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Abstract
The ring-sheared drop is a new flow configuration for microgravity, where surface tension provides

containment and shear in the bulk is driven primarily by the action of surface shear viscosity. A

drop is constrained by two thin contact rings, one stationary at a southern latitude and the other at

the same latitude but in the north and rotating. Since we consider a microgravity setting, the drop

is not restricted to being small. Furthermore, we allow for arbitrarily small surface shear viscosity,

so that in general the interfacial and bulk flows are viscously coupled. Our numerical simulations

show that even small surface shear viscosity (quantified nondimensionally by a Boussinesq number)

can produce a significant meridional bulk flow at moderate ring rotation rates (quantified by a

Reynolds number Re). At very low Re, the bulk flow is viscously dominated and surface viscosity

makes very little difference. At high Re, the secondary flow is very weak if the surface viscosity is

negligible and the flow tends toward solid-body rotation.
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I. INTRODUCTION

A microgravity environment offers unique capabilities for studying hydrodynamics, in-

cluding the possibility of surface tension-containment at the macroscale. Even with a large

g-jitter and considering 10−3 g0 instead of microgravity (10−6 g0), the capillary length
√
σ/ρg

is over 8 cm for aqueous systems, where σ is the surface tension, ρ is the density, g is the local

acceleration, and g0 is Earth’s gravitational acceleration. Consequently, flow experiments

are feasible for a drop of water that is hundreds of cubic centimeters in volume. Surface

tension containment is especially useful in liquid systems where contact with solid walls can

affect the liquid through chemical, sorption, or electrostatic interactions. Also, in biological

systems there may be some advantages in using aqueous systems without solid walls, in part

because biofilm formation is fundamentally different at solid boundaries as compared to free

surfaces. This has significant consequences for microorganisms and their evolution at the

air-water interface [1].

The ring-sheared drop is an experiment for the International Space Station to study

shearing flow in the absence of solid walls. The module is designed to shear a 2.54 cm

diameter drop of water with dissolved protein. The drop is constrained by a pair of circular

contact rings, one at a northern latitude and the other in the same latitude in the south,

as depicted in Fig. 1. The ring size and the distance between them is such that when

static, the drop is exactly spherical. In the ring-sheared drop, one of the contact rings

is steadily rotated while the other is stationary. Shearing flow is conveyed into the drop

primarily by the action of surface shear viscosity. In the presence of macromolecules such

as proteins at the interface as well as in most biological systems, it is expected that the

surface shear viscosity is large enough so that significant shear flow is driven in the bulk by

the rotation of a ring. The ring-sheared drop experiment is currently focused on studying

the biophysics of protein amyloid fibrils, the waxy plaque which destroys the neurons of

people with Alzheimers disease [2]. Hydrodynamic stresses appear to play a major role in

the transport and accumulation of pre-fibrils in the brain [3]. Shear stress has been shown

to significantly accelerate amyloidogenesis in a Couette apparatus [4].

The flow in the ring-sheared drop was examined recently for its mixing characteristics [5].

In that study, the Boussinesq number Bo, which is the ratio of the surface shear viscosity

to the product of the viscosity in the bulk and the length scale, was taken to be Bo → ∞.

In that limit, the interfacial flow decouples from the bulk flow and the azimuthal velocity at

the interface can be obtained analytically, providing the boundary condition for bulk flow

simulations [5]. Here, we relax the assumption of Bo → ∞ to study the flow field in large

drops as well as in liquid systems with arbitrarily small surface shear viscosity.

II. GOVERNING EQUATIONS AND NUMERICAL TECHNIQUE

Consider a liquid drop of radius R, in a zero gravity environment, constrained by two

rings, each of radius A, at polar angles θ = 45◦ and θ = 135◦, as depicted in Fig. 1(a). The
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(a) (b)

FIG. 1. (a) Schematic of the ring-sheared drop and (b) a three-dimensional view of the flow

in the limit of a large surface shear viscosity. Colors in the panel (b) represent the azimuthal

velocity ranging from yellow (minimum) to red (maximum). The vectors in the panel (b) show the

secondary flow in the (r, z)-meridional plane.

top (northern) ring rotates with an angular velocity Ω and the bottom (southern) ring is

stationary.

The flow is solved using cylindrical coordinates (r, φ, z), and corresponding velocity u =

(u, v, w). The flow in the drop is governed by the Navier–Stokes equations, which are non-

dimensionalized with length scale R and time scale 1/Ω:

∂tu+ (u ·∇)u = −∇p+
1

Re
∇2u, ∇ · u = 0 , (1)

where Re = ΩR2/ν is the Reynolds number, giving the ratio of viscous time R2/ν to rotation

time 1/Ω, and ν is the kinematic viscosity of the bulk.

Throughout this study we take the ratio of ring to drop radii A/R = 1/
√

2, and assume

that the drop remains spherical so that the drop interface is at (r, φ, z) = (sin θ, φ, cos θ),

with θ ∈ [0, π] and φ ∈ [0, 2π). Also, we assume the flow remains axisymmetric (i.e.

∂φ = 0); this will be true for Re not too large. The rotating ring is at polar angle θ = 45◦,

corresponding to (r, z) = (1/
√

2, 1/
√

2) and the stationary ring is at polar angle θ = 135◦,

corresponding to (r, z) = (1/
√

2,−1/
√

2). The no-slip boundary conditions at the rings

are u(1/
√

2, φ, 1/
√

2) = (0, 1/
√

2, 0) and u(1/
√

2, φ,−1/
√

2) = (0, 0, 0). Symmetry dictates

that u = 0, v = 0 and ∂rw = 0 along the axis (r = 0). That leaves the interfacial condition

to be dealt with.

The interface is assumed to be Newtonian and governed by the Boussinesq–Scriven surface

model [6–8], with surface-excess pressure tensor

T s = σIs + τ s, (2)

where τ s is the surface-excess stress tensor

τ s = [(κs − µs)∇s · us]Is + 2µsDs, (3)

σ is the surface tension, µs is the surface shear viscosity, κs is the surface dilatational

viscosity, ∇s is the surface gradient operator, us = (us, vs, ws) is the surface velocity vector,
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Is is the surface projection tensor and Ds is the surface rate of deformation tensor, such

that

2Ds = ∇su
s · Is + Is · (∇su

s)T . (4)

Taking the surface gradient of (2) gives

∇s ·T s = ∇sσ+∇s[(κ
s−µs)∇s ·us]+[σ+(κs−µs)∇s ·us]∇s ·Is+2(∇sµ

s)·Ds+2µs∇s ·Ds.

(5)

Assuming a non-deforming interface, i.e. the drop remains spherical, the normal com-

ponent of velocity at the interface is identically zero. Furthermore, for aqueous systems

driven with modest ring speeds, the capillary number µΩR/σ will be small, where µ is the

dynamic viscosity of the bulk liquid. We have previously shown through experiments and

computations that for a system with small capillary number, a minuscule surface tension

gradient is sufficient to stop what would be a polar velocity at the drop interface [9, 10].

Thus, the surface stress balance in the surface normal and polar tangential directions reduces

to us = ws = 0.

Since the only non-zero component of the surface velocity vector is the azimuthal compo-

nent vs, there are no surface dilatational effects. Furthermore, since only a small gradient in

surface concentration is sufficient to arrest the polar flow at the interface, the surface shear

viscosity will have negligible gradients. Then, (5) reduces to

∇s · T s = 2µs∇s ·Ds, (6)

and the interfacial stress balance in the azimuthal direction can be written as

(f1∂rr + f2∂zz + f3∂rz + f4∂r + f5∂z + f6) v =
1

Bo
(r∂r + z∂z − 1) v, (7)

where Bo = µs/(µR) is the Boussinesq number and the non-constant coefficients are f1 =

1 − 2r2 + r2z2 + r4, f2 = 1 − 2z2 + r2z2 + z4, f3 = −2rz, f4 = 1/r − 3r + rz2 + r3,

f5 = −3z + r2z + z3, f6 = 2− 1/r2. All the terms in (7) are evaluated at the interface, and

the solution is the azimuthal velocity at the interface, vs. Equation (7) provides the viscous

coupling between the interfacial and bulk flows. The right-hand-side of (7) is the viscous

stress exerted by the bulk and the left-hand side is the surface viscous stress.

The range of flow parameters considered in this study are meant to cover the values an-

ticipated in the ISS experiments. The maximum ring rotation rate, and hence the maximum

Reynolds number, is limited by inertia affecting the drop shape. Thus the Weber number,

which is the ratio of inertial forces to surface tension forces, sets the maximum rotation rate

and in turn the maximum Re. Following [5], and using a conservative value of 0.1 for the

Weber number, the corresponding ring rotation rate Ω is found to be about 30 revolutions

per minute, and the corresponding Reynolds number is Re ≈ 500. In the present numerical

study, we consider Re ∈ [1, 1000]. The range of Boussinesq numbers Bo expected for the

ISS experiment range from a minimum of about 0.05 to over 100, based on the surface shear

viscosity measurements of insulin reported in [10]. Presently, we consider Bo ∈ [10−4, 100].
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The numerical method employed for solving the flow inside the drop is similar to that

in [5], using COMSOL’s FEM-based modeling. The coupling between the bulk flow and

the interfacial flow is accomplished by evaluating the azimuthal velocity gradients from the

bulk flow at the interface to get the right-hand side of (7). Then, the surface azimuthal

component of velocity, obtained by solving (7), is used as the surface boundary condition in

solving for the bulk flow. Second-order shape functions were used for velocity. A boundary-

layer mesh in the bulk was constructed near the interface, with a fine distribution of nodes

near the interface. The bulk mesh consisted of 53 731 quadrilateral elements, with a base

mesh-element size of 0.02, and the finest size being approximately 2× 10−4. A transient

solver with adaptive time-stepping was utilized for nine cases with Bo = 100, 1 and 10−4

and Re = 10, 100 and 1000. In all these cases, the flows evolved to steady state. A steady-

state solver was also used to simulate these cases and the results were in very close agreement

with transient results. Therefore, in order to reduce compute times, the steady-state solver

was used for all other cases.

III. RESULTS

We begin by examining the large Boussinesq number limit, corresponding to a highly

viscous interface. In the limit Bo→∞, the right-hand side of (7) vanishes and the equation

can be solved analytically for the azimuthal velocity at the interface [5]:

vs =


sin θ, for θ ∈ [0◦, 45◦),

0.5 sin θ + 0.308 [cot θ − sin θ ln (csc θ − cot θ)] /
√

2, for θ ∈ [45◦, 135◦],

0, for θ ∈ (135◦, 180◦].

(8)

In the region north of the rotating ring, θ ∈ [0◦, 45◦), the flow at the interface is in solid-

body rotation with surface azimuthal velocity vs = r = sin θ, so it acts as a (no-slip) rotating

endcap. Similarly, in the region south of the stationary ring, θ ∈ [135◦, 180◦), the interface

is stagnant and behaves as a stationary endcap. In between the two rings, the interface is

sheared azimuthally. The situation is analogous to a rotor-stator, which has been extensively

studied when the rotor and stator are flat disks. In the limit of Bo → ∞, the interfacial

flow is completely decoupled from the bulk flow, but of course the flow in the bulk is driven

by the interfacial flow and depends on the Reynolds number.

For all Reynolds numbers considered (Re ∈ [1, 1000]), using Boussinesq numbers Bo & 102

results in an interfacial velocity profile that is indistinguishable from the Bo→∞ analytic

solution (8). Figure 2 compares the analytic profile to that at Bo = 100 for both Re = 10

and 1000; the results are indistinguishable at the scale of the figure. However, for smaller Bo,

the interfacial profile is very much Re dependent. Figure 3 summarizes how the interfacial

profile varies with Bo and Re.

Figure 3(a) shows the interfacial velocity profiles for Re = 10 and a wide range of Bo. At

this low Re, the velocity profile for Bo = 1 is very similar to that at Bo = 100, indicating the

interfacial flow remains essentially decoupled from the bulk flow. However, for much smaller
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0◦ 45◦ 90◦ 135◦ 180◦
0

0.2

0.4

0.6

θ
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Analytic Bo=∞
Re=10, Bo=102

Re=103, Bo=102

FIG. 2. Numerical profiles of surface azimuthal velocity vs at Re = 10 and Re = 1000, both with

Bo = 100 compared to the analytic profile from (8).

Bo = 10−2 there is sufficient viscous coupling between the bulk and the interface so that the

right-hand side of (7), the viscous stress exerted by the bulk, is no longer negligible. Now,

the strength of the coupling is not only determined by Bo but also by Re. Figures 3(b) and

(c) show the interfacial profiles for Re = 100 and 1000 for the same Bo as in (a). For Bo = 1

there are gradual departures from the analytic profile at Bo → ∞ with increasing Re. For

Bo → 0 all the profiles approach vs = 0.5 sin θ with the larger Re cases approaching this

faster as Bo is reduced, except at θ = 45◦ and 135◦ where the rotating and stationary rings

are located. The profile vs = 0.5 sin θ corresponds to solid-body rotation at the average

rotation rate of the two rings. The departure from this in the case Re = 100 and Bo = 10−4

is localized to within a few degrees from the two rings.

We now consider the structure of the corresponding bulk flow. The first column of Fig. 4

shows the vortex lines (contours of γ = rv) and the azimuthal vorticity (η = ∂zu − ∂rw)

for Bo = 100 and Re = 10, 100 and 1000. As we saw in Fig. 3, in this parameter regime

the interface is decoupled, and the interfacial profile is essentially that at Bo → ∞. The

bulk flow that is driven by this profile however, depends on Re. The northern endcap (the

interface at 0◦ ≤ θ ≤ 45◦) acts like a rotating solid cap, the southern endcap (the interface

at 135◦ ≤ θ ≤ 180◦) acts like a stationary cap, and the interface in between has no simple

analogy as it is a non-uniformly sheared fluid interface. For all Re at this Bo, all the vortex

lines enter the bulk from rotating northern endcap and terminate on the interface between

the two ring; they cannot terminate on the stationary southern endcap. This means that

the vortex lines are bent with respect to the rotation axis, driving a secondary meridional

flow. For low Re, this meridional flow is weak, as quantified by the azimuthal vorticity. For

axisymmetric flow, the vorticity ∇×u = (−1/r ∂zγ, η, 1/r ∂rγ). Surfaces of constant γ are

axisymmetric vortex tubes; the vorticity vector at any point is tangent to the tube at that

point [11]. The governing equation for η is readily obtained from the azimuthal component

of the curl of the Navier–Stokes equations:

(∂t + u∂r + w∂z − u/r) η −
2γ

r3
∂zγ =

1

Re

(
∂zz + ∂rr +

1

r
∂r −

1

r2

)
η. (9)
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(a) Re = 10
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(b) Re = 100
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FIG. 3. Profiles of the surface azimuthal velocity vs for Re and Bo as indicated.

If the vortex tubes are not right-circular cylinders, then ∂zγ 6= 0 and this appears in the

last term on the left-hand side of (9), driving the meridional flow. For increasing Re, the

meridional flow is stronger and is able to advect the vortex lines with it. By Re = 1000

there is an Ekman-like boundary layer on the rotating northern endcap and a Bödewadt-like

boundary layer on the stationary southern endcap, and the bulk flow in between is rotating

as a solid-body at approximately the average rate of the two rings. General properties

of Ekman and Bödewadt boundary layers are described, for example in Schlichting and

Gersten [12]. As Bo is decreased, the southern interface is no longer a stationary endcap

and the vortex lines can now terminate there. At the largest Re and smallest Bo in the

figure, the vortex lines are parallel to the rotation axis, except very near the two rings,

matching the solid-body rotation at the average rate of the two rings described earlier for
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FIG. 4. Contours of vortex lines γ (left) and azimuthal vorticity η (right), for Re and Bo as

indicated. There are 15 levels in γ ∈ [0, 0.6] and 50 levels in η ∈ [−7, 7].

the interfacial velocity. Now that there is essentially no vortex line bending, the meridional

flow has vanished (except very local to the rings).

We now consider the energetics of the flow, specifically, the viscous dissipation in the

bulk. The volume integral of the (nondimensional) viscous dissipation rate is

Φ =
1

V

∫
V

[
2(∂ru)2 + 2u2/r2 + 2(∂zw)2 + (r∂r(v/r))

2 + (∂zu+ ∂rw)2 + (∂zv)2
]
dV, (10)

where V = 4π/3 is the (nondimensional) volume of the drop. Note that the dimensional
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FIG. 5. Variation of the viscous dissipation rate Φ with Bo and Re as indicated.

viscous dissipation is obtained by mulitplying by µΩ2. Figure 5 shows Φ as a function of Bo

and Re. For a given drop size and viscosity in the bulk, each Re corresponds to some angular

velocity of the ring. Figure 5(a) shows that the nondimensional viscous dissipation does not

vary with Re when the bulk flow is in the viscous-dominated regime, i.e. for Re . 25.

In this regime, there is a very weak dependence on Bo with Φ slowly increasing with Bo

until Bo ∼ 1, beyond which it becomes indepent of Bo as well. For Re > 25, bulk inertia

effects become important, and the dependence for larger Re is of the form Φ ∝ cr logRe,

where the rate ‘constant’ cr increases with Bo. This increase in the dissipation is due to

the development of an intense boundary layer at the drop interface (see Fig. 4). This is in

contrast to the small Bo cases where the dissipation is solely localized to where the rings

contact the drop. Figure 5(b) shows that Φ begins to increase rapidly for Bo & 10−1 and

saturates at larger values of Bo with increasing Re.

IV. DISCUSSION AND CONCLUSIONS

The ring-sheared drop is a novel flow system for use in microgravity, where surface tension

provides containment and the mixing in the bulk is primarily driven by the action of surface

shear viscosity. The drop is constrained by a stationary ring at a southern latitude and

sheared by constant rotation of a ring at a northern latitude. An earlier study focused on

the mixing in this system for a sufficiently small drop such that the surface shear viscosity

dominates over the viscosity in the bulk, leading to the Boussinesq number Bo→∞, where

the interfacial hydrodynamics is decoupled from the bulk flow. Here, we have relaxed this

assumption and find that for Bo & 100 the interfacial flow is also essentially decoupled from

the bulk. This is consistent with what happens in a knife-edge viscometer, in which fluid

in a stationary cylindrical container is sheared by a rotating contact ring at the flat free

surface [13]. For Re . 10, there is very little response to variations in Bo. In the other

limit, Bo→ 0, the bulk is spun up to solid-body rotation at half the rotation rate of the ring

(i.e. average rotation of the two rings), except near the rings due to the spike in azimuthal

velocity and the corresponding secondary flow. In contrast, in the knife-edge viscometer
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there is very little bulk flow due to the viscous dissipation at the walls of the stationary

solid container. In between the limits of large and small Bo, both the interfacial and bulk

flows smoothly transition between the two limit flows. Large Bo results in a flow that is

very reminiscent of a rotor-stator, with an Ekman layer on the endcap between the north

pole and the rotating ring and a Bödewadt layer on the endcap between the south pole

and the stationary ring. The interfacial velocity was found to be insensitive to Bo near the

equator, unless Re is very large and/or Bo is very small, and of course at the poles due to

axisymmetry for all Re and the rings due to no-slip there. Furthermore, if the ring-sheared

drop is to be used as a bioreactor in microgravity, the relevant Bo is of order 1 (since the drop

size is large and the surface viscosity is modest), the results show that Re ∼ 100 provides

good mixing (vortex lines are bent and the flow is far from solid-body rotation) and at the

same time the boundary layers near the rings are not very intense and so any damage to

microorganisms from the associated shear stresses is expected to be minimal.
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