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Abstract - When evaporated on a substrate, a droplet containing solutes usually deposits

the solutes onto the substrate in a “coffee-ring” pattern. Recent experiments have shown

that substrate permeability can suppress the coffee-ring pattern and promote more uniform

solute deposition. Motivated by these observations, we have developed a lubrication-theory-

based model to describe imbibition and evaporation of droplets of colloidal suspensions on

permeable substrates. The model consists of a system of one-dimensional partial differential

equations accounting for the changing droplet shape and depth-averaged concentration of

colloidal particles. We also incorporate a precursor film, disjoining pressure, and substrate

topography to control contact-line motion of the droplet. Solvent evaporation is described

using the well-known one-sided model, and imbibition of solvent by the substrate is assumed

to only depend on the excess pressure on the liquid side. The governing equations are

solved with finite-difference methods. Our results reveal that solvent evaporation and solvent

imbibition have the same qualitative effect on the final particle deposition pattern. For the

case where the substrate is smooth, we find that increasing imbibition or evaporation leads

to a transition from a cone-shaped deposition pattern to a ring-shaped deposition pattern.

For the case where the substrate is rough, the droplet contact line is pinned at a defect

on the substrate, and the pinning-depinning transition leads to the “bullseye” deposition

pattern often observed in experiments. Finally, we also find that particle adsorption onto

the substrate can promote more uniform particle deposition patterns for both smooth and

rough substrates, and solvent imbibition can indirectly suppress the coffee-ring pattern by

inducing more particle adsorption.

1E-mail address for correspondence: kumar030@umn.edu
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1 Introduction

1.1 Motivation

It is an everyday sight to see an evaporated coffee droplet deposit a ring-like pattern on a

solid substrate. Since first investigated by Deegan and coworkers [1], the “coffee-ring” effect

has attracted considerable scientific interest due to its robustness and potential technological

applications in ink-jet printing [2], spray coating [3,4], microfabrication [5–7], and bio-assays

[8–10]. The ability to control the final deposition pattern of solutes in drying droplets is of

significant technological importance.

In many popular applications such as printing on textiles, drug coating, and fabrication

of paper-based sensors, the substrates used are made of permeable materials (e.g., sintered

powder, gel, woven fibers) [11–14]. When a droplet carrying solutes is deposited on such

a substrate, imbibition of solvent inside the droplet by the substrate can be just as im-

portant as evaporation of solvent in controlling solute deposition. Whereas the bulk of

coffee-ring-related literature has focused on systems where the underlying solid surfaces are

impermeable, relatively few experimental studies have looked into the effect of substrate

permeability on solute deposition patterns [11, 12, 15, 16], and to the best of our knowledge,

systematic theoretical investigations of this problem are non-existent.

1.2 Review of previous work

Studies on imbibition of droplets and those on evaporation of droplets rarely overlap, but

it appears from numerous experimental reports that both imbibition and evaporation of

pure-solvent droplets produce qualitatively similar contact-line dynamics [17–26]. When a

pure-solvent droplet is evaporated or imbibed on a horizontal substrate, the contact line of

the droplet can, in general, go through three stages. The first stage is a pinned or locked

stage, where the contact-line position remains fixed whereas the contact angle decreases due
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to loss of solvent. When the contact-angle becomes small enough, the contact line begins

to recede toward the center of the droplet. During this second stage, the contact angle

stays relatively constant. Finally, in the third stage, both droplet radius and contact angle

precipitously drop to zero.

The majority of mathematical models for evaporation and imbibition of droplets have

treated different stages of contact-line dynamics separately [18, 27–41]. To describe each

stage, constraining assumptions are often imposed such as requiring the droplet to have a

spherical-cap shape in the pinned stage or constant contact angle in the receding stage [18,

19,42–44]. Even though treating these stages separately enables understanding of transport

processes in systems where one stage dominates the others, in doing so one may also miss

important dynamics happening when one stage transitions to another, or when all stages are

equally important.

Two recent studies have demonstrated that incorporating substrate roughness into a

lubrication-theory-based droplet model allows one to capture all the stages of contact-line

dynamics for a pure-solvent droplet being imbibed or evaporated [45,46]. By incorporating a

precursor film and disjoining pressure to control contact-line dynamics, the resulting models

are able to capture all three stages with no assumptions (apart from lubrication theory) made

regarding droplet shape or contact angle. There are two advantages to this approach. First,

it allows the models to readily be extended to much more general situations (e.g., droplets on

inclined surfaces) where the spherical-cap assumption is no longer valid [33,47,48]. Second,

it enables a natural description of the transition from the pinned stage to the receding stage

instead of treating the two stages separately.

Moreover, the ability to capture all stages of contact-line motion reveals the significant

influence of contact-line motion on the final particle deposition pattern [46]. When substrate

roughness is negligible, the pinned stage is absent and colloidal particles will be transported

to the droplet center, resulting a cone-like deposit. When the pinned stage is present,
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colloidal particles are transported to the droplet edge, resulting in a ring-like deposit. These

results agree well with recent experimental observations made by Morales et al. [49] and Das

et al. [50], where the authors demonstrated that the final solute deposition pattern from a

drying droplet strongly depends on the dominant mode of contact-line motion.

Although pure-solvent droplets undergoing imbibition and evaporation have similar contact-

line dynamics, imbibed droplets of colloidal suspensions have been observed to leave be-

hind particle deposition patterns that are drastically different from the coffee-ring pat-

tern [11,12,15,16]. For example, Pack et al. observed droplets of polystyrene particles under-

going simultaneous evaporation and imbibition on porous aluminum oxide substrates [15].

They reported that when solvent imbibition is much faster than solvent evaporation, the

coffee-ring pattern is suppressed, and droplets leave behind more uniform deposit patterns.

Even though these experimental studies have shown a correlation between solvent imbibition

and coffee-ring suppression, the physical mechanisms behind this observation are still un-

clear. To understand these mechanisms, it will be helpful to develop a mathematical model

that can help us delineate different processes occurring as droplets of colloidal suspensions

are evaporated and imbibed.

1.3 Overview of the paper

In the present paper, we seek to extend the models in Refs. [45, 46] to describe transport of

colloidal particles inside droplets undergoing both evaporation and imbibition. Our objective

is to determine whether solvent evaporation and solvent imbibition have different effects

on the final particle deposition pattern. The rest of the paper is organized as follows.

The mathematical model is constructed in Section 2, and reference cases of evaporation

and imbibition of pure-solvent droplets are established in Section 3. We then perform a

parametric study on the effect of varying evaporation and imbibition rates on perfectly

smooth substrates in Section 4, and discuss the influence of surface roughness in Section
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5. The important role of particle adsorption onto the substrate is discussed in Section 6.

Finally, concluding remarks are offered in Section 7.

2 Mathematical model

In this section, we derive the evolution equations governing droplet shape and particle con-

centration. We discuss hydrodynamics (Section 2.1), imbibition (Section 2.2), evaporation

(Sections 2.3 and 2.4), particle transport (Section 2.5), and our solution method (Section

2.6).

(a) (b)

Figure 1: (a) A droplet on top of a permeable substrate. A precursor film is present near the
droplet edge, and the substrate may have topographical features. (b) Cross section of the system:
pores inside the substrate are saturated with liquid.

2.1 Hydrodynamics

We consider an axisymmetric droplet consisting of a Newtonian liquid and colloidal particles

on a horizontal substrate (Fig. 1a). The radial and vertical coordinates are denoted by r and

z, respectively. A precursor film is present near the droplet edge, and its constant thickness
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far away from the droplet is denoted by b. The liquid velocity is v = uêr + wêz, where êr

and êz are unit vectors in the r- and z-directions. The underlying substrate topography is

specified by η(r), and the liquid-vapor interface is located at H(r, t) = η(r) + h(r, t), where

h(r, t) is the thickness of the droplet.

The characteristic radial and vertical length scales of the droplet are r∗ = r0 and z∗ = h0,

where r0 is its initial radius and h0 is the maximum droplet thickness. The precursor film

thickness b is 102 to 104 times smaller than h0 [51]. Substrate topography varies on length

scales comparable to b and is expressed as η(r).

The droplet is assumed to be thin so that its characteristic lengths r0 and h0 satisfy

ǫ = h0/r0 ≪ 1, allowing us to apply lubrication theory. The characteristic time is taken to

be the time for capillary-driven spreading, t∗ = 3µ0r
∗/σ0ǫ

3 ≡ tc, where µ0 and σ0 are the

viscosity and surface tension of the pure solvent. The horizontal velocity scale is u∗ = r∗/t∗,

and the pressure scale is p∗ = h∗σ0/r
∗2. We apply these scales to obtain the following

dimensionless variables (henceforth denoted with primes):

r = r∗r′, z = h∗z′, u = u∗u′, w = ǫu∗w′

t = t∗t′, p = p∗p′.

(1)

The time-evolution of the droplet shape can be described using the leading-order kine-

matic boundary condition, which accounts for conservation of mass at the interface H(r, t) =

η(r) + h(r, t),

h′

t′ = w′ − u′(h′ + η′)r′ − Ej′e, (2)

where the subscripts r′ and t′ denote partial derivatives. Here, j′e is the evaporation flux,

and E = tc/te is the evaporation number, the ratio between the characteristic capillary and

evaporation times. Specific expressions for the evaporation time te and the evaporation flux

je will be given in Section 2.4 where we discuss energy transport.
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In Eq. (2), the velocity components w′ and u′ are evaluated at the interface, which

requires us to express w′ and u′ as functions of z′. To proceed, we solve the leading-order

mass and momentum conservation equations:

−3p′r′ + (Mu′)z′z′ = 0, (3)

p′z′ = 0, (4)

w′

z′ +
1

r′
(r′u′)r′ = 0, (5)

where the subscripts r′ and z′ denote spatial derivatives, and M is the viscosity of the

droplet. Assuming the particles are hard spheres, we use the well-known Krieger-Dougherty

relationship [52] to relate the viscosity µ to the particle volume fraction c,

M =
µ

µ0
=
(

1−
c

0.64

)

−2

. (6)

At the random-packing limit of c = 0.64, the viscosity of the colloidal suspension diverges,

and the droplet is assumed to be solidified. In deriving Eqs. (3) and (4), we also assume

that gravitational effects are small compared to surface-tension effects.

To solve for the horizontal velocity component u′, we impose the no-slip boundary con-

dition at the substrate-liquid interface z′ = η′ (Eq. (7)), and tangential and normal stress

balances at the liquid-vapor interface z′ = h′ + η′ = H ′ (Eqs. (8)-(9)),

u′|z′=η′ = 0, (7)

u′

z′|z′=H′ = 0, (8)

p′|z′=H′ − p′v = −H ′

r′r′ −
H ′

r′

r′
− Π′, (9)

where p′v is the pressure in the vapor phase. The first two terms on the right-hand side of Eq.
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(9) account for capillary pressure in the droplet, which is proportional to the mean curvature

of the droplet surface. The final term Π′ of Eq. (9) represents the disjoining pressure, which

controls the contact-line motion of the droplet.

To overcome the conflict between the no-slip boundary condition and a moving contact

line, two general approaches to model moving contact lines have been proposed. The first

approach uses a slip law that relates a finite contact-line speed to some microscopic slip

length [53–57]. This approach requires both the velocity field and the contact-line position

to be solved.

The second approach assumes that there is a thin precursor film between the bulk liquid

and the substrate. In this precursor film, disjoining pressure—which arises from short-range

interactions between liquid, solid, and vapor molecules—becomes significant and can be

modified to control the apparent contact angle while allowing a moving apparent contact line.

Schwartz et al. appear to be the first to have taken this approach [58,59]. Disjoining pressure

and precursor films have been used to study droplet dynamics in various contexts, including

evaporation and imbibition of pure sessile liquid droplets [27–29, 45], droplet spreading on

substrates with topography [53, 60], and drying of droplets of colloidal suspensions [30, 32,

33, 61]. The principal advantage of this approach over the first one is that the resulting

equations are much easier to solve [53]. This is because the contact-line position is not an

explicit unknown; it can be extracted from the droplet height profile (see Appendix).

To account for partial wetting, we use a two-term disjoining-pressure expression,

Π′ = A1

((

A2

h′

)n

−

(

A2

h′

)m)

, (10)

where A1 > 0 is the dimensionless Hamaker constant, which describes the magnitude of the

energy of intermolecular interactions, and A2 is a parameter of the same order of magnitude

as the precursor-film thickness. In the absence of evaporation and imbibition, A2 can be

set equal to the precursor-film thickness far away from the droplet. A discussion of how a
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non-zero precursor-film thickness is maintained in the presence of evaporation and imbibition

is provided in Section 2.6. The first and second terms of Eq. (10) describe repulsion and

attraction between liquid-vapor and liquid-solid interfaces, respectively [62]. We choose

n = 3 and m = 2 because previous works have shown that these values provide an adequate

description of partial wetting at a reasonable computational cost [39, 40, 45].

To solve for the vertical velocity component w′, we would need to specify a boundary

condition for w′ at the liquid-solid interface, which requires some assumptions regarding

liquid imbibition.

2.2 Imbibition

For liquid imbibition, we use a model proposed by Esṕın and Kumar [45],

w′|z′=0 = −Ij′i = I(Π′ + h′

r′r′ +
h′

r′

r′
), (11)

where the imbibition number is defined as I = 3κ/ǫ2h0d. Here, κ is the permeability constant,

which has units of length squared, and d is the thickness of the permeable substrate. The

imbibition number can be interpreted as the ratio between the characteristic capillary time

scale tc (Section 2.1) and the imbibition time scale, tI = κσ0/µdr
2
0.

This model was originally used by Davis and Hocking to describe droplet imbibition on a

permeable substrate with unconnected, saturated cylindrical pores [63]. The original model

assumes that excess liquid pressure above the substrate drives Poiseuille flows in the pores

while neglecting any entry or exit effects. Thus, the permeability constant, κ = πΓporer
4
pore/8,

depends on the area density of pores Γpore and the pore radius rpore. Because the substrate

is assumed to be saturated, κ does not depend on pore wettability (contact angle).

Since the original model would make the precursor film disappear under the action of

excess pressure above the substrate, it was modified by Esṕın and Kumar to describe im-
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bibition due to excess pressure above the precursor film. As a result, the precursor-film

thickness away from the contact line can remain constant as the droplet is absorbed into the

substrate [45]. The modified imbibition model exhibits regimes of contact-line motion that

agree qualitatively with experimental observations [25,45]. A more detailed discussion of the

assumptions of this imbibition model can be found in Ref. [45].

2.3 Evaporation

We describe evaporation using a model based on the kinetic theory of gases. Evaporation is

assumed to be limited by how fast the solvent molecules escape the liquid phase and enter

the vapor phase [27,28,31,33,64–69]. In this approach, temperature and pressure differences

across the interface drive evaporation. Because this model only requires solving transport

equations on the liquid side to obtain the evaporation rate, it is often referred to as the

one-sided model.

Another evaporation model that assumes evaporation to be limited by diffusion of sol-

vent vapor in air has been used by many authors [1, 44, 68, 70, 71]. This approach is more

computationally expensive than the one-sided model because a diffusion equation for solvent

vapor concentration in air has to be solved simultaneously with other transport equations in

the droplet. To reduce the computational cost associated with calculating the evaporation

flux, the droplet is often assumed to be a spherical cap. More detailed discussions on the

different approaches to modeling evaporation can be found in Refs. [31, 72, 73].

The expression for the evaporation flux of the one-sided model was first introduced by

Schrage to describe evaporation of a liquid into a uniformly saturated vapor phase [74]. Since

then its linearized form has been used in studies of drying thin films [64–66, 69, 72, 75, 76]

and droplets [27, 28, 30–34],

√

2πR̂Tsat

ρv
je =

1

ρl
(p− pv) +

L̂a

Tsat
(Ti − Tsat), (12)
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where R̂ is the ideal gas constant per unit mass, L̂a is the latent heat of vaporization per

unit mass, Ti is the temperature at the liquid-vapor interface, and ρl and ρv are the densities

of the solvent in liquid and vapor forms. The partial pressure of the solvent in the gas phase

is pv, and the saturation temperature Tsat can be calculated from the Clausius-Clapeyron

equation using pv as the saturation pressure [29]. From Eq. (12), it can be seen that the

evaporation flux je is proportional to deviations from pv and Tsat.

Because Eq. (12) was originally used to describe evaporation of a one-component system,

it may not quantitatively reflect evaporation for a droplet laden with particles. However,

work by Cazabat and Guena hinted that the one-sided model is expected to be more accurate

at describing evaporating droplets contaminated with other species, since contamination

makes the rate-limiting step more likely to be in the liquid phase, which is the primary

assumption of the one-sided model [68]. Owning to its simplicity, Eq. (12) has been used to

study the qualitative behavior of drying multicomponent thin films and droplets in previous

studies [30, 32–34, 65].

2.4 Energy transport

The substrate is held at a constant temperature Tb, and temperature is scaled as T ′ =

(T − Tsat)/(ǫ
2Tsat). The leading-order energy transport equation is

T ′

z′z′ = 0. (13)

When the density, viscosity, and thermal conductivity of the liquid are much higher

than those of the vapor, it can be shown that the dominant mechanism for heat dissipa-

tion is through vaporizing the liquid [64]. After balancing the conductive heat within the

droplet with the heat transported out by evaporation, we obtain a scaling factor for j,

j∗ = ǫ2kTsat/h0L̂a, where k is the thermal conductivity of the droplet. From this scaling, we
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can obtain an expression for the evaporation time, te = h0ρl/j
∗. As have previous works, we

assume that the thermal conductivity of the droplet does not depend on the concentration

of colloidal particles [30,32–34,65]. The dimensionless temperature boundary conditions are

T ′|z′=η′ = 1,

− T ′

z′|z′=H′ = j′e.

(14)

Solving Eq. (13) while imposing the boundary conditions in Eq. (14) gives

j′e =
1 + δ(p′ − p′v)

K + h′
, (15)

where

K =

√

2πR̂TsatkTsat

ρvL̂a
2
h0ǫ2

, δ =
σ0

ρlL̂ar0ǫ
. (16)

As shown in previous studies [33,46,69], this energy transport model results in an inter-

facial temperature inversely proportional to the local droplet thickness. Therefore, there are

temperature gradients at the liquid-vapor interface that drive thermal Marangoni flows from

thin droplet regions (i.e., near contact line) to thick droplet regions (i.e., near droplet cen-

ter), accelerating contact-line retraction. However, thermal Marangoni effects are neglected

in this work when solvent evaporation is present because calculations including them show

that they do not change the qualitative trends we observe.

2.5 Colloidal particle transport and evolution equations

Assuming no particles are adsorbed at the droplet surface or substrate, we impose no-flux

boundary conditions for particle concentration at the liquid-solid and liquid-vapor interfaces,

−D∇c′ + (v′ − v′

I)c
′ = 0, (17)
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where v′

I is the velocity of the interface. In Section 6, we will modify this no-flux boundary

condition to allow particle adsorption onto the substrate.

Following a procedure similar to those in Refs. [46, 77], we obtain the leading-order

transport equation for the z-averaged concentration of particles c̄:

c̄ =
1

h′

η′+h′

∫

η′

c dz′, (18)

c̄t + ūc̄r =
1

hrPe
(Dhrc̄r)r +

c̄

h
(Eje + Iji). (19)

In writing Eq. (19), we have dropped the prime superscripts to simplify the notation, a

convention we will follow for the rest of the paper. Here, the diffusion coefficient D as a

function of particle concentration c is given by the expression [52, 78, 79]

D = D0(1− c)6.55
d

dc

(

1.85c

0.64− c

)

, (20)

where D0 is the Stokes-Einstein diffusivity [52],

D0 =
kBTsat

6πµ0a
, (21)

with kB being Boltzmann’s constant and a the particle radius. At low particle concentra-

tions, D is a decreasing function of particle concentration due to hydrodynamic interactions

between the particles. At high particle concentrations, hard-sphere repulsion becomes dom-

inant and D diverges at the random-packing limit c = 0.64 [52, 80].

Eq. (19) is derived based on the assumption that strong diffusion quickly levels out

particle concentration gradients in the z-direction. This condition can be expressed mathe-

matically as ǫ2Pe ≪ 1, where the Péclet number Pe = u∗r0/D0 gives the ratio between the

diffusive time scale and the convective (capillary) time scale for transport of colloidal parti-
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cles in the radial direction. For the rest of the paper, we will denote the z-average particle

concentration c̄ as c for simplicity and also rescale c with the maximum volume fraction of

0.64.

In Eq. (19), ū is the z-averaged radial velocity component, where u as a function of time

and spatial variables can be derived from Eq. (3) and boundary conditions (7) and (9),

u = −
(hrr + hr/r +Π)r

M

(

3

2
z2 − 3(h+ η)z −

3

2
η2 + 3(h+ η)η

)

. (22)

We can also integrate the continuity equation (Eq. (5)) in z and impose the imbibition

boundary condition in Eq. (11) to get the vertical velocity component w. Finally, we can

rewrite the right-hand side of the kinematic boundary condition (Eq. (2)) for the droplet

thickness h as a function of h and its spatial derivatives,

ht =
1

r

(

rh3

M

(

−A1

(

(

A2

h

)3

−

(

A2

h

)2
)

− (h+ η)rr −
1

r
(h+ η)r

)

r

)

r

−Eje − Iji. (23)

Equations (19) and (23) are the evolution equations we will solve numerically to obtain the

droplet shape and particle concentration at different times when evaporation and imbibition

take place.

Without evaporation and imbibition, wetting forces will make a droplet spread on a solid

substrate until an equilibrium contact angle is achieved. A small equilibrium contact angle θe

can be related to constants A1 and A2 in Eq. (10) through the following expression [45,58]:

θe ≈ tan(θe) ≈ ǫ tan(θ′e) ≈ ǫ tan(
√

A1A2) ≈ ǫ
√

A1A2. (24)

Here, θe and θ′e are the actual (lab-frame) and scaled (based on lubrication theory) contact

angles, respectively. In presenting our results, we will report the actual contact angles rather

than the scaled ones using a representative value of ǫ = 0.1. More details on how the contact
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line and contact angles observed from different length scales are defined can be found the

Appendix.

2.6 Parameter values and numerical methods

Typical values of important physical parameters are given in Table 1. Assuming ǫ = 0.1

and r0 = 10−3 m, we can estimate the capillary time (Section 2.1) as tc ∼ 10−2 s and the

evaporation time (Section 2.4) as te ∼ 10 − 102 s, which corresponds to an evaporation

number (Section 2.1) E ∼ 10−4 − 10−3.

If the pores are randomly distributed on the substrate, the maximum pore area fraction

(ratio of total pore area to substrate area) is 0.82 [81]. The pore area density Γpore is the

number of pores per substrate area, with the number of pores being the ratio of the total

pore area to the area of a single pore. Thus, Γpore ∼ 0.82/r2pore. Assuming a pore radius

rpore in the range from 10−9 m to 10−6 m, the substrate permeability κ (Section 2.2) will

vary from 10−18 m2 to 10−12 m2. These values are consistent with those estimated in other

studies [25, 45]. The imbibition number I (Section 2.2) then ranges from 10−9 to 10−3. We

assume that imbibition is takes place over a time scale comparable to evaporation, and thus

consider I ∼ 10−4 − 10−3.

15



Table 1: Order-of-magnitude estimates of physical parameters. Data are from Refs. [17, 22,
51, 64, 82].

Parameter Definition Order-of-magnitude estimate

ρl (kg m−3) mass density of liquid phase 103

ρv (kg m−3) mass density of vapor phase 1

h0 (m) maximum droplet height after spreading 10−5 − 10−3

r0 (m) initial droplet radius 10−3 − 10−2

µ0 (Pa s) characteristic dynamic viscosity 10−3

σ0 (N m−1) characteristic surface tension 10−3 − 10−2

k (W K−1 m−1) thermal conductivity of liquid phase 10−1 − 1

Tsat (K) saturation temperature 298− 323

La (J kg−1) latent heat of evaporation 106

A1 (Pa) Hamaker constant 10− 104

A2 (m) precursor-film thickness 10−8 − 10−6

a (m) particle radius 10−8 − 10−7

rpore (m) pore radius 10−9 − 10−6

κ (m2) substrate permeability 10−18 − 10−12

d (m) substrate thickness 10−3

From the values in Table 1, we can also estimate K ∼ 10−3-10−1. As have previous

studies [27,32], we choose δ such that a physically realistic yet computationally inexpensive

precursor-film thickness can be obtained, δ = 10−3.

For a particle with radius a = 10−8 m, the diffusivity D0 is around 10−10 m2/s. The

Péclet number is then ∼ 104-106, which indicates that convection dominates diffusion for

transport of particles in the radial direction.

Equations (19) and (23) are numerically solved on the domain 0 ≤ r ≤ 5 subject to the
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boundary conditions

hr(0, t) = hr(5, t) = hrrr(0, t) = cr(0, t) = cr(5, t) = 0, (25)

h(t, 5) = b, (26)

where b, the steady-state thickness of the precursor film, is obtained by numerically solving

Eje + Iji = 0, where je and ji are given by Eqs. (15) and (11), respectively. This is

an algebraic equation representing a balance between evaporation and imbibition in the

precursor-film region. In this region, a solvent flux comes out of the substrate to replenish the

solvent loss due to evaporation. For this study, we use a precursor-film thickness b ∼ 10−3h0,

a value within the range used by previous works [27, 45, 51, 58].

The initial condition for the droplet shape is given by a fourth-order polynomial that

satisfies the boundary conditions in Eqs. (25) and (26) at r = 1. When colloidal particles

are present, the initial condition for particle concentration is given by

c =















c0 r ≤ 1

0 r > 1,

(27)

which describes an experimental situation where a droplet laden with colloidal particles is

deposited on a pure-solvent precursor film [30].

On the computational domain 0 ≤ r ≤ 5, the spatial derivatives in Eqs. (19) and (23)

are approximated with second-order centered finite differences. We typically use between

600 and 1200 nodes per unit length. The resulting discretized system of ordinary differential

equations is solved with the implicit time-stepping solver DDASPK [83].

The equilibrium contact angle θe for each droplet is obtained by first running simulations

on smooth substrates without evaporation and imbibition. For each set of values of A1

and A2, the equilibrium contact angle is recorded after the initial spreading stage. These
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values are then rescaled with ǫ = 0.1 to obtain the lab-frame contact angle (Section 2.5).

This procedure allows us to obtain equilibrium contact angles within 1 to 3 degrees of those

predicted from Eq. (24).

Each simulation with evaporation and imbibition is stopped when the total volume of

the droplet is less than 10−3, or when the particle volume fraction is within 98.4% of the

random-packing limit. We have also verified the t1/10 scaling law for contact-line speed of

perfectly wetting droplets with our code [62, 84]. For brevity, the scaling-law comparison is

not shown here.

3 Evaporation and imbibition of pure-solvent droplets

3.1 Evaporation and imbibition fluxes

Before looking at the behavior of droplets laden with particles, it is helpful to review how

the shape of a pure-solvent droplet on a substrate evolves as the solvent is evaporated or

imbibed by the substrate. To delineate the dynamics due to solvent evaporation and solvent

imbibition, we first analyze imbibition and evaporation separately.

Figures 2a and 2b show typical evaporation and imbibition flux profiles, respectively,

as functions of r for droplets on perfectly smooth substrates. The evaporation number and

imbibition number are set to the same value for these figures: E = I = 10−4. We numerically

solve for the droplet profiles H(r) at t = 100, and the imbibition and evaporation fluxes are

calculated using Eqs. (11) and (15).

It can be seen from Figs. 2a and 2b that for similar droplet shapes, the evaporation and

imbibition fluxes are of the same order of magnitude. Whereas the evaporation flux increases

sharply near the contact line of the droplet, the imbibition flux remains constant within the

droplet. This difference can be understood upon inspection of Eqs. (11) and (15). Equation
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Figure 2: (a) Height profile and evaporation flux profile of a pure-solvent droplet on an impermeable
substrate. The profiles are recorded at t = 100. The evaporation flux is highest near the contact
line. Values of parameters are: θe = 9.42o (A1 = 3 × 103 and A2 = 10−3), E = 10−4, I = 0,
b = 8.18 × 10−4, K = 2 × 10−1, δ = 10−3. (b) Height profile and imbibition flux profile of a non-
volatile pure-solvent droplet. The profiles are recorded at t = 100. The imbibition flux is relatively
uniform inside the droplet. All parameters are the same as in (a) except for: E = 0, I = 10−4,
b = 1.0 × 10−3.
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(15) shows that the evaporation flux is inversely proportional to the local droplet thickness

h, so the flux should be expected to peak at the contact line where the droplet is thinnest.

Notably, even though we use a one-sided evaporation model, our evaporation flux profile is

qualitatively similar to that obtained from the diffusion-limited model [31, 42, 85].

In contrast, the expression for the imbibition flux, Eq. (11), shows that imbibition only

depends on a the local pressure, which, in the droplet bulk, mostly comes from capillary

pressure. Since capillary pressure depends on the curvature of the liquid-vapor interface,

and capillary flows quickly level any curvature gradients caused by a much slower imbibition

process, the curvature of the droplet remains relatively constant. Thus, the imbibition flux

is constant inside the droplet. Next, we examine whether the qualitative difference between

the evaporation and imbibition flux profiles leads to any difference in contact-line dynamics

of a pure-solvent droplet.

3.2 Contact-line motion

The time-evolution of the radius of a droplet undergoing imbibition and evaporation on a

smooth substrate is shown in Fig. 3a. Figure 3a shows that if the substrate is perfectly

smooth, both imbibition and evaporation make the droplet contact line recede continuously.

We have demonstrated in previous work that this scenario corresponds to the constant-

contact-angle stage of contact-line motion when a droplet is either evaporated or imbibed

[45,46]. The faster receding speed for droplet imbibition can be understood by revisiting Fig.

2: the evaporation flux is lower than the imbibition flux, except very close to the contact

line. This results in a faster contact-line speed when the droplet is imbibed.

The time-evolution of the droplet radius on a rough substrate is shown in Fig. 3b.

Previous work on droplet imbibition and evaporation has demonstrated that although in

reality there can be multiple microscopic defects of different sizes and shapes randomly

distributed on an actual substrate, the influence of the overall substrate roughness on contact-
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Figure 3: (a) Time-evolution of droplet radius of a pure-solvent droplet on a smooth substrate.
Values of parameters are: θe = 9.42o (A1 = 3 × 103 and A2 = 10−3). For E = 10−4 (evaporation
only): b = 8.18 × 10−4, K = 2 × 10−1, δ = 10−3. For I = 10−4 (imbibition only): b = 10−3. (b)
Time-evolution of droplet radius of a pure-solvent droplet on a rough substrate. Parameters are
the same as in (a), except now the substrate has a Gaussian defect centered at r = 1.1.

line motion can be effectively described by using a single defect near the initial contact

line of the droplet [45, 46]. Thus, our convenient (albeit arbitrary) choice of the substrate-

topography function η(r) is a Gaussian bump, η(r) = η0 exp(−(r−rd)
2/2s2d), which describes

a single defect centered at rd with height η0 and width sd. To place the defect near the

initial location of the contact line (r = 1), we set rd = 1.1. We also pick a defect height of

η0 = 5× 10−2 and defect width of sd = 10−2.

When the substrate is rough, the contact-line behavior changes significantly, as can be

seen when we compare Figs. 3a and 3b. When a defect is present on the substrate, the

contact line is pinned to the defect for some time before “slipping” and retracting toward

the droplet center. The pinning of the contact line at the defect has been shown to be a

result of a balance between radially outward capillary-pressure gradients and radially inward

disjoining-pressure gradients [45, 46]. As the volume of the droplet decreases due to either

solvent evaporation or imbibition, this balance is broken at some point, and disjoining-

21



pressure gradients drive the contact line inward. From Fig. 3b, it appears that evaporation

leads to an earlier depinning time. This is due to the fact that the evaporation flux at

the defect is much higher than the imbibition flux there, which accelerates depinning for

evaporation.

Although we focus here on a single defect, we have performed some limited simulations in

which multiple defects are present. Here, the droplet contact line may get pinned again at an

inner defect after depinning from the outermost defect. This results in a periodic stick-slip

motion similar to that reported in previous experiments [17, 21, 21] and simulations [37].

The results in this section have demonstrated that even though there is a qualitative

difference between the imbibition flux profile and the evaporation flux profile, this difference

does not result in any significant difference in contact-line motion. When the substrate is

smooth, the droplet contact line continuously recedes. When the substrate is rough, the

droplet contact line is initially pinned and then quickly retracts. This similarity in contact-

line behavior for imbibed and evaporated droplets should be expected because imbibition

and evaporation are both much slower than capillary flows (i.e., E = I = 10−4), so the

qualitative difference in flux profiles should not dominate contact-line dynamics.

4 Particle-laden droplets on smooth substrates

The results of Section 3 have shown that even though the imbibition and evaporation flux

profiles are qualitatively different, contact-line dynamics remain qualitatively the same for

both imbibed and evaporated droplets on smooth and rough substrates. In this section,

we will turn our attention to transport of colloidal particles inside a droplet imbibed and

evaporated on a perfectly smooth substrate. Because transport of colloidal particles inside

evaporating droplets has been discussed in previous works [30, 35, 46], we will only discuss

particle transport for droplet imbibition in Section 4.1.
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4.1 Transport of colloidal particles
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Figure 4: Droplet containing colloidal particles imbibed on a smooth substrate. (a) Time-evolution
of droplet shape. (b) Time-evolution of particle concentration. Values of parameters are: θe = 9.42o

(A1 = 3×103 and A2 = 10−3), I = 10−4, b = 10−3, Pe = 10−4, c0 = 10−3. The profiles are recorded
at t1 = 469, t2 = 939, t3 = 1409, and t4 = 2338.

Figure 4 shows the time-evolution of droplet shape and particle concentration profiles

as a droplet is imbibed on a smooth substrate. Here, the particle concentration has been

rescaled with the random-packing limit of 0.64, so that the maximum concentration is now

at c = 1. Initially, the particle concentration inside the droplet is uniform at c = 10−3, as

prescribed by Eq. (27). Because the substrate is smooth, the contact line of the droplet

moves continuously toward the droplet center while maintaining a similar shape (i.e., same

contact angle) (Fig. 4a).

As the contact line travels inward, more particles accumulate at the contact line, giving

rise to a particle concentration peak there (Fig. 4b). Increasing particle concentration at

the contact line eventually solidifies this region, and the simulation stops when the particle

concentration is close to the random-packing limit.
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4.2 Particle concentration and particle area density

The contact line of the droplet described in Fig. 4 stops moving when the particle concen-

tration there approaches the random-packing limit, and the simulation also is halted at this

point due to diverging viscosity and diffusivity. Most previous studies have often assumed

that the droplet is “dried” at this point, and the particle concentration profile reflects the

eventual particle deposition pattern near the contact line [30, 32, 33, 35]. In this section, we

offer an argument for why the particle area density, defined as ch, may better reflect the

final deposition pattern than the particle concentration does.

The assumption that the final profile of the particle concentration c predicts the actual

dried particle deposition pattern may be misleading because particle concentration is the

ratio between the number of particles and the available solvent volume. Hence, a high local

concentration of particles can be obtained even with a low local number of particles if the

available solvent volume is small enough. When this is the case, the particle area density ch

is expected to provide a better prediction for the final particle deposition pattern. It was

the particle area density that was measured by Deegan and coworkers in their experiments

studying the coffee-ring effect (see Fig. 11 of Ref. [42]), and since then this measure has

been taken by several researchers as an indication of the actual particle deposition pattern

[34, 46, 61, 65, 69, 86].

Figure 5 demonstrates the difference between the final particle concentration and the final

particle area density resulting from the simulation shown in Fig. 4. Whereas the particle

concentration is highest near the contact line, the particle area density is highest at the

droplet center. This difference is due to the fact that most particles remain near the center

of the droplet due to a higher volume of suspension there. By examining only the particle-

concentration profile, one may conclude that the final particle deposition pattern is similar

to a coffee-ring. The particle-area-density profile, however, reflects a final deposition pattern

that is more similar to a cone-like deposit at the center of the droplet. Our prediction of
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Figure 5: Final profiles for particle concentration (triangle) and area density (square). Values
of parameters are: θe = 9.42o (A1 = 3×103 and A2 = 10−3), I = 10−4, b = 10−3, Pe = 10−4,
c0 = 10−3.
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a cone-like deposit is also consistent with experimental results reported for evaporation of

particle-laden droplets on smooth substrates [49, 50, 87].

4.3 Parametric study: Varying evaporation and imbibition rates
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Figure 6: Final particle area densities when (a) evaporation rate is increased while imbibition is
suppressed, and (b) when imbibition rate is increased while evaporation is suppressed. Values of
parameters are: θe = 9.42o (A1 = 3× 103 and A2 = 10−3); for (a): b = 8.18× 10−4, K = 2× 10−1,
δ = 10−3, Pe = 10−4, c0 = 10−3; for (b): b = 10−3.

Figures 6a and 6b show the final particle-area-density profiles for evaporated and imbibed

droplets, respectively. In Fig. 6a, we look at a droplet evaporated on an impermeable smooth

substrate, and increase the dimensionless evaporation rate E from 10−4 to 3×10−3. Similarly,

in Fig. 6b, we increase the dimensionless imbibition rate I while turning off evaporation.

It can be seen from Fig. 6 that at low evaporation and imbibition rates of E = I = 10−4,

particles are swept by the contact line as it recedes, and the resulting particle deposition

pattern is similar to a cone centered at r = 0. As the evaporation and imbibition rates are

increased, more particles accumulate at the contact line, and the final cone-shaped patterns

gradually become more ring-like at high evaporation and imbibition rates. Because the
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contact-line region solidifies more rapidly with higher solvent loss, final particle deposition

patterns at high evaporation and imbibition rates also have wider footprints.

The transition from a cone-like deposit at low solvent-removal rates to a ring-like deposit

at high solvent-removal rates can be understood as a competition between diffusive transport

and convective transport. In these simulations, we use a Péclet number of Pe = 10−4, so

setting E = I = 10−4 means that the time scale for contact-line retraction due to either

evaporation or imbibition is as fast as the time scale for particles to diffuse away from the

contact line. As a result, particles are swept toward the droplet center as the contact line

recedes. At higher evaporation and imbibition rates, however, particles do not have time to

diffuse away and get jammed at the contact line, resulting in wider ring-like patterns.

At intermediate evaporation and imbibition rates of E = I = 5× 10−4, particle diffusion

is still strong enough so that more uniform particle deposition patterns are created. We have

also scanned through the parameter space of E and I to look at simultaneous evaporation

and imbibition on a smooth substrate. For brevity, those results are not shown here, but

they also reveal a similar trend as those in Fig. 6: a cone-to-ring transition occurs as either

evaporation or imbibition increases. We can visualize this trend with the phase diagram in

Fig. 7.

Two conclusions can be drawn from this section. First, contrary to the usual assertion

that substrate-roughness-induced contact-line pinning is the culprit behind the coffee-ring

effect [1,42], the results in this section indicate that rings can form even on smooth substrates.

The criterion for coffee-ring formation on smooth substrates is that the time scale for contact-

line recession has to be much smaller than the time scale for particle diffusion. When the time

scale for contact-line motion is greater than particle diffusion time, a cone-shape deposition

pattern is obtained.

Second, the results from Fig. 6 also indicate that on smooth substrates, solvent imbibition

influences transport of particles the same way as solvent evaporation does. Increasing either
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Figure 7: Phase diagram of final particle deposition pattern

solvent-removal rate will induce a cone-to-ring transition for the final particle deposition

pattern.

Figures 6 and 7 show model predictions for the case where no contact-line pinning is

present. In experiments, contact-line pinning can occur due to substrate roughness, or to

particles deposited near the contact line that create an effective substrate roughness. A

systematic comparison between the model predictions in Figs. 6 and 7 and experimental ob-

servations requires experiments in which contact-line pinning is absent. In a recent work [50],

contact-line pinning was prevented by applying a thin coating of silicone oil to a substrate

and observing droplet spreading on the oil layer. Consistent with the model predictions,

coffee-ring formation is suppressed and colloidal particles get swept to the droplet center.

However, a direct comparison with the results presented here cannot be made because there

was no substrate imbibition in these experiments and the evaporation rate was not system-

atically varied.

Finally, we briefly comment on the role of initial particle concentration. We found that

for systems with values of imbibition and evaporation rates in the “ring” region of Fig. 7,
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increasing the initial particle concentration leads to more cone-like deposits. At high particle

concentrations, convective transport of particles to the contact line slows down significantly,

and the contact line also becomes solidified faster. As a result, when the maximum particle

volume fraction is reached at the contact line, most particles are still near the droplet center.

The resulting particle deposition pattern is a cone with a wider footprint.

At low initial particle concentrations, the ring-like deposit structure also becomes more

cone-like. This is because the contact line now becomes solidified much later, and as a result,

most particles are transported to the droplet center as the contact line sweeps inward. This

results in cone-like deposit with a smaller footprint.

5 Particle-laden droplets on rough substrates

In this section, we investigate a particle-laden droplet evaporated and imbibed on a rough

substrate. As discussed in Section 3.2, we use a Gaussian bump for the substrate topography

η to effectively account for the influence of substrate roughness on contact-line motion. Since

the general behavior of imbibed and evaporated droplets is quite similar, we will first discuss

how particles are transported when a droplet is imbibed on a rough substrate in Section 5.1.

5.1 Transport of colloidal particles

Figure 8 shows the early time-evolution of the droplet shape and particle concentration as

a droplet is imbibed on a rough substrate without evaporation. As mentioned in Section

3.2, a balance between capillary-pressure gradients and disjoining-pressure gradients pins

the droplet contact line at the defect. During early stages, solvent evaporation decreases the

droplet volume and lowers its apparent contact angle, as seen in Fig. 8a. Figure 8b also

shows that a particle concentration peak also quickly forms near the defect due to faster

thinning of the droplet near the defect. In many experimental systems, it has been observed
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Figure 8: Early time-evolution of a droplet laden with particles imbibed on a rough substrate with
a Gaussian defect centered at r = 1.1 (a) Time-evolution of droplet height h; (b) Time-evolution
of particle concentration c. Values of parameters are: θe = 9.42o (A1 = 3 × 103 and A2 = 10−3),
I = 10−4, b = 10−3, c0 = 3 × 10−3. The profiles are recorded at t1 = 469, t2 = 1409, t3 = 2349,
and t4 = 3289.

that the particles deposited on the substrate near the contact line during this pinned stage

can also act as topographical defects and lengthen the pinned stage [17, 49, 71, 88]. This

positive-feedback process will ultimately lead to the formation of a dense coffee-ring near

the initial contact line with very few particles left near the droplet center.

Figure 9 shows the evolution of the droplet as it undergoes depinning. Depinning occurs

when imbibition-induced thinning of droplet causes the liquid-vapor interface near the defect

to become unstable. Curve 1 in Fig. 9a shows the interface right before depinning occurs.

The balance between capillary-pressure-gradients and disjoining-pressure-gradients at the

defect cannot be supported anymore, and the droplet splits into two parts, described by

curve 2. There are now a primary droplet centered at r = 0 and a “rim” of suspension near

the defect. As imbibition of the droplet continues, the contact line of the primary droplet

keeps moving toward the droplet center while the contact lines of the rim portion move

toward each other, as evident from the transition between curves 2 and 3 of Fig. 9a.
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Figure 9: Late time-evolution of a droplet carrying particles being imbibed on a rough substrate
with a Gaussian defect centered at r = 1.1. (a) Time-evolution of droplet height h; (b) Time-
evolution for particle concentration c. Values of parameters are: θe = 9.42o (A1 = 3 × 103 and
A2 = 10−3), I = 10−4, b = 10−3, Pe = 10−4, c0 = 3× 10−3. The profiles are recorded at t1 = 3486,
t2 = 3505, and t3 = 3523 (labeled 1 through 3, respectively).

Figure 9b shows the late time-evolution of particle concentration inside the droplet. The

inset shows a concentration peak near the defect at t1. As the droplet undergoes depinning at

t2, two new concentration peaks form near the defect, corresponding to the new contact lines

of the rim section shown in curve 2 of Fig. 9a. As these two new contact lines move toward

each other, the two concentration peaks merge and the random-packing limit is reached,

as shown in curve 3 of Fig. 9b. Although droplets with high evaporation and imbibition

rates tend to depin faster, we found that increasing either evaporation or imbibition does

not qualitatively change the time-evolution of the particle concentration and droplet shape.

5.2 The influence of solvent imbibition

Figure 10 displays the final particle area density profiles for two cases: when only solvent

evaporation is present (solid line), and when only solvent imbibition is present (dashed line).
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Figure 10: Depinning of contact line results in non-uniform ”bullseye” patterns. Values of
parameters are: θe = 9.42o (A1 = 3 × 103 and A2 = 10−3), Pe = 10−4, c0 = 3 × 10−3. For
the case with only evaporation (solid lines), b = 8.18 × 10−4, K = 2 × 10−1, δ = 10−3. For
the case with only imbibition (dashed lines), b = 10−3.
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For the case with only solvent imbibition, the parameters are the same as those used in

Section 5.1. Both profiles exhibit a “bullseye” deposition pattern: a cone-like region starting

from the droplet center followed by a particle-deficient gap (i.e., a depletion zone) surrounded

by a dense ring of particles. This bullseye pattern is caused by a rapid contact-line retraction

as the droplet depins from the defect. As the contact line retracts to a new location, it drags

the particles along with it, leaving behind a depletion zone with very few particles. This

prediction is consistent with experimental studies by Morales et al. and Zhang et al. [49,89],

where evaporating droplets undergoing depinning were observed to leave behind a depletion

region with few particles. It is also evident from Fig. 10 that on rough substrates, solvent

imbibition has the same effect on the final particle deposition pattern as solvent evaporation.

In both cases, the droplet contact line drags particles with it after depinning from the defect,

resulting in a discontinuous bullseye pattern.

Finally, we briefly discuss the effect of the initial particle concentration. At low initial

particle concentrations, we find that the contact line keeps receding after depinning from

the defect because the particle concentration at the contact line is not high enough to slow

it down. As a result, most particles are transported with the contact line to the droplet

center, and the final deposition pattern is cone-like. At high initial particle concentrations,

the contact line becomes solidified before depinning, and the final deposition pattern is also

a cone, albeit with a wider footprint.

A key motivation of the present paper is to examine whether solvent imbibition and

solvent evaporation differ in their effect on the final particle deposition pattern, as suggested

by several experimental studies [11,12,15]. The results from Figs. 6 and 10, however, suggest

that solvent imbibition and solvent evaporation affect the final particle deposition pattern

the same way. Particles that are not irreversibly adsorbed by the substrate move with the

contact line as it recedes. Because droplets under solvent imbibition and solvent evaporation

exhibit the same contact-line motion, one should expect evaporation and imbibition to have

a similar effect on the final particle deposition pattern in the absence of particle adsorption.
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Section 6 will explore the important role of particle adsorption on the substrate.

6 Particle adsorption

The results presented in Sections 4 and 5 have shown that evaporation and imbibition are

qualitatively similar in their effect on the final particle deposition pattern, a result much

different from what has been suggested by previous experimental studies [11, 12, 15]. This

is due to the fact that in the absence of particle adsorption onto the substrate, transport

of colloidal particles is highly dependent on contact-line motion, which is qualitatively the

same for droplet imbibition and droplet evaporation.

The presence of particle adsorption on substrate can significantly affect the final deposi-

tion pattern. For example, in their experimental study, Boulogne et al. observed that as a

droplet containing polystyrene particles is imbibed by a hydrogel, particles inside the droplet

are “irreversibly adsorbed on the gel surface”, and the particles are not dragged inward with

the receding contact line [11]. In this section, we explore whether accounting for particle

adsorption can help us explain the experimental results in Refs. [11, 12, 15].

To incorporate particle adsorption into our model, we need to modify the no-penetration

boundary condition in Eq. (17) to account for the particle adsorption flux at the substrate

z = η(r),

Dcz|z=η(r) = αc|z=η(r), (28)

where α is the adsorption constant, which depends on the interaction potential between

the particles and the substrate. Our adsorption model assumes a simple linear relationship

between particle concentration near the substrate and adsorption flux, similar to the well-

known Langmuir adsorption model, except that for simplicity we do not consider a desorption

flux [82]. For simulations involving particle adsorption, we will vary α from 10−4 to 10−3,

which is within the range calculated using a DLVO potential for various particle-substrate
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systems in Ref. [90]. With this modified boundary condition, we have a new evolution

equation for particles suspended in the droplet,

ct + ūcr =
1

hrPe
(Dhrcr)r +

c

h
(Eje + Iji − α). (29)

To keep track of the particles adsorbed on the substrate, we also introduce Γ(r, t), the

adsorbed particle area density, which is related to the average bulk particle concentration by

Γt = αc. (30)

For this modified model, we also assume that the particles are smaller than the substrate

pore size so that adsorbed particles do not block the substrate pores and reduce solvent

imbibition.

6.1 Smooth substrates

First we will study the role of particle adsorption in a droplet of a colloidal suspension

imbibed by a smooth substrate. We set our adsorption constant α to 10−3 and our imbibition

number I to 10−4. Figure 11 shows the time-evolution of the bulk area density ch (Fig. 11a)

and the adsorbed particle area density Γ (Fig. 11b).

Because the adsorption rate α is ten times greater than the imbibition rate I, it can be

seen from Fig. 11a that all particles are adsorbed from the bulk onto the substrate at the

end of the simulation. As a result, the final adsorbed particle area density closely resembles

the starting bulk particle area density (Fig. 11b). This indicates that particle adsorption

happens so fast that contact-line retraction has a minimal effect on the final particle area

density.

Different final total particle area densities (Γ + c) for different particle adsorption rates

are compared in Fig. 12. It appears that as α decreases, more particles are transported to
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Figure 11: Time-evolution of (a) bulk particle area density and (b) adsorbed particle area density
for a droplet imbibed by a smooth substrate. Values of parameters are: θe = 9.42o (A1 = 3 × 103

and A2 = 10−3), I = 10−4, b = 10−3, Pe = 10−4, c0 = 10−3, α = 10−3. The profiles are recorded
at t1 = 469, t2 = 939, t3 = 1409, t4 = 1879, and t5 = 2379.

the droplet center, and the final particle deposition pattern becomes more cone-like. This is

because when the adsorption rate decreases, more particles remain in the droplet bulk, and

are subsequently carried by the contact line toward the droplet center as solvent imbibition

proceeds. Conversely, when the adsorption time scale is small compared to the time scale for

contact-line motion, more particles are adsorbed in the early stage of contact-line retraction,

and the final particle area density becomes more uniform.

6.2 Rough substrates

Figure 13 compares the final particle area densities for different particle adsorption rates

for a droplet imbibed by a rough substrate. As in Sections 3.2 and 5, we also use a single

Gaussian defect here to represent substrate roughness. Similar to the case with smooth

substrates, a fast adsorption rate (α = 10−3) causes most particles to be adsorbed on the

substrate when the contact line is still pinned to the defect, resulting in a uniform particle
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Figure 12: Particle area densities resulting from imbibition of a droplet of a colloidal suspen-
sion on a smooth substrate. Final particle area density becomes more uniform as particle
adsorption increases. Values of parameters are: θe = 9.42o (A1 = 3 × 103 and A2 = 10−3),
I = 10−4, b = 10−3, Pe = 10−4, c0 = 10−3.
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deposition pattern. As the adsorption rate decreases, more particles stay in the droplet bulk,

and get transported by the contact line as it depins from the defect.
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Figure 13: Particle area densities resulting from evaporating a droplet of a colloidal sus-
pension on a rough substrate with a defect centered at r = 1.1. Final particle area density
becomes more uniform as particle adsorption increases. Values of parameters are: θe = 9.42o

(A1 = 3× 103 and A2 = 10−3), I = 10−4, b = 10−3, Pe = 10−4, c0 = 3× 10−3.

The results from Figs. 12 and 13 suggest that the final particle deposition pattern

becomes more uniform as the adsorption rate α increases. This prediction is consistent with

the observation made in Ref. [11]. Boulogne et al. [11] observed that before the receding

stage, most particles are already adsorbed onto the substrate, and do not get dragged inward

with the receding contact line.

Similar results were obtained when we ran simulations with only solvent evaporation:

when particle adsorption rate is increased, the final particle deposition pattern becomes more

uniform on both smooth and rough substrates. These results are similar to experimental

results by Bhardwaj et al. [90] and more recent simulation results in [86,91], but for brevity
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we do not show them here.

The results of Sections 4 and 5 show that solvent evaporation and solvent imbibition have

the same effect on transport of colloidal particles, whereas the results from Refs. [11, 12, 15]

suggest that droplet imbibition tends to produce more uniform particle deposition patterns.

We believe that the results obtained in this section may help explain the discrepancy. In

the case with only evaporation and no imbibition, the right-hand side of Eq. (11) is zero.

The presence of solvent imbibition on average will make the velocity field inside the droplet

more oriented toward the substrate. As a result, imbibition can bring more particles to the

substrate and increase the particle adsorption flux there. Therefore, even though droplet

imbibition does not directly lead to more uniform particle deposition patterns, imbibition

induces more particle adsorption, and subsequently promotes more uniform deposits.

7 Conclusions

The mathematical model presented in this work provides a starting point to analyze transport

of solutes inside droplets undergoing simultaneous imbibition and evaporation, an industri-

ally relevant problem that has not received much attention in prior work. By incorporating

disjoining pressure and substrate topography to effectively describe the characteristic stages

of contact-line motion as a droplet is evaporated and imbibed, we use our model to examine

colloidal particle transport inside droplets during all stages of contact-line motion.

The results reveal that even though the uniform imbibition flux profile is characteristically

different from the evaporation flux profile that peaks near the droplet contact line, both

evaporation and imbibition are similar in their role of concentrating more particles near the

the droplet contact line as it recedes on the substrate. In particular, we have found that on

smooth substrates, increasing both evaporation and imbibition will make the final particle

deposition pattern undergo a cone-to-ring transition (Section 4). The effect of substrate
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roughness was also considered in Section 5, and it was shown that contact-line depinning

causes the final particle deposition to become a discontinuous bullseye pattern, a result

consistent with previous experimental observations [49, 89]. Because previous theoretical

models either assume the contact line is pinned or the contact angle is constant [1, 30, 32–

35, 47], they cannot capture this bullseye pattern, which is produced during the transition

between the constant-radius stage and the constant-contact-angle stage.

Whereas some recent experimental studies suggest that strong solvent imbibition on per-

meable substrates results in more uniform final solute deposition patterns, our results in

Sections 4 and 5 suggest that both solvent imbibition and solvent evaporation have similar

effects on the final particle deposition pattern. This discrepancy suggests that solvent im-

bibition may not be the direct cause for coffee-ring suppression, but other mechanisms may

be at play. We show that one such mechanism, namely particle adsorption on the substrate,

can make the final particle deposition pattern more uniform.

This explanation can be supported with droplet imbibition experiments in which particle-

substrate attraction is prevented by adjusting the electronic or van der Waals properties of

the particles and the substrate. It will also be important to measure the permeability of the

substrate [25,45] and to control contact-line pinning [50]. Because the evaporation flux and

imbibition flux act in opposite directions, to fully reveal the role of each process in transport

of particles it will be necessary to extend our model to consider a full two-dimensional

particle concentration field. This extension is feasible, and has already been done using a

lubrication-theory-based framework in the case with only solvent evaporation [32].
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Appendix: Defining contact-line position and contact angles

(a) (b)

Figure 14: (a) Contact-line region of a droplet near a topographical defect on a substrate. (b)
Contact-line region of a droplet on a perfectly smooth substrate.

In this appendix, we discuss how we define contact line and contact angle for our model

droplet. To proceed, we need to clarify the distinction between two different kinds of contact

angles that arise from our model: the apparent contact angle θa and the mesoscopic contact

angle θm.

For a droplet on a general rough substrate, the mesoscopic contact angle, θm, is defined

as the greatest angle between the tangent to the liquid-vapor interface and tangent to the

substrate [45, 92]. Figure 14a illustrates this definition, and the contact line is then defined

as the radial position at which θm is found.

When the substrate topography is described by a function η(r), the mesoscopic contact

angle is given by [45]

tan(θm) =
hr

1 + (hr + ηr)ηr
. (31)

After the contact-line position is located, the apparent contact angle θa is defined as the

angle between the tangent to the droplet surface and the horizontal plane evaluated at the
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contact-line position (Fig. 14a). The difference between θm and θa is

θm − θa = θs, (32)

where θs is the angle the tangent to the topography η(r) forms with the horizontal plane

(Fig. 14a). It can be seen from Eq. (32) that on a perfectly smooth substrate, the apparent

contact angle is the same as the mesoscopic contact angle (Fig. 14b).
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[80] L. Esṕın and S. Kumar. Forced Spreading of Films and Droplets of Colloidal Suspen-

sions. J. Fluid Mech., 742:495–519, 2014.

48



[81] H. H. Kausch, D. G. Fesko, and N. W. Tschoegl. The random packing of circles in a

plane. J. Colloid Interface Sci., 37:603–611, 1971.

[82] J. Berg. Interfaces and Colloids. World Scientific, 2014.

[83] P. N. Brown, A. C. Hindmarsh, and L. R. Petzold. Using Krylov Methods in the Solution

of Large-Scale Differential-Algebraic Systems. SIAM J. Sci. Comput., 15(6):1467–1488,

1994.

[84] L. H. Tanner. The Spreading of Silicone Oil Drops on Horizontal Surfaces. J. Phys. D:

Appl. Phys., 12(09):1473–1484, 1979.

[85] J. Eggers and L. M. Pismen. Nonlocal Description of Evaporating Drops. Phys. Fluids,

22:112101, 2010.

[86] A. Zigelman and O. Manor. The deposition of colloidal particles from a sessile drop of a

volatile suspension subject to particle adsorption and coagulation. J. Colloid Interface

Sci., 509:195–208, 2018.

[87] K. A. Baldwin, S. Roest, D. J. Fairhurst, K. Sefiane, and M. E. R. Shanahan. Monolith

Formation and Ring-Stain Suppression in Low-Pressure Evaporation of Poly(ethylene

oxide) Droplets. J. Fluid Mech., 695:321–329, 2012.

[88] R. D. Deegan. Pattern formation in drying drops. Phys. Rev. E, 61(1):475–485, 2000.

[89] W. Zhang, T. Yu, L. Liao, and Z. Cao. Ring formation from a drying sessile colloidal

droplet . AIP Advances, 3:102109, 2013.

[90] R. Bhardwaj, X. Fang, P. Somasundaran, and D. Attinger. Self-Assembly of Colloidal

Particles from Evaporating Droplets: Role of DLVO Interactions and Proposition of a

Phase Diagram. Langmuir, 26(11):7833–7842, 2010.

[91] D. P. Siregar, J. G. M. Kuerten, and C. W. M. van der Geld. Numerical simulation of

the drying of inkjet-printed droplets. J. Colloid Interface Sci., 392:388–395, 2013.

[92] N. Savva and S. Kalliadasis. Two-Dimensional Droplet Spreading over Topographical

Substrates. Phys. Fluids, 21:092102, 2009.

49


