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With the aim of finding mathematical criteria for contact line depinning from sharp corners, we
have studied the equilibrium and stability of a semi-infinite planar liquid layer pinned at the vertex
of a wedge. Equilibrium is compatible with a fan of apparent contact angles θ0 bracketed by the
equilibrium contact angles of both flanks of the wedge, so the contact line could remain pinned if
θ0 is within this fan. However, the equilibrium becomes unstable at critical depinning advancing θa0
and receding θr0 contact angles, which are found as subcritical saddle-node bifurcations. Equilibrium
is possible (stable) within the interval θr0 < θ0 < θa0 but the contact line depins from the vertex
beyond these critical angles if they occur within the equilibrium fan.

I. INTRODUCTION

Static liquid free interfaces meet smooth solid surfaces
along the contact line, also called triple line, with a
well-defined (uniquely determined) angle, the so-called
contact angle, which is a thermodynamic property at
equilibrium[1–3]. If instead the triple line glides over the
surface, the contact angle is no more a thermodynamic
property, although it is still characterized by well-defined
advancing and receding values, typically functions of the
instantaneous apparent relative velocity[4–7].

However, the contact angle is not uniquely determined
by a local equilibrium analysis on surface singularities,
i.e. points or lines where the vector normal to the surface
is not well-defined, such as sharp corners. Instead, in
these cases a fan of angles is compatible with the pinned
triple line, so it can pivot around the singularity while
still pinned, even when the liquid and its free interface
around the triple point are in motion[8–11]. For instance,
in the case of the planar configuration of Fig. 1, with an
interface pinned at the vertex of a wedge so the triple
line is just a point, it was first shown by Gibbs[12], and
later by others both experimentally and theoretically [13–
16], that at equilibrium the contact angle can span the
fan defined by the equilibrium contact angles of the two
flanks forming the wedge.

Triple line configurations with more complex geome-
try than that considered by Gibbs are considerably more
difficult to analyze. This is the case for instance of
the interaction of contact lines with superhydrophobic
substrates[17, 18]. This type of surfaces is typically char-
acterized by complex micro-roughness composed of dis-
crete structures such as posts with a variety of cross sec-
tion shapes, and with characteristic scales much smaller
than the capillary length[19–30]. In these cases, the con-
tact line has typically two different length scales. Locally
close to the solid substrate, the interface is deformed and
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develops wrinkles with the same characteristic length as
the micro-topology. However, at the macroscopic scale,
for instance the diameter of the drop or the thickness
of the liquid layers resting on the substrate, the inter-
face can be characterized by well-defined apparent con-
tact angles[31, 32]. Thus, a common open question raised
by this type of problems is how the apparent macroscopic
angle arises from the details of at the micro-scales.

Recently, studies solving the details of the geometry
of the interface around the contact line in complex con-
figurations have been published[33–38]. However, the
more common approach is to use homogenized meso-
scopic analyses[9, 31, 32, 39, 40], often based on en-
ergy arguments, which somehow circumvent the difficul-
ties associated with the detailed description of the in-
terface. Important contributions from this point of view
are the studies due to Pomeau and Vannimenius[41] and
to Joanny and de Gennes[42]. Both analyzed the limit
of weak heterogeneities on the substrate, the former in
static conditions, the latter in the case of a moving triple
line pinning on an isolated defect.

Two other seminal contributions using homogenized
viewpoints are the phenomenological and now classical
models due to Cassie-Baxter[43] and to Wenzel[44], orig-
inally proposed to address the specific case of superhy-
drophobic substrates. Wenzel’s model is appropriate for
the so-called wetting conditions, when the liquid wets
the entire exposed solid surface; in this case the appar-
ent contact angle at the triple line is given in terms of
the ratio of the wetted to the projected areas of the solid
surface. Cassie-Baxter’s model applies instead to the so-
called non-wetting conditions, when the liquid entraps
underneath its free surface gas pockets which prevent its
direct contact with the solid; in this case, the apparent
contact angle is given in terms of ratio of the wetted to
the exposed areas of the solid surface.

These mesoscopic homogenized models provide guid-
ance understanding experimental work. However, precise
quantitative criteria predicting depinning still remains
vague despite their critical role in phenomena involving
liquid free interfaces in contact with solids. For instance,
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the transition between wetting and non-wetting states on
superhydrophobic surfaces is well-known to be mediated
by depinning transitions, both in static[45], and in dy-
namic conditions[8]. Or in boiling liquids, vapor bubbles
grow on microscopic wall cavities up to final bubble sizes
at detachment which depend critically on whether the
triple line of the bubble remains pinned at the rim or it
glides and spreads over the wall around the cavity[10, 46–
50].

This paper is devoted to the mathematical analysis
of depinning from sharp edges. We show how depin-
ning criteria can be precisely defined, illustrating the
methodology in simple configurations so the mathemat-
ical treatment remains affordable. The essential idea is
to formulate the problem for the interface shape as an
eigenvalue problem, typically with a representative value
of unknown pressure distribution inside the drop as the
eigenvalue. Depinning can then be found as a subcriti-
cal saddle-node bifurcation such that no solutions can be
found beyond the critical eigenvalue.

We furthermore show how the analysis is relevant to
understand depining, and more generally wetting–non-
wetting transitions, on more complex geometries. The
reason for this to some degree universality is that, rather
than due to the global response of the liquid-gas interface,
even in multiscaled complex configurations, depinning is
still triggered by the local behavior at specific features
where critical conditions are reached. The description of
the interface in such cases on a local scale is similar to
that presented below.

II. ADVANCING TRIPLE LINES.

Figure 1 shows a sketch of the 2D configuration we
study here, namely a semi-infinite horizontal liquid layer
in static equilibrium under the action of gravity and sur-
face tension forces and pinned at the vertex of a wedge.
The material of the front and back flanks of the wedge
can be different, with corresponding equilibrium contact
angles θef and θeb respectively. In order to ensure equi-
librium, the solid substrate must become horizontal (per-
pendicular to gravity) far upstream from the wedge, so
the liquid layer also levels off to a constant thickness h∞,
which ultimately sets the pressure distribution inside the
liquid layer. The actual details of the substrate between
the wedge and this horizontal zone are actually irrelevant
in this static problem.

Initially the interface meets the smooth substrate up-
stream from the wedge’s vertex with the corresponding
equilibrium contact angle θ0 = θef . In these conditions,
as shown below, the balance between gravity and surface
tension uniquely determines[3] the liquid layer thickness
h∞ in terms of θef as:

h2∞ = 2(σ/ρg)(1− cos θef ). (1)

Here σ and ρ are respectively the surface tension and den-
sity of the fluid whereas g is the acceleration of gravity.

Angles are measured through the liquid, relative to the
local horizontal, positive clockwise as shown in Figure 1.
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of the bubble remains pinned at the rim or it glides and spreads
over the wall around the cavity45–50.

This paper is devoted to the mathematical analysis of depinning
from sharp edges. We show how depinning criteria can be
precisely defined, illustrating the methodology in a simple
configuration so the mathematical treatment remains affordable.
The essential idea is to formulate the problem for the interface
shape as an eigenvalue problem, with the Bond number Bo as
the eigenvalue in the specific case studied. Depinning can be
found then as a subcritical saddle-node bifurcation for a critical
Bond number. This basic idea is still generally applicable in more
complex configurations despite the considerable mathematical
difficulties.

2 Advancing triple lines.
Figure 1 shows a sketch of the 2D configuration we study, namely
a semi-infinite liquid layer in static equilibrium under the action
of gravity and surface tension forces and pinned at the vertex of a
wedge. The material of the front and back flanks of the wedge can
be different and have, respectively, equilibrium contact angles qe f

and qeb. In order to ensure equilibrium, the solid substrate must
become horizontal (perpendicular to gravity) far upstream the
wedge, so the liquid layer also levels off to a constant thickness
h•, which ultimately sets the pressure distribution inside the
liquid layer. The actual details of the substrate between the
wedge and this horizontal zone are actually irrelevant in this
static problem.

Initially the interface meets the smooth substrate upstream
the wedge’s vertex with the corresponding equilibrium contact
angle q0 = qe f . In these conditions, as shown below, the balance
between gravity and surface tension can only be achieved3 for a
liquid layer thickness h• given by:

h2
• = 2(s/rg)(1� cosqe f ). (1)

Angles are measured through the liquid, relative to the local
horizontal, positive clockwise as shown in Figure 1.

The liquid layer is then forced quasi-statically to slowly glide
– for instance by continuously supplying liquid far upstream the
wedge – over the front flank of the wedge until the triple line
touches the vertex. Pushing the liquid layer further against the
corner, forces the contact angle q0 to increase beyond qe f . q0 is
now a free parameter no longer determined by thermodynamic
equilibrium but by the balance between gravity and surface
tension forces. The liquid layer thickness h• can now be
arbitrarily enforced, in such a way that equilibrium determines
the angle q0, which is given by the same relationship as in (1),
but with qe f replaced by q0. In terms of the capillary length `2

c =

s/(rg), and of the Bond number Bo = (h•/`c)
2 this expression

can be alternatively written as:

Bo =

✓
h•
`c

◆2
= 2(1� cosq0) (2)

which is represented in Figure 2.
Thus, forcing the liquid layer against the edge, as trying to

overcome it, requires, at equilibrium, to increase the thickness
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Fig. 1 Geometry of the liquid layer interface (pink line) pinned at the
vertex of a wedge of inner angle f . The plotted interface is the equilibrium
shape corresponding to an angle q0 = 240�, or equivalently to a Bond
number Bo = rgh2

•/s = 3, i.e. a thickness upstream h• =
p

3`c with `c =

(s/(rg))�1/2 the capillary length. As shown below, this is an equilibrium
but unstable configuration.

h• of the liquid layer, and accordingly the angle q0, as Eq. (2)
shows. The triple line can be expected to still remain pinned at
the corner until, in principle, the equilibrium contact angle with
the back flank is reached. Once this condition is reached, the
triple line would continue gliding over this flank. The apparent
contact angle q0 spans therefore, with the triple line pinned, a fan
of angles bracketed by the lower q min

0 = qe f and the upper q max
0 =

p �f +qeb limits, as Gibbs first, and others later showed12–14.
However, as shown below, the interface can depin before, at

the critical angle q a
0 = p (the superscript a stands for advancing

front), if q0 = p is contained within the Gibbs’ fan, (i.e. if q min
0 <

p < q max
0 , which requires f < qeb). This follows from Figure 2,

which shows that the height h•, or equivalently the Bond number
Bo, as functions of the angle q0, exhibit a maximum defined by:

Boa = 4 for q a
0 = p, (3)

or equivalently ha
• = 2`c.

Thus, forcing more liquid into the liquid layer, trying to increase
its thickness and the contact angle in order to overcome the
wedge’s edge, will ultimately fail at q a

0 = p because equilibrium
is not any more possible for thicknesses greater than h⇤•, and
therefore the triple line depins. This argument can be made
rigorous by studying the stability of the equilibrium solutions to
show that q a

0 = p actually represents a bifurcation point where
the equilibrium solutions with q a

0 > p lose stability. However we
defer these analyses to section *** as done in Appendix D,

2.1 Formulation.
The analysis has been straightforward so far due to the simple
configuration. However, a more general and systematic approach
will be used below, in order to show how to analyze more complex
geometries. At equilibrium, the pressure distribution in the liquid
at equilibrium is given by the hydrostatics p(z) = p• +rg(h• � z),
so the shape of the interface S is determined by the condition
that p(z), evaluated at S , is p(S ) = p• + sk, where s is the

2 | 1–9

α

FIG. 1. Geometry of the liquid layer interface (pink line)
pinned at the vertex of a wedge of inner angle φ. The plotted
interface is the equilibrium shape corresponding to an angle
θ0 = 240◦, or equivalently to a Bond number Bo = ρgh2

∞/σ =
3, i.e. a thickness upstream h∞ =

√
3`c with `2c = σ/(ρg) the

capillary length. As shown below, this is an equilibrium but
unstable configuration.

The liquid layer is then forced quasi-statically to slowly
glide – for instance by continuously supplying liquid far
upstream from the wedge – over the front flank of the
wedge until the triple line touches the vertex. Pushing
the liquid layer further against the vertex forces the con-
tact angle θ0 to increase beyond θef . With the triple line
pinned, the angle θ0 is now a free parameter, which is no
longer determined by thermodynamic equilibrium. In-
stead, the liquid layer thickness h∞ and the angle θ0 are
now arbitrary, only linked by the balance between grav-
ity and surface tension forces which leads to the same
relationship as in (1) but with θ0 replacing θef . In terms
of the capillary length `2c = σ/(ρg) and of the Bond num-
ber Bo = (h∞/`c)2 this expression can be alternatively
written as:

Bo =

(
h∞
`c

)2

= 2(1− cos θ0) (2)

which is represented in Figure 2.
Thus, forcing the liquid layer against the wedge’s ver-

tex, as trying to overcome it, requires at equilibrium to
increase the thickness h∞ of the liquid layer, and accord-
ingly the angle θ0, as Eq. (2) shows. The triple line
can be expected to still remain pinned at the vertex un-
til, in principle, the equilibrium contact angle with the
back flank is reached. Once this condition is reached,
the triple line would continue gliding over this flank.
The apparent contact angle θ0 spans therefore, with the
triple line pinned, a fan of angles bracketed by the lower
θmin
0 = θef − α and the upper θmax

0 = π − α − φ + θeb
limits, as Gibbs first and others later showed[12–14].
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However, as we show below, the interface becomes un-
stable at a critical angle θa0 (the superscript a stands for
advancing front). In this case, the triple line will depin
if θa0 is contained within the Gibbs’ fan. More specifi-
cally, for the configuration considered here the interface
destabilizes at θa0 = π so if θmin

0 < π < θmax
0 , then the

interface depins before starting to glide along the back
surface. This depinning condition is suggested by Figure
2, which shows that the height h∞, or equivalently the
Bond number Bo, as functions of the angle θ0, exhibit a
maximum defined by:

Boa = 4 for θa0 = π, (3)

or equivalently ha∞ = 2`c.
Thus, forcing more liquid into the liquid layer, trying

to increase its thickness and the contact angle to over-
come the wedge’s edge, ultimately fails at the critical
angle θa0 = π because equilibrium is not any more pos-
sible for thicknesses greater than ha∞. The triple line
depins therefore. This argument can be made rigorous
by studying the stability of the equilibrium solutions to
show that θa0 = π actually represents a bifurcation point
where the equilibrium solutions for θa0 > π become un-
stable as shown in Section IV.

A. Formulation.

The analysis has been straightforward so far due to
the simple configuration considered. However, a more
general and systematic approach will be used below, to
show how to analyze more complex geometries. At equi-
librium, the pressure distribution in the liquid is given by
the hydrostatic balance p(z) = p∞ + ρg(h∞ − z), so the
shape of the interface S is determined by the condition
that p(z), evaluated at S, is p(S) = p∞ + σK, where σ
is the surface tension of the liquid in contact with the
ambient gas, and K is twice the mean curvature of the
interface.

The geometry of the liquid interface will be represented
parametrically in the form (xS(t), zS(t)), where xS , zS
are, respectively, the horizontal and vertical coordinates
of the interface in the system of reference of Figure 1. The
parameter t is the arc length, so x′2S (t) + z′2S (t) = 1, with
the primes representing the t-derivative. Lengths are
made dimensionless with the far-upstream liquid thick-
ness h∞, leading to the dimensionless variables ξ =
xS/h∞, ζ = zS/h∞ and s = t/h∞; the s-derivative is

represented below with a dot, φ̇ = dφ/ds. With this
parametrization, the dimensionless interface curvature
can be written as[51, 52] κS = h∞K = ξ̇S ζ̈S − ζ̇S ξ̈S ,
so the shape of the interface is determined by the fourth
order differential system (dropping for simplicity the sub-
script S):

ξ̇ζ̈ − ζ̇ ξ̈ = Bo(1− ζ) (4a)

ξ̇2 + ζ̇2 = 1 (4b)

The appropriate boundary conditions are those enforc-
ing pinning at the edge of the substrate:

ξ(s = 0) = ζ(s = 0) = 0, (4c)

and leveling off to h∞ far upstream from the edge:

ξ → −∞, ζ → 1 as s→∞. (4d)

θ0

Bo

30º θ0

90º

180º

Stable Unstable

FIG. 2. (Color online) The continuous blue and dashed red
lines represent the equilibrium (thickness) Bond number Bo =
ρgh2

∞/σ as a function of the apparent angle θ0 at the edge,
as given by the expression (2). The blue line represents the
stable equilibrium solutions branch, whereas the red dashed
line are unreachable equilibrium solutions because depinning
occurs before. The inserts show the shape of the interfaces
for some representative values of θ0 on the stable branch.

This problem has a continuum of solutions
parametrized by the Bond number, which enters
due to the presence of two characteristic lengths, namely
the liquid layer thickness h∞, and the capillary length
`c. In particular, the apparent contact angle θ0 of the
interface at the edge can then be determined from either
cos θ0 = −ξ̇(0) or sin θ0 = ζ̇(0), which give θ0 as a
function of Bo as shown in Figure 2. This Figure reveals
that θ0 is a multi-valued function of the Bond number
Bo. On the contrary, Bo is univocally determined as a
function of θ0. Thus, the problem of finding the shape
of the interface is more conveniently formulated as an
eigenvalue problem, i.e. that of finding the Bond number
Bo that corresponds to a given angle θ0 at the edge. In
this case, the boundary conditions must be augmented
with ξ̇(0) = − cos(θ0), ξ̇(0) = sin(θ0).

Formulated as an eigenvalue problem, (4) can thus be
written as:

ξ̇ζ̈ − ζ̇ ξ̈ = Bo(1− ζ) (5a)

ξ̇2 + ζ̇2 = 1 (5b)
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with boundary conditions

ξ(s = 0) = ζ(s = 0) = 0 (5c)

ξ̇(0) = − cos(θ0), ζ̇(0) = sin(θ0) (5d)

ξ → −∞, ζ → 1 as s→∞ (5e)

where Bo(θ0) is the eigenvalue which must be obtained
as part of the solution for each value of the contact angle
θ0 of the pinned interface at the wedge’s vertex.

B. Solution.

The problem just formulated can be solved analytically
in closed form as shown in Appendix A. Here we will
just use a first integral that can be obtained as follows.
Combining equations (5a) and (5b) to eliminate ξ gives:

ζ̈ = −Bo (1− ζ)

√
1− ζ̇2, (6)

which is an ordinary differential equation for the height
ζ of the interface in terms of the arc-length s. Integrat-
ing it once and matching the solution with the constant
thickness ζ → 1, ζ̇ → 0 far upstream from the edge gives
the first integral:

±
√

1− ζ̇2 = 1− Bo

2
(1− ζ)2. (7)

Evaluating it at the triple point, namely ζ(s = 0) = 0,

±
√

1− ζ̇2(s = 0) = cos θ0, gives the Bond number in

terms of θ0, i.e. equation (2):

Bo =

(
h∞
`c

)2

= 2(1− cos θ0) (8)

We defer the detailed analysis of the stability of these
equilibrium solutions to Section IV. However, it can be
anticipated that, as common experience shows, the equi-
librium configurations are stable for small θ0 contact
angles, although increasing it ultimately results in the
destabilization and depinning at the critical θ0 = π, so
the solutions corresponding to θ0 > π are unstable.

We note here that the key point is formulating the
problem of the equilibrium of the liquid layer as an the
eigenvalue problem (5), which naturally leads to the in-
terpretation of Figure 2 as the bifurcation diagram of the
equilibrium solutions with the eigenvalue Bo, or equiv-
alently the liquid layer thickness h∞, as bifurcation pa-
rameter. For each value of the Bond number Bo < 4
there are two solutions, the stable branch with θ0 < π,
and the unstable one θ0 > π. These two branches merge
at Bo = 4 and disappear for Bo > 4. Therefore, the
triple line depinning occurs as a subcritical saddle-node
or fold bifurcation.

h∞

h0

θ0

∆h∞<0

∆h∞>0

FIG. 3. (Color online) Interface shapes for different values of
the effective thickness ∆h∞ = h∞ − h0 of the liquid layer.
The thick vertical blue arrow and the thin curved green one
indicate the direction of increasing values of ∆h∞ and θ0 re-
spectively. θ0 range from negative (the two lowest darker blue
interfaces) to positive (the highest light blue one) values, with
θ0 = 0 corresponding to a straight horizontal interface at the
wedge’s vertex height. The arrows also indicate the evolu-
tion as the liquid layer is forced to advance against the vertex
(green curve starting at b in the θ0-Bo plane of Figure 4),
whereas for a layer receding (purple curve starting at a in
Figure 4) back from the vertex the evolution is reversed.

III. RECEDING TRIPLE LINES.

The solution of the previous section can be general-
ized to cases in which the edge height h0 relative to the
substrate far upstream is non-zero as shown in Figure 3.
Now, in addition to the liquid layer thickness h∞, the
problem has a new length scale h0. However, as shown
in Appendix C, it is easy to see that the problem only
depends on the difference. Thus, scaling lengths with the
effective thickness ∆h∞ = h∞−h0 > 0 (the negative case
is discussed below), leads, to a problem with the exact
same form as (5), except that now the eigenvalue is the
effective Bond number:

Boeff =

(
∆h∞
`c

)2

= 2(1− cos θ0) (9)

As suggested in Figure 3, this configuration admits
both positive and negative values of the effective height
∆h∞, when the liquid layer is, respectively, above or be-
low the wedge’s vertex. Due to the symmetries of the
problem the solutions in this latter case of negative val-
ues of ∆h∞ (i.e. h∞ < h0) can be obtained from symme-
try considerations by simply flipping the interface about
the ξ axis, which changes the sign of θ0, but leaves the
effective Bond number Boeff unchanged. Therefore, the
bifurcation diagram in this generalized case can be ob-
tained from that in Figure 2, extending it to negative
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FIG. 4. (Color online) The complete bifurcation diagram in-
cluding positive as well as negative apparent contact angles.
The purple arrow, starting at a, represents the evolution path
for a receding interface, eventually depining at θ0 = −180◦.
The green one, starting at b, corresponds to the evolution
of an advancing liquid front with an initial negative effective
thickness ∆h∞, eventually depining at θ0 = 180◦. The solu-
tion branches in dash-dot lines are inaccessible because they
are unstable and deppining occurs before, at θ0 = ±180◦.

values of θ0 by a reflection about the axis θ0 = 0 as
shown in Figure 4.

A. Depinning conditions.

The deppining criterion as the liquid layer recedes can
be obtained by considering as initial condition a point in
the bifurcation diagram with positive values of ∆h∞ and
θ0, as the point a in Figure 4. The thickness of the liquid
layer, and accordingly the apparent contact angle, can
be forced to decrease by removing liquid from far away
upstream from the vertex. ∆h∞ traverses the equilib-
rium line Boeff (θ0) in the direction represented by the
blue path, reaching eventually ∆h∞ = 0 for θ0 = 0, and
then becoming negative, forcing accordingly negative ap-
parent contact angles θ0. The evolution in the physical
space is that schematically represented in Figure 3, from
the light top to the darker blue interfaces. This thinning
of the liquid layer can be continued until θ0 = −180◦. Be-
yond this point it is not possible keep on decreasing h∞,
because Boeff = ((h0 − h∞)/`c)

2 has a local maximum,
and therefore h∞ a local minimum. Consequently, the
triple line depins if forced to recede further. The critical
deppining condition is thus Boeff = 4, or equivalently
h∞ = h0 − 2`c, and θr0 = −180◦.

The green path on the other hand, starting at b rep-
resents the opposite evolution, namely starting with a
liquid layer below the vertex, and therefore pinned with

an angle θ0 below the horizontal. Adding liquid so to in-
crease its thickness will force the growth of θ0, all the
way up through θ0 = 0, until the limit θa0 = 180◦,
beyond which the triple line depins. The reason is
again that θa0 = 180◦ is a local maximum of Boeff =
((h∞ − h0)/`c)

2, and therefore of h∞, so it is not possi-
ble to increase it any further, as the advancing condition
being forced would require.

IV. STABILITY

The heuristic arguments given above showing the loss
of stability beyond the critical angles θ0 = ±180◦ can be
made rigorous through an analysis of the stability of the
equilibrium solutions. We exploit for that purpose the
variational structure of the problem, derived for reference
in Appendix B 1. From this point of view, stable solutions
correspond to local minima of the energy functional [53],
i.e. to solutions with the second variation of the energy
functional is positive definite. We will proceed in two
steps: we first show that the solutions with |θ0| < 180◦

are stable; then, we use Turning Point methods[54, 55]
to prove the loss of stability at |θ0| = 180◦, and therefore
the instability of the solutions branch corresponding to
θ0 > 180◦.

A. Stability for |θ0| < 180◦.

We consider here the stability of the equilibrium solu-
tions subject to planar perturbations leaving the interface
pinned at the vertex. In addition, we restrict this analy-
sis to apparent contact angles θ0 smaller than θ0 < 180◦.
In this case, using the same system of coordinates as in
Figure 1, the interface S can be described explicitly in
the form ξ = ξS(ζ), with ξS(ζ = 0) = 0 to enforce pin-
ning at the vertex. This representation is admissible for
contact angles in the range [−180◦, 180◦]. Beyond these
limits the function ξS(ζ) would be doubled-valued and
some more general representation should be used.

The energy functional becomes thus:

E =

∫ 1

0

{√
1 + ξ

′2
S (ζ)−Bo(1− ζ)(ξS(ζ)−H)

}
dζ

where H is a constant. Strictly, H should be let go to
infinity, which would make the integral infinite. How-
ever, it is easy to check that the value of this constant is
immaterial and can actually be set to zero.

We write the perturbed interface as ξS(ζ) +h(ζ), with
the perturbation h bounded and compatible with the
pinned interface, that is, h(0) = 0, and with a horizontal
interface far upstream from the edge, i.e. h′(ζ → 1) = 0.
Otherwise h(ζ) is unrestricted, so the perturbed solutions
can accommodate variations in the contact angle so h′(0)
is arbitrary, although the interface ξS(ζ)+h(ζ) must still
be a well-defined, single valued function of z.
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With this parametrization the second variation of E is:

2δ2E =

∫ 1

0

h′2

(1 + ξ
′2
S )3/2

dζ

which is clearly non-negative for any admissible pertur-
bation h(x). Thus, the equilibrium solutions found for
contact angles θ0 within ] − 180◦, 180◦[ are stable under
planar pinned perturbations.

B. Stability for |θ0| ≥ 180◦.

The previous analysis shows the stability of the solu-
tions with a contact angle smaller than 180◦. The ques-
tion of the stability for larger contact angles can be ad-
dressed using the elegant results due to Maddocks [54] for
problems with a variational structure as in the present
case. In order to accommodate in this analysis appar-
ent contact angles larger than 180◦ we will use the para-
metric representation of the interface introduced in the
text in Section II A. The energy functional E(u), with

u = (ξ, ζ, ξ̇, ζ̇), can be written in that case as:

E = A+BoP (10a)

with

A =

∫ ∞

0

(√
ξ̇2 + ζ̇2 − 1

)
ds (10b)

P =

∫ ∞

0

(
(ζ − ζ2/2)ξ̇ + 1/2

)
ds (10c)

with boundary conditions

ξ(s = 0) = ζ(s = 0) = 0 (10d)

ξ̇(0) = − cos(θ0), ζ̇(0) = sin(θ0) (10e)

ξ → −∞, ζ → 1 as s→∞ (10f)

The Bond number Bo(θ0) is an eigenvalue of the
problem and the bifurcation parameter. Following
Maddocks[54] and translating his results into our nomen-
clature, the changes of stability can be studied in the
plane Bo − EBo, where EBo = P is the derivative of the
energy functional with respect to the bifurcation parame-
ter Bo. In this plane, the equilibrium solutions are repre-
sented by curves parametrized in our case by the contact
angle θ0, i.e. (Bo(θ0),P(θ0)) as shown in Figure 5. The
changes of stability are associated with folds of the solu-
tion branches[54], defined as points where the derivative
dBo/dθ0 of the bifurcation parameter Bo with respect to
θ0 vanishes, such as the point θ0 = 180◦ shown in Figures
4 and 5.

This can be seen as follows (see Maddocks[54] for rigor-
ous proofs). The stable equilibrium solutions correspond
to minima of (10a), i.e. to zeros of the first Fréchet u-
derivative δE with the second Fréchet u-derivative δ2E
is non-negative. Since δ2E is a real symmetric quadratic
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corresponding to positive values of Dh•, i.e. a reflection about
the horizontal line through the vertex of the wedge as anticipated.
Boe f f has been left unchanged, and therefore it must be an even
function of q0, which means the bifurcation diagram is even in q0

as represented in Figure 4.

9 Appendix D. Stability
The arguments given in the text showing the loss of stability
beyond q0 < 180� are heuristic. More rigorous mathematical
arguments are given here to show that those are correct. The
main idea is the general result that stable solutions correspond to
local minima of the energy functional, or equivalently54 that the
second variation of the energy functional being positive definite
at the equilibrium solution. We will proceed in two steps: first
the stability of the solutions for q0 < 180� will be proved; then,
the Turning Point methods56,57 can be used to prove the loss of
stability at q0 = 180�.

9.1 Stability for q0 < 180�.
We consider here the stability of the equilibrium solutions subject
to planar perturbations leaving the interface pinned at the corner.
In addition, we restrict this analysis to apparent contact angles
q0 smaller than q0 < 180�. In this case, using the same system
of coordinates as in Figure 1, the interface S can be described
explicitly in the form x = xS (z), with xS (z = 0) = 0 to enforce
pinning at the corner. This representation is admissible for
contact angles in the range [�180�,180�]. However, beyond these
limits the function xS (z) would be doubled-valued and some
more general representation should be used.

The energy functional becomes thus:

E =
Z 1

0

⇢q
1+ x02

S (z)�Bo(1� z)(xS (z)�H)

�
dz

where H < 0 is a constant. Strictly, H should be let go to infinity,
which would make the integral infinite. However, it is easy
to check that the value of this constant is immaterial and can
actually be set to zero.

We write the perturbed interface as xS (z) + h(z), with h(0) =

0 and h0 bounded with h0(z ! •) = 0, so the triple line
remains pinned and horizontal far upstream. Otherwise h0(z)
is unrestricted, so the perturbed solutions can accommodate
variations in the equilibrium contact angle.

With this parametrization the second variation of E is:

2d 2E =
Z 1

0

h02

(1+ x02
S )3/2

dz

which is clearly non-negative for any admissible perturbation
h(x). Thus, the equilibrium solutions found for contact
angles q0 within ]� 180�,180�[ are stable under planar pinned
perturbations.

9.2 Stability for q0 � 180�.
The previous analysis shows the stability of the solutions with a
contact angle smaller than 180�. The question of the stability for
larger contact angles can be addressed using the elegant results

due to Maddocks57 for problems with a variational structure as
in the present case. In order to in this analysis apparent contact
angles larger than 180� we will use the parametric representation
of the interface introduced in the text in Section 2.1. The energy
functional E (u) with u = (x ,z , ẋ , ż ) can be written in that case as:

E = A +BoP (23a)

with

A =
Z •

0

✓q
ẋ 2 + ż 2 �1

◆
ds (23b)

P =
Z •

0

n
(z �z 2/2)ẋ +1/2

o
ds (23c)

with boundary conditions

x (s = 0) = z (s = 0) = 0 (23d)

ẋ (0) = �cos(q0), ż (0) = sin(q0) (23e)

x !�•, z ! 1 as s ! • (23f)

The Bond number Bo(q) is an eigenvalue the problem and the
bifurcation parameter, so following Maddocks57 and translating
his results into our nomenclature, the changes of stability can be
studied in the plane Bo�P, where P = EBo is the derivative of
the energy functional with respect to the bifurcation parameter
Bo. In this plane, the equilibrium solutions are represented by
curves parametrized in our case by the contact angle q0, i.e.
(Bo(q0),P(q0)) as shown in Figure 5. The changes of stability
are associated with folds of the solution branches57, defined as
points where the derivative dBo/dq0 of the bifurcation parameter
Bo with respect to q0 vanishes, such as the point q0 = 180� shown
in Figures 4 and 5.
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FIG. 5. The blue and red lines represent respectively the
stable and unstable equilibrium solutions in the plane
Bo � P, with the contact angle as parameter along
them. This is the proper plane to analyze the stability of
the solutions of the problem defined by (D1) according
to Maddocks53. The blue continuous line represents
stable solutions, i.e. with positive eigenvalues of the
second Fréchet derivative57 E �� of the functional E . The
character of the solutions changes at the fold Bo = 4,
with the smallest eigenvalue of E �� becoming negative
and therefore the equilibrium solutions along the dashed
branch unstable.

the second Fréchet u-derivative �2E is non-negative.
Since �2E is a self-adjoint quadratic form in
the perturbation (��, ��, ��̇, ��̇) of the equilibrium
solution, its spectrum is real and form an increasing
discrete sequence of eigenvalues. Thus, the second

variation being non-negative is equivalent to its
critical (smallest) eigenvalue µ being non-negative
as well, and the question of the stability of the
equilibrium solutions is reduced to the analysis of
the evolution of the critical eigenvalue as the contact
angle is varied �0. Changes of stability can only
occur at folds, where the critical eigenvalue crosses
zero. This can be easily seen by taking the derivative
of the equilibrium condition �E = 0 along the
solution branch (i.e. taking the derivative with
respect to the contact angle �0, denoted with a prime
hereafter d�/d�0 = ��) giving �2E·u�+�EBo·Bo

�
= 0,

with �EBo the partial derivative of �E with respect
to Bo, which clearly shows that �2E has a zero
eigenvalue for Bo

�
= 0. Thus, in the present

problem, a change of stability can only occur at the
fold �0 = 180�, where (Bo

�
= 0) as Figure 4 reveals.

Maddocks shows that the derivative µ� of the critical
eigenvalue with respect to the parameter, �0 in this
problem, is given, up to a positive factor, by:

µ� ⇡ Bo
��P � (D2)

where the primes represent the derivatives with
respect to the contact angle �0. Figure 5 shows that
P is an increasing function of Bo around the fold
Bo = 4, whereas Bo(�0) features a maximum (see
also Figure 2), and therefore Bo�� is negative. Thus
µ� is negative at the fold. Consequently, since as
seen the branch �0 < 180� is stable and therefore
the critical eigenvalue is positive, µ crosses zero at
Bo = 4 and is negative along the branch �0 > 180�,
so the equilibrium solutions are unstable in this
�0 > 180� branch.
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them. This is the proper plane to analyze the stability of
the solutions of the problem defined by (D1) according
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stable solutions, i.e. with positive eigenvalues of the
second Fréchet derivative57 E �� of the functional E . The
character of the solutions changes at the fold Bo = 4,
with the smallest eigenvalue of E �� becoming negative
and therefore the equilibrium solutions along the dashed
branch unstable.
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the perturbation (��, ��, ��̇, ��̇) of the equilibrium
solution, its spectrum is real and form an increasing
discrete sequence of eigenvalues. Thus, the second

variation being non-negative is equivalent to its
critical (smallest) eigenvalue µ being non-negative
as well, and the question of the stability of the
equilibrium solutions is reduced to the analysis of
the evolution of the critical eigenvalue as the contact
angle is varied �0. Changes of stability can only
occur at folds, where the critical eigenvalue crosses
zero. This can be easily seen by taking the derivative
of the equilibrium condition �E = 0 along the
solution branch (i.e. taking the derivative with
respect to the contact angle �0, denoted with a prime
hereafter d�/d�0 = ��) giving �2E·u�+�EBo·Bo
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= 0,

with �EBo the partial derivative of �E with respect
to Bo, which clearly shows that �2E has a zero
eigenvalue for Bo
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= 0. Thus, in the present

problem, a change of stability can only occur at the
fold �0 = 180�, where (Bo

�
= 0) as Figure 4 reveals.

Maddocks shows that the derivative µ� of the critical
eigenvalue with respect to the parameter, �0 in this
problem, is given, up to a positive factor, by:

µ� ⇡ Bo
��P � (D2)

where the primes represent the derivatives with
respect to the contact angle �0. Figure 5 shows that
P is an increasing function of Bo around the fold
Bo = 4, whereas Bo(�0) features a maximum (see
also Figure 2), and therefore Bo�� is negative. Thus
µ� is negative at the fold. Consequently, since as
seen the branch �0 < 180� is stable and therefore
the critical eigenvalue is positive, µ crosses zero at
Bo = 4 and is negative along the branch �0 > 180�,
so the equilibrium solutions are unstable in this
�0 > 180� branch.
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corresponding to positive values of Dh•, i.e. a reflection about
the horizontal line through the vertex of the wedge as anticipated.
Boe f f has been left unchanged, and therefore it must be an even
function of q0, which means the bifurcation diagram is even in q0

as represented in Figure 4.

9 Appendix D. Stability
The arguments given in the text showing the loss of stability
beyond q0 < 180� are heuristic. More rigorous mathematical
arguments are given here to show that those are correct. The
main idea is the general result that stable solutions correspond to
local minima of the energy functional, or equivalently54 that the
second variation of the energy functional being positive definite
at the equilibrium solution. We will proceed in two steps: first
the stability of the solutions for q0 < 180� will be proved; then,
the Turning Point methods56,57 can be used to prove the loss of
stability at q0 = 180�.

9.1 Stability for q0 < 180�.
We consider here the stability of the equilibrium solutions subject
to planar perturbations leaving the interface pinned at the corner.
In addition, we restrict this analysis to apparent contact angles
q0 smaller than q0 < 180�. In this case, using the same system
of coordinates as in Figure 1, the interface S can be described
explicitly in the form x = xS (z), with xS (z = 0) = 0 to enforce
pinning at the corner. This representation is admissible for
contact angles in the range [�180�,180�]. However, beyond these
limits the function xS (z) would be doubled-valued and some
more general representation should be used.

The energy functional becomes thus:

E =
Z 1

0

⇢q
1+ x02

S (z)�Bo(1� z)(xS (z)�H)

�
dz

where H < 0 is a constant. Strictly, H should be let go to infinity,
which would make the integral infinite. However, it is easy
to check that the value of this constant is immaterial and can
actually be set to zero.

We write the perturbed interface as xS (z) + h(z), with h(0) =

0 and h0 bounded with h0(z ! •) = 0, so the triple line
remains pinned and horizontal far upstream. Otherwise h0(z)
is unrestricted, so the perturbed solutions can accommodate
variations in the equilibrium contact angle.

With this parametrization the second variation of E is:

2d 2E =
Z 1

0

h02

(1+ x02
S )3/2

dz

which is clearly non-negative for any admissible perturbation
h(x). Thus, the equilibrium solutions found for contact
angles q0 within ]� 180�,180�[ are stable under planar pinned
perturbations.

9.2 Stability for q0 � 180�.
The previous analysis shows the stability of the solutions with a
contact angle smaller than 180�. The question of the stability for
larger contact angles can be addressed using the elegant results

due to Maddocks57 for problems with a variational structure as
in the present case. In order to in this analysis apparent contact
angles larger than 180� we will use the parametric representation
of the interface introduced in the text in Section 2.1. The energy
functional E (u) with u = (x ,z , ẋ , ż ) can be written in that case as:

E = A +BoP (23a)

with

A =
Z •

0

✓q
ẋ 2 + ż 2 �1

◆
ds (23b)

P =
Z •

0

n
(z �z 2/2)ẋ +1/2

o
ds (23c)

with boundary conditions

x (s = 0) = z (s = 0) = 0 (23d)

ẋ (0) = �cos(q0), ż (0) = sin(q0) (23e)

x !�•, z ! 1 as s ! • (23f)

The Bond number Bo(q) is an eigenvalue the problem and the
bifurcation parameter, so following Maddocks57 and translating
his results into our nomenclature, the changes of stability can be
studied in the plane Bo�P, where P = EBo is the derivative of
the energy functional with respect to the bifurcation parameter
Bo. In this plane, the equilibrium solutions are represented by
curves parametrized in our case by the contact angle q0, i.e.
(Bo(q0),P(q0)) as shown in Figure 5. The changes of stability
are associated with folds of the solution branches57, defined as
points where the derivative dBo/dq0 of the bifurcation parameter
Bo with respect to q0 vanishes, such as the point q0 = 180� shown
in Figures 4 and 5.
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FIG. 5. The blue and red lines represent respectively the
stable and unstable equilibrium solutions in the plane
Bo � P, with the contact angle as parameter along
them. This is the proper plane to analyze the stability of
the solutions of the problem defined by (D1) according
to Maddocks53. The blue continuous line represents
stable solutions, i.e. with positive eigenvalues of the
second Fréchet derivative57 E �� of the functional E . The
character of the solutions changes at the fold Bo = 4,
with the smallest eigenvalue of E �� becoming negative
and therefore the equilibrium solutions along the dashed
branch unstable.

the second Fréchet u-derivative �2E is non-negative.
Since �2E is a self-adjoint quadratic form in
the perturbation (��, ��, ��̇, ��̇) of the equilibrium
solution, its spectrum is real and form an increasing
discrete sequence of eigenvalues. Thus, the second

variation being non-negative is equivalent to its
critical (smallest) eigenvalue µ being non-negative
as well, and the question of the stability of the
equilibrium solutions is reduced to the analysis of
the evolution of the critical eigenvalue as the contact
angle is varied �0. Changes of stability can only
occur at folds, where the critical eigenvalue crosses
zero. This can be easily seen by taking the derivative
of the equilibrium condition �E = 0 along the
solution branch (i.e. taking the derivative with
respect to the contact angle �0, denoted with a prime
hereafter d�/d�0 = ��) giving �2E·u�+�EBo·Bo

�
= 0,

with �EBo the partial derivative of �E with respect
to Bo, which clearly shows that �2E has a zero
eigenvalue for Bo

�
= 0. Thus, in the present

problem, a change of stability can only occur at the
fold �0 = 180�, where (Bo

�
= 0) as Figure 4 reveals.

Maddocks shows that the derivative µ� of the critical
eigenvalue with respect to the parameter, �0 in this
problem, is given, up to a positive factor, by:

µ� ⇡ Bo
��P � (D2)

where the primes represent the derivatives with
respect to the contact angle �0. Figure 5 shows that
P is an increasing function of Bo around the fold
Bo = 4, whereas Bo(�0) features a maximum (see
also Figure 2), and therefore Bo�� is negative. Thus
µ� is negative at the fold. Consequently, since as
seen the branch �0 < 180� is stable and therefore
the critical eigenvalue is positive, µ crosses zero at
Bo = 4 and is negative along the branch �0 > 180�,
so the equilibrium solutions are unstable in this
�0 > 180� branch.
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the perturbation (��, ��, ��̇, ��̇) of the equilibrium
solution, its spectrum is real and form an increasing
discrete sequence of eigenvalues. Thus, the second

variation being non-negative is equivalent to its
critical (smallest) eigenvalue µ being non-negative
as well, and the question of the stability of the
equilibrium solutions is reduced to the analysis of
the evolution of the critical eigenvalue as the contact
angle is varied �0. Changes of stability can only
occur at folds, where the critical eigenvalue crosses
zero. This can be easily seen by taking the derivative
of the equilibrium condition �E = 0 along the
solution branch (i.e. taking the derivative with
respect to the contact angle �0, denoted with a prime
hereafter d�/d�0 = ��) giving �2E·u�+�EBo·Bo
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= 0,

with �EBo the partial derivative of �E with respect
to Bo, which clearly shows that �2E has a zero
eigenvalue for Bo
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= 0. Thus, in the present

problem, a change of stability can only occur at the
fold �0 = 180�, where (Bo

�
= 0) as Figure 4 reveals.

Maddocks shows that the derivative µ� of the critical
eigenvalue with respect to the parameter, �0 in this
problem, is given, up to a positive factor, by:

µ� ⇡ Bo
��P � (D2)

where the primes represent the derivatives with
respect to the contact angle �0. Figure 5 shows that
P is an increasing function of Bo around the fold
Bo = 4, whereas Bo(�0) features a maximum (see
also Figure 2), and therefore Bo�� is negative. Thus
µ� is negative at the fold. Consequently, since as
seen the branch �0 < 180� is stable and therefore
the critical eigenvalue is positive, µ crosses zero at
Bo = 4 and is negative along the branch �0 > 180�,
so the equilibrium solutions are unstable in this
�0 > 180� branch.
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FIG. 5. The solid blue and dash-dots red lines represent re-
spectively the stable and unstable equilibrium solutions in
the plane Bo−P, with the contact angle as parameter along
them. This is the Maddocks’ preferred plane [54] to analyze
the stability of the solutions of the problem defined by (10).
The fold (dBo/dθ0 = 0) at |θ0| = 180◦ (Bo = 4) represents
the loss of stability of the blue stable branch which correspond
to |θ0| < 180◦.

form in the perturbation (δξ, δζ, δξ̇, δζ̇) of the equilib-
rium solution, its spectrum is real and forms an increas-
ing discrete sequence of eigenvalues. Thus, the second
variation being non-negative is equivalent to its critical
(smallest) eigenvalue µ being non-negative as well, and
the question of the stability of the equilibrium solutions
is reduced to the analysis of the evolution of the critical
eigenvalue as the contact angle θ0 is varied. As shown
by Maddocks[54], changes of stability can only occur at
folds, where the critical eigenvalue crosses zero. This
can be easily seen by taking the derivative of the equi-
librium condition δE = 0 along the solution branch (i.e.
taking the derivative with respect to the contact angle
θ0, denoted with a prime hereafter dφ/dθ0 = φ′), which

gives δ2E · u′ +Bo
′
δEBo = 0, with δEBo the derivative of

δE with respect to Bo. Thus δ2E has a zero eigenvalue
when Bo

′
= 0. This shows that in our problem, changes

of stability can only occur at the folds |θ0| = 180◦, where

Bo
′

= 0 as Figures 4 and 5 reveal. Furthermore, it can
be shown [54] that the derivative µ′ of the critical eigen-
value with respect to the parameter, θ0 in this problem,
is given, up to a positive factor, by:

µ′ ≈ Bo′′ · P ′ (11)

where the primes represent the derivatives with respect
to the contact angle θ0. Figure 5 shows that P is an
increasing function of θ0 around the fold Bo = 4, whereas
Bo(θ0) features a maximum (see also Figure 2), implying
that Bo′′ is negative. Thus µ′ is negative at the fold.
Consequently, since as seen the branch |θ0| < 180◦ is
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stable and therefore the critical eigenvalue µ is positive, µ
crosses zero at Bo = 4 (✓ = 180�) and becomes negative
along the branches |✓0| > 180�. This shows therefore
that the equilibrium solutions are unstable for apparent
contact angles |✓0| > 180�.

V. DISCUSSION AND CONCLUSIONS.

We have analyzed the static equilibrium and stability
of liquid layers subject to gravity and pinned on sharp
edges. Equilibrium has been conveniently formulated as
the problem of finding the pressure eigenvalue required
to produce a specific value of the pinning angle at the
edge. Solutions to this problem can be found in broad
ranges of pinning angles, often only limited by geometri-
cal constraints. However, stability considerations restrict
the realizable solutions to narrower domains with bounds
which depend on the Bond number, that is, the ratio of
the characteristic length of the problem to the capillary
length.

Precise mathematical criteria for stability, and hence
for depinning transitions, have been obtained using the
powerful and quite general methodology suggested by
turning point analyses introduced by Poincaré[61] and
more recently revisited and formalized by Maddocks[54]
for problem with variational structure as those stud-
ied here (see also the excellent review by Bostwick and
Steen[55]). When available, this methodology is much
more straightforward than the stability analyses based on
the direct use of the second derivative of the energy func-
tional or on the linearization of the Navier-Stokes equa-
tions. This methodology provides thus a general frame-
work to obtain criteria for depinning, and more generally,
for non-wetting–wetting (Cassie-Baxter–Wenzel) transi-
tions.

The loss of stability occurs through a subcritical
saddle-node bifurcation, so no solutions exist beyond the
critical pressure eigenvalue. This is also the case in ge-
ometrical configurations with symmetries that allow the
reduction of the equilibrium problem to a system of ordi-
nary di↵erential equations, with the pressure eigenvalue
as bifurcation parameter as shown elsewhere. More com-
plex geometries are being currently studied. However, we
hypothesize that the loss of stability occurs generically
(in the sense of structural stability) through a saddle-
node bifurcation.

There are thus two depinning mechanisms. Gibbs[12]
suggested one of them, namely that occurring when the
pinned interface reaches the equilibrium contact angle on
one of the two wedge’s flanks and can then glide along
it. This mechanism becomes thus e↵ective when the in-
terface reaches the equilibrium contact angle before it
destabilizes. This is often the case with wetting liquid-
substrate pairs, i.e. liquids with equilibrium contact an-
gles smaller than 90� as illustrated in Figure 6. However,
with non-wetting liquids, with contact angles larger than
90�, other possibilities are often found.

�0

�

FIG. 6. Sketch of a 90� wedge supporting a pinned inter-
face with a pinning angle ✓0. The interface depins when
↵ = ✓0 � 90� reaches the equilibrium contact angle on the
wedge’s vertical wall. In the case of semi-infinite liquid layers
analyzed here for which the limit of stability is ✓0 = 180�,
liquids wetting the vertical wall, i.e. with equilibrium angles
smaller than 90�, depin before becoming unstable. However,
wetting liquids, which have contact angles is larger than 90�,
only depin once the stability limit ✓0 = 180� is reached. It can
be noticed that the stability limit is independent of the geom-
etry, whereas reaching the equilibrium contact angle depends
on the orientation of the in this case vertical wall.

As an example of the this case consider the experiments
by Schellenberger et al.[8]. They study drops rolling over
superhydrophobic substrates L

This is for instance the case in the recent experimental
work by Hensel et al.[60], who find excellent agreement
with the theoretical predictions based on this mechanism.
They investigated depinning using a horizontal substrate
decorated with vertical-wall square-cross section cavities.
Water covering the substrate was initially pinned on the
edges of the cavities which thus entrapped air. How-
ever, increasing pressure in the water forced depinning
and therefore flooding of the cavities at threshold pres-
sures which depend on the cavity size as shown in Figure
9, taken from their work. The cavity sizes clearly corre-
spond to practically zero Bond numbers, for which the
critical depinning angles are 90� as shown in Figure ??.
On the other hand, the advancing equilibrium contact
angle for water on substrate is around 120� as they re-
port, which corresponds to ✓0 = �20� when the interface
protrudes into the cavity. Thus, the interface depins be-
cause the equilibrium contact angle on the vertical wall
is reached before the interface destabilizes.

Another interesting work exploiting this idea is that
from Liu and Kim [10]. They designed reentrant posts
which o↵er a cascade of successive pinning edges with
increasingly: after failing in the first one, the interface
glides until it becomes pinned on the next one. line
who playing with the geometry of axisymmetric reentrant
micro-posts were able to

Despite the simple geometry, the results presented
above contain already most of the features common to
the superhydrophobic phenomenology. For instance, su-
perhydrophoicity is often claimed to be due to or possi-
ble only on micro-patterned substrates. Clearly, micro-

!0!0
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FIG. 6. At the left, sketch of a 90◦ wedge supporting a pinned
interface with a pinning angle θ0. The interface depins when
α = θ0 − 90◦ reaches the equilibrium contact angle on the
wedge’s vertical wall. In the case of semi-infinite liquid layers
analyzed here for which the limit of stability is θ0 = 180◦,
liquids wetting the vertical wall, i.e. with equilibrium angles
smaller than 90◦, depin before becoming unstable. However,
non-wetting liquids, which have contact angles larger than
90◦, only depin once the stability limit θ0 = 180◦ is reached.
It can be noticed that the stability limit is independent of the
geometry, whereas the critical value of θ0 to reach the equilib-
rium contact angle depends on the orientation of the wedge’s
angle, in this case 90◦. At the right, an interface of a non-
wetting liquid that remains pinned beyond θ0 = 180◦ and is
about to touch the next wedge’s corner. The orange interfaces
represent the configuration a moment later after the blue in-
terface has touched the corner. This is the basic mechanism
underlying rolling drops over superhydrophobic substrates as
shown by Schellenberger et al.[8]. Clearly, the maximum pin-
ning angle increases with the separation L between corners,
as indeed found experimentally[8].

stable and therefore the critical eigenvalue µ is positive, µ
crosses zero at Bo = 4 (θ = 180◦) and becomes negative
along the branches |θ0| > 180◦. This shows therefore
that the equilibrium solutions are unstable for apparent
contact angles |θ0| > 180◦.

V. DISCUSSION AND CONCLUSIONS.

We have analyzed the static equilibrium and stability
of liquid layers subject to gravity and pinned on sharp
edges. Equilibrium has been formulated as the prob-
lem of finding the pressure eigenvalue (Bond number)
required to produce a specific value of the pinning angle
at the edge. Solutions to this problem can be found in
a broad range of pinning angles. However, stability con-
siderations restrict the realizable solutions to a narrower
domain.

Precise mathematical criteria giving the stability limits
have been obtained using the powerful and quite general
approach suggested by turning point analyses introduced
by Poincaré[56] and more recently revisited and formal-
ized by Maddocks[54] for problems with variational struc-
ture as those studied here (see also the excellent review by
Bostwick and Steen[55]). When available, this methodol-
ogy is more straightforward than stability analyses based

on the direct use of the second derivative of the energy
functional or on the linearization of the Navier-Stokes
equations.

The loss of stability occurs with a subcritical saddle-
node bifurcation, so no solutions exist beyond the critical
bifurcation parameter, the Bond number in the specific
problem analyzed here. This is also the case in geo-
metrical configurations with symmetries that allow the
reduction of the equilibrium problem to a system of or-
dinary differential equations, with a pressure eigenvalue
as the bifurcation parameter as shown by the authors
elsewhere[57]. This same methodology can be applied
in more complex geometries, currently under analysis.
From preliminary results, we hypothesize that the loss
of stability occurs generically (in the sense of structural
stability) through a saddle-node bifurcation.

The significance of these stability analyses to study the
superhydrophobicity phenomenology can be understood
by realizing that non-wetting (Cassie-Baxter) states are
actually supported by pinned interfaces at sharp edges.
Failure, that is, transitions to wetted (Wenzel) states are
therefore mediated by depinning transitions, so obtain-
ing precise depinning criteria is essential to understand
superhydrophobicity.

The analyses above suggest several depinning mecha-
nisms depending on the relative values of the equilibrium
and loss-of-stability contact angles. Gibbs[12] suggested
one of them, namely that triggered when the pinned in-
terface reaches the equilibrium contact angle on one of
the two wedge’s flanks and can then glide along it. This
mechanism becomes effective when the limit of stabil-
ity occurs at a pinning angle larger than the equilibrium
contact angle. This is often the case with wetting liquid-
substrate pairs, i.e. systems with equilibrium contact an-
gles smaller than 90◦, as illustrated with the left sketch in
Figure 6. However, with non-wetting liquids, with con-
tact angles larger than 90◦, other possibilities are often
found.

As an example of this non-wetting case consider the ex-
periments by Schellenberger et al.[8], who studied drops
rolling over superhydrophobic substrates. They found
that the underlying mechanism is that illustrated in the
sketch at the right in Figure 6: as the drop moves to the
right, the liquid interface remains pinned (stable) beyond
θ0 = 180◦ as it turns clockwise until it touches the next
edge’s corner. Then (orange lines) the interface breaks
leaving behind a bridge between both corners, whereas
the most advanced interface glides along the next post’s
surface until it pins on its most advanced corner. This
sequence of events is repeated over again on the next
post.

They find as well that the maximum angle increases
with the distance L between corners, which is clearly
a result of the stability of the pinned interface beyond
θ0 = 180◦, so it can remain pinned until it touches the
next corner. This extended stability beyond θ0 = 180◦ is
due to size effects, as shown theoretically by the authors
elsewhere[57]. In short, the smaller the drop, the larger
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the critical stability limit angle in cases of constant vol-
ume conditions as in Schellenberger et al.’s experiments.
More specifically, we find that the critical stability limit
pinning angle decreases monotonically from θ0 = 270◦ for
drop’s diameters much smaller than the capillary length,
that is Bo = 0, to θ0 = 180◦, corresponding to the oppo-
site limit of drop’s diameters much larger than the cap-
illary length, i.e. the case of semi-infinite liquid layers
studied above.

It is worth mentioning as well that the two-dimensional
analysis presented above is often relevant in three-
dimensional cases as that in Schellenberger et al.’s
experiments[8]. The reason stems from the large dispar-
ity of length scales usually encountered (actually neces-
sary to make it work) in superhydrophobicity problems.
Indeed, drops used in experimental studies have typi-
cally diameters of the order of the capillary length, i.e.
millimeters, whereas the roughness of superhydrophobic
substrates is at most of the order of tens of microns, and
often much smaller, that is at least two orders of magni-
tude smaller. As a result, when the drop is observed at
the micro-roughness scale as in Figure 6, the curvature
of the top interface in the direction normal to the pa-
per is negligible small, which actually amounts to saying
that the drop can be regarded as planar, i.e. extended to
infinity if both directions normal to the paper.
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Appendix A: Analytical solutions for planar layers.

As shown in the text, the problem (5) has the first
integral:

±
√

1− ζ̇2 = 1− Bo

2
(1− ζ)2. (A1)

from which, the problem for ζ turns to be:

ζ̇ = ±
√
Bo

2
(1− ζ)

(
2− Bo

2
(1− ζ)2

)1/2

(A2a)

ζ(s = 0) = 0 (A2b)

where the positive or negative signs apply for contact
angles 0 ≤ θ0 ≤ π or π ≤ θ0 ≤ 2π respectively

This equation can be simplified using the auxiliary in-
dependent variable u2 = 1 − (Bo/4)(1 − ζ)2, which, in
the case 0 ≤ θ0 ≤ π, transforms the problem for ζ in:

u̇ =
√
Bo (1− u2) (0 ≤ θ0 ≤ π) (A3a)

to be integrated with

u(s = 0) =

(
1− Bo

4

)1/2

(A3b)

The integration is straightforward in terms of the hy-
perbolic trigonometric functions as for instance:

ζ = 1− 2
√
Bo cosh

(√
Bo s+ tanh−1

√
1−Bo/4

)

(A4)

for (0 ≤ θ0 ≤ π)

In the case of contact angles in the interval π ≤ θ0 ≤
2π, the negative sign in equation (A2) must be chosen ini-

tially. However, ζ̇ eventually vanishes at a turning point
s = stp = Bo−1/2 tanh−1

√
1−Bo/4, corresponding to

the minimum negative height of the drop. The integra-
tion then proceeds for s > stp with positive values of ζ̇,
so the sign in (A2) must be switched back to plus. The
solution can be written thus as:

ζ = 1− 2
√
Bo cosh

(
−
√
Bo s+ tanh−1

√
1−Bo/4

)

(A5a)

for (π ≤ θ0 ≤ 2π)

On the other hand, the equation for ξ follows from
(A1) as:

ξ̇ = −1 +
Bo

2
(1− ζ)2. (A5b)

to be integrated with the condition ξ(s = 0) = 0. Thus,
using the previous solution for ζ gives:

ξ = −s+
2√
Bo

[
tanh

(√
Bo(s+ stp

)
−
√(

1− Bo

4

)]

(A5c)

for (0 ≤ θ0 ≤ π)

ξ = −s− 2√
Bo

[
tanh

(√
Bo(−s+ stp

)
−
√(

1− Bo

4

)]

(A5d)

for (π ≤ θ0 ≤ 2π)

Appendix B: Variational formulation.

1. Liquid layers.

The system (5) used in the text can be as well obtained
as the Euler-Lagrange equations[53] for the shape that
minimizes the total energy [55, 58] E =

∫
{σdA+ PdV },

including the surface and the pressure-gravitational po-
tential energies. In the specific case of the 2D configu-
ration being studied, it is more convenient to consider
the energy per unit length (normal to the paper in Fig-
ure 1), so the volume integral of the potential energy
becomes a surface integral extended to the area enclosed
between the interface and the substrate, whereas the sur-
face integral reduces to a line integral along the interface.
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Assuming a uniform surface tension along the interface,
and writing E for the energy per unit length scaled with
σh∞, the appropriate energy functional can be written
as the line integral:

E =

∫ ∞

0

(√
ξ̇2 + ζ̇2 +Bo(ζ − ζ2/2)ξ̇ − E0

)
ds (B1)

where E0 = 1 − Bo/2 is a constant added to render the

integral convergent as s → ∞, where ξ̇ → −1, ζ → 1.
However this constant plays no role in the solution and
can be dropped.

Standard methods give the system:

ξ̈ = −Bo ζ̇ (1− ζ) (B2a)

ζ̈ = Bo ξ̇ (1− ζ) (B2b)

which can also easily be derived from Eq. 4.
It can be noticed that integral of the term ζξ̇ in (B1)

represents the volume (per unit length) of the liquid
layer. Bo is therefore the Lagrange multiplier of the con-
strained problem of finding the shape of minimum surface
area (per unit length) subject to a constant volume (per
unit area). In general cases, the Lagrange multiplier is
not known in advance and must be obtained as part of
the solution, so in these cases it is more advantageous
to formulate the problem as that of finding the interface
shape of minimum surface area constrained to a constant
volume. However, due to the special configuration of our
problem, namely with a constant liquid thickness far up-
stream, the multiplier can be determined beforehand and
the problem can thus be formulated as the unconstrained
minimization of the energy functional (B1).

Appendix C: Triple line pinned at a non-zero height.

We derive here the formulation of the problem to find
the equilibrium shape of the interface in cases where
the height of the edge where the interface is pinned is
not the same as that of the horizontal substrate far up-
stream. We use the formulation introduced in the pre-
vious Appendix, based on a variational approach, which
is equivalent to (5) used in the text. The origin of co-
ordinates is again chosen at the wedge’s vertex where
the interface is pinned. The effective height of the liq-
uid layer far upstream from the triple line is therefore
∆h∞ = h∞−h0 > 0 (we consider below the case of nega-
tive values of ∆h∞), where the absolute heights, h∞ and
h0, are measured relative to some horizontal reference,
for instance the substrate far upstream. The pressure
distribution is thus given by:

p− p∞ = ρg(∆h∞ − z), (C1)

Proceeding as before, lengths are made dimensionless
with the effective liquid layer thickness ∆h∞, whereas the
Bond number is defined now in terms of ∆h∞, namely
Boeff = ρg∆h2∞/σ. Using the more symmetrical form
of the differential equations derived from the variational
formulation (B2), the shape of the interface is thus given

by the solution of an eigenvalue problem with the form,
exactly equivalent to that in the main text (5):

ξ̈ = −Boeff ζ̇ (1− ζ) (C2a)

ζ̈ = Boeff ξ̇ (1− ζ) (C2b)

with boundary conditions

ξ(s = 0) = ζ(s = 0) = 0 (C2c)

ξ̇(0) = − cos(θ0), ζ̇(0) = sin(θ0) (C2d)

ξ → −∞, ζ → 1 as s→∞ (C2e)

The solution of this problem is therefore the same as
that for zero height the wedge’s edge, but using now as
eigenvalue the effective Bond number, given by:

(
h∞ − ho

`c

)2

= Boeff = 2(1− cos θ0) (C3)

In particular, the bifurcation diagram remains un-
changed.

1. Negative heights

This configuration admits as well negative values of
the relative height ∆h∞ as shown in Figure 3. The solu-
tion in these cases can be obtained proceeding similarly.
Using as length scale the absolute value |∆h∞| of the
relative height leads to

ξ̈ = −Boeff ζ̇ (−1− ζ) (C4a)

ζ̈ = Boeff ξ̇ (−1− ζ) (C4b)

subject to

ξ(s = 0) = ζ(s = 0) = 0 (C4c)

ξ̇(0) = − cos(θ0), ζ̇(0) = sin(θ0) (C4d)

ξ → −∞, ζ → −1 as s→∞ (C4e)

This problem can be brought back to the same form
as (C2) with the change of variables ζ → −ζ, θ0 → −θ0,
which represent the reflection about the ξ axis of the
solutions [ξ(s), ζ(s)] corresponding to positive values of
∆h∞, i.e. a reflection about the horizontal line through
the vertex of the wedge as anticipated. Boeff has been
left unchanged, and therefore it must be an even function
of θ0, which means the bifurcation diagram is even in θ0
as represented in Figure 4.

This derivation could have been based on the appro-
priate energy functional in the case of negative heights,
namely

E =

∫ ∞

0

(√
ξ̇2 + ζ̇2 −Bo(ζ − ζ2/2)ξ̇ − 1 + (3/2)Bo

)
ds

(C5)

which accounts for the opposite sign (convexity) of the
interface curvature in these cases of negative height.
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[17] D. Quéré, Wetting and roughness, Annu. Rev. Mater.
Res. 38, 71 (2008).

[18] G. S. Watson, B. W. Cribb, and J. A. Watson, How mi-
cro/nanoarchitecture facilitates anti-wetting: An elegant
hierarchical design on the termite wing, ACS Nano 4, 129
(2010).

[19] N. J. Shirtcliffe, G. McHale, M. I. Newton, G. Chabrol,
and C. C. Perry, Dual-scale roughness produces unusually
water-repellent surfaces, Adv. Mater. 16, 1929 (2004).

[20] B. Bhushan and Y. C. Jung, Natural and biomimetic
artificial surfaces for superhydrophobicity, self-cleaning,
low adhesion, and drag reduction, Progress in Materials
Science 56, 1 (2011).

[21] C. W. Extrand and S. I. Moon, Repellency of the Lotus

Leaf: Contact angles, drop retention, and sliding angles,
Langmuir 30, 8791 (2014).

[22] M. Yamamoto, N. Nishikawa, H. Mayama, Y. Nonomura,
S. Yokojima, S. Nakamura, and K. Uchida, Theoretical
explanation of the lotus effect: Superhydrophobic prop-
erty changes by removal of nanostructures from the sur-
face of a Lotus leaf, Langmuir 1, 7355 (2015).

[23] A. Fernández, A. Francone, L. H. Thamdrup, A. Johans-
son, B. Bilenberg, T. Nielsen, M. Guttmann, C. M. S.
Torres, and N. Kehagias, Hierarchical surfaces for en-
hanced self-cleaning applications, Journal of Microme-
chanics and Microengineering 27, 045020 (2017).

[24] Y. Li, S. Dai, J. John, and K. R. Carter, Superhydropho-
bic surfaces from hierarchically structured wrinkled poly-
mers, ACS Appl. Mater. Interfaces 5, 11066 (2013).

[25] Wang, C. Urata, T. Sato, M. W. England, and
A. Hozumi, Self-healing superhydrophobic materials
showing quick damage recovery and long-term durabil-
ity liming, Langmuir 33, 9972 (2017).

[26] W. Barthlott, M. Mail, B. Bhushan, and K. Koch, Plant
surfaces: Structures and functions for biomimetic inno-
vations, Nano-Micro Letters 9, 23 (2017).

[27] M. J. Kreder, J. Alvarenga, P. Kim, and J. Aizenberg,
Design of anti-icing surfaces: smooth, textured or slip-
pery?, Nature Reviews Materials 1, 15003 EP (2016).

[28] A. T. Paxson and K. K. Varanasi, Self-similarity of con-
tact line depinning from textured surfaces, 4, 1492 EP
(2013).

[29] R. Hensel, C. Neinhuis, and C. Werner, The springtail
cuticle as a blueprint for omniphobic surfaces, Chem. Soc.
Rev. 45, 323 (2016).

[30] Y. C. Jun and B. Bhushan, Wetting behaviour dur-
ing evaporation and condensation of water microdroplets
on superhydrophobic patterned surfaces, Journal of Mi-
croscopy 229, 127 (2008).

[31] J. Dong, Y. Jin, H. Dong, J. Liu, and S. Ye, Numerical
study for a large-volume droplet on the dual-rough sur-
face: Apparent contact angle, contact angle hysteresis,
and transition barrier, Langmuir 34, 8119 (2018).

[32] H. Y. Erbil, The debate on the dependence of appar-
ent contact angles on drop contact area or three-phase
contact line: A review., Surface Science Reports 69, 325
(2014).

[33] Y. Chen, M. Bacich, C. Nardin, A. Sitorus, and M. M.
Weislogel, The shape and stability of wall-bound and
wall-edge-bound drops and bubbles, Microgravity sci.
technol. 17, 14 (2005).

[34] B. M. Mognetti and J. M. Yeomans, Modeling reced-
ing contact lines on superhydrophobic surfaces, Langmuir
26, 18162 (2010).

[35] M. L. Blow and J. M. Yeomans, Anisotropic imbibition
on surfaces patterned with polygonal posts, Phil. Trans.
R. Soc. A 369, 2519 (2011).

[36] C. Semprebon, S. Herminghaus, and M. Brinkmann, Ad-
vancing modes on regularly patterned substrates, Soft
Matter 8, 6301 (2012).

[37] S. Iliev and N. Pesheva, Contact-angle hysteresis on peri-
odic microtextured surfaces: Strongly corrugated liquid
interfaces, Physical Review E 93, 062801 (2016).

[38] Z. Lu, D. J. Preston, D. S. Antao, Y. Zhu, and E. N.
Wang, Coexistence of pinning and moving on a contact

https://doi.org/10.1007/s40820-016-0125-1


11

line, Langmuir 33, 8970 (2017).
[39] A. Sarkar and A.-M. Kietzig, Design of a robust superhy-

drophobic surface: thermodynamic and kinetic analysis,
Soft Matter 11, 1998 (2015).

[40] S. Prakash, E. Xi, and A. J. Patel, Spontaneous recovery
of superhydrophobicity on nanotextured surfaces, PNAS
113, 5508 (2016).

[41] Y. Pomeau and J. Vannimenius, Contact angle on hetero-
geneous surfaces: Weak heterogeneities, Journal of Col-
loid and Interface Science 104, 477 (1985).

[42] J. F. Joanny and P. G. de Gennes, A model for contact
angle hysteresis, J. Chem. Phys. 81, 552 (1984).

[43] A. B. D. Cassie and S. Baxter, Wettability of porous
surfaces, Trans. Faraday Soc. 40, 546 (1944).

[44] R. N. Wenzel, Resistance of solid surfaces to wetting by
water, Ind. Eng. Chem. 28, 988 (1936).

[45] P. Papadopoulos, L. Mammen, X. Deng, D. Vollmer,
and H.-J. Butt, How superhydrophobicity breaks down,
PNAS 110, 3254 (2013).

[46] A. R. Betz, J. Jenkins, C.-J. C. Kim, and D. At-
tinger, Boiling heat transfer on superhydrophilic, su-
perhydrophobic, and superbiphilic surfaces, International
Journal of Heat and Mass Transfer 57, 733 (2013).

[47] H. Jo, H. S. Ahn, S. Kang, and M. H. Kim, A study of nu-
cleate boiling heat transfer on hydrophilic, hydrophobic
and heterogeneous wetting surfaces, International Jour-
nal of Heat and Mass Transfer 54, 5643 (2011).

[48] S. N. Shoghl, M. Bahrami, and M. K. Moraveji, Exper-

imental investigation and cfd modeling of the dynamics
of bubbles in nanofluid pool boiling, International Com-
municatinos of Heat and Mass Transfer 58, 12 (2014).

[49] S. N. Shoghl, M. Bahrami, and M. K. Moraveji, Experi-
mental investigation and cfd modeling of the dynamics of
bubbles in nanofluid pool boiling, International Journal
of Heat and Mass Transfer 58, 12 (2014).

[50] G. Hazi and A. Markus, On the bubble departure diame-
ter and release frequency based on numerical simulation
results, International Journal of Heat and Mass Transfer
52, 1472 (2009).

[51] M. P. do Carmo, Differential Geometry of Curves and
Surfaces (Prentice-Hall, 1976).

[52] L. P. Eisenhart, A Treatise on the Differential Geometry
of Curves and Surfaces. (Dover, 2004).

[53] I. M. Gelfand and S. Fomin, Calculus of variations
(Prentice-Hall Inc, 1963).

[54] J. H. Maddocks, Stability and folds, Archive for Rational
Mechanics and Analysis 99, 301 (1987).

[55] J. Bostwick and P. Steen, Stability of constrained capil-
lary surfaces, Annu. Rev. Fluid Mech. 47, 539 (2015).
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