by50

equation 2 [19, 22].51

ṁ
′′

=
2α

2− α

(
M

2πRTi

)1/2 [
pvMhfg
RTvTi

(Ti − Tv)−
vlpv
RTi

(Π + σκ)

]
(2)

where Π is disjoining pressure, σ is surface tension, hfg is the enthalpy of vaporization, R52

is the universal gas constant, κ is the surface curvature, pv is vapor pressure, M is molar53

mass, and vl is molar volume. The first term denotes the thermal contribution and second54

term is the mechanical contribution to phase change.55

Resistance to thermal transport between the solid-liquid interface and the liquid-vapor56

interface increases with liquid film thickness. Hence, interfacial temperatures can vary sig-57

nificantly over the liquid-vapor interface even for a constant wall temperature. For non-polar58

wetting liquids, local evaporation flux in the transition region has been reported to be 3 -59

9 times greater than that in the bulk meniscus [20, 21, 23–29]. This is due to the interplay60

of thermal transport in the thin film and the dominating normal stress component at the61

interface.62

To investigate the enhanced evaporation in the thin transition film region a large number63

of prior publications have used a 1D lubrication approximation coupled with thermal trans-64

port in the thin film along with a kinetic model for the interface. Generally, the governing65

equations of mass, momentum, and energy are coupled using the augmented Young-Laplace66

equation. All quantities are expressed in terms of the film thickness in the form of an evo-67

lution equation. The coupled system could be solved to determine both the film and the68

mass flux profiles. The boundary conditions applied and solution methodologies have varied69

widely in literature. A few important studies are summarized below and tabulated in table I.70

For a more exhaustive review of thin film modeling, the reader is directed elsewhere [30, 31].71

Potash and Wayner [23] demonstrated that the change in disjoining and capillary pressure72
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was sufficient for fluid flow into the thin film and required to sustain thin film evaporation.73

They also showed the existence of a peak evaporative flux in the transition region.74

DasGupta et al. [32] developed a non-linear system of equations based on the lubrication75

approximation, thermal transport, and interfacial transport. A Taylor series expansion was76

used to adjust the boundary conditions. Several non-dimensional parameters were adjusted77

to obtain a solution that matches the experimentally measured film profile. Film thickness at78

the adsorbed film was known in-situ eliminating the need for approximations. The adsorbed79

film was assumed to be non-evaporating. A Cartesian system with a single radii of curvature80

was considered and the wall temperature was assumed to be a uniform constant. A wall81

superheat was then defined as the temperature difference between the wall and the vapor.82

Since the accommodation coefficient was unknown, the maximum value of unity was chosen.83

The resulting film profile was a good match with experiments.84

Schonberg et al. [26] conducted a purely numerical analysis similar to DasGupta et al.85

[32] but superheats as high as 5K was used. They also used a Cartesian system with a single86

radii of curvature, a uniform and constant superheat and an accommodation coefficient of87

1. This study established that the existence of a stable evaporating meniscus at high heat88

flux was theoretically possible. The thin film profile was matched to an arbitrary apparent89

contact angle in the thick meniscus.90

Park et al. [33] developed a thin film model for a constant heat flux condition at the91

wall. Wee et al. [34] used cylindrical co-ordinates with both radii of curvatures and included92

thermocapillary effects. Wee et al. [34] explicitly state that the solution is extremely sensitive93

to the physical boundary conditions. Wang et al. [35] built a thin film model to investigate94

the effect of different flavors of the kinetic phase change models (equations 1 and 2) on the95

local mass flux and found that at the results begin to deviate at superheats greater than 596

K. The same authors also developed an analytical approach to the problem by neglecting97

capillary and disjoining pressure [36]. Plawsky et al. [37] built a model similar to DasGupta98

et al. [32] but needed to use a slip velocity to get a match with an experimentally measured99

film profile.100

In most studies, three sets of boundary conditions (BC’s) are usually necessary: mass,101

energy, and interface profile. These BC’s are defined either at htr (film thickness to denote102

start of the transition region and/or had (adsorbed film thickness).103
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a. Mass balance BC: Mass flux BC’s must be specified at both htr and had for a104

unique solution. In a traditional transition film model, the mass flux at the beginning of the105

transition region (ṁ′′ at htr) is not known a priori [31]. This is due to a lack of comparison106

with bulk experimental data and/or multi-scale modeling. Further, most models assume that107

the adsorbed film is non-evaporating (ṁ′′ at had = 0) but the validity of this assumption108

has recently been questioned [38]. The assumption of a non-evaporating adsorbed film along109

with lack of experimental data reduces ṁ′′ at htr to an arbitrary, unconstrained matching110

point.111

b. Energy balance BC: Most models use a constant temperature or constant heat flux112

boundary but this is shown to be inadequate [39–41]. A constant surface temperature is113

usually specified as a wall superheat (Twall − Tv).114

c. Interface profile BC: The third order evolution equation in the thin film requires115

three boundary conditions. The computational domain size, i.e. length and film thickness116

derivatives in the transition film region, is not known a priori. One approach is to start from117

the adsorbed film with a guessed value of had and the corresponding film thickness derivatives118

(hadx ,hadxx). The profile is matched to a specified bulk curvature at an arbitrary length using119

a shooting method [26, 28, 29]. In order to match the bulk curvature, researchers in the past120

have “tuned” a combination of had and its derivatives and/or slip length [28, 29, 37, 42–44].121

Even if a matched curvature solution may be obtained, the resulting initial conditions have122

a great potential to be non-physical and/or non-unique.123

The study conducted by Akkuş and Dursunkaya [31] is fundamentally unique from pre-124

vious models which integrated the evolution equation from the adsorbed film and marched125

in the direction of the bulk meniscus. Akkuş and Dursunkaya [31] reversed the integration126

process. This approach begins with an initial guessed value of mass flow into the transition127

film region. The set of equations describing mass, energy and momentum in the transition128

film region are evaluated until ṁ
′′ → 0. The film thickness at which ṁ

′′ → 0 is presumed129

to be had. This constraint serves as an additional boundary condition. If the film thickness130

and its derivatives at the thick film (htr) are known (experimentally measured), the correct131

mass flow into the transition region is determined iteratively. This alleviates the need for132

guessing multiple boundary conditions at the adsorbed film. They show that by starting at133

a known point in the bulk meniscus, the model could be solved with minimal guesses to the134

physical boundary conditions.135
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TABLE I. Summary of BC’s from prior and current approaches to modeling evaporation at the

transition film region. Some manuscripts do not explicitly state all the necessary boundary con-

ditions such as bulk curvature and values of α. The table merely represents our understanding /

extrapolation from data presented in the publications
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ṁ
e
x
p

α

S
te

p
h
an

an
d

B
u
ss

e
[4

1]

1
ca

rt
es

ia
n

n
on

-

u
n
if

or
m

T
w
a
ll

,

tu
n
ed

se
t

to
ze

ro
ca

lc
u
la

te
fr

o
m

ze
ro

m
as

s
fl
u
x

tu
n
ed

a
ll

d
er

iv
a
-

ti
ve

s
a
t
h
a
d

co
n
st

a
n
t

cu
rv

a
-

tu
re

n
o

1

D
as

G
u
p
ta

et
a
l.

[3
2]

1
ca

rt
es

ia
n

co
n
st

an
t

T
w
a
ll

se
t

to
ze

ro
E

x
p

er
im

en
ta

l
T

u
n
in

g
o
f

n
o
n
-

d
im

en
si

o
n
a
l

n
u
m

-

b
er

s

E
x
p

er
im

en
ta

l
n
o

1

S
ch

on
b

er
g

et
a
l.

[2
6]

1
ca

rt
es

ia
n

co
n
st

an
t

T
w
a
ll

se
t

to
ze

ro
ca

lc
u
la

te
fr

o
m

ze
ro

m
as

s
fl
u
x

tu
n
ed

a
ll

d
er

iv
a
-

ti
ve

s
a
t
h
a
d

a
p
p
a
re

n
t

co
n
-

ta
ct

a
n
g
le

n
o

1

P
ar

k
et

a
l.

[3
3]

1
ca

rt
es

ia
n

co
n
st

an
t

h
ea

t
fl
u
x

se
t

to
ze

ro
N

o
t

sp
ec

ifi
ed

a
ll

d
er

iv
a
ti

ve
s

se
t

to

ze
ro

n
ot

sp
ec

ifi
ed

n
o

1

W
ee

et
a
l.

[3
4]

2
cy

li
n
d
ri

ca
lc

on
st

an
t

T
w
a
ll

se
t

to
ze

ro
ca

lc
u
la

te
fr

o
m

ze
ro

m
as

s
fl
u
x

it
er

a
ti

ve
tu

n
in

g
to

m
at

ch
b
u
lk

a
rb

it
ra

ry
co

n
-

st
a
n
t

cu
rv

a
tu

re

1

W
an

g
et

a
l.

[3
5]

1
ca

rt
es

ia
n

co
n
st

an
t

T
w
a
ll

se
t

to
ze

ro
ca

lc
u
la

te
fr

o
m

ze
ro

m
as

s
fl
u
x

h
a
d
x

=
0
,
h
a
d
x
x

tu
n
ed

to
m

a
tc

h

b
u
lk

a
rb

it
ra

ry
co

n
-

st
a
n
t

cu
rv

a
tu

re

n
o

1

W
an

g
et

a
l.

[3
6]

N
/A

ca
rt

es
ia

n
co

n
st

an
t

T
w
a
ll

se
t

to
ze

ro
ca

lc
u
la

te
fr

o
m

ze
ro

m
as

s
fl
u
x

N
/
A

a
rb

it
ra

ry
co

n
-

st
a
n
t

cu
rv

a
tu

re

n
o

N
/A

P
la

w
sk

y
et

a
l.

[3
7]

2
ca

rt
es

ia
n

co
n
st

an
t

T
w
a
ll

se
t

to
ze

ro
E

x
p

er
im

en
ta

l
sl

ip
an

d
h
a
d

E
x
p

er
im

en
ta

l
n
o

1

D
u

an
d

Z
h
ao

[4
5]

1
ca

rt
es

ia
n

co
n
st

an
t

h
ea

t
fl
u
x

se
t

to
ze

ro
C

a
lc

u
la

te
fr

o
m

ze
ro

m
as

s
fl
u
x

h
a
d
x
≈

1e
−

8
,
h
a
d
x
x

is
tu

n
ed

a
rb

it
ra

ry
co

n
-

st
a
n
t

cu
rv

a
tu

re

n
o

1

K
ou

et
a
l.

[4
6]

1
ca

rt
es

ia
n

co
n
st

an
t

T
w
a
ll

se
t

to
ze

ro
C

a
lc

u
la

te
fr

o
m

ze
ro

m
as

s
fl
u
x

h
a
d
x
≈

1e
−

11
,

h
a
d
x
x

is
tu

n
ed

a
rb

it
ra

ry
m

en
is

-

cu
s

ra
d
iu

s.

n
o

1

A
k
k
u

ş
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Most models do not derive boundary or coupling conditions from experimental data. No136

attempt has been made to validate models using an experimentally measured value of the137

bulk evaporation rate. A comparison to experimentally measured bulk evaporation rates138

requires estimation of mass flux not just in the thin film but the bulk meniscus as well. All139

the thin film models built on a lubrication approximation begin to systematically introduce140

errors as film thickness increases. This further necessitates a need for an expansion of the141

thin film model into the bulk meniscus using an alternative approach.142

There are several studies that have developed an evaporation model focusing on just the143

bulk meniscus [47–49]. These models uniquely couple the kinetic model of phase change with144

a diffusive model in the vapor for a multi-component mixture. These models do not account145

for curvature, disjoining pressure or the enhanced evaporation in the transition region. The146

mass flux increases monotonically as the film thickness reduces and if an adsorbed film is not147

used, the mass flux reaches a singularity. The singularity could be alleviated by truncating148

the macro-scale approach at the thin film and coupling it to an independent micro-scale149

model of the thin film [26].150

It is difficult to develop a single modeling framework that works well at all length scales.151

There have been limited attempts at a coupling between the length scales and many issues are152

yet to be resolved [41, 45, 50, 51]. The multi-scale approach was first introduced by Stephan153

and Busse [41]. They used a micro-scale thin film model coupled with a thermal transport154

model in the macro-scale bulk meniscus. The solution begins with several assumptions155

in the micro-scale thin film model. The third derivative was iterated with a perturbed156

value of capillary pressure. The macro-scale model was then solved to determine a wall157

temperature that matches the total heat lost from the micro-model. During this process,158

the interfacial temperature was kept uniform and constant in the macro-scale model. Once159

a match was obtained, the constant wall temperature boundary was relaxed and a wall160

temperature distribution as determined from the macro model was implemented. Film profile161

and curvature matching at the intersection of micro and macro regions was not discussed.162

There was no experimental validation to the coupled approach. Zheng et al. [50] published163

a multi-scale model but did not report the methodology for coupling the thin film and164

meniscus solutions. They also report a linear thin film profile and slope of unity suggesting165

a trivial thin film solution. Du and Zhao [45] report the coupling methodology but assume166

the bulk meniscus shape to be an arc of a circle that is not affected by evaporation. In a prior167
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publication, the same authors also stated that the arc of a circle approximation is incorrect168

[27]. Yi et al. [51] state that they developed a “truly comprehensive multi-scale [model]”169

but the coupling between the two length scales did not ensure continuity of the slope of film170

thickness. The most likely cause of the discontinuity is the arbitrary thermal and physical171

boundary conditions assumed. This corroborates with prior numerical experiments done by172

the current authors [52] which suggested that unphysical boundary conditions are sometimes173

necessary to ensure a continuity in both slope/curvature and film profiles.174

In summary, sensitivity to boundary conditions is a common concern in most studies. The175

exact extent to which the different regions of the meniscus contributes to the bulk phase176

change rate is still unclear. Most models assume a non-evaporating adsorbed film although177

studies have shown that as long as there is a temperature gradient present, the adsorbed178

film may not be a static non-evaporating film [38, 53–55]. To attain a feasible solution, most179

studies:180

1. solve the governing equations using multiple “guesses” for the boundary conditions at181

the adsorbed film (with the exception of Akkuş and Dursunkaya [31]),182

2. match to an arbitrary curvature or film thickness in the bulk meniscus(with the ex-183

ception of DasGupta et al. [32], Plawsky et al. [37]),184

3. impose a constant, uniform temperature or heat flux boundary at the wall (with the185

exception of Stephan and Busse [41]), and186

4. impose a non-evaporating condition in the adsorbed film,187

The motivation behind the current study was to investigate the non-uniformity in mass188

flux and interfacial temperature during steady meniscus evaporation in a cryogenic propel-189

lant. The ability to predict the rate of phase change (especially in cryo-storage depots) using190

kinetic theory remains a challenge primarily due to the absence of accommodation coeffi-191

cients (α) and the inability to computationally capture the local thermodynamics [1, 52, 56–192

58]. Modeling phase change in stored cryogenic propellant tanks are critical to long term193

space missions. This manuscript describes a multi-scale approach to determine the local,194

non-uniform evaporation flux from a liquid hydrogen meniscus without the need for un-195

necessary assumptions regarding boundary conditions and values of α. The contribution196

9



from the different interfacial regions (bulk meniscus, transition region and adsorbed film) is197

investigated compared to the bulk experimental value.198

The multi-scale approach involves a coupling between two submodels: a meniscus sub-199

model and a transition film submodel. The meniscus submodel covers the bulk of the200

liquid-vapor interface but cannot resolve the thin film transition region close to the wall.201

The region close to the wall, where the film thickness is on the order of micrometers, is202

modeled using a transition film model. The results from the two submodels are combined203

using a novel coupling that: (1) is devoid of guesses for boundary conditions at the adsorbed204

film, (2) uses an experimentally derived film thickness and curvature at the bulk meniscus,205

(3) accounts for the non-uniform wall temperature, (4) does not impose a non-evaporating206

condition at the adsorbed film, and (5) is validated by an experimentally measured bulk207

evaporation rate.208

II. MULTI-SCALE MODEL OF PHASE CHANGE209

The multi-scale approach is a combination of a meniscus submodel and a transition film210

submodel, delineated based on the dominant component of the normal stress at the interface211

(figure 1). A thermo-mechanical coupling is applied at the intersection to ensure continuity212

of temperature, mass flux, film profile and film slope. The goal of the model is to determine213

a local evaporation flux distribution from the entire interface and probe the contribution214

from each region. The submodels are implemented as separate functions and a wrapper215

script maps the local flux on to the liquid-vapor interface. The entire multi-scale model is216

implemented in MATLAB and the code is described in Bellur’s PhD dissertation [59].217

A. Meniscus submodel218

The meniscus submodel aims to capture the evaporation mass flux over the bulk of the219

interface by modeling the transport processes in the liquid. At low evaporation rates, the220

Rayleigh number of a liquid meniscus is well below the critical Rayleigh number for natural221

convection and the Peclet number is < 1. The heat transport to the interface is dominated222

by conduction in the liquid. In the case of a slow and steady meniscus evaporation with a223

known Bond number (Bo), the heat transport can be considered to be quasi-steady.224
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FIG. 2. Geometry and Boundary conditions for the meniscus submodel

Evaporation at the liquid-vapor interface results in localized cooling of the liquid (equa-225

tion 3).226

Q
′′

i = −hfg (Ti) ṁ
′′

(Ti) (3)

where, Q
′′
i is the heat flux due to evaporation, and ṁ

′′
is the mass flux described by equa-227

tion 2.228

If the temperature at the wall (solid-liquid interface) temperature is known, the liquid-229

vapor temperature distribution and the local evaporative mass flux could be determined230

using equations 2 and 3.231

Using the liquid-vapor interface shape from a Young-Laplace fit to a given Bond number232

(Bo) and contact angle (θ), a 2D axisymmetric steady state heat conduction problem was233

solved using a finite element method. A uniform mesh with 2 µm triangular elements is used234

as a compromise between speed and resolution. Figure 2 shows the boundary conditions235

used in the meniscus submodel.236

As one moves along the interface from the bulk meniscus to the adsorbed region, the237

resistance to heat transfer in the liquid is reduced. This results in an increase in interfacial238

temperature. An increased interfacial temperature, relative to Tsat results in an increase in239

local evaporation flux (equation 2). If a perfectly wetting fluid modeled with contact angle240

11



(θ) of zero, mass flux at the contact point reaches a singularity due to the absence of the241

adsorbed film. If the Young-Laplace fit is terminated at an assumed value of adsorbed film242

thickness, an extremely fine mesh must be resolved. The modeling results are sensitive to the243

assumed adsorbed film thickness as evidenced by past studies. Without an adsorbed film, the244

problem is inherently mesh dependent. As the mesh is refined, the temperature peak close to245

the wall increases. Further, the Young-Laplace fit is not accurate at sub-micron thicknesses.246

When the liquid-vapor interface is in close proximity to the solid-liquid interface, disjoining247

pressure alters the local pressure field thereby altering both the mechanical stress balance248

(interface shape) and the local evaporation flux. Hence, the meniscus model is not suited for249

evaluation at close to the wall and a secondary model is necessary to investigate evaporation250

in the transition film region. The meniscus submodel must be truncated at htr to avoid251

errors. A simple method to effectively choose an appropriate value of htr is discussed in a252

later section.253

B. Transition film submodel254

While the meniscus submodel accounts for evaporation in the bulk of the interface, the255

transition film submodel aims to bridge the gap from the beginning of the transition region256

(≈ µm) to the adsorbed thin film (≈nm) as shown in figure 1. To compute local evaporation257

fluxes from the transition region, a description of the micro- to nano-scale film profile is258

required. The film profile plays a major role in the local mass flux predicted by equation 2259

since Ti, κ and Π are all inherently coupled and dependent on the local film profile. Film260

thickness profiles at this length scale are not accessible trough traditional imaging, hence261

the film profile must be computed based on mathematical modeling.262

The mechanical pressure balance in the thin film can be modeled using the augmented263

Young-Laplace equation that accounts for both the curvature and the disjoining pressure.264

Equation 4 developed by DasGupta et al. [60], describes the local pressure jump across the265

liquid-vapor interface.266

pv − pl = σκ+ Π (4)

Here, pv is the pressure in the vapor phase and pl is the pressure in the liquid phase. The267

fluid properties and local pressure in the vapor could be assumed to be uniform and constant268
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throughout the domain resulting in a change in liquid pressure that could be expressed269

explicitly in terms of κ and Π, which are in turn dependent on local liquid film thickness.270

The geometry of interest has two planes of curvature, one due to the meniscus and the271

other due to the radius of the container. The geometric curvature at any location on the272

liquid vapor interface is,273

κ = (r − h)−1 (1 + h2x
)−1/2

+ hxx
(
1 + h2x

)−3/2 (5)

where, κ is the curvature, h is the liquid film thickness, hx is the first derivative, hxx is the274

second derivative, x is the vertical distance along the solid wall.275

The disjoining pressure is modeled using equation 6 considering only the intermolecular276

London-Van Der Waals forces [20].277

Π =
A

h3
(6)

where Π is the disjoining pressure, A is the Hamaker constant. Typical values of A constant278

for different fluids are between 10−19 to 10−22 J. In this work, equation 6 is used with A =279

5.11×10−21 [61].280

A steady non-linear thin film evolution equation as described by equation 7 is obtained281

by substituting equations 5 and 6 into 4 and taking another derivative.282

hxxx −
3h2xxhx
1 + h2x

− hxxhx

(rij − h)2
+
hx (1 + h2x)

(rij − h)2
+

γ

σ

(
1 + h2x
rij − h

+ hxx

)
dT

dx
+

1

σ

(
1 + h2x

) 1
2

(
dpl
dx

+
dΠ

dx

)
= 0

(7)

Liquid flow in the transition film (figure 1) is modeled using a lubrication approximation283

of the Navier-Stokes equation in cylindrical coordinates,284

1

r

∂

∂r

(
r
∂u

∂r

)
=

1

µl

dpl
dx

(8)

where µl is the viscosity of the liquid, u is velocity, r is the local radius and dpl/dx is285

the pressure gradient along the solid wall. The equation is solved by applying a no-slip286

boundary condition at the wall and a tangential stress boundary condition at the interface.287

A temperature dependent surface tension is used to account for Marangoni effects.288
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at r = R, u = 0

at r = R− h, −µ∂u
∂r

∣∣∣
r=R−h

=
dσ

dx

where R is the radius of the test cell. Upon solving equation 8 using the given boundary289

conditions, an expression for velocity, u(r), is obtained. The mass flow rate through a control290

volume (ṁcv) in the transition film region is,291

ṁcv =

∫ R

R−h

ρlu(r)2πrdr (9)

The difference in the mass flow rate entering and exiting the control volume is set equal292

to the evaporative flux evaluated using the kinetic model (equation 2). From this balance,293

the pressure gradient dpl/dx is obtained.294

An energy balance on same transition film control volume is,295

kl
∂

∂r

(
r
∂T

∂r

)
= 0 (10)

A specified temperature boundary condition at the solid wall along with a heat flux296

boundary condition at the liquid-vapor interface is used to solve equation 10. A refined solid-297

fluid interface temperature distribution obtained from the previously described meniscus298

submodel is implemented via a cubic spline fit assuming Twall = Tv in the adsorbed film. The299

heat flux boundary condition at the interface accounts for the heat lost due to evaporation.300

at r = R, Twall(x) from meniscus submodel

at r = R− h, kl
dT

dr
= ṁ

′′
hfg

Integrating equation 10 from wall, R, to the interface, R− h(x), the interfacial tempera-301

ture distribution is obtained.302

Ti(x) = −hfg
kl

(R− h(x)) ln

(
R

R− h

)
ṁ

′′
+ Twall(x) (11)
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where, ṁ
′′

is evaluated using equation 2.303

Equations 2, 4 - 7, 9 and 11 must be evaluated numerically between the end of the bulk304

meniscus (htr) to the adsorbed film region (had) as shown in figure 1.305

In this work, a wall temperature distribution, Twall(x) is specified. The adsorbed film is306

not assumed to be an equilibrium non-evaporating film. A modified version of the methodol-307

ogy proposed by Akkuş and Dursunkaya [31] is used to evaluate the transition film submodel.308

The values of the derivatives at htr (hx and hxx) are determined the Young-Laplace fit. ṁ
′′

309

and Ti at htr is known from the truncated meniscus model and serves as additional ini-310

tial conditions. The explicit specification of all quantities at htr ensures continuity of film,311

evaporative mass flux and interface temperature profiles between the two submodels and312

avoids a need for “matching”. The transition film submodel (Equations 2, 4-7, 9 and 11) is313

evaluated in the direction of reducing film thickness until the local value of hx reaches zero.314

The adsorbed film is presumed to be a flat film with a slope of zero. The film is not set315

to be non-evaporating but depends on the local thermo-mechanical contributions to phase316

change (Twall(x), Π, Bo or κ and θ).317

In summary, the multi-scale modeling methodology starts in the bulk region based on318

a Young-Laplace fit and terminates in an adsorbed film whose thickness and mass flux is319

not known a-priori. Four inputs are necessary to evaluate the model: (1) Bond number,320

Bo, (2) Contact angle, θ, (3) wall temperature distribution, Twall(x), and (4) vapor pressure321

(pv). Bo and θ define bulk curvature. The wall temperature distribution and vapor pressure322

are the boundary conditions for the computational domain. Data from the authors’ NIST323

Cryo-neutron phase change experiments were used to determine the boundary conditions.324

III. NEUTRON IMAGING EXPERIMENTS325

Phase change experiments with cryogenic propellants were conducted in the BT-2 neu-326

tron imaging facility at the NIST Center for Neutron Research (NCNR) in Gaithersburg,327

MD. The huge variation in neutron attenuation between metals and cryogenic propellants328

allow for visualization of the liquid/vapor mixture inside opaque metallic containers [1, 62].329

Cylindrical test cells of different sizes (10 mm and 30 mm diameter) and materials (Al 6061330

and SS 316) were used in the experiments to test changes in both surface chemistry and331

curvature. By controlling both temperature and pressure, a range of phase change rates332

15



1 4

5 7 8

10 mm
Al 6061

32

Outer wall
Temperature
Sensors

505s 792s 1188s 1508s

1740s 2622s 3504s 3780s

6

(a)Time lapse images

0 1000 2000 3000 4000

Time(s)

0

500

1000

1500

L
iq

ui
d 

vo
lu

m
e 

(m
m

3
)

(b)Liquid volume

FIG. 3. Sample images (a) and calculated liquid volume (b) from an evaporation/condensation

test with saturated hydrogen at 120.9 kPa in the 10 mm Al cell. Bo = 9.8 and θ = 0 [62]. Images 1

- 4 show condensation and images 5 - 8 show evaporation. The phase change rates were calculated

by linear fits to the corresponding regions on the volume vs time plot.

were observed at various thermodynamic conditions. The vapor pressure was kept constant333

during each test run and temperature is varied from Tsat to induce condensation and/or334

evaporation. Figure 3(a) shows time lapse images captured at 121 kPa in the 10 mm Al335

cell and figure 3(b) shows the corresponding liquid volume. Images 1-4 of figure 3(a) show336

condensation of liquid hydrogen and images 4-8 show subsequent evaporation. There is no337
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observable hysteresis in the shape of the liquid vapor interface. Liquid hydrogen perfectly338

wet both Al 6061 and SS 316 cells (θ = 0◦ [62]). Additional detail on the experiment setup,339

neutron image analysis, bulk evaporation rate (ṁexp) and cryostat operation is detailed in340

the authors’ previous publications [1, 52, 62–66].341

Due to the nature of the experiments, temperature could be measured only along a few342

discrete locations on the outer wall of the test cells (figure 3(a)). In order to extract the inner343

wall solid-fluid interface distribution Twall(x) from outer wall experimental data, a thermal344

transport model has already been built and validated with experimental data. Details on the345

thermal model and the determination of the solid-fluid interface temperature distribution346

can be found in Bellur et al. [67].347

IV. MULTI-SCALE MODEL WITH EXPERIMENTAL INPUTS348

The low evaporation rates measured in the experiments combined with geometry of the349

test cell suggest that the Rayleigh number was well within the critical Rayleigh number for350

natural convection and the Peclet number is estimated to be less than 10−2. The conductivity351

of liquid hydrogen is an order of magnitude greater than that of vapor. Evaporation results352

in a bulk movement of vapor molecules upward from the interface towards the outlet at the353

top of the test cell. Heat transfer to the interface is primarily by conduction in the liquid.354

Since the evaporation rate is low, the liquid-vapor mixture could be considered quasi steady355

and a steady state model was implemented with a fixed liquid-vapor interface.356

The multi-scale model begins with evaluation of the meniscus submodel. A Young-357

Laplace fit to the liquid-vapor interface from the neutron images and the location of the358

meniscus apex is used to model a static liquid-vapor interface. The wall temperature distri-359

bution Twall(x) obtained from the previously published thermal transport model [67] is used360

an input along with equation 2 at the liquid-vapor interface. Figure 4 shows the variation361

in both mass flux and temperature along the interface, starting at the apex of the meniscus362

and truncated at a film thickness of 10 µm. This film thickness was chosen as the truncation363

point since this is within the optical resolution from neutron imaging. The film thickness,364

its derivatives and local curvature at this point could be determined experimentally. An365

efficient method to verify the choice of htr is to ensure the ratio of disjoining pressure to366

capillary pressure is < 10−3 and the Young-Laplace fit is still valid.367
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FIG. 4. Local interfacial temperature & mass flux along the liquid-vapor interface from the menis-

cus submodel. Zero value on the x axis refers to the apex of the meniscus as shown in figures 1

and 2. Results for film thickness < 10 µm are neglected.

In the bulk meniscus, the interfacial temperatures remain fairly constant and close to Tsat368

which was experimentally determined from the pressure measurement to be 20.99±0.015 K.369

The curvature of the liquid vapor interface is inversely proportional to film thickness. As a370

result, the increasing curvature in the transition film causes a decrease in local evaporation371

flux towards the adsorbed film (equation 2). The mechanical contribution to evaporation372

flux (curvature & disjoining pressure) is usually negligible in comparison to the thermal373

contribution in the bulk meniscus. For this reason, mass flux in figure 4 is directly related374

to interfacial temperature through equation 2. In the evaporation experiments with the 10375

mm Al cell, the local superheat is low (<0.1K) and the Bond number is approximately 9.8376

and ignoring the curvature and disjoining pressure effects in the bulk meniscus varies the377

local mass flux less than 0.1%.378

ṁ
′′

and Ti at htr are then used to evaluate the transition film submodel starting at htr and379

terminated at had. Figure 5 shows the film profile obtained as a result of the transition film380

model for a 10 mm Al cell containing hydrogen evaporating at 121.3 kPa with α = 0.45. In381

figure 5, the origin corresponds to the solid-liquid interface at a film thickness of 10 µm. As382

the film thickness reduces, the modeling results deviate from the Young-Laplace fit, which383

is valid only in the bulk meniscus region. The inset of figure 5 shows the model ending in384

an adsorbed film while the Young-Laplace fit ends in a zero film thickness. Once hx = 0 is385
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FIG. 5. Transition film profile in a 10 mm Al cell containing hydrogen evaporating at 121.3 kPa ,

α = 0.45. The origin corresponds to the liquid-solid interface at a film thickness of 10µm and x is

along the solid-liquid interface.

obtained, solution of the evolution equation in the thin film is terminated. The film thickness386

at which hx = 0 is presumed to be had. An adsorbed film thickness of approximately 20 nm387

is observed.388

The film profile is then used to evaluate the local mass flux profile using equation 2.389

Thermal contribution to phase change (first term in equation 2) is at least three orders of390

magnitude greater than the mechanical contribution to phase change (second term in equa-391

tion 2) at htr. The ratio decreases and ultimately approaches unity as the film thickness392

reduces. Figure 6 shows the variation in local evaporative mass flux (ṁ
′′
) and wall tempera-393

ture (Twall) along the transition film. The termination of the transition film model at hx = 0394

is represented by the dashed vertical line. Evaporative mass flux at the adsorbed film (ṁ
′′

395

at had) is not constrained to be zero but rather depends on the local thermo-mechanical396

contributions (equation 2).397

The multi-scale methodology is summarized in figure 7(a) and the combined mass flux398

distribution from the model is shown in figure 7(b). The origin in figure 7(b) corresponds399

to the apex of the meniscus. Moving along the interface away from the apex, represents400

an increasing interface length and a decreasing film thickness. Both the film and mass flux401

profiles are continuous and smooth at the submodel coupling point (htr). The combined402

solution exhibits a peak in mass flux in the transition film region. At film thicknesses close403
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FIG. 6. Mass flux and wall temperature profiles in a 10 mm Al cell containing hydrogen evaporating

at 121.3 kPa , α = 0.45. The origin corresponds to the liquid-solid interface at a film thickness

of 10µm, and x is along the solid-liquid interface. The solution of the transition film submodel

is terminated at hx = 0, indicated by the vertical dashed line. Mass flux is extrapolated another

10 µm from the location where hx = 0 under the assumption that the liquid film remains flat.

Extrapolated mass flux and wall temperature are shown with dotted lines. The mass flux in the

adsorbed film must approach zero. The wall temperature will reach a minimum and then increase

when there is no longer any mass flux as suggested by the macro-scale thermal transport model

[67].

to had the mass flux drops. The peak flux in the transition region is almost 2 orders of404

magnitude greater than the flux at the apex of the meniscus.405

Assuming a perfectly flat film (hx=hxx = 0) in the adsorbed region, equation 2 is evalu-406

ated resulting in an extrapolation into the adsorbed region. This region is shown by dotted407

curves in figures 5 and 6 and is only representative of the expected trend but not a true408

solution for two reasons: (1) adsorbed film is probably not a steady flat film but rather409

dynamic with possible periodic oscillations [53]. (2) There is a high degree of uncertainty410

in estimation of Twall at film thickness below 2µm (meniscus-scale model resolution). Here411

a cubic spline extrapolation is used assuming minimum(Twall(x)) = Tv. Further, the esti-412

mation is based on the Young-Laplace fit which overestimates the length of the transition413

film region. As a result, in the transition film model, Twall at had is greater than Tv. This414

is also a possible reason why the evaporative mass flux at the adsorbed ṁ
′′

ad 6= 0. MD415

results further suggest that as long as there is a temperature gradient in the solid, there is416

the possibility that adsorbed films are not necessarily regions of zero interfacial mass trans-417
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fer [38]. Advances in high resolution experimental techniques to measure sub-micron-scale418

solid temperature profiles are necessary to gain a better understanding of the thermo-fluid419

transport in the vicinity of the adsorbed film. Twall most likely exhibits a minimum in the420

adsorbed film and increases with further increase in x [67]. The location of this minimum is421

close but not necessarily equivalent to the location the peak evaporative flux.422

α, Bo , θ,
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Transition
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FIG. 7. Methodology (a) and combined mass flux values (b) from the coupled multi-scale model

for a 10 mm Al cell containing hydrogen evaporating at 121.3 kPa, α = 0.45

The multi-scale model is used with evaporation data from three different test cells and at423

vapor pressures between 88 - 226 kPa. From each case, the local mass flux profile from each424

of the submodels is integrated over the corresponding interfacial area to obtain ṁmm and425

ṁtfm and ṁad. Table II summarizes the data from the liquid hydrogen tests with 10 mm426

Al, 10 mm SS and 30 mm Al cells at different saturation vapor pressures using htr=10µm.427

The contribution from the bulk meniscus, ṁmm, is between 78 - 95 % of ṁexp and varies428

with test cell size, material and pressure:429

a. size: As the diameter of the cell was increased from 10 mm to 30 mm, ṁmm

ṁexp
increases430

from 0.788 to 0.950 with the same wall material and equivalent vapor pressure. This finding431

supports the commonly accepted hypothesis that thin film contribution is reduces as Bo or432

the ratio of surface area to contact line length is increased.433
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b. pressure: The bulk meniscus contribution increases with increasing pressure for both434

SS and Al cells, suggesting that the local mass flux profile shifts towards the bulk meniscus435

at higher pressures. Figure 8 shows the variation in mass flux with vapor pressure for the436

10 mm Al cell tests. The mass flux was normalized with the peak value for each case so437

that tests with different bulk evaporation rates could be compared. The interface length was438

normalized with test cell radius. The systemic shift in the peak towards the bulk meniscus439

causes an increase in the value of ṁmm

ṁexp
with pressure for the same test cell. This trend is440

most likely due to an increase in liquid thermal conductivity with pressure; 0.1 W/m-K at441

88 kPa to 0.22 W/m-K at 220 kPa.442

FIG. 8. Normalized mass flux distribution with pressure for hydrogen tests with the 10 mm Al

cell. Vapor pressure was controlled in the experiments a manifold. Refer Table II for integrated

evaporation rate values delineated by region

c. material: Values of ṁmm

ṁexp
for the SS cell are about 7-8% greater than similar values443

for the Al cell suggesting that the heat transport in the solid effects the mass flux profile444

considerably. A substrate with higher thermal conductivity (Al) has an increased potential445

for sustaining thin film evaporation and hence a lower value of ṁmm

ṁexp
.446

The effect of evaporation rate or wall superheat on ṁmm

ṁexp
is negligible. ṁad is generally447

<3% of ṁtfm and 0.1% of ṁexp. In the results shown, level of confidence in the value of ṁad448

is poor and assuming a non-evaporating adsorbed film may be appropriate when modeling449

macro-scale evaporation. However, the assumption may introduce errors when the length450

scales of interest are <1µm or Bo < 1.451

22



TABLE II. Multi-modeling results with different experimental inputs. ṁ values are in µg/s.

Test Cell Area
(mm2)

Perimeter
(mm)

Pressure
(kPa)

ṁexp ṁmm ṁtfm ṁad
ṁmm
ṁexp

10 mm SS 107.92 31.4

88.32 17.27 14.72 2.49 0.06 0.852

120.9 16.43 14.17 2.25 0.01 0.862

201.96 21.39 18.54 2.84 0.01 0.866

218.92 76.31 67.04 9.25 0.02 0.878

30 mm Al 798.09 94.2 121.94 102.70 97.66 4.97 0.07 0.950

10 mm Al 107.92 31.4

87.9 55.20 43.44 11.75 0.01 0.787

121.3 55.50 43.74 11.18 0.08 0.788

200.05 93.12 73.89 19.22 0.01 0.793

226.84 77.31 62.85 14.47 0.01 0.813

The adsorbed film thickness obtained is sensitive to the model of disjoining pressure used452

and the local wall temperature distribution in the facility of the adsorbed film. The adsorbed453

film thickness also varies with the experimental test conditions and the geometry of the test454

cell but lies between 17 nm and 22 nm for the set of conditions simulated. A varying the455

value of the Hamakar constant by up to an order of magnitude results in <5% variation456

in ṁtfm. Further work is necessary to investigate the effect of different disjoining pressure457

models and experimental conditions on the value of had.458

α for a given test condition could be determined by comparing the modeling results with459

a measured bulk rate. The values of α used in this work and the methodology is the topic460

of a forthcoming manuscript.461

V. SUMMARY AND CONCLUSION462

A complete description of evaporation at a curved liquid vapor interface such as that463

from a meniscus is important in fields. The problem is compounded by the fact that there464

are several different length scales that effect phase change and most of the modeling in465

the past as either focused on the transition film or the bulk meniscus. Further, several466

simplifying assumptions or tuning parameters are necessary in order to obtain a feasible467

solution. Further, the value of the accommodation coefficient (α) is often assumed to be the468

theoretical maximum, unity, even though there are several discrepancies [4, 15, 16]. Coupling469

the different scales especially with experimental data has been a challenge. A multi-scale470
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approach to model the local, non-uniform evaporation flux in a steady meniscus is provided.471

The multi-scale model comprises of a macro-scale meniscus submodel (to describe phase472

change along the bulk of the liquid vapor interface) and a micro-scale transition film sub-473

model (to account for the enhanced evaporation flux close to the wall). The results from474

the two submodels are coupled to develop a multi-scale methodology that: (1) is devoid of475

guesses for boundary conditions at the adsorbed film, (2) uses an experimentally derived476

film thickness and curvature at the bulk meniscus, (3) accounts for the non-uniform wall477

temperature, (4) does not impose a non-evaporating condition at the adsorbed film, and (5)478

is validated by an experimentally measured bulk evaporation rate.479

The multi-scale modeling results suggest that starting from the meniscus scale and then480

integrating the transition film model down to the adsorbed film alleviates the need for481

“guessing” or “tuning” several sensitive boundary conditions at the adsorbed film. Starting482

from a bulk meniscus also has the added advantage of the ability to start with an exper-483

imentally obtainable (with relative ease) film thickness, curvature, interfacial temperature484

and mass flux. This ensures, by default, a continuity in the film and mass flux profiles. The485

conditions at the adsorbed film are not known a priori but are a natural solution to the486

governing equations. The model requires α, Bo , θ, pv, Twall(x) as inputs and generates a487

smooth multi-scale description of the local evaporation flux along the liquid-vapor interface.488

The multi-scale model is evaluated with inputs from the cryo-neutron experiments con-489

ducted at NIST [1] and the conclusions are summarized:490

• The peak evaporative flux in the transition region is almost 2 orders of magnitude491

greater than the flux at the apex of the meniscus.492

• When the local evaporative flux is integrated over the interfacial area, evaporation493

from the bulk meniscus accounts for 78-95% of the total evaporation rate. This value is494

inherently dependent on the cutoff used to delineate the bulk region from the transition495

region. Here, a film thickness value of 10µm (htr) is used.496

• The bulk meniscus contribution increases with increase in pressure and Bo.497

• The bulk meniscus contribution decreases with an increase in thermal conductivity of498

the substrate.499
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• Evaporation from the adsorbed film is approximately 0.1% of the bulk evaporation500

rate. If Bo is high, assuming a non-evaporating adsorbed film may be appropriate but501

as Bo reduces, the assumption may introduce errors depending on the local thermal502

profile in the adsorbed film. Thermo-spatial resolution is a limiting factor that needs503

to be addressed in future studies as phase change on adsorbed films have the potential504

to manifest as macro-scale interfacial instabilities.505

• Using the multi-scale methodology in conjunction with an experimentally measured506

bulk rate, the value of α could be determined explicitly. This alleviates the need for yet507

another assumption/tuning parameter in most models. A discussion of α for hydrogen508

and methane is the topic of a forthcoming manuscript.509
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