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Abstract. A normal compressive shockwave with supercritical upstream thermodynamic conditions is analyzed
using the Soave-Redlich-Kwong equation of state (EoS) relations for real-gas density, enthalpy, and entropy for argon,
nitrogen, oxygen, and carbon dioxide. Upstream pressure and temperature vary from 10 to 500 bar and 160 to 800 K.
At high pressures, the flow does not follow the calorically-perfect-gas behavior. For the perfect gas, the enthalpy and
ratio of pressure-to-density are directly proportional to the square of the sound speed, allowing direct substitution of
the sound speed in the conservation equations. A new thermodynamic function is identified for the real-gas sound
speed which is shown to remain as the proper characteristic speed. Although the sound speed does not emerge
directly from the conservation equations as it does for a perfect gas, the shock speed goes to this limiting value as
shock strength goes to zero. For the real-gas, modifications are obtained for Prandtl’s relation and the Rankine-
Hugoniot relation. The modified real-gas Riemann invariants are constructed and discussed for application to weak
shocks. A foundation is presented for use with other cubic equations of state, multicomponent flows, and / or for
more complex flow configurations. Near-similar solutions are developed by normalization of the variables using critical
values for pressure and temperature. These exact solutions are compared with approximate solutions obtained via a
linearization of the cubic equation of state for deviation from ideal-gas behavior.

I. INTRODUCTION

The goal of this work is to analyze the differences at high pressures between real-gas compressible-flow behavior and
ideal-gas compressible-flow behavior. Recent trends in liquid-propellant rocket engines and aircraft turbofan engines
involve substantial increases in combustion-chamber pressures for the purpose of increased thermal efficiencies. In
particular, critical pressures of the fluids are exceeded and the ideal-gas assumption becomes flawed. Shockwaves can
appear in the compressor of a gas-turbine engine or in the propellant turbopumps of the rocket engines. If combustion
instabilities develop in the engine combustor, shock waves become possible for higher amplitude oscillaations. While
these practical shocks might be oblique or curved, an analysis that begins with normal shocks is justified.

As a basis for analysis of compressible flow, two quantities which appear in the equations of motion directly or
implicitly must be related: enthalpy h and pressure-to-density ratio p/p. Also, their relations with temperature 7'
and sound speed c are of interest. These four variables are related very simply for the ideal gas whereby h,p/p, 2,
and temperature T are all directly proportional to each other. In the following subsections, it is shown how much
more complex the real gas can be due to the role of the attractive and repulsive forces between molecules at the high
pressures and densities.

For analysis of compressible flow at very high pressures, corrections to the ideal-gas relations are needed in the
supporting thermodynamics theory. Amongst other issues, many classical relations no longer apply in their original
forms. In particular, adjustments are needed for the equations of state that describe density (or specific volume),
enthalpy (or internal energy), and sound speed as functions of pressure, temperature, and composition.

The potential for important quantitative differences for inviscid compressible flows between ideal-gas flows and real-
gas flows has been well established in the literature. Zel’dovich and Raizer [1] give a broad coverage to the physics of
shock waves and include several issues for real gases. Menikoff and Plohr [2] emphasize several mathematical features
of the discontinuous solutions to the Riemann problem. There have been earlier attempts to determine the jump in
flow variables across a shock wave. Tao [3] calculated jumps across normal shocks in Freon-12 flow. They assumed
the Beattie-Bridgeman equation of state (EoS) and used perturbation theory with six small parameters to describe
the thermodynamics. The results show significant variations from ideal-gas behavior for shocks with high pressure
ratios. For a pressure ratio equal to 25, the downstream density was about 15% higher for the real gas compared
to the ideal gas while the real-gas downstream temperature was 25% lower. Shock flows of nitrogen were considered
by Wilson and Regan [4] where the upstream pressure and temperature varied up to 1000 atmospheres and 2000
K. Correction factors as high as 1.6 for downstream pressure and 1.17 for downstream temperature were found to
apply as multiples of the ideal-gas values. The analysis was based on the assumption that the upstream values satisfy
the ideal gas law. For a wide range of upstream values of interest, this assumption is not acceptable.Koremenos
and Antonopoulos [5] computed results for a normal shock in air using the Redlich-Kwong EoS. For a convergent-
divergent nozzle with a standing shock in the divergent (supersonic) portion, both Arina [6] and Jassim and Muzychka
[7] show significant (i.e., 10 % or more) differences in flow properties for the ideal gas and the real gas. The shock
location is also modified. Similar magnitudes of differences are shown by Arina[6] for the shock tube problem with
travelling shock, expansion wave, and contact surface. Recently Sirignano [8], using a linear approximation to the
Soave-Redlich-Kwong (SRK) EoS, reported results for choked nozzle flow, nonlinear acoustics, and normal shocks for
certain thermodynamic-parameter domains. All of these works reported only subsonic flow normal to the shock on
the downstream side and supersonic flow upstream, the same as the classical findings of the ideal-gas behavior based
on the Second-Law constraint. The Bethe-Zel’dovich-Thompson (BZD) fluid [9] is known to exhibit other types of
strange behavior with shock waves and other flow issues. Those fluids are typically formed with very large molecules



and are outside of the range of interest here.

Many different types of variations from ideal-gas flow behavior are described as real-gas phenomena in the general
literature. Included are viscous flows, flows with heat and /or mass transport, and flows with various type of relaxation
processes such as molecular vibrational excitations, dissociations, a wide variety of other chemical reactions, electronic
excitations, and ionization. In this paper, those non-equilibrium processes are not addressed. Here, the focus is on
inviscid, compressible flows with equilibrium conditions that do not satisfy the ideal-gas law, p = pRT, and with
enthalpy and internal energy dependent on pressure p as well as temperature 7. For continuous flows, no non-
equilibrium conditions are considered; for the normal shock wave, the thin zone of O(100) nanometers in thickness
with molecular translational and rotational non-equilibrium is treated as a mathematical discontinuity.

II. THERMODYNAMIC FOUNDATIONS

The formulation requires a replacement of the ideal-gas law with a relation that yields density p as a function of
pressure p, temperature T, and composition in terms of species mole fractions X; (or mass fractions Y;) . In addition,
formulae are needed giving specific enthalpy h (or specific internal energy e), specific entropy s, and sound speed ¢ as
functions of those same variables. We need all of these relations to understand fully the state of the fluid.

A. Equation of State for Density

The compressibility factor is defined as Z = p/(pRT). For the ideal gas, Z = 1 everywhere while, for a real gas,
it may vary with space and time. The cubic equation of state (EoS) gives molar specific volume v or mass density
p for given pressure p and temperature 7. In addition, an enthalpy departure function gives the difference between
the enthalpy for the ideal gas and the enthalpy for the real gas at any given pressure and temperature . Essentially,
there is a pair of state equations, one for density and another for enthalpy h. The developments proposed here may
be done with any of the well known cubic EoSs but only one is chosen here. In particular, the analysis proceeds
with the Soave-Redlich-Kwong (SRK) cubic equation of state [10] which is known for accuracy over a wide range of
important applications. The SRK EoS is a modification of van der Waals cubic equation of state where some empirical
fitting has been used to describe better the effects of molecular attraction and repulsion. Although only very simple
configurations will be considered here (i.e., single species and single phase), an EoS is sought that can be extended
reasonably well for use in more complicated configurations to allow consistency in future work.

The SRK EoS for a single-component fluid is
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R and R, are the specific and universal gas constants, respectively. Subscript ¢ denotes a thermodynamic critical
value. The coefficients a and b (and therefore A and B) relate respectively to intermolecular attraction and repulsion.
An alternative form of Equation (1) which is useful for certain algebraic manipulations is given as
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TABLE I: Values for critical temperature, critical pressure, and ratio of specific heats, acentric factor

and S coefficient.

Gas T. (K)|pec (kPa)| ~v | W | w |S(w)
Argon 150.8 | 4780 |1.667|40.0{ 0 [0.485
Nitrogen 126.2 3390 |1.400{28.0| .040 |0.547
Oxygen 154.6 | 5050 |1.400|32.0|0.022{0.517
Carbon Dioxide|304.25| 7380 |[1.28644.0|0.228]0.831
Water Vapor | 647.1 | 22064 [1.333|18.0|0.344|1.001

When A << 1 and B << 1, Sirignano [8] has shown that a good approximation is given by Z =1+ B — A.

For argon, oxygen and nitrogen, the difference in the w value modifies S in the second significant digit. See Table I.
(A different functional form is recommended for hydrogen; while discussion of gases with different formulae is omitted
to avoid distraction from the main themes, the approach is easily extendable to consider them.) In the domain of
pressure and temperature where both gas and liquid exist in equilibrium, there is a solution of Equation (1) for each
phase; thus, two different, physically meaningful Z values can result. Since p and T are identical for each phase, the
implication is that there are two values for the specific molar volumes vy and v; and thereby for the mass densities
ps = W/vg and pp = W/v. W is the molar mass. A range of values is considered for p and T' where only one
phase exists and therefore only one interesting solution to the cubic equation exists. (Complex roots are ignored.)
At supercritical conditions, there are ranges of p and 1" where a compressible fluid exists without discontinuities in
properties and may still be labeled as a gas. Thus, reference to p and other properties are made with the understanding
they apply to a gas.

Table I presents critical temperature T, critical pressure p., acentric factor w, ratio of specific heats for the ideal
gas v, and molecular mass W for selected gases. Monatomic, diatomic, and triatomic species are considered. In the
calculations in the following sections, argon, nitrogen, oxygen, and carbon dioxide are analyzed. 7,cp, and ¢, are
values pertaining only to the ideal-gas EoS. For example, as shown by the Equation (6), ¢, will not be the partial
derivative of enthalpy with respect to temperature for the real gas. It will be that derivative only for the ideal gas and
it retains only that meaning when used in the real-gas enthalpy relation. This particular formulation allows each of
the enthalpy and the entropy functions to be conveniently introduced as the ideal gas value plus a departure function.

There is no obvious way to collapse the behaviors of different gases to a similar form for ease of calculation. For
example, even if pressure and temperature are normalized and p/p. and T/T, are treated, the gases differ significantly
through three other parameters in the table: v,w, and W.

For a mixture of two or more gases, the parameters a and b are determined by the following rules. Each species in

the mixture has its own value of the integer index ¢. Then, the mixture values of a and b are determined from the
species values a; and b; and the mole fractions X; of the species as follows:

a=3N 2N XX (0,0)°5(1 = kyy) 5 b=EN Xb; (4)
and
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The extension to multicomponent gases will not be considered here. However, Equations 4 and 5 show that it would
be straightforward.



B. Enthalpy and Entropy Departure Functions

The specific enthalpy h (or enthalpy per mole h = Wh) deviates from the ideal-gas specific enthalpy h* (or h*) at
the same temperature. For the SRK case, the enthalpy h satisfies the following relation:

T(da/dT)—a, Z+ B
e (6)

Useful background information is given by [10]. It can be shown from Equation (4) that, for a single species,
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The enthalpy relation can be developed a little further using these definitions.
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Using the departure function, the entropy change between states 1 and 2 from the value for an ideal gas may be
described [10] as follows:
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The speed of sound is evaluated for our specific equation of state in Appendix A.

III. SHOCK RELATIONS

The conservation equations for mass, normal momentum, transverse momentum, and energy across the shock wave
can be stated in the following forms.

PLUL= polls =M (10)
p1ui + p1= pauj + p2 (11)
w1= W2 (12)

hy 4 u? /2= hy +u2/2 (13)

where u and w are the normal and transverse velocity components, respectively. Subscripts 1 and 2 pertain respectively
to conditions on the upstream and downstream sides of the shock. Upstream conditions for p1, hy, p1,u1, and wy are



related to the downstream values ps, ha, p2, us, and we. The other variables T7 and T» can also be readily determined
from the equations of state.

An examination indicates that 4/p/p and V'h are the characteristic velocities appearing in the momentum equation
(11) and energy equation (13), respectively. Fortunately, with the calorically perfect gas, those two values are directly
proportional to each other and to the sound speed ¢ over all upstream thermodynamic property values. Thus, sound
speed is the characteristic velocity for the perfect gas. The ideal-gas shock strength (measured by the magnitude of
the jump across the shock in the value of any thermodynamic property) decreases as shock velocity decreases towards
the sonic speed and goes to zero as the sonic speed is reached. For the real gas, the values of /p/p, Vh, ¢, and
VT will not be directly proportional to each other. Thus, a different behavior might be expected because no single
characteristic velocity appears through the equations. So, the question remains about whether the Mach number
will be more informative than other non-dimensional velocities. It is widely stated that the weak shock propagation
velocity goes to the sound speed in the limit as its strength goes to zero. However, typically, the literature shows by
theory that the limiting shock velocity as Ap — 0 is the sound speed only after the perfect-gas EoS is assumed [11].
A proof that does not depend on the choice for the EoS is shown in Appendix B; the sound speed in the limiting
speed for the real gas just as it is for the ideal gas. Thereby, it is the sensible choice for a reference velocity.

A. Solution Method

The real-gas shock problem can be viewed as having ten flow properties: wu,p, p,h, and T on both sides of the
shock. The equations give seven constraints: three conservation equations (10, 11, 13) applied across the shock and
the thermodynamic relations (1) and (6) applied on each side of the shock. (The transverse velocity and transverse
momentum equation (12) are dismissed here.) Thus, three conditions must be imposed. Upstream pressure p; and
upstream temperature 77 will be chosen to characterize a parameter case. Through the thermodynamic relations,
the other upstream thermodynamic variables hy, Z;, and p; become known for that case. The downstream density
p2 value will then be chosen and varied over a range of interest, i.e., pa/p; > 1. With the known densities, the
velocity ratio ug/u; is determined easily from the continuity equation (10) and us can be eliminated from the two
other conservation equations (11, 13) by substitution. Then, the momentum and energy equations can be combined
to eliminate uy yielding

ho — h 1
2 1:_(1+ﬂ :P2+P1 (14)
P2—p1 2p1 P2 2p2p1

where the right-hand side is now known. Equation (14) presents the classical Hugoniot relation. Now, substi-
tution for he in Equation (14) using Equation (6) gives a non-linear two-equation system, together with Equa-
tion 1), to determine py and 7. Numerical solution is needed and provided by the fsolve Matlab function:
https://cn.mathworks.com/help/optim /ug/fsolve.html After determining ps and T, Equation (6) will yield hs.
Once all of these thermodynamic variables are known, the momentum and energy equations (11, 13) will give u; and
ug values pertaining to the chosen ps value. This completes the solution for all primitive variables. Non-dimensional
variables can be determined easily from these results.

Equations (10) and (11) can be combined to eliminate the velocities, thereby yielding the relation for the Rayleigh
line.

1 1
2
p2—pr=m"(— — — 15
(Pl p2) (15)
The intersection of the Hugoniot relation and Rayleigh line determines the thermodynamic conditions behind the
shock. This is not surprising since those two statements result from the conservation equations that describe the
jump conditions for the shock.

B. Rankine-Hugoniot Relation

Let us examine same general features of the solution that are independent of the choice of EoS. Equation (14) can
be rewritten using the following definitions: Ah = ho — h1, Ap = pa — p1, and Ap = pa — p1. Also, p* = (p2 + p1)/2.
Then, Taylor expand each of p; and ps in the denominator about p*. Also, expand ho, h1,p2, and p; about the same
point. If follows that Ah/Ap = 1/p* +O([Ap]?) where Ap, Ah, and Ap are of the same order. Thus, comparison with
fundamental relation T'ds = dh — (1/p)dp demonstrates that entropy gain across the weak shock is O([Ap]?®) without
regard to the particular equation of state.



Equation (14) can be reformulated as

ha D1 P1y P2

hy b 2p1hy (t+ Pz)(pl Y (16)
In general, this cannot lead to a result where ps/p; is simply a function of p2/p; and + such as we obtain for a
perfect gas. That is, ho/hy is not simply a function of pe/p1 and p2/p1 and pi1hy/p1 is not a constant. So, the
generalization of the Rankine-Hugoniot curve does not give an impressive canonical form. This finding is consistent
with the dependence on upstream conditions seen in Subfigures 4a, 4b, and 10a.

It is convenient to define and evaluate non-dimensional ratios which take the value of one for the ideal gas but will

vary with p and T for the real gas. Already, there is the compressibility factor Z = p/pRT. Now, the following ratios
are added:
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Only three of these five ratios are independent, e.g. n =T/u,v = Zu/T. Now, ha/h1 = (p2/u1)(p2/p1)/(p2/p1) which
can be substituted in Equation (16) to yield
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For the ideal gas, with p; = p2 = 1, pa/p1 becomes a function only of v and ps/p;. However, for the real gas, it
also depends on po/py and py. Thus, a different Rankine-Hugoniot curve results for different upstream conditions.
Equation (18) indicates that the pressure ratio pa/p; will become infinite when pa/p; increases to a certain maximum
value given by
2

@’ e (19)
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The implication is that ps must reach an asymptote if po reaches a maximum. Also when ps = 1 for the ideal gas,
the maximum density ratio becomes (y+1)/(y — 1).

C. Modified Prandtl Relation

We can define the velocity ¢* and stagnation enthalpy h° following normal practice.

u? u? v+1
he=hi+— =hy+ 2 = --———c* 20
R R e (20)
From Equations (17), (B-1). and (20), the following can be written
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Convenient multiplication of the two major terms on the right by u; /u1 and ug /uz, respectively, allows the development
of a new relation

YL ? (- up)(p? - 6% L= 1 pug — pouy (22)
2y uiug H1UL — M2l2 2y piur — pous

where px = (pu1 + p2)/2 and 6 = (2 — p1)/2. Equation (22) presents the modified-Prandtl shock relation. For the
perfect gas where y; = ps = 1, the above relation becomes ¢*? = ujus.



For the parameter range where || << 1, an approximation can be constructed, neglecting quantities of O(52).
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Hence, the limiting velocity for the weak shock as ux — p1,d — 0, and us — w1 should be
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Consequently, for the perfect gas, a relation results which is clearly consistent with previous findings [11].
Sp=c"=2(y=1ho/(y+1)=+/2(v (y—1)+c2/2l/(y+1) =c1.

D. Non-dimensional Shock Relations

It can be shown that normalization using critical values of pressure and temperature leads to a system of equations
in non-dimensional variables that has a greater degree of similarity across different gases. For example, it follows
readily from Equations (1), (2), (4), and (5) that, for the same values of p/p.,T/Tc, and w, the same values of A, B,
and Z result. Then, the following normalization scheme can be employed:
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Then, Equations (10, 11, 12, 13) can be rewritten as
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The functions f and g depend only on p and T through A, B, and Z. j brings a dependence on y — 1. See Equations
(A-6) and (A-12). Consequently, specification of p, T, and S(w) determines h,3, and ¢ Since S is a weak function
of w, we can expect different gases at the same values of p, T, and v to behave almost in a similar fashion. Also, the
different behaviors for monatomic, diatomic, and triatomic gases at the same values of p and T primarily be due to
differences in ~ values.

E. Riemann Invariants and Weak Shocks

Consider one-dimensional, unsteady wave motion with isentropic conditions. The continuity and momentum equa-
tions may be written in (x,t) space as

A(In p) dnp)  Ou
ot Yo + or 0;
Ju ou  59(In p)

a Yor T s

=0 (32)



Define

c=
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et / Sap (33)

with the understanding that ¢ and p are related along an isentrope in this integration. Multiplication of the continuity
equation by c followed by sequential addition and subtraction with the momentum equation yields

ol or,
o Tt =0
o1_ ol_
where
I =u+ 7716 ;
I_=u- %é (35)

Thus, these modified Riemann invariants I, and I_ are constant along the paths dz/dt = u + ¢ and dx /0t =u — ¢,
respectively. Lighthill [12] has discussed the integral of 1/(pc) over pressure and its role in invariancy. However, only
results for a perfect gas were given. For the isentropic process, (1/pc)dp = (¢/p)dp. For the perfect gas, integration
readily shows that ¢ = ¢ for the indefinite integral (and ¢ = Ac for the definite integral.).

For the real gas, the evaluation of ¢ from the integral given by Equation (33) requires coordination with the
integrations of p, T, and Z along an isentropic path. From Equations (A-11) and (A-14), we have dT' = (8T'/p)dp and
dp = c*dp. Substitution can be made in Equation (A-2) to obtain dZ = Z[c?/p — (1 + 3)/pldp along the isentropic
path.

The evaluation of ¢ can be thereby made through simultaneous solution of four coupled first-order ODEs between
an initial and a final value of the independent variable, chosen here to be p.

de ~v—-11

dp 2 pc

dp

dp ¢
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dp P pc

ar _pT (36)
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Initial conditions are zero for ¢ and the upstream values p1,p1, Z1, and T3 for the other properties. The solution
values can be considered as running values of the end-state for differing values of pa/p;.

If a weak shock were travelling in the positive = direction, the function I_ should remain constant across the shock
through second order in the pressure jump since the entropy jump is third order. The velocity jump across the weak
shock should approximately be

Aur ——AE
v—1
The value of this velocity change is positive for a wave travelling in the positive x direction. Here, the integral to
evaluate ¢ will have upper and lower limits set by downstream and upstream conditions, respectively. The shock
relation (B-1) gives exactly the magnitude of the velocity jump as |Au| = (p2 — p1)/(p1u1). These two values for
velocity jump can be compared for the same jump in pressure to test the weak shock assumption using Riemann
invariants.

(37)

IV. RESULTS

A. Normalized Velocities

From the examination of the conservation equations only, i.e., Equations (10), (11), and (13), three characteristic
velocities appear explicitly: /p/p, V'h, and Vhe. The last property is proportional to ¢* which will used in its place.
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For the perfect gas, Vh, v/ p/p, and ¢ are directly proportional to each other. So, the three normalized velocities,
Mach number M = u/c,u/\/vp/(p), and u/+/(y — 1)h give identical values and all take unity value as shock strength
goes to zero. (The functions of v are included in two of these normalizing velocities so that the speed of sound results
in the limit of a perfect gas.) The fourth normalized velocity u/c* generally has a different value from the others
except at zero shock strength where again u/c* = 1. One might get the sense that the sound speed is coincidentally
important for the perfect gas but inconsequential for the real gas. However, the examination in the previous section
shows that the relevance of the sound speed exists but is hidden in the thermodynamics. It is actually +/p/ Vh,
and ¢* which lose consequence as characteristic velocities for the real gas while the importance of ¢ remains. More
discussion on these points are given in Subsection IV D.

In the presentation of our computational results, the Mach number will be used as the normalized velocity.

B. Shock Solutions

Various choices are made for upstream conditions in the ranges from 200 K < 77 < 800K and 10 bar < P; <
500 bar. All cases have supercritical temperature. One case has the 10-bar subcritical pressure with the value of a
comparison with a “near-perfect” gas. Five different cases for upstream pressure and temperature are given in the
Figures 1 through 4.

Figures 1 and 2 show how the upstream and downstream Mach numbers M; and M, vary with pressure ratio for
nitrogen at various upstream conditions. The monotonic increase of M; with increasing pressure ratio is slightly
less as upstream pressure increases and/ or downstream temperature decreases. The monotonic decrease of My is
less affected with upstream pressure change but becomes slightly less as upstream temperature decreases. Ms moves
towards a constant asymptote as pressure ratio increases while M; continues to increase. The Ms asymptote appears

to be close to the ideal gas value of \/(y —1)/(27).

Figure 3 shows that entropy goes to zero at the point where the shock strength goes to zero for all cases in Figures 1
and 2. Although not shown, the calculated entropy jump would be negative at lower shock speeds where (prohibited)
expansion shocks are predicted. The entropy gain is higher order in the jump value for pressure, velocity, or other
variables; i.e., it decays more slowly to zero. At a given pa/p; or Mj, the entropy gain is relatively insensitive to
p1 but increases as T7 increases. At a fixed ps/p; with increasing Tj, the value of M; increases modestly while ¢;
increases faster; thereby, there is more kinetic energy u?/2 to be dissipated, leading to the greater entropy gain.

Figure 4 shows pressure ratio versus density ratio for various upstream conditions. Unlike the perfect gas at a
given value of -, one curve does not apply to all upstream conditions for a given gas . Strong dependence on both
p1 and T3 is seen. The pressure ratio still goes towards infinity at a finite maximum value for density ratio. The
maximum density ratio decreases with increasing p; and decreasing T7. This limitation on maximum density is where
the strongest departure from the ideal gas is seen.

The density ratio reaches a maximum value as predicted by Equation (19). Essentially, the amount of compression
of volume is limited no matter how high the pressure becomes. For the real gas, the parameter B affects this limit.
B increases with p and decreases with T explaining how compression becomes more constrained at higher p; and
lower T;. The abscissa of Figure 4 is equivalently wj /us. So, it is seen that velocities are very sensitive to upstream
conditions.

The behaviors of four gases at identical upstream conditions are compared in Figure 5: the two diatomic gasses,
nitrogen and oxygen, the monatomic argon, and the triatomic carbon dioxide. Only the lower values of pressure
ratio are considered; we expect strongly different behaviors closer to the values that produce maximum density ratio.
The two diatomic gases have identical values of v and values of the acentric factor w (more importantly S(w)) and
molecular mass W closer to each other than to the values for argon or carbon dioxide. The latter two gases have
significant differences in their values for both v and S(w) but similar values for W. The three sub-figures show that
oxygen and nitrogen follow very similar behaviors while the largest differences occur between the results for argon
and carbon dioxide. We already know that ~y is an important value for the ideal gas and there is evidence here that it
is true for the real gas as well. W does not appear to be a significant parameter in these plots since argon and carbon
dioxide have different tracks in the plots. We are left with some uncertainty about the importance of w.

For the applications of interest here, the behavior of the shock solutions with the SRK EoS is expected to satisfy
the convexity condition which avoids unusual behavior such as wave splitting [2]. The convexity condition is given
by the relation §%p/dv?|s > 0 for the downstream properties of the shock where v = 1/p. This condition is satisfied
if both dp/dp|s = ¢ > 0 and 9p/dp?|s > 0. The former condition is obviously satisfied by a positive value of ¢ and
Figure 5 gives a heuristic demonstration of the latter condition.
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Fig. 1 Shock upstream and downstream Mach numbers for nitrogen at various upstream pressures p; = 1

MPA, 10 MPa, 50 MPa; and T1= 400 K. (a) Mi; (b) M- .

C. Behavior of Downstream Velocity

If density ratio reaches a limiting maximum value, the continuity equation with Equation (19) assure that u;/us
reaches a maximum value. In particular,

Uy _ 2912

Ug ' mAxX ,Y_l

~1 (38)

Consequently, as sufficiently high values of pa/p1 are reached, us will monotonically increase with po/p;. This trend
occurs regardless of upstream conditions and applies also to the ideal gas.

Figure 6 compares downstream velocity behavior for three sets of upstream conditions. The behavior for 77 = 400
K and p;= 10 MPa is most common and qualitatively similar to the ideal-gas behavior. Namely, the limiting density
ratio is not so small, say greater than 5, and the downstream velocity decreases with increasing ratio until, at higher
density ratio, it increases. For a substantial increase in p; or a substantial decrease in 77, the behavior changes. In
particular, the limiting density ratio is decreased by a significant factor and us becomes monotonically increasing in
uq or pa/p1 for the complete range. u; and c2 are always monotonically increasing with pa/p; for common gases. The
linear asymptote for us as a function of w; is a predictable consequence of the velocity ratio reaching a maximum
constant value asymptotically as discussed before.
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Fig. 2 Shock upstream and downstream Mach numbers for nitrogen at various upstream temperatures and

p1i= 10 MPa. (a) 71 = 200 K; (b) 71 = 800 K.

D. Departures from Ideal-gas Behavior

The five non-dimensional ratios discussed early give useful information about where the departure from ideal-gas
behavior is stronger. Figures 7, 8, 9 show 'y, 12,72, Zo, and s versus pressure ratio. At pa/p; = 1, the values
apply to the upstream conditions. The departures from values of one indicate the variations from ideal gas behavior.
Departures are seen to increase with increasing ps/p; or equivalently with increasing M;. They can become O(1) at
high pressures an/or low temperatures. At any upstream state, the departure magnitude increases with increasing
p2/p1 or My, reaching an asymptote for some ratios. The greatest departures occur with I' and v while the lowest
departures occur with Z and pu.

There are certain implications from the behaviors seen. Since Z; and po are reaching asymptotes, 75 should
asymptote linearly with ps. (7 — 1)h and p/p are better aligned with each other than with ¢2. So, the modifications
of Prandtl’s relation and the Rankine-Hugoniot relation which both depend on p values might not be as large as some
other factors. The larger variation of ¢ together with the small changes in M values implies that the variation in u
must be very significant.

The case in Figure 9 is interesting because it likely will apply to flow around compressor blades in the high-pressure
gas-turbine engines of the not-so-distant future. It demonstrates that departures from ideal-gas behavior can be
significant there.
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Fig. 3 Entropy vs. Shock Mach number for nitrogen at various upstream conditions. (a) 71 = 400 K; p; =

1, 10, 50 MPa. (b) p1 = 10 MPa ; T, = 200, 400, 800 K.

E. Near-similar Behavior

A comparison amongst argon, oxygen, nitrogen, and carbon dioxide is made holding the ratios p;/p. and T /T,
fixed at 8.00 and 2.00, respectively. v is identical for both oxygen and nitrogen. Except for the slight (6 % ) difference
in the values of S(w), mathematical similitude of the non-dimensional variables could be claimed for oxygen and
nitrogen. Of course, only near-similitude can be expected. Argon and carbon dioxide differ in the values of both ~
and S(w) from each other, oxygen, and nitrogen by larger percentages. Figure 10a shows that the Rankine-Hugoniot
curves (pressure ratio versus density ratio) are almost identical for oxygen and nitrogen. The RH curves are notably
different for argon and carbon dioxide, indicating the important role of v here. The curves for oxygen and nitrogen
are extremely close while the argon and carbon dioxide curves show respectively a larger and smaller pressure ratio
for the same density ratio. Downstream Mach number as a function of upstream Mach number is presented in Figure
10b. Figures 10c and 10d show that for the same upstream or downstream Mach number, the monatomic (triatomic
) species yields a larger (smaller) pressure ratio than the diatomic species. This limited study indicates that the
critical values of pressure and temperature and  are more important than the acentric factor w in determining shock
solutions.
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Fig. 4 Pressure ratio vs. density ratio for nitrogen at various upstream conditions. (a) 7% = 400 K; p; = 1,

10, 50 MPa. (b) p1 = 10 MPa ; T) = 200, 400, 800 K.

F. Comparison with Other Real-gas Normal Shock Calculations and Experiment

Solutions for normal shocks for an SRK gas were first analyzed by [8] using a linear approximation of the cubic EoS.
The nonlinearities of the flow conservation equations were fully preserved but the solution of the cubic equation was
given by Z =1+ B — A which is a valid linear approximation when A << 1 and B << 1. Here, we compare results
for our exact results with the approximate results for nitrogen with p; = 5 and 10 MPa and 77 = 400K. In Figure 11a
the Rankine-Hugoniot curves are shown. Again, for higher upstream pressures, a higher pressure ratio is obtained for
the same value of density ratio with both the exact and the approximate solutions. For an upstream value of p; = 5
MPa, the error in the approximation is small. However, the error for p; = 10 MPa is more substantial because the
values of A and B become larger. Figure 11b shows downstream Mach number M; versus upstream Mach number
M. Again, the error with the approximate solution is modest for p; = 5 MPa but becomes significant at 10 MPa. As
expected from previous calculations, the Ms versus M; curve for the exact solution is insensitive to p;; however, the
approximate solution shows more sensitivity, indicating an error. Of course, the ideal gas curves for both subfigures
would not vary with upstream pressure or temperature for a fixed gas.

Table IT compares the present nitrogen results, now designated by subscript S, with the results for air of Kouremenos
and Antonopoulos [5], now designated by subscript K A. Ratios of pressure and temperature plus downstream Mach
number are compared for certain upstream Mach numbers. The K A computations were done for a normal shock using
the Redlich-Kwong EoS while the S results treat a normal shock using the Soave-Redlich-Kwong EoS. The quantitative
KA results were interpreted from the graph in Figure 2 of their paper; so, the number of trusted significant digits is
limited. Table II shows that the two results compare favorably. For the chosen range of M;, Z5 varied from 1.02 to
1.06 in the S results, increasing with M7; and the downstream pressure, temperature, and density were each lower
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TABLE II: Comparison with Kouremenos and Antonopoulos [5] normal shock calculations. Values for
upstream Mach number, downstream Mach number, temperature ratio, and pressure ratio.

Upstream values were 700 K and 4 MPa.

My |Mzga| Mas |(Ti/T2)ka|(T1/T2)s | (p1/p2)Ka|(p1/P2)s
1.5]| 0.70 |0.700 0.77 0.757 0.40 0.404
2.0| 0.58 [0.577 0.60 0.593 0.23 0.221
2.5 0.52 |0.514 0.49 0.470 0.15 0.140
3.0| 0.47 (0.476 0.39 0.375 0.10 0.0966
3.5] 0.45 [0.452 0.31 0.303 0.07 0.0706
4.0| 0.44 10.435 0.26 0.248 0.06 0.0557

than the value yielded for the ideal gas, with the difference increasing with M;.

Experimental evidence for shock waves at very high pressures is limited. Some comparison can be made with the
experimental results of Dattelbaum et al. [13] for a shock in Argon generated by gas-gun-driven plate impact. A
comparison can be made at conditions below which they find that ionization becomes a factor and the downstream
density exceeds the theoretical asymptote for non-ionized conditions. First, the results at the highest upstream density
value of p; = 56.3kg/m? were considered with T3 = 293.8 K. The calculation shows an asymptote for pa/p; = 3.489
as shock velocity is increased. This is notably below the ideal-gas asymptotic ratio equal to 4.000 which applies for
any upstream values. In the calculations here, density ratio is an input; so, only the lowest value of shock velocity at
the asymptote was yielded which is u; = 1945m/s. The experiment of Dattelbaum et al. does not reach velocities as
low as this value; see their Figure 2b. For this upstream density value, they show only results where ionization was
a factor and higher density ratios were obtained. The calculated results here does agree well with the fit they show
using their Sesame 5172 database for the equation of state. Next, the results at their lowest upstream density value
of p1 = 24.9kg/m? are considered with T} = 295.8K. Here, the calculated asymptote is p2/p1 = 3.70 with the shock
speed u; = 2290m/s which agrees well with the results in Figure 2b of Dattelbaum et al.

G. Comparison with Weak Shock Approximation

From solutions to Equations (36) and (37) and the relation Z = p/(pRT), the approximations to density ratio,
pressure ratio, and velocity jump across the normal shock may be determined. In Figure 12a, the velocity jump
u1 — ug is calculated for a real gas over a range of shock strengths as described by pressure ratio. Nitrogen at
upstream condition 10 MPa and 400 K is considered. Three methods are compared: the exact solution outlined in
Subsection IIT A, the approximate method described in Subsection IIIE using the Riemann invariant developed for
the real gas, and the inappropriate approximation which uses the Riemann invariant in a form developed only for
the ideal gas with ¢ replaced by co — ¢;. Figure 12b shows the Rankine-Hugoniot curve with comparison between the
exact solution of Subsection III B and the approximate method of Subsection IITE.

The use of the classical form of the Riemann invariant for weak shock estimation is seen to lead to great error
because ¢ is substantially smaller than ¢, — ¢;. The modified Riemann invariant allows for a very good approximation
with a pressure ratio below 1.5 and errors of only a few percent at pa/p; = 2.0. The isentropic approximation based
on the modified Riemann invariant underestimates the magnitude of the velocity difference and overestimates the
density ratio for a given value of the velocity ratio. Through the continuity equation, this can readily be shown to
imply that both us and u; are underestimated. This finding is consistent with expectations based on thermodynamic
constraints. For a given pressure increase, the non-isentropic process requires a larger enthalpy increase. The change
in enthalpy across the shock equals the change in kinetic energy per unit mass; thus, the non-isentropic process yields
the larger velocity change.
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V. CONCLUDING REMARKS

The Soave-Redlich-Kwong (SRK) equation of state relations for real-gas density, enthalpy, and entropy relations for
argon, nitrogen, oxygen, and carbon dioxide are used to analyze normal compressive shockwaves under supercritical
upstream thermodynamic conditions. Upstream pressure and temperature vary from 10 to 500 bar and 160 to 800 K.
At high pressures, the flow does not follow the calorically-perfect-gas behavior.

The /p/p and V/h are characteristic velocities that appear in the primitive form of the conservation equations.
For the perfect gas, those quantities are directly proportional to the sound speed, allowing direct substitution of the
sound speed in the conservation equations. This cannot happen for the real gas. A new thermodynamic function is
identified for the real-gas sound speed. Although the sound speed does not emerge directly from the conservation
equations as it does for a perfect gas, the shock speed is shown to go to this limiting value as shock strength goes to
zero. Thus, the sound speed remains as the proper characteristic speed. The deviation of the sound speed ¢ from the
values of \/vp/p, /(v — 1)h, or /YRTm cab be very substantial at higher pressures.

For the real-gas, modifications are obtained for Prandtl’s relation and the Rankine-Hugoniot relation. The upstream
and downstream shock velocities, u; and wus, for the real gas do not go to ¢+ as shock strength goes to zero (i.e.,
p2/p1 — 1). The maximum density ratio p2/p1|mas decreases and the minimum velocity ratio us/u1|msn increases as
upstream pressure increases or upstream temperature decreases. Thereby, the largest deviations from a normal shock
in an ideal gas at the same pressure ratio appear in the downstream density, the shock velocity, and the downstream
velocity. Differences in upstream and downstream Mach numbers are smaller.

The SRK real gas has the parameters for the critical values p.,T., and the accentric factor w in addition to the
specific-heat ratio v and molecular mass W which also appear for the perfect gas. Near-similar solutions are developed
by normalization of the variables using critical values for pressure and temperature. For the normalized solutions,
~ has a significant effect as it does for the perfect gas. However, nitrogen and oxygen give near similar behaviors
indicating that w and W carry less importance. Argon and carbon dioxide have molecular masses within ten per cent
of each other (a lower fractional difference than oxygen and nitrogen) but a substantial difference in v, leading to
significant differences.

These exact solutions are compared with approximate solutions obtained via a linearization of the cubic equation of
state [8] for deviation from ideal-gas behavior. That approximation is built on the constraint that the compressibility
factor Z satisfies Z — 1 << 1. The approximation with nitrogen is shown to perform well at 5 MPa but not so well
at 10 MPa.

The results here for nitrogen are shown to agree well with results by [5] who used the Redlich-Kwong EoS for air.

Holding one Riemann invariant constant through a weak shock, a comparison is made with the weak shock approx-
imation. A new real-gas Riemann invariant must be constructed. The new function ¢ = [(y —1)/2] [(c/p)dp replaces
the sound speed ¢ in the modified Riemann invariant. At pressure ratios below 1.5, a good approximation is given by
the approximate isentropic solution with the constant Riemann invariant.

A foundation is presented for use with other cubic equations of state, multicomponent flows, and / or for more
complex flow configurations.

This research was supported by the Air Force Office of Scientific Research under Grant FA9550-15-1-0033.

APPENDIX A: SOUND SPEED

Now, the speed of sound can be evaluated for our specific equation of state. The differential form of Equation (1)
is obtained as

372 -2Z+ A~ B—B?*dZ+[Z — BlJdA—[Z+2BZ + AldB =0 (A-1)

Changes in A and B are forced by changes in 7" and p for constant-composition situations. These in turn cause
changes in Z. It follows from the EoS that

g Ao ATy pdp dp AT ;
dZ_Z[p+v T]—Z[p ; T] (A-2)
_pdp L dT ,dT i
dA_A[p 20|+ A= (A-3)
_ rdp dT

where A’ = (T'/a)(da/dT)A.
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Equations (A-1, A-2 , A-3) and (A-4) may be combined to determine the differential of pressure dp as a function
of the temperature and density differentials, dT" and dp. Specifically,

d dp dT
P~ B, 2)=>+9(B.2) 7 (A-5)
p

where the definitions are made that

27% - 7%+ AB

A B, 7Z) =
1 A
B,Z A-6
g )= Z-B Z (Z + B) (A-6)
From Equation (6), the differential relation for enthalpy is derived.
R, T dr A-—A 1 1
A-A 1 A" Z+ B.dT
" Z+BdB+( In=— )7} (A-7)
From Equation (9), the differential entropy becomes
dslidear v dT dp
R ~—-1T p’
. _ I
ds :ds|1dea1 dZ —dB i( 1 —l)dZ
R R Z —B B*Z+B Z
A1 A" Z+ B.dT
As a check on the real-gas analysis here, another relation given by the combined First and Second Law is used.
d
P _ gh — Tds (A-9)
p

Substitution for dh and ds from Equations (A-7) and (A-8) and use of (A-2, A-3, A-4), after substantial cancelations
and simplification using (3), yields
dh — Tds dp A n Z }
RT pRT Z+B ' Z-B
Thus, the consistency with fundamental thermodynamics is demonstrated Wthh will become important later in
determining the limiting speed of a shock as its strength (e.g., pressure jump) goes to zero.

Now, with use of the differential forms given by Equation (A-2, A-3, A-4) for substitution into Equation (A-8), it
follows that

dp _

=-[Z+ (A-10)

dT d 1
T _ ydp

= d A-11
T p  Cy+EK y ( )
where the following definitions are used:
= (v—=1)Zg
T 1+ k/ey
A" Z+B
Kk =cy(y — l)fln( —Zi_ ) (A-12)
Eliminate the temperature differential by substitution from Equation (A-5) with Equation (A-11).
dp
— ds A-1
=(f+ ﬂ) + P (A-13)
Thus, this results shows by using the chain rule that
Op ZR T
¢ =], = = (f +95) (A-14)

“op's

The development of the wave equation for an inviscid fluid (in either linear or nonlinear form) shows that ¢ = 1/9p/9p|s
is the wave speed, commonly named the sound speed. For an ideal gas, Z =1, A=B=A"=A"=0,f=¢g=1,a=
0,8 =~ — 1 and therefore the well known result, ¢> = yR,T/W, follows.
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APPENDIX B: CHARACTERISTIC VELOCITY

The continuity and momentum equations (10, 11) can be combined to yield

2P1

p2 — p1 = prui(ur — uz) = Ulg(m —p1) (B-1)
Thereby,
A
A—I; =u? 4+ O(Ap) (B-2)

This implies that the limiting shock speed, identified here as Sy, as Ap — 0 is given by the limiting value of u;. That
is

_ Ap
SL =u ’Ap,Ap%O = A_p ’Ap,Ap%O (B_3)
The proper characteristic speed that gives the limiting velocity of a weak shock wave can be obtained by examining
the limiting behavior of the constraints of Equations (14) and (B-1) which were developed from the conservation
equations without regard to any particular EoS.
It follows from Equations (6) and (9) that, after certain cancelations and neglect of other higher-order terms,
Ah —TiAs AT+ Ap AZ-AB A

2 e Y e e B-4
RTy Ty p1 Zy — By B1( Z1 + By VAl ) (B-4)

Now, Equation (3) can be used to substitute for A;/(Z; + Bi) in the last term of Equation (B-4). Also, Equations
(A-1, A-2, A-3, A-4) are used to relate AT /Ty, AZ/Z1,AA/A;, and AB/B; to Ap/p1 and Ap/p;. The result is

A
Ah—TlAs—p—f :Ah —Zl%
RTl RTl b1
f1 2 Ap
= 1+ =+ (y—1)g3Z: | ==
(v — g v = Ngin p1
1 A
o 2 ®5)

where f, g, and k are defined in Equations (A-6) and (A-12). Note that, since As is actually of higher order, Equation
(B-5) is giving the limiting behavior of Equation (14). Thus, the following limiting behavior for the propagation speed
is actually influenced by each of the energy, momentum, and continuity constraints.

The left side of Equation (B-5) is known from Equation (14) to become zero in the limit as Ap — 0. So, the right
side must yield zero in that limit as well which gives the relation

(v - 1)922}
1+ k/cy

Ap

=L _|P
Ap Ap,Ap—0

ol (B-6)

where the definition of the thermodynamic function Sz, providing the limiting shock speed Sy, is obtained by matching
the results from Equations (B-3) and (B-6).

0.5

SLE

(r—1g°Z } (B-7)

1+ k/cy

A

Compare this result with the relation given by Equation (A-14). This limiting shock speed is precisely the sound
speed based on the upstream pressure and temperature. The perfect gashas f=g=Z=1and A/ =B =k=0
yielding Sy, = (vp/p)°® = ¢, the sound speed.

Lighthill [12], following Hugoniot, gives a parallel argument using internal energy and specific volume instead of
the enthalpy and density used here. He also shows graphically how entropy gain is related to the pathway between
upstream and downstream conditions.
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Fig. 5 Four-gas comparison at the same upstream conditions: 77 = 400 K; p; = 10 MPa. (a) Pressure ratio

vs. density ratio; (b) M; vs. pressure ratio; (c) M; vs. pressure ratio.
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conditions and pressure ratio: (a) Rankine-Hugoniot curves; (b) downstream sound speed vs. pressure ratio;

(c¢) downstream velocity vs. pressure ratio; (d) downstream velocity vs. upstream velocity.
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Fig. 10 Comparison of nitrogen, oxygen, and carbon dioxide for pi/p. = 8.00, 71 /7. = 2.00. (a) Pressure ratio

vs. density ratio. (b) Downstream Mach number vs. upstream Mach number. (c) Upstream Mach number

versus pressure ratio. (d) Downstream Mach number versus pressure ratio.
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Fig. 12 Comparisons between exact shock solution and weak-shock approximation for nitrogen at upstream

conditions of 400 K, 10 MPa. (a) Velocity jump vs. pressure ratio; (b) Rankine-Hugoniot curve.
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