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Large eddy simulation (LES) of turbulence in complex geometries and domains is often con-
ducted with high aspect ratio resolution cells of varying shapes and orientations. The effects of
such anisotropic resolution are often simplified or neglected in subgrid model formulations. Here,
we examine resolution induced anisotropy and demonstrate that, even for isotropic turbulence,
anisotropic resolution induces mild resolved Reynolds stress anisotropy and significant anisotropy
in second-order resolved velocity gradient statistics. In large eddy simulations of homogeneous
isotropic turbulence with anisotropic resolution, it is shown that commonly used subgrid models,
including those that consider resolution anisotropy in their formulation, perform poorly. The one
exception is the anisotropic minimum dissipation model proposed by Rozema et al. (Phys. of Fluids
27, 085107, 2015). A simple new model is presented here that is an anisotropic eddy diffusivity
extension of the “Kolmogorov expression” eddy viscosity of Carati et al. (CTR Annual Research
Briefs, 1995) that depends explicitly on the anisotropy of the resolution. It also performs well,
and is remarkable because unlike other LES subgrid models, the eddy diffusivity only depends on
statistical characteristics of the turbulence (in this case the dissipation rate), not on fluctuating
quantities. In other subgrid modeling formulations, such as the dynamic procedure, limiting flow
dependence to statistical quantities in this way could have advantages.

I. INTRODUCTION

The expansion of available computing power has led to an increasing reliance on numerical simulation of complex
systems in engineering, science and decision making. With this increased reliance comes a demand for modeling
accuracy and reliability in general and specifically in turbulent fluid flows. The increased resolution enabled by
advances in computing hardware, and increased numerical accuracy that has arisen from advances in numerical
algorithms has improved the reliability of computational models of turbulent flows, but improvements in turbulence
models have lagged behind. It has long been expected that large eddy simulation (LES) would address the need
for improved modeling fidelity in engineering flows. However, numerous challenges remain before LES can become
a robust tool capable of reliable predictions of complex turbulent flows for use in research and development. Since
the advent of the dynamic modeling approach [1, 2], wall modeling has been considered the greatest impediment to
reliable LES, and this has been the focus of much LES research [3–5]. While this is certainly a critical issue, there
are also other challenges. One such is considered here.

In practical flows of engineering interest, the combination of high Reynolds number, complex geometry and limited
computational resources often dictates discretization with relatively coarse, highly anisotropic and spatially varying
resolution. In such cases, the common assumptions of isotropic unresolved turbulence in equilibrium with the large
scales and homogeneous filtering may be violated. For example, use of a scalar eddy viscosity is based on the
assumption of isotropic subfilter turbulence. When this assumption is violated, a scalar eddy viscosity model would
be expected to produce inaccurate momentum transport and inaccurate transfer of energy from the resolved to
unresolved scales, resulting in poor LES predictions. In this work, we focus in particular on the consequences of
anisotropic numerical resolution and the associated anisotropic definition of the large and small scales. We will refer
to this simply as anisotropic resolution.

Though the issue of anisotropic resolution has been acknowledged in many SGS models [6–8], the validity of SGS
models in the presence of anisotropic resolution has not been examined in detail. The use of anisotropic resolution
in LES is known to induce “artificial” anisotropy in the resolved and subgrid stress even for the simplest case of
isotropic turbulence [9]. In this work, we examine the implications of anisotropic resolution in LES and propose a
simple modeling treatment which has potential to be integrated into existing models. Before continuing, we briefly
review existing resolution anisotropy treatments in the literature. Some of the models mentioned below are evaluated
in Sec. IV.

In most cases, resolution anisotropy has been acknowledged through the definition of a scalar resolved length scale
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in terms of anisotropic resolution parameters. This resolved scale is then used in the formulation of subgrid models,
such as the Smagorinsky model. However, scalar measures discard all the information about resolution anisotropy.
For instance, consider the commonly used cube-root of a cell volume given by ∆eq = (∆1∆2∆3)1/3 [10], where ∆α

are the resolution scales in each direction in an orthogonal grid. This length scale will favor the smallest dimension of
the grid and will thus provide an unresolvable model scale in coarse directions. Such a simplification results in LES
turbulence that is essentially under resolved in these directions and causing spectral energy pile ups at the resolved
scale. Conversely, scalar resolution measures based on the cell diagonal given by ∆eq = (∆2

1 + ∆2
2 + ∆2

3)1/2/
√

3 [11],
favor the largest dimension of the grid resulting in LES turbulence that is smoother in fine directions than could be
resolved. This is essentially a waste of resolution. Further, without explicit filtering corresponding to the cell diagonal
scale, the spectral energy distribution will be affected by finer grid scales present. In short, the LES turbulence is
inconsistent with the with anisotropic filtering of real turbulence.

The first direct treatment of resolution anisotropy in LES models was proposed by Schumann [12]. In this approach,
the subgrid momentum flux through each face of a computational cell was modeled with a different length scale
(the face diagonal) and with different model coefficients for each momentum component, to represent the effects of
resolution anisotropy. A similar approach was later used by Zahrai et al [13], but with anisotropy scaling with the
face-normal grid dimension to the 4/3 power and without varying model coefficients. Both methods showed good
agreement with data in channel flow, with results being relatively insensitive to resolution anisotropy. However, these
anisotropy treatments are intimately linked to the specific discretization employed, thereby severely limiting their
potential application.

In an attempt to alleviate under-resolution in coarse directions, Scotti et.al. [6] introduced a scalar correction
to ∆eq in the standard Smagorinsky model, based on the ratio of the refined to most coarse grid dimensions with
the aim of ensuring correct total dissipation. While an improvement over the basic Smagorinsky model because
it reduces artifacts of under-resolution in the course directions, it is at the cost of even worse under-utilization of
available resolution in the fine directions. It appears that these simple model forms preclude LES that produce spectra
consistent with anisotropic resolution.

The Vreman model [7], which was primarily designed to ensure that the eddy viscosity vanishes in laminar regions,
was the first to directly consider resolution anisotropy in a discretization agnostic formulation. In this model, the eddy
viscosity scales with the square root of the second invariant of the velocity gradient tensor with gradient components
weighted by the corresponding grid length scale where the cells are assumed to be aligned with the global coordinate
system. The magnitude of the resulting eddy viscosity is reduced in regions where high gradients are aligned with
fine resolution directions and vice-versa. However, in the end, resolution anisotropy information is again discarded in
favor of maintaining a scalar eddy viscosity. As shown in Sec. IV, the result with anisotropic resolution is similar to
Smagorinsky.

Rozema et al. have more recently extended minimal dissipation models [14] to account for grid anisotropy (AMD),
without making a scalar filter width approximation like that described above [8]. Their model is motivated by the
Poncàire inequality applied to anisotropic (rectilinear) grid cells, and is formulated to ensure that the eddy viscosity
is sufficient to dissipate energy at the estimated rate of small-scale energy production. Here the anisotropy of the
resolution enters into the estimate of the small-scale production. The AMD model performs quite well with anisotropic
resolution and it is also examined in some detail in Sec. IV.

Here, we pursue an evaluation of the impact of resolution anisotropy on large eddy simulation models by simu-
lating isotropic turbulence with anisotropic resolution. The subgrid models described above that consider resolution
anisotropy, along with Smagorinsky, are evaluated. Furthermore, we develop and evaluate a simple anisotropic tensor
eddy viscosity model. The model is particularly simple in that the eddy viscosity does not fluctuate, though it does
depend on statistical properties of the turbulence being simulated, in this case the dissipation.

In the remainder of the paper, the characteristics of resolution-induced anisotropies in LES are discussed in Sec. II;
our simple anisotropic subgrid model is introduced in Sec. III; and, the performance of subgrid models in isotropic
turbulence simulated with anisotropic resolution is explored in Sec. IV. Finally, discussion and conclusions are offered
in Sec. V.

II. RESOLUTION-INDUCED ANISOTROPIES

To assess the importance of resolution anisotropy in LES, we begin with a theoretical investigation of the impact
on the statistics of the resolved field (Sec. II A). Details of the large eddy simulations used to assess the ability of
LES models to treat resolution anisotropy are described in Sec. II B, and the results of such simulations with the
Smagorinsky model are presented in Sec. II C.
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A. A Priori Consequences of Resolution Anisotropy

In a large eddy simulation with anisotropic resolution, the anisotropy of the resolution is expected to produce
anisotropy of the resolved and the subgrid turbulent stresses. Of course, in homogeneous isotropic turbulence (HIT),
the mean turbulent stress (Reynolds stress) is dynamically insignificant. However, in an LES of HIT with anisotropic
resolution, the resolved and subgrid Reynolds stress can be anisotropic, though their sum is still isotropic and ho-
mogeneous. To examine how the resolved and subgrid Reynolds stress anisotropies depend on resolution anisotropy,
consider an idealized infinite Reynolds number isotropic turbulence with a |κ|−5/3 inertial range spectrum, where
κ is the wavevector, starting at minimum wavenumber κm. The Reynolds stress anisotropy can be determined by
integrating the inertial range energy spectrum over an anisotropic domain of resolved wavenumbers D [9]. That is,
with the velocity decomposed as filtered and subfilter scales, u = ū+u′, the resolved and unresolved Reynolds stresses
(〈ūiūj〉 and 〈u′iu′j〉, respectively) can be found by integrating the velocity-spectrum tensor Φij(κ) over the resolved
wavenumber domain D and it’s compliment. For isotropic turbulence, Φij is known in terms of the energy-spectrum

function [15], which in the Kolmogorov inertial range is given by E(|κ|) = Ckε
2/3|κ|−5/3, where ε is the mean dissipa-

tion, Ck the Kolmogorov constant and δij the Kronecker delta. The resulting resolved and unresolved contributions
to the Reynolds stress are:

〈ūiūj〉 =
Ckε

2/3

4π

∫
D
|κ|−11/3

(
δij −

κiκj
|κ|2

)
dκ (1)

and

〈u′iu′j〉 =
Ckε

2/3

4π

∫
D̃
|κ|−11/3

(
δij −

κiκj
|κ|2

)
dκ, (2)

where D̃ is the domain of unresolved wavenumbers.
In this paper, we consider two anisotropic definitions of the resolved wavenumber domain. The first is an ellipsoidal

wavenumber domain, with major axes determined by the cutoff wavenumber κcα = π/∆α in each direction, where
∆α is the Nyquist grid spacing in the α direction. An ellipsoidal wavenumber domain is analogous to the spherical
wavenumber cut-off commonly used in LES of isotropic turbulence. Arguably ellipsoidally filtered turbulence is the
most meaningful target of an isotropic turbulence LES with anisotropic resolution. The ellipsoidal resolved domain
De and the associated domain of unresolved wavenumbers D̃e are given by

De =

{
κ

∣∣∣∣∣
3∑

α=1

κ2α > κ2m and

3∑
α=1

(
κα
κcα

)2

≤ 1

}
,

D̃e =

{
κ

∣∣∣∣∣
3∑

α=1

(
κα
κcα

)2

> 1

}
, (3)

where κm is the minimum wavenumber characterizing the largest represented scale. Note that throughout this paper,
Roman letter indices, except for c and f representing coarse and fine respectively, are used for indexed objects that are
representing Cartesian vectors and tensors, and in this case the Einstein summation convention applies. On the other
hand, Greek indices, c and f are used when indexed objects are not representing Cartesian tensors, and no summation
is implied. The other anisotropic wavenumber domain considered here is consistent with a Cartesian tensor product
representation of the LES solution in physical space, where the resolution is different in each of the Cartesian basis
directions. This Cartesian domain Dc is defined by

Dc = {κ | κm < |κα| ≤ κcα; α = 1, 2, 3},
D̃c = {κ | |κα| > κcα; α = 1, 2, 3}. (4)

This definition of Dc is anisotropic both because of the Cartesian representation and because the ∆α are not in general
equal. The latter is most significant, and is of primary interest here. An illustrative diagram of the two domain types
is provided in Fig. 1.

The ∆α define an effective resolution cell, essentially a grid cell when using a grid-based numerical representation.
We will use the “resolution cell” nomenclature to refer to a volume of the domain with dimensions defined by the ∆α,
even when using numerical methods for which there is no such grid (e.g. spectral methods). Throughout this work,
only cell shapes with at least two of the ∆α equal are considered. These limiting cases are labeled “book” cells (Fig.
2a) when the repeated ∆α is largest and “pencil” cells (Fig. 2b) when the small ∆α is repeated. All other cell shapes
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�c1<latexit sha1_base64="3T1Bi3oj413fVCcsvToY8vj3Fts=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcuAjWUEEwO5I8xtNsmSvb1ld08IR/6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5sRLcWN//9kpr6xubW+Xtys7u3v5B9fCobdJMU9aiqUh1J0bDBJesZbkVrKM0wyQW7DEe3878xyemDU/lg50oFiU4lHzAKVonhRfhGJXCXk6Daa9a8+v+HGSVBAWpQYFmr/oV9lOaJUxaKtCYbuArG+WoLaeCTSthZphCOsYh6zoqMWEmyuc3T8mZU/pkkGpX0pK5+nsix8SYSRK7zgTtyCx7M/E/r5vZwU2Uc6kyyyRdLBpkgtiUzAIgfa4ZtWLiCFLN3a2EjlAjtS6migshWH55lbQv64FfD+6vag2/iKMMJ3AK5xDANTTgDprQAgoKnuEV3rzMe/HevY9Fa8krZo7hD7zPH6zwkWE=</latexit><latexit sha1_base64="3T1Bi3oj413fVCcsvToY8vj3Fts=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcuAjWUEEwO5I8xtNsmSvb1ld08IR/6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5sRLcWN//9kpr6xubW+Xtys7u3v5B9fCobdJMU9aiqUh1J0bDBJesZbkVrKM0wyQW7DEe3878xyemDU/lg50oFiU4lHzAKVonhRfhGJXCXk6Daa9a8+v+HGSVBAWpQYFmr/oV9lOaJUxaKtCYbuArG+WoLaeCTSthZphCOsYh6zoqMWEmyuc3T8mZU/pkkGpX0pK5+nsix8SYSRK7zgTtyCx7M/E/r5vZwU2Uc6kyyyRdLBpkgtiUzAIgfa4ZtWLiCFLN3a2EjlAjtS6migshWH55lbQv64FfD+6vag2/iKMMJ3AK5xDANTTgDprQAgoKnuEV3rzMe/HevY9Fa8krZo7hD7zPH6zwkWE=</latexit><latexit sha1_base64="3T1Bi3oj413fVCcsvToY8vj3Fts=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcuAjWUEEwO5I8xtNsmSvb1ld08IR/6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5sRLcWN//9kpr6xubW+Xtys7u3v5B9fCobdJMU9aiqUh1J0bDBJesZbkVrKM0wyQW7DEe3878xyemDU/lg50oFiU4lHzAKVonhRfhGJXCXk6Daa9a8+v+HGSVBAWpQYFmr/oV9lOaJUxaKtCYbuArG+WoLaeCTSthZphCOsYh6zoqMWEmyuc3T8mZU/pkkGpX0pK5+nsix8SYSRK7zgTtyCx7M/E/r5vZwU2Uc6kyyyRdLBpkgtiUzAIgfa4ZtWLiCFLN3a2EjlAjtS6migshWH55lbQv64FfD+6vag2/iKMMJ3AK5xDANTTgDprQAgoKnuEV3rzMe/HevY9Fa8krZo7hD7zPH6zwkWE=</latexit><latexit sha1_base64="3T1Bi3oj413fVCcsvToY8vj3Fts=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQcuAjWUEEwO5I8xtNsmSvb1ld08IR/6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5sRLcWN//9kpr6xubW+Xtys7u3v5B9fCobdJMU9aiqUh1J0bDBJesZbkVrKM0wyQW7DEe3878xyemDU/lg50oFiU4lHzAKVonhRfhGJXCXk6Daa9a8+v+HGSVBAWpQYFmr/oV9lOaJUxaKtCYbuArG+WoLaeCTSthZphCOsYh6zoqMWEmyuc3T8mZU/pkkGpX0pK5+nsix8SYSRK7zgTtyCx7M/E/r5vZwU2Uc6kyyyRdLBpkgtiUzAIgfa4ZtWLiCFLN3a2EjlAjtS6migshWH55lbQv64FfD+6vag2/iKMMJ3AK5xDANTTgDprQAgoKnuEV3rzMe/HevY9Fa8krZo7hD7zPH6zwkWE=</latexit>

c2<latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit><latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit><latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit><latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit>

�c2<latexit sha1_base64="kxb+hqZMEI+Rb3McI5MP+hOGx/k=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhDLZbtqlm2TZ3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oRRcG9f9dkobm1vbO+Xdyt7+weFR9fiko9NMUdamqUhVL0TNBE9Y23AjWE8qhnEoWDec3M397hNTmqfJo5lKFsQ4SnjEKRor+Vf+BKXEQU4bs0G15tbdBcg68QpSgwKtQfXLH6Y0i1liqECt+54rTZCjMpwKNqv4mWYS6QRHrG9pgjHTQb64eUYurDIkUapsJYYs1N8TOcZaT+PQdsZoxnrVm4v/ef3MRLdBzhOZGZbQ5aIoE8SkZB4AGXLFqBFTS5Aqbm8ldIwKqbExVWwI3urL66TTqHtu3Xu4rjXdIo4ynME5XIIHN9CEe2hBGyhIeIZXeHMy58V5dz6WrSWnmDmFP3A+fwCudZFi</latexit><latexit sha1_base64="kxb+hqZMEI+Rb3McI5MP+hOGx/k=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhDLZbtqlm2TZ3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oRRcG9f9dkobm1vbO+Xdyt7+weFR9fiko9NMUdamqUhVL0TNBE9Y23AjWE8qhnEoWDec3M397hNTmqfJo5lKFsQ4SnjEKRor+Vf+BKXEQU4bs0G15tbdBcg68QpSgwKtQfXLH6Y0i1liqECt+54rTZCjMpwKNqv4mWYS6QRHrG9pgjHTQb64eUYurDIkUapsJYYs1N8TOcZaT+PQdsZoxnrVm4v/ef3MRLdBzhOZGZbQ5aIoE8SkZB4AGXLFqBFTS5Aqbm8ldIwKqbExVWwI3urL66TTqHtu3Xu4rjXdIo4ynME5XIIHN9CEe2hBGyhIeIZXeHMy58V5dz6WrSWnmDmFP3A+fwCudZFi</latexit><latexit sha1_base64="kxb+hqZMEI+Rb3McI5MP+hOGx/k=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhDLZbtqlm2TZ3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oRRcG9f9dkobm1vbO+Xdyt7+weFR9fiko9NMUdamqUhVL0TNBE9Y23AjWE8qhnEoWDec3M397hNTmqfJo5lKFsQ4SnjEKRor+Vf+BKXEQU4bs0G15tbdBcg68QpSgwKtQfXLH6Y0i1liqECt+54rTZCjMpwKNqv4mWYS6QRHrG9pgjHTQb64eUYurDIkUapsJYYs1N8TOcZaT+PQdsZoxnrVm4v/ef3MRLdBzhOZGZbQ5aIoE8SkZB4AGXLFqBFTS5Aqbm8ldIwKqbExVWwI3urL66TTqHtu3Xu4rjXdIo4ynME5XIIHN9CEe2hBGyhIeIZXeHMy58V5dz6WrSWnmDmFP3A+fwCudZFi</latexit><latexit sha1_base64="kxb+hqZMEI+Rb3McI5MP+hOGx/k=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyUpgh4LXjxWsB/QhDLZbtqlm2TZ3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oRRcG9f9dkobm1vbO+Xdyt7+weFR9fiko9NMUdamqUhVL0TNBE9Y23AjWE8qhnEoWDec3M397hNTmqfJo5lKFsQ4SnjEKRor+Vf+BKXEQU4bs0G15tbdBcg68QpSgwKtQfXLH6Y0i1liqECt+54rTZCjMpwKNqv4mWYS6QRHrG9pgjHTQb64eUYurDIkUapsJYYs1N8TOcZaT+PQdsZoxnrVm4v/ef3MRLdBzhOZGZbQ5aIoE8SkZB4AGXLFqBFTS5Aqbm8ldIwKqbExVWwI3urL66TTqHtu3Xu4rjXdIo4ynME5XIIHN9CEe2hBGyhIeIZXeHMy58V5dz6WrSWnmDmFP3A+fwCudZFi</latexit>

D̃e
<latexit sha1_base64="BiaqyBwOGuzrVWJ7RWfMu6GZCgg=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi2GVBFy4r2Ac0sUwmN+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJim0acIT2QuIAs4EtDXTHHqpBBIHHLrB+Lrwu48gFUvEvZ6k4MdkKFjEKNFGGtjHnmY8hNyLiR5RwvOb6fQBBnbNqTsz4GXilqSGSrQG9pcXJjSLQWjKiVJ910m1nxOpGeUwrXqZgpTQMRlC31BBYlB+Pos/xWdGCXGUSPOExjP190ZOYqUmcWAmi5Rq0SvE/7x+pqOGnzORZhoEnR+KMo51gosucMgkUM0nhhAqmcmK6YhIQrVprGpKcBe/vEw6F3XXqbt3l7Vmo6yjgk7QKTpHLrpCTXSLWqiNKMrRM3pFb9aT9WK9Wx/z0RWr3DlCf2B9/gDq3ZYO</latexit><latexit sha1_base64="BiaqyBwOGuzrVWJ7RWfMu6GZCgg=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi2GVBFy4r2Ac0sUwmN+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJim0acIT2QuIAs4EtDXTHHqpBBIHHLrB+Lrwu48gFUvEvZ6k4MdkKFjEKNFGGtjHnmY8hNyLiR5RwvOb6fQBBnbNqTsz4GXilqSGSrQG9pcXJjSLQWjKiVJ910m1nxOpGeUwrXqZgpTQMRlC31BBYlB+Pos/xWdGCXGUSPOExjP190ZOYqUmcWAmi5Rq0SvE/7x+pqOGnzORZhoEnR+KMo51gosucMgkUM0nhhAqmcmK6YhIQrVprGpKcBe/vEw6F3XXqbt3l7Vmo6yjgk7QKTpHLrpCTXSLWqiNKMrRM3pFb9aT9WK9Wx/z0RWr3DlCf2B9/gDq3ZYO</latexit><latexit sha1_base64="BiaqyBwOGuzrVWJ7RWfMu6GZCgg=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi2GVBFy4r2Ac0sUwmN+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJim0acIT2QuIAs4EtDXTHHqpBBIHHLrB+Lrwu48gFUvEvZ6k4MdkKFjEKNFGGtjHnmY8hNyLiR5RwvOb6fQBBnbNqTsz4GXilqSGSrQG9pcXJjSLQWjKiVJ910m1nxOpGeUwrXqZgpTQMRlC31BBYlB+Pos/xWdGCXGUSPOExjP190ZOYqUmcWAmi5Rq0SvE/7x+pqOGnzORZhoEnR+KMo51gosucMgkUM0nhhAqmcmK6YhIQrVprGpKcBe/vEw6F3XXqbt3l7Vmo6yjgk7QKTpHLrpCTXSLWqiNKMrRM3pFb9aT9WK9Wx/z0RWr3DlCf2B9/gDq3ZYO</latexit><latexit sha1_base64="BiaqyBwOGuzrVWJ7RWfMu6GZCgg=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi2GVBFy4r2Ac0sUwmN+3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJim0acIT2QuIAs4EtDXTHHqpBBIHHLrB+Lrwu48gFUvEvZ6k4MdkKFjEKNFGGtjHnmY8hNyLiR5RwvOb6fQBBnbNqTsz4GXilqSGSrQG9pcXJjSLQWjKiVJ910m1nxOpGeUwrXqZgpTQMRlC31BBYlB+Pos/xWdGCXGUSPOExjP190ZOYqUmcWAmi5Rq0SvE/7x+pqOGnzORZhoEnR+KMo51gosucMgkUM0nhhAqmcmK6YhIQrVprGpKcBe/vEw6F3XXqbt3l7Vmo6yjgk7QKTpHLrpCTXSLWqiNKMrRM3pFb9aT9WK9Wx/z0RWr3DlCf2B9/gDq3ZYO</latexit>

De
<latexit sha1_base64="Xla8rYoUw+LhlrTrJyHI6SOV8AU=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjK/OUaleSQfzCRGP6QDyfucUWMlvxNSM2RUpLfTR+yWym7FnYEsEy8nZchR65a+Or2IJSFKwwTVuu25sfFTqgxnAqfFTqIxpmxEB9i2VNIQtZ/OQk/JqVV6pB8p+6QhM/X3RkpDrSdhYCezkHrRy8T/vHZi+ld+ymWcGJRsfqifCGIikjVAelwhM2JiCWWK26yEDamizNieirYEb/HLy6RxXvHcind/Ua5e53UU4BhO4Aw8uIQq3EEN6sDgCZ7hFd6csfPivDsf89EVJ985gj9wPn8A7USSKQ==</latexit><latexit sha1_base64="Xla8rYoUw+LhlrTrJyHI6SOV8AU=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjK/OUaleSQfzCRGP6QDyfucUWMlvxNSM2RUpLfTR+yWym7FnYEsEy8nZchR65a+Or2IJSFKwwTVuu25sfFTqgxnAqfFTqIxpmxEB9i2VNIQtZ/OQk/JqVV6pB8p+6QhM/X3RkpDrSdhYCezkHrRy8T/vHZi+ld+ymWcGJRsfqifCGIikjVAelwhM2JiCWWK26yEDamizNieirYEb/HLy6RxXvHcind/Ua5e53UU4BhO4Aw8uIQq3EEN6sDgCZ7hFd6csfPivDsf89EVJ985gj9wPn8A7USSKQ==</latexit><latexit sha1_base64="Xla8rYoUw+LhlrTrJyHI6SOV8AU=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjK/OUaleSQfzCRGP6QDyfucUWMlvxNSM2RUpLfTR+yWym7FnYEsEy8nZchR65a+Or2IJSFKwwTVuu25sfFTqgxnAqfFTqIxpmxEB9i2VNIQtZ/OQk/JqVV6pB8p+6QhM/X3RkpDrSdhYCezkHrRy8T/vHZi+ld+ymWcGJRsfqifCGIikjVAelwhM2JiCWWK26yEDamizNieirYEb/HLy6RxXvHcind/Ua5e53UU4BhO4Aw8uIQq3EEN6sDgCZ7hFd6csfPivDsf89EVJ985gj9wPn8A7USSKQ==</latexit><latexit sha1_base64="Xla8rYoUw+LhlrTrJyHI6SOV8AU=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiWT3rahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbjK/OUaleSQfzCRGP6QDyfucUWMlvxNSM2RUpLfTR+yWym7FnYEsEy8nZchR65a+Or2IJSFKwwTVuu25sfFTqgxnAqfFTqIxpmxEB9i2VNIQtZ/OQk/JqVV6pB8p+6QhM/X3RkpDrSdhYCezkHrRy8T/vHZi+ld+ymWcGJRsfqifCGIikjVAelwhM2JiCWWK26yEDamizNieirYEb/HLy6RxXvHcind/Ua5e53UU4BhO4Aw8uIQq3EEN6sDgCZ7hFd6csfPivDsf89EVJ985gj9wPn8A7USSKQ==</latexit>

m<latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit>
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2
<latexit sha1_base64="f/1PEkez/DSH7YOBjxJ4nSBnUgs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q0GPAi8cI5gHJEnons8mQ2dlxZlYIIT/hxYMiXv0db/6Nk2QPmljQUFR1090VKcGN9f1vb2Nza3tnt7BX3D84PDounZy2TJppypo0FanuRGiY4JI1LbeCdZRmmESCtaPx7dxvPzFteCof7ESxMMGh5DGnaJ3U6Y1RKexX+6WyX/EXIOskyEkZcjT6pa/eIKVZwqSlAo3pBr6y4RS15VSwWbGXGaaQjnHIuo5KTJgJp4t7Z+TSKQMSp9qVtGSh/p6YYmLMJIlcZ4J2ZFa9ufif181sfBNOuVSZZZIuF8WZIDYl8+fJgGtGrZg4glRzdyuhI9RIrYuo6EIIVl9eJ61qJfArwX2tXK/lcRTgHC7gCgK4hjrcQQOaQEHAM7zCm/fovXjv3seydcPLZ87gD7zPH7zYj7Y=</latexit><latexit sha1_base64="f/1PEkez/DSH7YOBjxJ4nSBnUgs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q0GPAi8cI5gHJEnons8mQ2dlxZlYIIT/hxYMiXv0db/6Nk2QPmljQUFR1090VKcGN9f1vb2Nza3tnt7BX3D84PDounZy2TJppypo0FanuRGiY4JI1LbeCdZRmmESCtaPx7dxvPzFteCof7ESxMMGh5DGnaJ3U6Y1RKexX+6WyX/EXIOskyEkZcjT6pa/eIKVZwqSlAo3pBr6y4RS15VSwWbGXGaaQjnHIuo5KTJgJp4t7Z+TSKQMSp9qVtGSh/p6YYmLMJIlcZ4J2ZFa9ufif181sfBNOuVSZZZIuF8WZIDYl8+fJgGtGrZg4glRzdyuhI9RIrYuo6EIIVl9eJ61qJfArwX2tXK/lcRTgHC7gCgK4hjrcQQOaQEHAM7zCm/fovXjv3seydcPLZ87gD7zPH7zYj7Y=</latexit><latexit sha1_base64="f/1PEkez/DSH7YOBjxJ4nSBnUgs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q0GPAi8cI5gHJEnons8mQ2dlxZlYIIT/hxYMiXv0db/6Nk2QPmljQUFR1090VKcGN9f1vb2Nza3tnt7BX3D84PDounZy2TJppypo0FanuRGiY4JI1LbeCdZRmmESCtaPx7dxvPzFteCof7ESxMMGh5DGnaJ3U6Y1RKexX+6WyX/EXIOskyEkZcjT6pa/eIKVZwqSlAo3pBr6y4RS15VSwWbGXGaaQjnHIuo5KTJgJp4t7Z+TSKQMSp9qVtGSh/p6YYmLMJIlcZ4J2ZFa9ufif181sfBNOuVSZZZIuF8WZIDYl8+fJgGtGrZg4glRzdyuhI9RIrYuo6EIIVl9eJ61qJfArwX2tXK/lcRTgHC7gCgK4hjrcQQOaQEHAM7zCm/fovXjv3seydcPLZ87gD7zPH7zYj7Y=</latexit><latexit sha1_base64="f/1PEkez/DSH7YOBjxJ4nSBnUgs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q0GPAi8cI5gHJEnons8mQ2dlxZlYIIT/hxYMiXv0db/6Nk2QPmljQUFR1090VKcGN9f1vb2Nza3tnt7BX3D84PDounZy2TJppypo0FanuRGiY4JI1LbeCdZRmmESCtaPx7dxvPzFteCof7ESxMMGh5DGnaJ3U6Y1RKexX+6WyX/EXIOskyEkZcjT6pa/eIKVZwqSlAo3pBr6y4RS15VSwWbGXGaaQjnHIuo5KTJgJp4t7Z+TSKQMSp9qVtGSh/p6YYmLMJIlcZ4J2ZFa9ufif181sfBNOuVSZZZIuF8WZIDYl8+fJgGtGrZg4glRzdyuhI9RIrYuo6EIIVl9eJ61qJfArwX2tXK/lcRTgHC7gCgK4hjrcQQOaQEHAM7zCm/fovXjv3seydcPLZ87gD7zPH7zYj7Y=</latexit>

c1<latexit sha1_base64="99XTtsyh3Wfva9gAK/606MmymhQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJfROZpMhszPLTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5pW50ZxltMS226EVguheItFCh5NzUckkjyTjS5m/udJ26s0OoRpykPExgpEQsG6KRefwJpCoOcBbNBtebX/QXoOgkKUiMFmoPqV3+oWZZwhUyCtb3ATzHMwaBgks8q/czyFNgERrznqIKE2zBfnDyjF04Z0lgbVwrpQv09kUNi7TSJXGcCOLar3lz8z+tlGN+GuVBphlyx5aI4kxQ1nf9Ph8JwhnLqCDAj3K2UjcEAQ5dSxYUQrL68TtpX9cCvBw/XtYZfxFEmZ+ScXJKA3JAGuSdN0iKMaPJMXsmbh96L9+59LFtLXjFzSv7A+/wBQdWRKg==</latexit><latexit sha1_base64="99XTtsyh3Wfva9gAK/606MmymhQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJfROZpMhszPLTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5pW50ZxltMS226EVguheItFCh5NzUckkjyTjS5m/udJ26s0OoRpykPExgpEQsG6KRefwJpCoOcBbNBtebX/QXoOgkKUiMFmoPqV3+oWZZwhUyCtb3ATzHMwaBgks8q/czyFNgERrznqIKE2zBfnDyjF04Z0lgbVwrpQv09kUNi7TSJXGcCOLar3lz8z+tlGN+GuVBphlyx5aI4kxQ1nf9Ph8JwhnLqCDAj3K2UjcEAQ5dSxYUQrL68TtpX9cCvBw/XtYZfxFEmZ+ScXJKA3JAGuSdN0iKMaPJMXsmbh96L9+59LFtLXjFzSv7A+/wBQdWRKg==</latexit><latexit sha1_base64="99XTtsyh3Wfva9gAK/606MmymhQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJfROZpMhszPLTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5pW50ZxltMS226EVguheItFCh5NzUckkjyTjS5m/udJ26s0OoRpykPExgpEQsG6KRefwJpCoOcBbNBtebX/QXoOgkKUiMFmoPqV3+oWZZwhUyCtb3ATzHMwaBgks8q/czyFNgERrznqIKE2zBfnDyjF04Z0lgbVwrpQv09kUNi7TSJXGcCOLar3lz8z+tlGN+GuVBphlyx5aI4kxQ1nf9Ph8JwhnLqCDAj3K2UjcEAQ5dSxYUQrL68TtpX9cCvBw/XtYZfxFEmZ+ScXJKA3JAGuSdN0iKMaPJMXsmbh96L9+59LFtLXjFzSv7A+/wBQdWRKg==</latexit><latexit sha1_base64="99XTtsyh3Wfva9gAK/606MmymhQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJfROZpMhszPLTK8QlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5pW50ZxltMS226EVguheItFCh5NzUckkjyTjS5m/udJ26s0OoRpykPExgpEQsG6KRefwJpCoOcBbNBtebX/QXoOgkKUiMFmoPqV3+oWZZwhUyCtb3ATzHMwaBgks8q/czyFNgERrznqIKE2zBfnDyjF04Z0lgbVwrpQv09kUNi7TSJXGcCOLar3lz8z+tlGN+GuVBphlyx5aI4kxQ1nf9Ph8JwhnLqCDAj3K2UjcEAQ5dSxYUQrL68TtpX9cCvBw/XtYZfxFEmZ+ScXJKA3JAGuSdN0iKMaPJMXsmbh96L9+59LFtLXjFzSv7A+/wBQdWRKg==</latexit>

�c1
<latexit sha1_base64="FihalYmzHwVs76EDHdD0ThO7r4w=">AAAB83icbVDLSgNBEOxNfMT4inr0shgEL4ZdL3oMePEYwTwgu4TeyWwyZHZ2mJkVwpLf8OJBEa/+g9/gQfBrdPI4aGJBQ1HVTXdXJDnTxvO+nEJxbX1js7RV3t7Z3duvHBy2dJopQpsk5anqRKgpZ4I2DTOcdqSimESctqPR9dRv31OlWSruzFjSMMGBYDEjaKwUnAcjlBJ7OfEnvUrVq3kzuKvEX5Bqvfj5/Q4AjV7lI+inJEuoMISj1l3fkybMURlGOJ2Ug0xTiWSEA9q1VGBCdZjPbp64p1bpu3GqbAnjztTfEzkmWo+TyHYmaIZ62ZuK/3ndzMRXYc6EzAwVZL4ozrhrUncagNtnihLDx5YgUcze6pIhKiTGxlS2IfjLL6+S1kXN92r+rU3DgzlKcAwncAY+XEIdbqABTSAg4QGe4NnJnEfnxXmdtxacxcwR/IHz9gOB4JQ1</latexit><latexit sha1_base64="ibbqdqM0CHiNd2ARdA7IE/6uKmM=">AAAB83icbVDLSgNBEOxNfMT4ioonL4tB8GLY9aLHgBePEcwDskuYnXSSIbOzw8ysEJb8hhcPinj1I/wFD4InP0Unj4MmFjQUVd10d0WSM20879PJ5VdW19YLG8XNre2d3dLefkMnqaJYpwlPVCsiGjkTWDfMcGxJhSSOODaj4dXEb96h0iwRt2YkMYxJX7Aeo8RYKTgLhkRK0smoP+6Uyl7Fm8JdJv6clKv5j++3wy+sdUrvQTehaYzCUE60bvueNGFGlGGU47gYpBoloUPSx7algsSow2x689g9sUrX7SXKljDuVP09kZFY61Ec2c6YmIFe9Cbif147Nb3LMGNCpgYFnS3qpdw1iTsJwO0yhdTwkSWEKmZvdemAKEKNjaloQ/AXX14mjfOK71X8G5uGBzMU4AiO4RR8uIAqXEMN6kBBwj08wpOTOg/Os/Mya80585kD+APn9QdP7JWP</latexit><latexit sha1_base64="ibbqdqM0CHiNd2ARdA7IE/6uKmM=">AAAB83icbVDLSgNBEOxNfMT4ioonL4tB8GLY9aLHgBePEcwDskuYnXSSIbOzw8ysEJb8hhcPinj1I/wFD4InP0Unj4MmFjQUVd10d0WSM20879PJ5VdW19YLG8XNre2d3dLefkMnqaJYpwlPVCsiGjkTWDfMcGxJhSSOODaj4dXEb96h0iwRt2YkMYxJX7Aeo8RYKTgLhkRK0smoP+6Uyl7Fm8JdJv6clKv5j++3wy+sdUrvQTehaYzCUE60bvueNGFGlGGU47gYpBoloUPSx7algsSow2x689g9sUrX7SXKljDuVP09kZFY61Ec2c6YmIFe9Cbif147Nb3LMGNCpgYFnS3qpdw1iTsJwO0yhdTwkSWEKmZvdemAKEKNjaloQ/AXX14mjfOK71X8G5uGBzMU4AiO4RR8uIAqXEMN6kBBwj08wpOTOg/Os/Mya80585kD+APn9QdP7JWP</latexit><latexit sha1_base64="fghYtgwYg3L6QZ7vQkwNG2cSC6A=">AAAB83icbVA9SwNBEJ2LXzF+RS1tDoNgY9iz0TJgYxnBfEDuCHObTbJkb2/Z3RPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZerAQ3lpBvr7SxubW9U96t7O0fHB5Vj0/aJs00ZS2ailR3YzRMcMlallvBukozTGLBOvHkbu53npg2PJWPdqpYlOBI8iGnaJ0UXoUTVAr7OQ1m/WqN1MkC/joJClKDAs1+9SscpDRLmLRUoDG9gCgb5agtp4LNKmFmmEI6wRHrOSoxYSbKFzfP/AunDPxhql1J6y/U3xM5JsZMk9h1JmjHZtWbi/95vcwOb6OcS5VZJuly0TATvk39eQD+gGtGrZg6glRzd6tPx6iRWhdTxYUQrL68TtrX9YDUgwdSa5AijjKcwTlcQgA30IB7aEILKCh4hld48zLvxXv3PpatJa+YOYU/8D5/AKuwkV0=</latexit>

c2<latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit><latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit><latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit><latexit sha1_base64="eR+Z2+kn4z11CP3fqOSAOxH3qlU=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84DNEmYnk2TI7Mwy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp1JY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdmFouheItFCh5NzWcJrHknXhyN/c7T9xYodUjTlMeJXSkxFAwik4KexOaprSfs/qsX6n6NX8Bsk6CglShQLNf+eoNNMsSrpBJam0Y+ClGOTUomOSzci+zPKVsQkc8dFTRhNsoX5w8I5dOGZChNq4UkoX6eyKnibXTJHadCcWxXfXm4n9emOHwNsqFSjPkii0XDTNJUJP5/2QgDGcop45QZoS7lbAxNZShS6nsQghWX14n7Xot8GvBw3W14RdxlOAcLuAKAriBBtxDE1rAQMMzvMKbh96L9+59LFs3vGLmDP7A+/wBQ1qRKw==</latexit>

�c2
<latexit sha1_base64="JjUly1cEYbj1JIhxnXjaOVtRoZo=">AAAB83icbVDLSgNBEOw1PmJ8RT16WQyCF8NuLnoMePEYwTwgu4TeyWwyZHZ2mJkVwpLf8OJBEa/+g9/gQfBrdPI4aGJBQ1HVTXdXJDnTxvO+nLXC+sbmVnG7tLO7t39QPjxq6TRThDZJylPViVBTzgRtGmY47UhFMYk4bUej66nfvqdKs1TcmbGkYYIDwWJG0FgpuAhGKCX2clKb9MoVr+rN4K4Sf0Eq9cLn9zsANHrlj6CfkiyhwhCOWnd9T5owR2UY4XRSCjJNJZIRDmjXUoEJ1WE+u3ninlml78apsiWMO1N/T+SYaD1OItuZoBnqZW8q/ud1MxNfhTkTMjNUkPmiOOOuSd1pAG6fKUoMH1uCRDF7q0uGqJAYG1PJhuAvv7xKWrWq71X9W5uGB3MU4QRO4Rx8uIQ63EADmkBAwgM8wbOTOY/Oi/M6b11zFjPH8AfO2w+DZZQ2</latexit><latexit sha1_base64="3M7MpI6/0wry9qwDg2VkqqmdCd4=">AAAB83icbVDLSgNBEJw1PmJ8RcWTl8UgeDHs5qLHgBePEcwDskvonXSSIbOzw8ysEJb8hhcPinj1I/wFD4InP0Unj4MmFjQUVd10d0WSM20879NZya2urW/kNwtb2zu7e8X9g4ZOUkWxThOeqFYEGjkTWDfMcGxJhRBHHJvR8GriN+9QaZaIWzOSGMbQF6zHKBgrBefBEKSETkYr406x5JW9Kdxl4s9JqZr7+H47+sJap/gedBOaxigM5aB12/ekCTNQhlGO40KQapRAh9DHtqUCYtRhNr157J5apev2EmVLGHeq/p7IINZ6FEe2MwYz0IveRPzPa6emdxlmTMjUoKCzRb2UuyZxJwG4XaaQGj6yBKhi9laXDkABNTamgg3BX3x5mTQqZd8r+zc2DY/MkCfH5IScEZ9ckCq5JjVSJ5RIck8eyZOTOg/Os/Mya11x5jOH5A+c1x9RcZWQ</latexit><latexit sha1_base64="3M7MpI6/0wry9qwDg2VkqqmdCd4=">AAAB83icbVDLSgNBEJw1PmJ8RcWTl8UgeDHs5qLHgBePEcwDskvonXSSIbOzw8ysEJb8hhcPinj1I/wFD4InP0Unj4MmFjQUVd10d0WSM20879NZya2urW/kNwtb2zu7e8X9g4ZOUkWxThOeqFYEGjkTWDfMcGxJhRBHHJvR8GriN+9QaZaIWzOSGMbQF6zHKBgrBefBEKSETkYr406x5JW9Kdxl4s9JqZr7+H47+sJap/gedBOaxigM5aB12/ekCTNQhlGO40KQapRAh9DHtqUCYtRhNr157J5apev2EmVLGHeq/p7IINZ6FEe2MwYz0IveRPzPa6emdxlmTMjUoKCzRb2UuyZxJwG4XaaQGj6yBKhi9laXDkABNTamgg3BX3x5mTQqZd8r+zc2DY/MkCfH5IScEZ9ckCq5JjVSJ5RIck8eyZOTOg/Os/Mya11x5jOH5A+c1x9RcZWQ</latexit><latexit sha1_base64="28hd7vq3/16SZv4aZ1BSt9BEpNU=">AAAB83icbVA9SwNBEJ3zM8avqKXNYRBsDHtptAzYWEYwH5A7wtxmkyzZ21t294Rw5G/YWChi65+x89+4Sa7QxAcDj/dmmJkXK8GNJeTb29jc2t7ZLe2V9w8Oj44rJ6dtk2aashZNRaq7MRomuGQty61gXaUZJrFgnXhyN/c7T0wbnspHO1UsSnAk+ZBTtE4Kr8MJKoX9nNZn/UqV1MgC/joJClKFAs1+5SscpDRLmLRUoDG9gCgb5agtp4LNymFmmEI6wRHrOSoxYSbKFzfP/EunDPxhql1J6y/U3xM5JsZMk9h1JmjHZtWbi/95vcwOb6OcS5VZJuly0TATvk39eQD+gGtGrZg6glRzd6tPx6iRWhdT2YUQrL68Ttr1WkBqwQOpNkgRRwnO4QKuIIAbaMA9NKEFFBQ8wyu8eZn34r17H8vWDa+YOYM/8D5/AK01kV4=</latexit>

D̃c
<latexit sha1_base64="Ys/cDqoBhhhyexaor4wf9XkqeSQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEsMuCLlxWsA9oYplMJu3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4u/O4jlYol4l5PUurHeChYxAjWRhrYx55mPKS5F2M9IpjnN9PpAxnYNafuzICWiVuSGpRoDewvL0xIFlOhCcdK9V0n1X6OpWaE02nVyxRNMRnjIe0bKnBMlZ/P4k/RmVFCFCXSPKHRTP29keNYqUkcmMkipVr0CvE/r5/pqOHnTKSZpoLMD0UZRzpBRRcoZJISzSeGYCKZyYrICEtMtGmsakpwF7+8TDoXddepu3eXtWajrKMCJ3AK5+DCFTThFlrQBgI5PMMrvFlP1ov1bn3MR1escucI/sD6/AHn1ZYM</latexit><latexit sha1_base64="Ys/cDqoBhhhyexaor4wf9XkqeSQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEsMuCLlxWsA9oYplMJu3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4u/O4jlYol4l5PUurHeChYxAjWRhrYx55mPKS5F2M9IpjnN9PpAxnYNafuzICWiVuSGpRoDewvL0xIFlOhCcdK9V0n1X6OpWaE02nVyxRNMRnjIe0bKnBMlZ/P4k/RmVFCFCXSPKHRTP29keNYqUkcmMkipVr0CvE/r5/pqOHnTKSZpoLMD0UZRzpBRRcoZJISzSeGYCKZyYrICEtMtGmsakpwF7+8TDoXddepu3eXtWajrKMCJ3AK5+DCFTThFlrQBgI5PMMrvFlP1ov1bn3MR1escucI/sD6/AHn1ZYM</latexit><latexit sha1_base64="Ys/cDqoBhhhyexaor4wf9XkqeSQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEsMuCLlxWsA9oYplMJu3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4u/O4jlYol4l5PUurHeChYxAjWRhrYx55mPKS5F2M9IpjnN9PpAxnYNafuzICWiVuSGpRoDewvL0xIFlOhCcdK9V0n1X6OpWaE02nVyxRNMRnjIe0bKnBMlZ/P4k/RmVFCFCXSPKHRTP29keNYqUkcmMkipVr0CvE/r5/pqOHnTKSZpoLMD0UZRzpBRRcoZJISzSeGYCKZyYrICEtMtGmsakpwF7+8TDoXddepu3eXtWajrKMCJ3AK5+DCFTThFlrQBgI5PMMrvFlP1ov1bn3MR1escucI/sD6/AHn1ZYM</latexit><latexit sha1_base64="Ys/cDqoBhhhyexaor4wf9XkqeSQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEsMuCLlxWsA9oYplMJu3QySTMTIQSCv6KGxeKuPU73Pk3TtostPXAwOGce7lnTpByprTjfFsrq2vrG5uVrer2zu7evn1w2FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4u/O4jlYol4l5PUurHeChYxAjWRhrYx55mPKS5F2M9IpjnN9PpAxnYNafuzICWiVuSGpRoDewvL0xIFlOhCcdK9V0n1X6OpWaE02nVyxRNMRnjIe0bKnBMlZ/P4k/RmVFCFCXSPKHRTP29keNYqUkcmMkipVr0CvE/r5/pqOHnTKSZpoLMD0UZRzpBRRcoZJISzSeGYCKZyYrICEtMtGmsakpwF7+8TDoXddepu3eXtWajrKMCJ3AK5+DCFTThFlrQBgI5PMMrvFlP1ov1bn3MR1escucI/sD6/AHn1ZYM</latexit>

Dc
<latexit sha1_base64="bJ3cAugeJneqQGa/ZkXmUAFkVw0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiVzm7ahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lClkdIxGpVkA1E1yyuuFGsFasGA0DwZrB6Cbzm2OmNI/kg5nEzA/pQPI+R2qs5HdCaoZIRXo7fcRuqexW3BnIMvFyUoYctW7pq9OLMAmZNCio1m3PjY2fUmU4CjYtdhLNYoojOmBtSyUNmfbTWegpObVKj/QjZZ80ZKb+3khpqPUkDOxkFlIvepn4n9dOTP/KT7mME8Mkzg/1E0FMRLIGSI8rhkZMLKGouM1KcEgVRWN7KtoSvMUvL5PGecVzK979Rbl6nddRgGM4gTPw4BKqcAc1qAPCEzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4A6jySJw==</latexit><latexit sha1_base64="bJ3cAugeJneqQGa/ZkXmUAFkVw0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiVzm7ahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lClkdIxGpVkA1E1yyuuFGsFasGA0DwZrB6Cbzm2OmNI/kg5nEzA/pQPI+R2qs5HdCaoZIRXo7fcRuqexW3BnIMvFyUoYctW7pq9OLMAmZNCio1m3PjY2fUmU4CjYtdhLNYoojOmBtSyUNmfbTWegpObVKj/QjZZ80ZKb+3khpqPUkDOxkFlIvepn4n9dOTP/KT7mME8Mkzg/1E0FMRLIGSI8rhkZMLKGouM1KcEgVRWN7KtoSvMUvL5PGecVzK979Rbl6nddRgGM4gTPw4BKqcAc1qAPCEzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4A6jySJw==</latexit><latexit sha1_base64="bJ3cAugeJneqQGa/ZkXmUAFkVw0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiVzm7ahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lClkdIxGpVkA1E1yyuuFGsFasGA0DwZrB6Cbzm2OmNI/kg5nEzA/pQPI+R2qs5HdCaoZIRXo7fcRuqexW3BnIMvFyUoYctW7pq9OLMAmZNCio1m3PjY2fUmU4CjYtdhLNYoojOmBtSyUNmfbTWegpObVKj/QjZZ80ZKb+3khpqPUkDOxkFlIvepn4n9dOTP/KT7mME8Mkzg/1E0FMRLIGSI8rhkZMLKGouM1KcEgVRWN7KtoSvMUvL5PGecVzK979Rbl6nddRgGM4gTPw4BKqcAc1qAPCEzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4A6jySJw==</latexit><latexit sha1_base64="bJ3cAugeJneqQGa/ZkXmUAFkVw0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRFFcFXbisYB/QjiVzm7ahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lClkdIxGpVkA1E1yyuuFGsFasGA0DwZrB6Cbzm2OmNI/kg5nEzA/pQPI+R2qs5HdCaoZIRXo7fcRuqexW3BnIMvFyUoYctW7pq9OLMAmZNCio1m3PjY2fUmU4CjYtdhLNYoojOmBtSyUNmfbTWegpObVKj/QjZZ80ZKb+3khpqPUkDOxkFlIvepn4n9dOTP/KT7mME8Mkzg/1E0FMRLIGSI8rhkZMLKGouM1KcEgVRWN7KtoSvMUvL5PGecVzK979Rbl6nddRgGM4gTPw4BKqcAc1qAPCEzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4A6jySJw==</latexit>

m<latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit>

m<latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit><latexit sha1_base64="gRxhr4owymT6eZxeO/MNj1aBi4Y=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhN7JbDJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdop7+7tHxxWjo5bJs00ZU2ailR3IjRMcMmallvBOkozTCLB2tH4dua3n5g2PJUPdqJYmOBQ8phTtE7q9MaoFPaTfqXq1/w5yCoJClKFAo1+5as3SGmWMGmpQGO6ga9smKO2nAo2LfcywxTSMQ5Z11GJCTNhPr93Ss6dMiBxql1JS+bq74kcE2MmSeQ6E7Qjs+zNxP+8bmbjmzDnUmWWSbpYFGeC2JTMnicDrhm1YuIIUs3drYSOUCO1LqKyCyFYfnmVtC5rgV8L7q+qdb+IowSncAYXEMA11OEOGtAECgKe4RXevEfvxXv3Phata14xcwJ/4H3+ABUfj+0=</latexit>

�m<latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit><latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit><latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit><latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit>

�m<latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit><latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit><latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit><latexit sha1_base64="i3pa9GlJY9iL+F+SOibJcg5E5S4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgxbArgh4DXjxGMA9JltA7mU2GzMwOM7NCCPkKLx4U8ernePNvnCR70MSChqKqm+6uWHFmbBB8e4W19Y3NreJ2aWd3b/+gfHjUNGmmCW2QlKe6HaOhnEnasMxy2laaoog5bcWj25nfeqLasFQ+2LGikcCBZAkjaJ30eNEdoVLYE71yJagGc/irJMxJBXLUe+Wvbj8lmaDSEo7GdMJA2WiC2jLC6bTUzQxVSEY4oB1HJQpqosn84Kl/5pS+n6TalbT+XP09MUFhzFjErlOgHZplbyb+53Uym9xEEyZVZqkki0VJxn2b+rPv/T7TlFg+dgSJZu5WnwxRI7Euo5ILIVx+eZU0L6thUA3vryq1II+jCCdwCucQwjXU4A7q0AACAp7hFd487b14797HorXg5TPH8Afe5w9/rZAk</latexit> 0
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(b) Dc

FIG. 1. Diagram illustrating 2D representation of (a) ellipsoidal and (b) Cartesian wave-space domain types.
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(b) Pencil

FIG. 2. Diagram of the limiting (a) book (∆1 = ∆2) and (b) pencil (∆2 = ∆3) cell types considered here.

would exhibit behavior intermediate between these cases. These limiting cell shapes are parameterized by the aspect
ratio Ar = ∆c/∆f . Book type cells are particularly common, as they arise naturally to resolve boundary layers.
Pencil type cells are typically used more sparingly but are often employed in critical regions such as near stagnation
and separation points on 2D bodies.

For isotropic turbulence with anisotropic LES resolution, the unresolved Reynolds stress is weakly anisotropic (Fig.
3a), with anisotropy saturating at Ar of about 32. The saturated level of anisotropy increases with the ratio κcc/κm
but since this is occurring as the resolution of the LES is being refined so that the contribution of the unresolved
turbulence to the Reynolds stress is becoming negligible, this anisotropy becomes increasing irrelevant to the model
[16]. Pencil cells produce significantly more unresolved Reynolds stress anisotropy than book cells. Resolved stress
anisotropy (Fig. 3b) similarly saturates at the same Ar and, as expected, is only significant when the smallest κcc/κm
approaches one. When κcc/κm = 16 or greater, the resolved anisotropy is negligible. These trends are consistent with
those observed by Kaltenbach [9].

If the contribution of unresolved scales to the Reynolds stress were the only relevant function of a SGS model, these
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(a) Unresolved (b) Resolved

FIG. 3. Resolution-induced anisotropy in the unresolved (a) and resolved (b) scale contributions to the Reynolds stress for

an inertial range energy spectrum, determined as half the trace of (2) and (1), based on the wavenumber domains De and D̃e
given by (3). The value of kcc/km is 2 *, 4 ◦, 8 O, 16 M, 32 , 64 ♦, 128 B, 256 C. Subscript “c” indicates the coarse direction
while “f” indicates the fine direction.

mild anisotropies would indicate the effects of resolution anisotropy could be neglected. However, as is well known, the
primary impact of the unresolved turbulence in well-resolved LES is as a sink of resolved energy. Nearly all subgrid
models, which are designed to represent this energy transfer, are formulated in terms of the resolved velocity gradient
tensor, so its resolution-induced anisotropy will be important. The energy transfer of an eddy viscosity based subgrid
model will necessarily be expressed in terms of second order (or higher) moments of the velocity-gradient tensor.
Particularly, if a scalar eddy viscosity is uncorrelated with the velocity gradients, the anisotropy of the energy transfer
to the unresolved scales is determined directly from the anisotropy of the second moment of the velocity gradient. Its
anisotropy is examined next.

The anisotropy of the second moment of the velocity gradient tensor Gijkl = 〈∂kūi∂lūj〉 induced by anisotropic
resolution in isotropic turbulence is calculated by taking the gradient of the spectral energy density tensor twice and
again integrating over an anisotropic resolved wavenumber domain D. Noting that 〈ūi∂k∂lūj〉 = 〈∂k∂lūiūj〉 = 0, one
obtains [15]

Gijkl = 〈∂kūi∂lūj〉 =
Ckε

2/3

4π

∫
D
κkκl|κ|−11/3

(
δij −

κiκj
|κ|2

)
dκ, (5)

where D is again the domain of resolved wavenumbers. The structure of Gijkl as given in (5) implies that it can be
written in terms of a fourth-ranked tensor Aijkl, which is invariant to all permutations of its indices:

Gijkl =
Ckε

2/3

4π

(
δijAmmkl −Aijkl

)
. (6)

When the resolved wavenumber domain D is symmetric about three mutually orthogonal planes through the origin,
as is the case for the domains defined in (3) and (4), and the basis in which the tensors are expressed are normal to
these symmetry planes, reflection symmetries require that the elements of Gijkl are zero unless each index is equal to
at least one other index, with the same requirements applying to Aijkl. Under these conditions, there are only six
distinct non-zero components of A, which can be organized in a symmetric matrix A:

Aααββ = Aαβ =

∫
D
κακακβκβ |κ|−17/3 dκ. (7)
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(a) All repeating (b) Fine component, coarse gradient (c) Coarse component, fine gradient

FIG. 4. Resolution-induced anisotropy in the second moment of the resolved velocity gradient tensor Gijkl determined from (5)
based on wavenumber domain De given by (3). The value of kcc/km is 2 *, 4 ◦, 8 O, 16 M, 32 , 64 ♦, and 128 B. Subscript
“c” indicates the coarse direction while “f” indicates the fine direction.

Ar Nc Nf κcc/κm Cell Types
1 32 32 16 n/a
4 32 128 16 b,p
8 16 128 8 b
8 32 256 16 b,p
8 64 512 32 b
8 128 1024 64 b

16 32 512 16 b,p
32 32 1024 16 b,p

TABLE I. Resolution used in the simulation cases reported here. Listed are the number of Fourier modes in the coarse (Nc) and
fine (Nf ) directions, for aspect ratios Ar = Nf/Nc ranging from 1 to 32. Simulations were run with book-type cells (indicated
with “b”) and pencil-type cells (“p”), though not all resolution cases were run with pencil-type cells. The effective resolution
in any direction is given by ∆α = L/Nα, where L is the box size.

In this basis, the remaining components of A are either zero or equal to those defined in (7), by virtue of the symmetry
and invariance properties described above. When the LES resolution is isotropic (i.e. D is spherically symmetric),
each element of A has one of only two distinct values, one for the diagonal elements, and one for the off-diagonal.

In the case of book and pencil cell resolution, where the resolution in two directions is the same, the elements of
A include four distinct values. So, the impact of book and pencil cell anisotropic resolution on Gijkl can be fully
described by three ratios of its non-zero elements. These are shown in Fig. 4 as a function of the resolution aspect
ratio. Plotted are the ratios Gffff/Gcccc, Gffcc/Gcccc and Gccff/Gcccc, again, no summation is implied for indices
“c” and “f”. If D is isotropic (spherically symmetric), Gffff/Gcccc, Gffcc/Gcccc and Gccff/Gcccc have values 1, 2 and
2 respectively. These are the ratios of the variances of the four unique components of the velocity gradient in this
situation (i.e. book or pencil cells, with tensors expressed in the grid principle directions). The plots in Fig. 4 show
that, as one might expect, the gradients in the fine direction are larger than in the coarse direction, and that they
grow relative to the coarse direction derivatives as the aspect ratio increases. For pencil cells the ratios increase like
a power between 0.4 and 0.6. These ratios saturate with increasing aspect ratio for book cells. Note that the velocity
gradient variances enter the expression for the rate of energy transfer to unresolved scales in the case of a scalar eddy
viscosity. So, these quantities represent the contribution to this energy transfer by gradients in the coarse and fine
directions.

B. LES Test Cases

A set of large eddy simulations were conducted to test a variety of LES subgrid models with a wide range of of
anisotropic resolutions. They consisted of forced homogeneous isotropic turbulence in a cubical periodic domain of size
L at infinite Re performed with a modified version of the dealiased pseudo-spectral code Poongback [17–19]. Negative
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(a) Without spherical filtering (b) With spherical filtering

FIG. 5. One-dimensional energy spectra E from LES with isotropic resolution using the Smagorinsky, AMD and M43 models,
compared with the equivalently filtered |κ|−5/3 Kolmogorov inertial energy spectra. Shown are spectra (a) without a spherical
cut-off filter and (b) with a spherical cut-off filter.

viscosity forcing was used over a band of wavenumbers with magnitudes |κ|L = (0, 4π] with constant power input.
Cell aspect ratios (Ar) range from 1 to 32, as indicated in Table I, which also shows the resolution parameters for
each case considered here. Time stepping is performed using low-storage third-order Runge-Kutta [20] with a target
maximum CFL = π∆t

∑
α (|uα|/∆α), where ∆t is the time step. The time step varies in time, so that at step n

the time step ∆tn is given by ∆tn = 0.9∆tn−1 + 0.1∆ttarg where ∆ttarg is the time step that would be required to
achieve the target maximum CFL. All results presented here are one-dimensional energy spectra [15] normalized by
κm = 2π/L and the dissipation ε, which is just the specified input forcing power. One-dimensional energy spectra are
reported here, instead of the three-dimensional spectra more commonly used for isotropic turbulence, to reveal the
differences between the coarsely and finely resolved directions. Spectra are averaged over 10 fields spanning at least
four eddy turnover times after being brought to a statistically-stationary state. Throughout the paper, quantities are
normalized by ε and κm, unless otherwise specified.

Spectra obtained by filtering a theoretical infinite Reynolds number inertial range spectrum are used for comparison
to avoid the finite Reynolds number effects inherent in DNS data. This is critical when considering high aspect ratio
resolution because the models assume that the resolution scales in all directions are in the inertial range. Comparisons
between the LES and the theoretical filtered spectrum are based on ellipsoidal sharp spectral cut-off filters. That is
the Fourier transform F̂(κ) of the filter kernel is given by:

F̂(κ) =

{
1 if M2

ijκiκj < π2

0 otherwise
(8)

WhereMij is a tensor whose eigenvalues are the grid cell dimensions ∆α and whose eigenvectors are the grid directions
(see Sec. III for more details). This filter excludes all wavenumbers except those in the domain De defined in (3).
When simulating isotropic turbulence with anisotropic resolution, such an ellipsoidally filtered turbulence is the most
meaningful target of the LES. However, the LES numerical representation and the associated models, are based on
a Cartesian tensor product definition of the resolved turbulence (Dc in Eq. 4). Therefore, to obtain the spectra of
interest and compare to the theoretical spectra, the spectral filter defined in (8) is also applied to the LES solutions.
Comparisons between LES and theory based on the Cartesian tensor product definition of resolved scales used in the
simulations leads to the same conclusions regarding the fidelity of the models as the comparisons reported here.

This is evident in Fig. 5 in which the one-dimensional spectra for cases with Ar = 1 are plotted, with and without
the spherical truncation that is the isotropic version of the ellipsoidal filter defined above. Shown are results for
the three models that are the primary focus of this paper: the Smagorinsky model, the AMD model of [8] and the
M43 model presented in Sec. III, compared to the equivalently filtered Kolmogorov inertial range spectrum (labeled
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theory). The Smagorinsky constant was adjusted to obtain Cs = 0.013 (νt = Cs
√

2S̄ijS̄ij∆
2
eq) by matching this

isotropic resolution case. Similarly, because the numerical representation used here is different from that in [8], the
AMD model constant was set to 0.236 to match this case, rather than the suggested value of 0.212 in [8]. Finally, the
M43 model constant was determined theoretically (see Appendix A).

In Fig. 5, notice that with or without the spherical truncation, all three models yield nearly identical spectra,
including a modest excess of energy at the highest resolved wavenumber, compared to the filtered theoretical spectra,
This is manifested as an up-turn in the spectra in the non-spherically-filtered case. All three models perform acceptably
well representing the spectra.

C. Smagorinsky model performance with Anisotropic Resolution

The consequences of neglecting resolution anisotropy and the resulting gradient anisotropy can be explicitly demon-
strated in LES using the Smagorinsky model [21] applied to simulations with anisotropic resolution. One-dimensional
spectra in the fine and coarse directions from such LES are compared to the same obtained from an equivalently
filtered |κ|−5/3 Kolmogorov inertial range (Fig. 6).

For both pencil and book cells, the LES fine-direction spectra have excess energy in the mid wavenumbers centered
around the coarse cutoff wavenumber along with a rapid roll-off at high wavenumbers. This high wavenumber energy
deficit is most pronounced for book cells. In the coarse-direction spectra, the LES exhibit excess energy at the cutoff,
up to a factor of approximately six. This “energy pile-up” at the coarse cutoff appears to be saturating at the highest
aspect ratio of 32.

Since the turbulence is homogeneous, this test is insensitive to any errors in representing the subgrid contribution to
the Reynolds stress. Therefore, it seems likely that the errors in the energy spectra are purely a result of incorrectly
modeling the dissipation anisotropy. This hypothesis is examined later (see Sec. IV B). The results in figure 6
are consistent with expectations for a scalar eddy viscosity when G is anisotropic due to anisotropic resolution, as
discussed above. They show how the resolved turbulence is forced to adjust its energy distribution to accommodate
the incorrectly modeled dissipation. For the Smagorinsky model, correlations between the fluctuating eddy viscosity
and strain do not correct this overall behavior. With the energy input fixed through low wavenumber stirring,
the turbulent field and its gradients must adjust to come into equilibrium and produce a total dissipation equal to
the energy injection rate. The deficiencies in the model require that resolved turbulence be distorted to reach this
equilibrium, thus the inconsistent spectra. In a more realistic flow scenario, this distortion of the turbulence may
have significant consequences. For example, amplifying the energy content near the course grid scale could result in
anomalously large turbulent transport, as such lower wavenumbers possess more turbulent kinetic energy. The result
would be incorrect prediction of mean quantities. Therefore, here we aspire to pose models that do not distort the
resolved turbulence spectra, even in the presence of resolution anisotropy.

Note that using the dynamic approach [1] would not improve these results as the effects of resolution anisotropy
would be lost to averaging over all homogeneous directions. Indeed, it has been shown [22] that test filtering should be
performed isotropically corresponding to the coarsest grid spacing to obtain decent energy spectra up to the minimum
cutoff wavenumber with a large roll-off thereafter when using the dynamic approach and anisotropic grids. It may
be possible to construct a tensor-based dynamic coefficient to correct this issue but such an approach has not been
explored here. The anisotropy correction of Scotti et al. [6] is considered later.

III. A SIMPLE ANISOTROPIC SUBGRID MODEL

To treat resolution anisotropy in subgrid modeling, we begin by relaxing the assumption of an isotropic eddy
viscosity, so that the diffusivity can have directional dependence. With an anisotropic eddy viscosity, the standard
subgrid model formulation is modified, with the simplest model for the deviatoric portion of the subgrid stress tensor
τij in terms of a symmetric second rank tensor eddy diffusivity νij and the velocity gradient tensor given by

−
(
τij − 2

3ksgsδij
)
≈ νjk∂kui + νik∂kuj − 2

3νlk∂kulδij , (9)

where ksgs = 1
2τkk. Note that the anisotropy of νij acts on the derivative components of the gradient tensor, not the

velocity components. This is consistent with the fact that the resolution anisotropy introduces anisotropy in scale.
Obviously, if νij is isotropic, this form reduces to a standard Boussinesq eddy viscosity model. When νij is anisotropic,
the model for τij depends on both the strain rate tensor and the rotation rate tensor, unlike a Boussinesq model.

Second, to support the development of an anisotropic eddy viscosity, we introduce a resolution tensor to express
the anisotropy of the resolution. The resolution tensor, Mij , is formally the symmetric part of the Jacobian defining
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(a) Book Fine (b) Book Coarse

Cell aspect ratio: 4, 8, 16, 32

(c) Pencil Fine (d) Pencil Coarse

FIG. 6. One-dimensional energy spectra E, from LES with the standard Smagorinsky model and anisotropic resolution,
compared with the equivalently filtered |κ|−5/3 Kolmogorov inertial range spectra.

the mapping of a unit cube to a resolution cell, or equivalently, the square-root of the cell metric tensor [23]. The
eigenvalues λMi ofMij therefore represent the size of a resolution cell in the principal directions while its eigenvectors
define those principal directions. Common grid measures are invariants or eigenvalues of Mij ; for example,∆min =

mini λ
M
i , ∆diag = (MijMji)

1/2, ∆vol = (det(M))1/3, which are the minimum dimension, the diagonal and the cube
root of the volume of a resolution cell, respectively. The resolution tensor is a more complete representation of the
resolution than scalar measures, so incorporating it into a subgrid model allows the model to retain information about
the anisotropy of the resolution. Using a tensor representation of resolution ensures that models constructed from it
will be consistent, independent of the orientation of local coordinate systems.

Of primary importance in LES is the LES “dissipation,” that is the transfer of energy from the resolved to unresolved
scales. Because the LES resolution is anisotropic, variations of resolved velocity in different directions contribute
differently to the dissipation. This scale anisotropy of the dissipation can be characterized by the total dissipation
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tensor ε̂ij defined as

ε̂ij = − 1
2

(
〈∂j ūkτik〉+ 〈∂iūkτjk〉

)
. (10)

To capture the anisotropic character of this energy transfer, the anisotropic eddy viscosity in the model (9) should
satisfy

εij = 1
2

(
〈νik∂j ūl∂kūl〉+ 〈νjk∂iūl∂kūl〉+ 〈νlk(∂j ūl∂kūi + ∂iūl∂kūj)〉

)
− 2

3 〈νlk∂kūlS̄ij〉, (11)

where εij = ε̂ij − 2
3 〈ksgsS̄ij〉. This modified dissipation tensor characterizes the contribution of the deviatoric part of

the subgrid stress τ , which is the part that the model (9) represents. Further, because of continuity, the isotropic part
of τ does not contribute to the dissipation, so that the dissipation ε = ε̂ii = εii. The simplest possible anisotropic
eddy viscosity model is one in which the eddy viscosity does not fluctuate, so that in (11) it can be moved out of the
expected value, resulting in

εij = 1
2

(
νikGlljk + νjkGllik + νlk(Glijk + Gljik)

)
− 1

3νlk(Gjkil + Gikjl). (12)

Furthermore, in isotropic turbulence, all anisotropy arises due to the anisotropy of resolution. Therefore, the tensors
εij , νij and Mij must all have the same eigenvectors and for the Cartesian tensor product filtering used here, these
are just the coordinate basis. In this basis, εij and νij are diagonal with the eigenvalues λεα = εαα and λνα = ναα
on the diagonals, and Gijkl has the characteristics described in Sec. II. This allows the α eigenvalue λνα of νij to be
determined in terms of the eigenvalues λεα of εij by solving the following coupled system of three linear equations

λεα = λναGjjαα +
∑
β

λνβGβααβ − 2
3

∑
β

λνβGαβαβ . (13)

The resulting anisotropic eddy viscosity is a priori consistent with the scale anisotropy of the dissipation εij . Un-
fortunately, while we have an evaluation of Gijkl from inertial range theory, we have no such simple evaluation for
εij . A model for the three-point third-order correlation has been formulated [24], and in principle it could be used
to develop a representation for εij for a given definition of the resolved turbulence, but that is out of scope of the
current paper. Instead, we consider the form of the model relevant for isotropic resolution, and use its form as a guide
to generalizing to anisotropic resolution.

When D is spherically symmetric including wavenumbers with magnitudes ranging from κm to κc, the integral in
(5) can be performed over spheres to obtain

Gαααα = 4
5Ckε

2/3
(
κ4/3c − κ4/3m

)
(14)

which, due to isotropy and the constraints described in Sec. II, completely determines the κc dependence of Gijkl.
All other components are proportional to Gαααα, with the constant of proportionality depending on the component.
Therefore the solution of (13) in this case must be

λν = Cε1/3(κ4/3c − κ4/3m )−1, (15)

where C is a constant, which in principle is determined in terms of Ck, and νij = λνδij is isotropic. Since κc = π/∆
with ∆ = λM and κm = 2π/L with L either the domain size or proportional to the integral scale, a consistent
generalization to anisotropic resolution is

λνα = C(M̂)ε1/3((λMα )−4/3 − (L/2)−4/3)−1, (16)

where now C(M) generally depends only on the invariants of the scaled resolution tensor M̂ = M/∆, where ∆ =
mini λ

M
i ; that is, only on the anisotropy of M. If the λM are sufficiently small compared to L, then the L term can

be neglected yielding the basic M43 model

νij = C(M̂)ε1/3M4/3
ij . (17)

The tensor eddy viscosity in (17) is essentially an anisotropic extension of the “Kolmogorov expression” model [25, 26].
The dependence onM4/3 is consistent with diffusivity anisotropy scaling with face-normal grid dimension to the 4/3,
as in [13]. Also, Bardina et al [11] proposed, but did not pursue, what amounts to a tensor diffusivity model, where
the diffusivity is a general tensor function of the cell moment of innertia tensor (M2). Diffusivity anisotropy that
scales with M4/3 is therefore a special case of this dependence, provided the coefficients in the Bardina formulation
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are taken to be functions of the invariants of the cell moment of innertia tensor. When the λM are not small enough
compared to L, the more general “low-k” version, consistent with (16) is obtained by replacing M in (17) with a
modified resolution tensor M∗ given by

M∗ij = (M−4/3 − (L/2)−4/3I)
−3/4
ij (18)

The coefficient C(M) is determined by requiring that when applied to the filtered theoretical spectrum the model
dissipates energy at the rate ε (see Appendix A). Thus, the coefficient is determined theoretically in terms of the
Kolmogorov constant Ck, consistent with the filter and numerical representation used in the LES. This is similar to
the theoretical determination of the Smagorinsky constant as in [27, 28], except that unlike those previous theoretical
estimates, the theoretical constants determined here produce very good results (see Sec. IV). The difference is that
in the M43 model used here, the eddy diffusivity does not fluctuate (see Sec. IV B). Also provided in Appendix A
is a fit used here to represent the functional dependence of C on the eigenvalues of M. Consistent with the Fourier
spectral representation used in the LES, C(M) is determined here based on G computed on the Dc domain defined
in (4).

IV. MODEL TESTS

In this section, the proposed M43 model, its low-k variant and the AMD model of [8] are tested in detail in infinite
Reynolds number LES of isotropic turbulence with anisotropic resolution. For the modified Smagorinsky model of
Scotti [6] and the Vreman model [7], which also include a dependence on the resolution anisotropy, a high-aspect ratio
example is included to demonstrate that they exhibit similar deficiencies as the basic Smagorinsky model (Fig. 6).

The AMD model and a subtle technical issue related to its formulation are discussed briefly in Appendix B. Here
we note that as written in [8] (equation 23), the model is tensorially inconsistent. However, it can be recast in terms
of the resolution tensorM to be tensorially consistent, while being equivalent to the formulation in [8] for rectilinear
grids with the grid cells aligned with the coordinate directions (see Appendix B). It is this recast form of AMD that
we evaluate here.

Note that the AMD model and the M43 model described in Sec. III are fundamentally different. The M43 model
poses a tensor eddy viscosity (16) with the only flow-dependence being the expected value of the kinetic energy
dissipation, ε . In homogeneous turbulence, ε is not spatially varying and in the statistically stationary flows considered
here, it is not time dependent either. Therefore, the viscosity tensor is a single constant tensor specified entirely ab
initio. In contrast, the AMD model uses a scalar eddy viscosity with a non-linear dependence on the local velocity
gradient along with local clipping, and is therefore strongly spatially dependent and discontinuous. With these stark
differences, it is remarkable that these two models produce energy spectra that are so similar.

A. One-dimensional energy spectra

As with the Smagorinsky model evaluated in Sec. I, models are assessed based on their ability to predict the
one-dimensional energy spectra when performing an LES of infinite Reynolds number forced homogeneous isotropic
turbulence with anisotropic resolution (see Fig. 7-11). All the models considered here yield virtually identical results
for isotropic resolution (see Fig. 5).

We begin by performing the same book and pencil cell evaluations up to aspect ratios of 32 as for the Smagorinsky
model (Fig. 6). The AMD model results are shown in Fig. 7 with M43 shown in Figures 8. Both of these models
perform quite well in comparison to Smagorinsky (Fig. 6) with little energy pile-up at the cutoff in the coarse direction.
In the AMD model, there is a very small excess of energy in the coarse spectrum, especially toward the cutoff with
pencil cells, which rapidly saturates with increasing aspect ratio. With the M43 model, there is apparent over-
dissipation in wavenumbers near the cutoff primarily in fine directions for both cell types resulting in reduced spectral
energy near the cutoff. This behavior appears to increase with cell aspect ratio. The AMD model also produces
spectra that are too low near the cutoff in the fine direction, though the character of the curves is more complex.
Particularly, the spectra roll off with a slope that is not monotonically increasing with wavenumber.

To explore the effect of scale separation between the largest turbulent scales and the coarsest filter cutoff, we
examine model performance as a function of the ratio of the coarsest cutoff wavenumber, κcc, to minimum resolved
wavenumber, κm, with a fixed cell aspect ratio of 8 for book cells. In the cases considered, the integral scale Lint is
given by Lintκm ≈ 1.38 , so varying κcc/κm similarly varies Lintκcc. Shown in figure 9 are spectra for κcc/κm = 8,
16, 32 and 64. In addition to the M43 model in both its basic and low-k version and AMD, the Smagorinsky model is
evaluated for reference (Fig. 9(a)). The previously observed pileup of energy near the coarse cutoff for Smagorinsky
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(a) Book Fine (b) Book Coarse

Cell aspect ratio: 4, 8, 16, 32

(c) Pencil Fine (d) Pencil Coarse

FIG. 7. One-dimensional energy spectra E from LES with the AMD model and anisotropic resolution, compared with the
equivalently filtered |κ|−5/3 Kolmogorov inertial energy spectra.

increases relative to the total resolved energy as κcc/κm is reduced. Once again, the M43 models and AMD vastly
out-perform Smagorinsky and yield nearly the theoretical spectra. The low-k version of the M43 model is virtually
indistinguishable from the basic M43, even for κcc/κm = 8. It my be that the low-k correction will be important for
smaller values of κcc/κm, though it is clearly not for the cases considered here.

Finally, we briefly discuss the Vreman model [7] (Fig. 10) and the Scotti modification of Smagorinsky [6] (Fig. 11).
For both models, the qualitative performance is similar to Smagorinsky, with energy pile up at the coarse direction
cutoff and mid-range of the fine direction, while the energy is low near the fine direction cutoff. As the Vreman model
was primarily designed to cause the model viscosity to vanish in laminar regions, poor results in the presence of
anisotropic grids is not surprising. However, we have considered the Vreman model here because it is one of the very
few SGS models which directly incorporates grid anisotropy into its formulation through the weighting of velocity
gradients with directional grid length scales. These poor results show how simple gradient weighting alone is not



13

(a) Book Fine (b) Book Coarse

Cell aspect ratio: 4, 8, 16, 32

(c) Pencil Fine (d) Pencil Coarse

FIG. 8. One-dimensional energy spectra E from LES with the M43 model and anisotropic resolution, compared with the
equivalently filtered |κ|−5/3 Kolmogorov inertial energy spectra.

sufficient to correct issues caused by anisotropic grids. Scotti’s modified Smagorinsky effectively increases the model
constant in response to the cell aspect ratio. Naturally, it cannot improve the anisotropic resolution behavior of the
Smagorinsky model and can only reduce coarse direction energy pile-ups by increasing the eddy diffusivity. This is
precisely the observed behavior. However, especially for pencil cells, it appears the correction should be enhanced, as
there continues to be excessive energy at the cutoff in the coarse direction. Energy spectra resulting from both the
Vreman and modified Smagorinsky highlight that modifying the model constant is not sufficient to address resolution
anisotropy; rather, an appropriate model structure is necessary.
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(a) Smagorinsky (b) AMD

Values of κcc/κm are: 8, 16, 32, 64

(c) M43 (d) M43 low k

FIG. 9. One-dimensional energy spectra E from LES for book cells using the Smagorinsky, AMD, M43 and M43 low-k
models and anisotropic resolution with Ar = 8 and varying values of κcc/κm, compared with the equivalently filtered |κ|−5/3

Kolmogorov inertial energy spectra. Shown are spectra in both the fine and coarse directions.

B. Dissipation anisotropy

Both the M43 model and the AMD model perform notably well on the anisotropic resolution cases studied here,
despite the prominent differences in their formulation. This raises the question as to what they have in common that
other models lack that leads to the good performance on these tests. An obvious candidate for this shared feature is
the anisotropic energy transfer to small scales (10), which measures the contributions of stress and velocity gradients
in different directions to the energy transfer. In light of (11), it seems probable that this directional contribution
to energy transfer should have a direct impact on the one dimensional spectra studied in Sec. IV A, and indeed the
importance of this energy transfer tensor was assumed in the formulation of the M43 model (Sec. III). To test this
hypothesis, εij was computed from the LES presented in Sec. IV A using the M43, AMD, and Smagorinsky models as
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(a) Book (b) Pencil

FIG. 10. One-dimensional energy spectra E from LES with the Vreman model [7] with Cv = 0.07 and anisotropic resolution

of aspect ratio 32, compared with the equivalently filtered |κ|−5/3 Kolmogorov inertial energy spectra. Shown are spectra in
both the fine and coarse directions.

(a) Book (b) Pencil

FIG. 11. One-dimensional energy spectra E from LES with the Smagorinsky model and the modified Smagorinsky model of
Scotti [6], using anisotropic resolution with aspect ratio 32, compared with the equivalently filtered |κ|−5/3 Kolmogorov inertial
energy spectra. Shown are spectra in both the fine and coarse directions.

a function of resolution aspect ratio. Because the turbulence being simulated is isotropic, the only source of anisotropy
is the resolution. This guarantees that εij has the same eigenvectors as M, regardless of model. Further, because
the LES are (isotropically) forced and stationary, the total energy transfer εii is just the mean rate at which energy
is introduced by the forcing, which is also the same regardless of model. Therefore, to compare εij for the different
models, it suffices to compare it’s eigenvalues λε normalized by εii. To this end, the normalized eigenvalues associated
with eigenvectors in the coarse and fine resolution directions are shown as a function of aspect ratio in Fig. 12.
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(a) Book (b) Pencil

FIG. 12. Normalized values of the gradient direction εij (10) eigenvalues as a function of cell aspect ratio in LES with
κcc/κm = 16 using the Smagorinsky, AMD, and M43 models. Also shown are values from a filtered DNS with equivalent
forcing and Reλ = 205 performed with 5123 Fourier modes. The filters used on the DNS were consistent with LES resolution
with κcc/κm = 16 (DNSa) and κcc/κm = 8 (DNSb). Black lines represent λεc and blue lines represent λεf .

The results shown in Fig. 12 are surprising. For both book and pencil cells, the energy transfer with the M43 model
is dominated by gradients in the coarse direction(s). For book cells, this trend is so pronounced that for aspect ratio
greater than 16, the contribution of gradients in the fine direction become slightly negative, that is representing net
energy transfer from small to large scales. The Smagorinsky results are exactly the opposite with gradients in the
fine direction(s) dominating the energy transfer. When using the AMD model, εij is much closer to isotropic, with
the coarse and fine direction eigenvalues nearly the same, resulting in normalized values of about a third.

Equivalently filtered 5123 DNS (Reλ = 205, κcη = 1.5) with identical forcing is also plotted using filters with
κcc/κm = 16, as in the LES, labeled “DNSa” in Fig. 12, and with κcc/κm = 8, labeled “DNSb” in Fig. 12, to
reduce finite Reynolds number effects. The definition of εij and therefore ε = εii does not include resolved viscous
dissipation. Obviously, this is zero in our infinite Reynolds number LES, but it is not zero in the DNS. The resolved
viscous contribution is larger in the case with κcc/κm = 16 resulting in somewhat elevated anisotropy in this normalized
statistic. While the dissipation contribution of DNS does not match any model particularly well, it does most closely
resemble that of the Smagorinsky model with the fine directions contributing the most. The fact that both the AMD
and M43 models perform well with anisotropic resolution, but produce strikingly different anisotropic characteristics
of εij from both each other and DNS shows that reproducing this statistic is not necessary for capturing the anisotropy
of the resolved spectrum. To further explore the issue, we next examine component-wise dissipation anisotropy.

While the dissipation tensor in (10) is contracted over component indices, the actual modeled dissipation appearing
in the resolved Reynolds stress transport equation is contracted over gradient indices. Thus, the dissipation tensor
expressed as

ε̃ij = − 1
2

(
〈∂kūjτik〉+ 〈∂kūiτjk〉

)
. (19)

is another natural candidate to explore to help identify the statistical conditions that are necessary for good model
performance. These results are shown in Fig. 13.

Unlike the directional-anisotropy, the component-wise dissipation anisotropy for M43 is qualitatively consistent
with DNS. Again, none of the models match the DNS curves in Fig. 13 exactly, however, the two DNS filter cases
bound the M43 dissipation anisotropy for both cell types. For both book and pencil cells, the energy transfer with the
M43 model is dominated by the velocity components corresponding to the fine direction(s). The Smagorinsky results
are again exactly the opposite with components of the coarse direction(s) dominating the energy transfer. And again,
the AMD model is much closer to isotropic. While the M43 dissipation anisotropy has saturated for book cells and
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(a) Book (b) Pencil

FIG. 13. Normalized values of component-wise εij (19) eigenvalues as a function of cell aspect ratio in LES with κcc/κm = 16
using he Smagorinsky, AMD, and M43 models. Also shown are values from a filtered DNS with equivalent forcing and Reλ = 205
performed with 5123 Fourier modes. The filters used on the DNS were consistent with LES resolution with κcc/κm = 16 (DNSa)
and κcc/κm = 8 (DNSb). Black lines represent λεc and blue lines represent λεf .

appears to be nearly so for pencil cells, Smagorinsky anisotropy continues to increase with Ar. Furthermore, the sense
of the anisotropy (i.e. whether coarse or fine eigenvalues are larger) arising from the AMD and Smagorinsky models
is opposite that of the DNS and M43 model. Whether this is important may depend on the ultimate purpose of the
simulation. However, the fact that both the AMD and M43 models perform well with anisotropic resolution, but
produce strikingly different ε̃ij anisotropies, shows that reproducing this statistic is also not necessary for capturing
the anisotropy of the resolved spectrum.

Given the importance of the dissipation to the spectral dynamics, representing the directional and/or component-
wise dissipation anisotropy would seem to be a requirement for generating the correct energy spectra. That it is not
is quite curious and motivates future examination of the particular correlations present in the AMD model that allow
it to perform well despite not representing these seemingly critical statistic. In the case of M43, it is plausible to
suppose that its good performance is a direct result of representing the true component-wise dissipation statistic. If
true, while reproducing ε̃ij is not necessary in general, it may be so for non-fluctuating eddy viscosities. Without the
correlations of a fluctuating eddy viscosity to introduce anisotropy, the model must represent relevant anisotropies
of the dissipative processes directly by construction. At least for HIT with anisotropic resolution, this construction
appears to be relatively straight-forward, resulting in the M43 model reported here.

C. Non-fluctuating eddy viscosity

One of the interesting things about the M43 model presented here is that the eddy viscosity does not fluctuate.
As in some of the models studied in [26], the eddy viscosity is considered a mean quantity. This has some clear
advantages that arise from the fact that it makes analyzing the model much easier because one does not need
to consider correlations between a fluctuating eddy viscosity and the fluctuating velocity gradient. However, with
isotropic resolution, the M43 model has a scalar eddy viscosity, and an LES with a non-fluctuating scalar eddy
viscosity would appear to be a DNS at some low Reynolds number. That this is not so is a consequence of the limited
resolution used to represent the turbulent fluctuations, as suggested by [29]. In the M43 model, the eddy viscosity
was determined to ensure that when the model is applied to turbulence with a Kolmogorov inertial range extending
up to the spectral resolution cutoff, that it will dissipate energy at the rate ε. This means simply that the subgrid
model dissipation does not preclude a truncated κ−5/3 spectrum as the LES solution. Whether this is realized or
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not depends on the details of the energy transfer among scales in the LES. This is distinctly different from a DNS in
which the resolution is sufficient to capture the viscous roll off of the spectrum. With isotropic resolution, the M43
eddy viscosity leads to an effective “Kolmogorov scale” ηe ≈ 0.136∆ so that the effective kcηe ≈ 0.428. This is much
smaller than that considered adequate resolution for DNS (e.g. kcη ≥ 1.5 in [30]).

All the other models considered here use a fluctuating eddy viscosity, and the question arises as to whether the
fluctuations contribute to the veracity of the model. It is at least plausible that a fluctuating eddy viscosity could
better represent the scale dependent transfer of energy to unresolved scales, leading to a better representation of
the the truncated spectrum or perhaps other statistics. However, as shown in Fig. 5, LES with isotropic resolution
using the Smagorinsky, AMD and M43 models yield almost identical results. It appears then, at least for the energy
spectra, the fluctuations of the eddy viscosity in the Smagorinsky and AMD models do not improve the veracity of the
model when applied to LES with isotropic resolution. This is consistent with the observations in [26] regarding the
Smagorinsky model applied to decaying isotropic turbulence. However, from Sec. IV A, the fluctuating eddy viscosity
does allow the AMD model to treat anisotropic resolution without resorting to an anisotropic eddy viscosity, though
this is not true for the Smagorinsky and Vreman models.

V. DISCUSSION AND CONCLUSIONS

Application of LES in complex geometries, or even just wall bounded flows, will generally involve grids with
anisotropic resolution. Even when the turbulence is isotropic, anisotropic LES resolution results in resolved and
unresolved turbulence that are anisotropic, violating the isotropic unresolved scales assumption underlying many
subgrid models, and as a result common LES models perform poorly (Secs. II and IV A). One consequence of resolution
anisotropy is that the resolved velocity gradient tensor is strongly anisotropic, while the subgrid contribution to the
mean Reynolds stress is only mildly so. One therefore cannot expect a scalar eddy viscosity to correctly represent the
latter in general. A potential method to correct this deficiency is to construct an eddy viscosity that is uncorrelated
with the gradient fluctuations so that its contribution to the mean stress only acts through the mean gradients
[31]. This is another sense in which eddy viscosity subgrid models are ill-suited to representing the unresolved mean
Reynolds stress, as first observed by Jimenez & Moser [16].

Treatment of resolution anisotropy in LES has been largely neglected. The one existing model that does effectively
treat resolution anisotropy is the AMD model introduced in [8], which uses a scalar eddy viscosity and performs well
on our tests. In addition, we here introduced a new subgrid model formulation to treat resolution anisotropy based
on a second rank tensor eddy viscosity (Sec. III). This model performs similarly to the AMD model in producing the
correct anisotropic spectra in our simulations of isotropic turbulence with anisotropic resolution. However, the AMD
and M43 models could not be more different, and considering these differences and the fact that they do not result in
significant performance differences yields a number of insights into what is important about an LES model, at least
for representing resolution anisotropy.

First, consider that the only flow-dependence in the M43 model is the mean rate of kinetic energy dissipation,
as in the Kolmogorov scaled model in [26]. It is necessary that an eddy viscosity produce the correct dissipation,
as has been widely understood, which makes an explicit model dependence on the dissipation rate natural. Indeed,
one interpretation of the dynamic Smagorinsky model [1], is that the dynamic procedure serves to ensure that the
dissipation rate is consistent [16]. Since the M43 eddy viscosity depends only on mean quantities, it only varies in space
and time on the scale of mean variations, not on the scale of the resolved fluctuations. This is unlike virtually every
other LES model, including AMD, in which the eddy viscosity fluctuates with the resolved turbulent fluctuations.
The good performance of the M43 model shows that, at least in the case of HIT, it is not necessary for an LES
eddy viscosity to fluctuate or depend on fluctuating resolved quantities, consistent with observations of [26], and the
presence of eddy viscosity fluctuations appears to be of no utility in the Smagorinsky model.

Clearly, the mechanisms by which the AMD and M43 models represent resolution anisotropy are completely dif-
ferent. For M43, the representation is direct with the anisotropy of a tensor eddy viscosity determined directly from
the anisotropy of the resolution tensor (17). In contrast, the AMD model has a scalar eddy viscosity so that the
anisotropic characteristics of the model arise entirely from the anisotropic correlation of the fluctuating eddy viscosity
with the resolved velocity gradients. It is not clear why this should work so well for anisotropic resolution in the AMD
model. The AMD modeling ansatz of setting the eddy viscosity to an estimate of the minimum required to dissipate
the variance of the velocity gradient at the rate that it is produced does not appear to speak to this correlation
characteristic. So while the M43 model developed here is constructed specifically to perform well with anisotropic
resolution, the good AMD performance just arose in a model developed based on other considerations. For future
model refinement and development, it would be useful to determine the characteristics of AMD that lead to this good
performance.

Also of interest is the fact that the a posteriori anisotropy of the directional and component energy transfer tensors,
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εij and ε̃ij as defined in (10) and (19), are essentially different between LES performed with M43 and AMD models.
Since these tensors characterize the contributions of different gradient directions and velocity components to the
transfer of energy to the unresolved scales, they would seem to be critical to the dynamics of the resolved scales.
While representing ε̃ij may be sufficient for the M43 model to perform well in our tests, the results in Sec. IV A show
that correctly representing these quantities in an LES is not necessary for good representation of the spectra. This
raises the question of what statistical characteristics of the subgrid model are necessary for good performance with
anisotropic resolution and anisotropic turbulence in general. Knowing this would allow the design of models with
these characteristics.

Finally, we note that the M43 model proposed here has some features to recommend it beyond the relatively good
performance for LES with anisotropic resolution. One is that the model, in theory, has no adjustable constants, or
rather, the model constant is determined in terms of the Kolmogorov constant. The constant appearing in (17),
which is a function of M can be determined from the Kolmogorov inertial range spectrum, and characteristics of
the numerical derivative operators and filter type (Appendix A). The M43 model parameterized this way yields the
correct resolved spectra, as shown in Sec. IV A. This is possible because the M43 eddy viscosity does not fluctuate.
However, the M43 model and its parameterization could fail to represent the correct spectrum if the resolved scales
are not in a Kolmogorov inertial range, because the Reynolds number is too low. It would be interesting to explore
whether a finite Reynolds number analysis as in [28] could be generalized to anisotropic resolution to produce a low
Reynolds number version of M43.

Another useful feature of the M43 model is that it is formulated directly in terms of the mean rate of energy transfer
to the unresolved scales (ε). This might appear to be a liability, since ε is not generally known a priori. However,
because it is a well-defined scalar statistical quantity that at high Reynolds number is independent of the scale at
which it is determined, it can be naturally found dynamically. Indeed, Dantinne et.al.[26] did precisely this for the
the equivalent of the isotropic version of the M43 model. Alternatively, if one is carrying equations for the dissipation,
as for example in a hybrid RANS/LES formulation, that dissipation can be used [32].

APPENDIX A: M43 COEFFICIENT

Let G be the normalized version of G as defined in (20); that is,

Gijkl = Gijklε−2/3∆
4/3
min (20)

where ∆min is the minimum eigenvalue of the resolution tensor, M. The normalized tensor (20) then depends

only on the scaled resolution tensor M̂ = M/∆min. For isotropic turbulence, we can evaluate (20) numerically
for a wide range of resolution anisotropies by assuming a Kolmogorov inertial range resulting in the scaled version
of (5). This calculation of G can account for the use of numerical approximations of derivatives in computing the
velocity gradients in an LES, and the implicit or explicit filter defining the LES. This is accomplished by introducing
the effective wavenumber κ̂(κ) for the numerical approximation of the first derivatives into (5), and applying the
homogeneous filter operator to the integrand, yielding

Gijkl =
Ck∆

4/3
min

4π

∫
D
κ̂kκ̂lF2(κ)|κ|−11/3

(
δij −

κiκj
|κ|2

)
dκ, (21)

where F is the filter operator. For example, when a finite volume (box) filter is used, F(κ) = Π3
i=1sinc(κiλ

M
i /2). For

the LES performed here using the spectral numerical method in PoongBack, κ̂ = κ and F = 1. Consistent with the
numerical representation in PoongBack, the domain of integration is the Cartesian domain Dc defined in (4). The
minimum wavenumber is κm = 2π/L, where L is the domain size, and the cutoff wavenumbers in each of the principle
directions of M are κcα = π/λMα , where as in Sec. III, λMα is the αth eigenvalue of M. Reexpressing (4) in these
terms yields:

D = Dc = {κ|κm ≤ |κ · φMα | < κcα; α = 1, 2, 3}, (22)

where φMα is the unit eigenvector of M associated with λMα . In a more general setting (other than turbulence in
a periodic box), the large scale L would be proportional to the integral scale. For any M, when expressed in the
Cartesian basis defined by the eigenvectors of M, (21) is non-zero only when each index value is repeated.

For a given resolution anisotropy, the model coefficient C(M̂) in (17) is determined to ensure that the eddy viscosity

tensor will produce the specified dissipation, and likewise for C∗(M̂∗) for the low-k version of the model. To this
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M43 M43 low-k

C◦M 0.0700 0.0700

c00 0.9091 0.9091
c10 0.2733 0.2738
c01 0.0199 0.0185
c20 −0.0312 −0.0316
c11 −0.1472 −0.1472
c02 0.0200 0.0188
c30 −0.0038 −0.0037
c21 0.0201 0.0201
c12 −0.0028 −0.0030
c03 0.0207 0.0202
c40 0.0007 0.0007
c31 −0.0007 −0.0007
c22 0.0012 0.0012
c13 0.0017 0.0017
c04 0.0035 0.0034

TABLE II. Values of the fitting coefficients in (25) based on G computed with L/λMmax = 64 for the M43 and M43 low-k models.
The value of C◦M was determined from (24).

end the eddy viscosity model (17) is substituted into the trace of the expression for the dissipation tensor (11). Since
εii = ε, the result can be solved for C, yielding

C(M̂) =
(
M̂4/3

jk Glljk + M̂4/3
jk Glljk + M̂4/3

lk (Gljjk + Gljjk)
)−1

(23)

and the same expression is used to evaluate C∗(M̂∗), by substituting M̂∗ for M̂ in (23). There remains only a single
free constant, the Kolmogorov constant Ck, that enters the model of G in (5). The overall model constant (C◦M below)

is calculated by considering the isotropic resolution case in the limit where κc � κm. In this case M̂ = I, the identity,
and (23) simplifies to

C◦M = C(I) =
4π∆

4/3
min

Ck

(∫
D

2|κ|−5/3 dκ
)−1

=
2

Ckπ1/3

(
8

∫
D̃
|κ̃|−5/3 dκ̃

)−1
≈ 0.1106

Ck
(24)

where the domain D̃ is the unit cube with one vertex at the origin. Taking Ck ≈ 1.58 as found in [30] yields
C(I) ≈ 0.070, which is used here. This is about 1.5% lager than the value found by calibrating an LES with isotropic
resolution to match the filtered theoretical spectrum as closely as possible, which yields only slight improvements in
the spectrum. It appears that 1.5% is well within the uncertainty in the Kolmogorov constant.

By setting C◦M in this way, one essentially determines the magnitude of the eddy viscosity that is necessary for
resolved-scale turbulence with a Kolmogorov inertial-range spectrum to dissipate at the required rate. This can be
exact because the eddy viscosity does not fluctuate, unlike with similar estimates for Smagorinsky as in [27, 28]. Of
course, setting the M43 constant thus does not guarantee that the LES will produce a Kolmogorov inertial range,
but if it does not, it is not the fault of the eddy viscosity magnitude being set incorrectly. There are a number of
issues that could lead to poor representation of the spectra, such as dissipative and/or dispersive numerics or the
distortions of nonlinear interactions due to the truncation implied by the filter or projection. However, with this
model and non-dissipative numerics, it is not possible to correct for such errors by adjusting the magnitude of the
eddy viscosity. As shown in Sec. IV A, for the dealiased pseudo-spectral numerics (no dissipation or dispersion) and
the Fourier truncation projections used here, the M43 model with the constant C(M) determined theoretically in
this way does result in a good representation of Kolmogorov inertial range spectra, over a wide range of resolution
characteristics.

Since C is a scalar, it can only depend on the eigenvalues of M̂, and since by construction one of those eigenvalues
is one, this is a two dimensional function. It can be evaluated for a wide range of resolution anisotropies characterized
by the ratio of the eigenvalues of M to its minimum eigenvalue. A fit of this function is described below.

Without loss of generality, let λM3 be the smallest eigenvalue of M and λM1 the largest. Then C(M) depends only

on λM̂1 > λM̂2 ≥ 1. Let r2 = (λM̂1 )2 + (λM̂2 )2 and let θ = cos−1(λM̂1 /r), where 0 ≤ θ ≤ π/4. The function C(M) is
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FIG. 14. Normalized coefficients for the basic M43 model as a function of cell aspect ratio using (25). All other cell types fall
in between book and pencil limiting cases.

then fit as a quadratic function of x = ln(r) and y = ln(sin(2θ)). That is:

C(M) ≈ C◦M
4∑
i=0

4−i∑
j=0

cijx
iyj (25)

Here the values of cij are normalized so that for isotropic resolution (r =
√

2, θ = π/4), the sum in (25) is 1, and then
C◦M = C(I) as determined above. For the M43 simulations performed here, fits including aspect ratios up to 128
were performed for spectral numerics with G computed with L/λM1 = 64. This is large enough for the dependence on
L to be weak (see figure 4). The resulting values of cij are given in table II, and the values of C(M)/C◦M for book
and pencil resolution are plotted in figure 14.

APPENDIX B: MODIFIED AMD MODEL

The AMD model was introduced by Rozema et al. [8]. It was evaluated in Sec. IV and found to perform remarkably
well on isotropic turbulence LES with anisotropic resolution. However, there is a technical detail in the formulation
of the model that needs be addressed, which is discussed briefly here.

The expression (δxi∂ivj)(δxi∂ivj) is introduced in equation (18) of [8], and similar expressions are used throughout
the subsequent development. Here δxi is the size of the rectangular filter box in the i direction (the grid size in the i
direction of a Cartesian grid) and ∂ivj is the velocity gradient tensor. The expression δxi∂i is described in [8] as the
scaled gradient operator. Throughout the paper, Cartesian tensor notation and the Einstein summation convention
are employed. However the expression above and those like it throughout the paper are not valid Cartesian tensor
expressions because the index i appears four times. As a consequence, the meaning of the expression is ambiguous,
but from context and by comparison to the QR model development, it is clear that what is meant is

(δxi∂ivj)(δxi∂ivj) =

3∑
i=1

(δxi∂ivj)(δxi∂ivj). (26)

The reason this cannot be expressed in a valid Cartesian tensor expression is that the directional filter sizes δxi, do
not make up a tensorially valid vector. In essence, (26) can only make sense when the Cartesian basis vectors are
normal to the faces of the filter box.

This difficulty can be addressed by observing that the δxi are actually the eigenvalues of the resolution tensor M
introduced in Sec. III, and in the case of rectangular filter boxes, the eigenvectors of M are normal to the faces of
the box. A tensorially consistent representation of the scaled gradient is then Mik∂k, and the expression in (26) is
written

3∑
i=1

(δxi∂ivj)(δxi∂ivj) = (Mik∂kvj)(Mil∂lvj). (27)
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In (27), the left hand expression is valid only in the the special Cartesian basis normal to the filter box faces, while
the right hand expression is valid generally and is equivalent to the left hand expression in this special basis.

We point this generalization out here for two reasons. First is that a valid model must be tensorially consistent, and
so it is important that there is a tensorially consistent expression of the AMD model. Second, using the tensorially
consistent version of the AMD model allows it to be applied in a broader set of circumstances. The generalized AMD
model expression for the eddy viscosity νe (equation 23 in [8]) is given by

Rij = (Mkm∂mvi)(Mkn∂nvj), (28)

νe = C
max(−RijSij , 0)

(∂kvj)(∂kvj)
, (29)

which is obtained by pushing the generalize scaled gradient through the development that leads to equation (23) in
[8].
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