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The response of a laminar separation bubble to synthetic jet forcing with various modulation 

schemes is investigated via direct numerical simulations. A simple sinusoidal waveform is 

considered as a reference case, and various amplitude modulation schemes, including the square-

wave “burst” modulation, are employed in the simulations. The results indicate that burst 

modulation is less effective at reducing the length of the flow separation than the sinusoidal 

forcing primarily because burst modulation is associated with a broad spectrum of input 

frequencies that are higher than the target frequency for the flow control. It is found that such 

high-frequency forcing delays vortex roll-up and promotes vortex pairing and merging, which 

have an adverse effect on reducing the separation bubble length. A commonly used amplitude 

modulation scheme is also found to have reduced effectiveness due to its spectral content. A new 

amplitude modulation scheme which is tailored to impart more energy at the target frequency is 

proposed and shown to be more effective than the other modulation schemes. Experimental 

measurements confirm that modulation schemes can be preserved through the actuator and used to 

enhance the energy content at the target modulation frequency. The present study therefore 

suggests that the effectiveness of synthetic jet-based flow control could be improved by carefully 

designing the spectral content of the modulation scheme.  
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PACS:  47.85.L-, 47.11.Bc 

I. INTRODUCTION 

 

Over the last two decades, zero-net mass-flux (ZNMF) jets (also called `synthetic jets') have proven to be 

effective tools for separation control on low to moderate Reynolds number airfoils. Experimental studies have 

examined the effective actuator designs and non-dimensional frequencies for separation control, and have provided 

insights into the process by which the synthetic jet affects the separated shear layer and separation length [1-5]. 

Simulations have enabled a better understanding of the dynamics of synthetic jets, the response of the flow from the 

perspective of  hydrodynamic stability, and the phenomenon of lock-on observed between the frequencies of the 

shear layer, separated shear layer, and the wake [6-14]. In experiments, the jet (or carrier) frequency is generally 

chosen to be close to one of the natural frequencies of the actuator to increase output. Since this frequency can be 

orders of magnitude higher than the frequencies effective for separation control, modulation of the carrier waveform 

by a low frequency waveform, either via a square wave or sine wave corresponding to burst or amplitude 

modulation, respectively [15], is often used to generate the desired low frequency input via nonlinear interaction. 

This modulation frequency is generally set such that an integer multiple N periods of the carrier signal occur within 

one period of the modulated signal, i.e. 1/fm =N/fc where fc is the carrier frequency of the actuator and fm is the 

modulated frequency for the flow control.  The duty cycle (DC) corresponds to the fraction of time during which the 

actuator is powered on over one period of the modulation signal. Amplitude modulation is also sometimes employed 

to avoid abrupt on/off control and provide a smoother waveform [16, 17]. Examples of these synthetic jet 

waveforms are shown in Fig. 1. 
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FIG. 1. Synthetic jet profiles. SIN: sinusoidal actuation (Eq. 2), BM: burst modulation with fm=1, fc=10, N=10, and 

DC=50% (Eq. 3), AM: sinusoidal amplitude modulation with fm=1 and fc=10 (Eq. 4).   
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While the overall control effectiveness of various modulation schemes has been examined in past studies [15], 

the effect of the synthetic jet modulation on the flow-physics associated with separation control remains relatively 

unexplored. In most simulation-based studies, owing to the additional computational cost of resolving the high 

actuator frequency, only the modulated signal at target flow control frequency, fm is modeled, often with a simple 

sinusoidal time-varying signal [12, 13]. Although this has proven to be a useful approximation, it is not precisely 

equivalent in either the jet momentum flux or in the dynamical response of the flow. This likely contributes to some 

of the discrepancies in control effectiveness often observed between experiments and simulations, where the 

baseline uncontrolled flows otherwise agree well.   

In the present study, to understand these differences and to guide efforts for designing more effective synthetic 

jet modulation schemes, the effects of synthetic jet modulation on the response of separation bubble are investigated 

using direct numerical simulations of a laminar separation bubble flow over a flat plate. Simulations with a variety 

of jet amplitude modulation schemes are carried out, and the effectiveness of each modulations scheme examined 

viz-a-viz the flow physics of the forced separation bubble. The culmination of these simulations is the analysis of a 

new modulation scheme that is demonstrated to be more effective for the control of separation. Preliminary 

benchtop tests with a zero-net mass flux actuator are used to examine the realizability and actuator efficiency of this 

newly proposed scheme. 
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FIG. 2. Schematic of a simulation set-up. 
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II. METHOD 
 
The separated flow configuration is modeled after recent experiments of separation control over an elliptical 

leading-edge flat plate with zero-net suction and blowing from the top of the wind tunnel to induce a transitional 

separation bubble [15, 18]. The present simulations focus on the region near the trailing edge of the flat plate where 

the flow separation and reattachment occur, including a few boundary layer thicknesses upstream where the ZNMF 

synthetic jet slot is located. Figure 2 shows the schematic of simulation set-up. The inflow condition is 

corresponding to a Rex = 66,000 in the experiment and a matching Blasius inflow with the appropriate boundary 

layer thickness is applied. Lengths are henceforth non-dimensionalized by the inlet boundary layer thickness, δ. The 

flow Reynolds number based on the inflow boundary layer thickness (δ) is Reδ = 1000. The domain size is 60δ in 

the streamwise direction (x) and 15δ in the vertical direction (y). The spanwise domain size is set to 8δ and a 

periodic boundary condition is applied in this direction (z). The adequacy of this spanwise domain size is assessed in 

Appendix B. Similar to the experiment, a sinusoidal suction and blowing profile is applied on the top boundary to 

generate flow separation and reattachment and the vertical velocity profile for the suction and blowing is given by 

[19] 

 ( ) ( ){ }( ) sin 2 ( ) / exp 2( ) / sb
s s s s s sV x V x x L a x x Lπ= − − − − , (1) 

where the following parameters are used: Vs=0.5U∞, xs=33δ, Ls=50δ, as=10, and bs=20. The streamwise velocity at 

the ceiling of the domain is determined using a no-vorticity boundary condition. The ZNMF synthetic jet is modeled 

using a simple slot where vertical velocity is imposed at the wall between x=1.5δ and x=2δ as shown in Fig. 2b. The 

temporal profile of synthetic jet velocity is given by  

 ,SIN max( ) sin(2 )mjV t V f tπ= , (2) 

for the sinusoidal jet, and 

 ,BM max( ) sin(2 )0.5[1 sgn{sin(2 ) sin( )}]j c mV t V f t f tπ π φ φ= + + − , (3) 
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for the burst modulation (BM) scheme, where φ={1-2(DC/100)}π/2 and DC (%) is the duty cycle. The commonly 

used amplitude modulation scheme [17] where the amplitude is modulated using a sinusoidal function is given by 

 ,AM1 max
1( ) sin(2 ){1 sin(2 )}
2j c mV t V f t f tπ π⎛ ⎞= +⎜ ⎟

⎝ ⎠
, (4) 

and is also examined in the current study. Over the synthetic jet outlet (1.5δ ≤ x ≤ 2δ), the vertical velocity (v) is 

spatially uniform and set to the jet velocity, Vj. The streamwise velocity (u) at the outlet of the synthetic jet is set to 

zero during the expulsion process (u=0 for Vj>0), but a Neumann condition is imposed during the ingestion phase 

(du/dy=0 for Vj<0) to ensure a more realistic velocity distribution near the jet exit [12]. 

Simulations are performed by solving the incompressible Navier-Stokes equations: 

 , (5) 

where  is the flow velocity vector, p is the pressure, ρ and ν are the density and kinematic viscosity of 

the fluid, respectively. The equations are solved by using an in-house 3D Cartesian immersed boundary solver, 

ViCar3D [20]. The solver has second-order accuracy in space and time and allows for both direct numerical 

simulations and large-eddy simulations. In this study, direct numerical simulations are conducted with a resolution 

of 512×128×32 in the streamwise, wall-normal, and spanwise directions, respectively. The mesh in the streamwise 

direction is non-uniform and employs 12 points across the synthetic jet exit. The vertical grids are stretched to 

cluster points inside the boundary layer where the minimum grid spacing is 0.02δ. This resolution is chosen based 

on the grid refinement study presented in the Appendix A. Given that the laminar separation bubble undergoes 

transition, the grid spacing in terms of wall-units is also provided: the average and maximum grid spacing in the 

stream and spanwise directions are found to be Δx+
,avg=3.9, Δx+

,max=15.6 and Δz+
,avg=6.2, Δz+

,max=20.8, and for the 

first grid spacing in the wall normal direction, the values are Δy+
1,avg = 0.25, and Δy+

1,max = 0.8. These values are 

within the typical range for accurate DNS of transitional wall-bounded flows. The flow simulations have performed 

on the MARCC (Maryland Advanced Research Computing Center) cluster using 64 CPU cores, and the simulation 

for non-dimensional time, 2000δ/U∞ took about 32 hours for the baseline flow with no control, and 40-50 hours for 

the control cases depending on modulation schemes.  



 
 

6

III. RESULTS AND DISCUSSION 

A. Baseline Separated Flow 
 
A simulation of the baseline separated flow with no control is performed and the flow structure at one time 

instance is shown in Fig. 3a. The plot shows how the laminar boundary layer separates due to the adverse pressure 

gradient induced by the steady suction and blowing from the top of the domain, rolls up and starts shedding 

spanwise rollers that quickly experience a secondary spanwise instability and breakdown into a turbulent flow near 

the reattachment location.  

The time averaged skin friction coefficient, Cf=τw/(0.5ρU∞
2), and the pressure coefficient, Cp=(p-p∞)/(0.5ρU∞

2) 

are examined in Fig. 3b to find the mean separation bubble length. The flow field is averaged in time for 2000δ/U∞ 

which corresponds to about 120 vortex shedding cycles. The flow in the separation region is laminar and nearly 

periodic, and thus the separation point can easily be determined by the first zero-crossing of the Cf, in the vicinity of 

the expected separation point. The flow in the reattachment region is, however, turbulent and highly unsteady with a 

wide range of spatial and temporal scales. This results in multiple zero-crossings of the Cf  in the separated zone, 

making it difficult to determine the reattachment point based on the skin friction especially when the time interval 

used for averaging is not long enough. Based on the fact that the wall pressure rises at the reattachment region [21], 

we define the reattachment point as the location of peak Cp. This criteria was employed in our previous study [22] to 

assess time-dependent changes in the length of the separation bubble with a short-term time averaging (for 1-2 

vortex shedding cycles), because it is less sensitive to the length of time interval and provides a robust estimation of 

the separation length. In the present study, we use the same criteria for the long-term time averaged flow (for about 

120 vortex shedding cycles) for consistency with the previous study. This definition is also deemed adequate for the 

purpose of comparison herein. The mean separation bubble length, Lsep is defined by the distance between the 

separation and reattachment points as shown in Fig. 3b. For the baseline flow, the separation point is located at 

x/δ=7.6 and the Lsep is found to be about 42.4δ.   

 The height of the separation bubble may be defined by the maximum displacement thickness (δ*) along the 

streamwise direction. The displacement thickness is calculated by 

 1*

0
1δ

∞

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∫

y u dy
U

. (6) 
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The integration in the wall normal direction (y) is performed only up to y1=6δ to exclude the effect of the suction 

and blowing on the top boundary. The profile of displacement thickness for the mean flow is plotted in Fig. 3c, and 

the separation bubble height (hsep) is about 5.3δ for the baseline flow.  
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FIG. 3. (a) Instantaneous vortical structure visualized by the iso-surface of the second invariant of velocity gradients (Q2) 

for the baseline (no control) case. Color contour represents the streamwise velocity. (b) Time averaged skin friction (Cf, 

solid line) and pressure (Cp, dashed line) coefficients profiles. The separation location is determined by the first zero-

crossing of Cf, and the reattachment point is identified by the peak Cp location. Lsep represents the mean separation bubble 

length. (c) Mean displacement thickness along the streamwise direction. The separation bubble height (hsep) is defined by 

the maximum displacement thickness.   
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FIG. 4. Velocity spectra at x/δ=40 & 50, located 2δ above from the wall for the baseline case. A discrete peak associated 

with the vortex shedding in the bubble is observed and is identified as f0. 

 

The instantaneous flow field (Fig. 3a) exhibits the roll-up and shedding of spanwise rollers. The energy spectra 

of the velocity fluctuations at the streamwise locations, x/δ=40 & 50 are plotted in Fig. 4 where the velocities are 

monitored at a distance of 2δ above from the wall. The spectra are broad-band, but a discrete peak is observed at the 

Strouhal number, St=f0δ/U∞=0.06, which corresponds to the dominant vortex shedding frequency of the separation 

bubble. The shedding frequency non-dimensionalized by the mean separation bubble length (Lsep) is 

StLsep=f0Lsep/U∞=2.54, and this matches well with the experimental measurement (StLsep=2.51) [18]. This dominant 

unstable frequency, f0, is therefore, used as a baseline forcing frequency for the separation bubble control. Note that 

at x/δ=50, the flow becomes turbulent, and the spectral energy decaying slopes corresponding to a narrow inertial (-

5/3) and dissipation (-7) ranges are observed in the spectrum. 
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FIG. 5. Time averaged fields for the control cases with the ZNMF synthetic jet. Streamwise velocity contours for the 

sinusoidal jet case with Fm
+=1 (a), and the burst modulation jet with Fc

+=10, Fm
+=1, and DC=50% (b). Skin friction (solid 

line) and pressure (dashed line) coefficients profiles for the sinusoidal jet (c) and the burst modulation jet (d). Mean 

displacement thickness along the streamwise direction for the sinusoidal jet (e) and the burst modulation jet (f). 

 

B. Separation Control using ZNMF Jet Forcing 
 
Simulations of the separation control using the ZNMF synthetic jet are performed for the ideal, sinusoidal (SIN) 

jet and the burst modulation (BM) jet. A non-dimensional frequency, F+=f/f0 is introduced to characterize the forcing 

frequency of the synthetic jet. For the sinusoidal jet, the forcing frequency is set to Fm
+=fm/f0=1, and the burst 

modulation used the following parameters: Fc
+=10, Fm

+=fm/f0=1, and DC=50%. For both cases, the synthetic jet 

amplitude, Vmax, is set to 0.2U∞. The synthetic jet profiles for these cases are shown in Fig. 1 (SIN & BM). 

The contours for the time-averaged streamwise velocity for the SIN and BM jet forcing are shown in Fig. 5a & b, 

and the figure clearly shows the effect of the synthetic jet on the average separation bubble size. The SIN jet forcing 

with the actuation frequency matched to the dominant unstable frequency of the separation bubble (Fm
+=1) is very 

effective at reducing the separation bubble size. As shown in Fig. 5c, the mean separation bubble length is 
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significantly reduced from 42.4δ to 28δ with the SIN jet control. The separation is delayed until x/δ=9.6, and the 

reattachment point also moves upstream to about x/δ=38. Note that the height of the separation bubble is also 

significantly reduced from 5.3δ to 3.26δ with the SIN jet control. The BM jet with the modulation frequency 

matched to the unstable frequency (Fm
+=1) also reduces the mean separation bubble length to 32δ (Fig. 5d), but not 

to the same degree as the SIN jet control. The separation point moves slightly downstream (x/δ=8) comparing to the 

baseline case, and the mean reattachment point moves to approximately x/δ=40. The separation bubble height for the 

BM jet is hsep=4.04δ (Fig. 5f), which is also higher than the SIN jet case. However, since the DC=50%, the net 

momentum flux of the BM jet is 50% of the SIN jet, the degraded effectiveness of BM cannot, without further 

analysis, be attributed to the nature of the modulation scheme. This will be discussed further in Sec. III.C.  

 

(a) (b)

(c) (d)
 

FIG. 6. Instantaneous flow fields for the control cases with the ZNMF synthetic jet. 3D vortical structure visualized by the 

iso-surface of the second invariant of the velocity gradient (Q2) for the sinusoidal (SIN) jet case with Fm
+=1 (a), and the 

burst modulation (BM) jet with Fc
+=10, Fm

+=1, and DC=50% (b). Spanwise vorticity (ωz) contours for the SIN jet (c) and 

the BM jet (d). 

 

The instantaneous flow fields for the SIN and BM jet controls are shown in Fig. 6, and are quite different for 

these two cases. For the SIN jet control, the shear layer of the separation bubble initially rolls into vortices. This 

forms a two-dimensional vortex street in the upstream region (Fig. 6a), which breaks into smaller eddies leading to 
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transition at around x=25δ (Fig. 6c). Note that individual packets of vorticity are clearly visible in the SIN jet control 

case. In the BM jet case, on the other hand, it is observed that the vortices in the separation bubble merge into large 

coherent vortex structures before breaking into smaller eddies (Fig. 6b & d). For the BM jet, the flow transitions to 

turbulence earlier in space and becomes fully three-dimensional in nature immediately downstream of x=20δ. It is 

also interesting to note that, for the BM case, the shear layer at the upstream region (x/δ~10-15) is clearly detached 

from the wall (Fig. 6d), while it remains close to the wall for the SIN case (Fig. 6c). In fact, the two-dimensional 

vortex roll-up of the upstream (x/δ <20) shear layer starts earlier for the SIN case from around x/δ~10, but it is 

delayed till x/δ~15 for the BM case. In addition to this, the downstream vortex merging may result in a larger mean 

separation bubble size than the SIN jet control case. These observations suggest that the degraded effectiveness of 

the BM jet on the separation bubble control might be at least partially related to the  unique flow characteristics 

associated with the burst modulation. 

C. Effect of Modulation Parameters 
 

It has been shown that the effectiveness of the ZNMF jet for separation control depends on the ratio of jet 

momentum flux to the base flow momentum flux [15]. In this study, since the synthetic jet area and the cross 

sectional area of the base flow do not change, the momentum coefficient is simply defined by 

   
( )2

,
2

j RMSV
C

Uμ
∞

= , (7) 

where Vj,RMS is the root-mean-squared value of the synthetic jet velocity calculated by 

 ( )2 2
, 0

1 ( )
T

j RMS jV V t dt
T

= ∫ , (8) 
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Table 1. Effect of burst modulation parameters on the separation bubble control 

Case Fm
+ Fc

+ DC (%) Cμ Lsep (δ) hsep (δ) 

No-control - - - - 42.4 5.3 

a 1 10 50 0.01 32 4.04 

b 1 20 50 0.01 33 4.42 

c 1 10 50 0.02 31 4.04 

d 1 10 20 0.02 32 4.13 

e 1 10 10 0.002 34 4.35 
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FIG. 7. Synthetic jet profiles for the burst modulation cases listed in Table 1 (a-e). 

 
and T=1/fm. As mentioned in the previous section, in order to compare the control effectiveness for the various 

modulation schemes, the momentum coefficients should be matched. The BM scheme involves a number of 
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parameters such as the modulation and carrier frequencies (fm & fc), duty cycle (DC), and jet amplitude (Vmax). For 

the BM, the jet momentum flux depends on both DC as well as Vmax. In this section, simulations are performed for 

the BM jet control with various parameters to investigate their effect on separation control. The parameters for the 

various cases are summarized in Table 1 and the corresponding synthetic jet profiles are plotted in Fig. 7. The Table 

1 also shows the momentum coefficient for each case, and the resulting mean separation bubble length (Lsep) and 

height (hsep). In keeping with past practice for such investigations [13, 19], the separation bubble length Lsep is 

chosen as the primary metric for representing the effectiveness of control.  

 Although not shown here, it is observed that the flow fields for all BM cases are very similar to the ones shown 

in Figs. 6b & d, but the mean separation bubble sizes are slightly different for the parameters as listed in Table 1. 

The results presented in Table 1 are also plotted in Fig. 8 and this provides a convenient view of the overall trend. 

For comparison, an additional simulation for the SIN jet control case with Cμ=0.01 is performed and marked in Fig. 

8. In general, a larger Cμ  results in a shorter separation length, i.e. more effective separation control. Note however 

that even with the same Cμ value, the BM jet is noticeably less effective than the SIN jet. This result confirms the 

notion that the degraded control effectiveness of the BM jet is mainly due to the altered flow characteristics as 

discussed in Sec. III.B. 
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FIG. 8. Mean separation bubble length (Lsep) versus the momentum ratio coefficient (Cμ). a-e: BM jet controls listed in 

Table 1. SIN: sinusoidal jet control case shown for the comparison. Solid line represents the quadratic best fit for the BM 

cases.  
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D. Effect of Forcing Frequency 
 
The BM is designed to generate a forcing at the low frequency of fm via modulation of the high frequency fc at 

which synthetic jet generated by the actuator. In order to assess the effectiveness of the BM to generate the 

modulation frequency fm, the spectrum of the input velocity signal corresponding to the BM jet (Eq. 3) used in Sec. 

III.B is shown in Fig. 9a. The spectrum of the input wave signal for the sinusoidal jet is also plotted in the figure for 

comparison. As expected, the spectrum of the SIN jet shows a single peak at F+=1, while the BM jet exhibits many 

discrete peaks with a dominant peak located at the carrier frequency (F+=10). A discrete peak at the modulation 

frequency (F+=1) is also visible for the BM jet, but it is noted that the spectral peak at F+=1 is about one order-of-

magnitude smaller than the peak at F+=10 and furthermore, the energy content of some higher harmonics (F+=3,5,7, 

…) is larger than the one at F+=1.  
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FIG. 9. (a) Frequency spectra of the synthetic jet velocity input signal. (b) power spectra of vertical velocity monitored on 

the synthetic jet outlet port in the flow field. The spectral energy is normalized by the RMS of synthetic jet input velocity. 

SIN: sinusoidal jet at Fm
+=1, BM: burst modulated jet with Fc

+=10, Fm
+=1, and DC=50%.  

 

As discussed in the previous study of Raju et al.[23], the momentum forcing by the actual ZNMF synthetic jet 

actuator includes the nonlinear effect associated with minor pressure loss due to exit (or entrance) flow through the 

actuator slot. The analysis is summarized in Appendix C, and it shows that the nonlinear term can introduce 

additional frequency components via the action of the nonlinearity. Although the present simulations do not include 
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the model of the actuator slot,  the frequency components caused by the nonlinear effect can be observed by 

monitoring the jet velocity in the flow field near the synthetic jet outlet as shown in Appendix C. The synthetic jet 

velocities interacting with the baseflow is monitored at the center of the synthetic jet outlet port half a grid spacing 

above from the wall location (y=Δymin/2) for both BM and SIN cases, and the power spectra of the monitored 

vertical velocity (v) are plotted in Fig. 9b. For a fair comparison, the spectral energy is normalized by the RMS of 

input velocity, (Vj,RMS)2 (Eq. 8). Due to the non-linear effects in the flow field, the spectrum of SIN jet shows 

additional peaks at the harmonics, but the energy at F+=1 is the most dominant and is about three orders-of- 

magnitude higher than the one at F+=2. The analysis in Appendix C shows that, for the present flow conditions, even 

including the flow through the actuator slot, the magnitude of the nonlinear effect is estimated to be about 10% of 

the unsteady term. For the BM jet, even with the nonlinear effect included, the energy at higher odd harmonics is 

still larger than the one at F+=1, and the normalized energy at F+=1 is about two orders-of-magnitude smaller than 

the one for SIN jet. This observation indicates that the forcing with the BM jet may be significantly affected by 

frequencies that are higher than the modulation frequency (F+>1). 

 Based on the computational results presented in the previous sections as well as from previous work on the 

effect of forcing frequency on separated flows [12, 13],  we speculate that the forcing at frequencies higher than the 

natural shedding frequency of the separation bubble (F+>1) may introduce effects that diminish the effectiveness of 

separation control. To investigate this further, an additional simulation has been performed with simple sinusoidal 

forcing at F+=2 and the results are shown in Fig. 10. It is noted that, while the SIN jet at F+=1 was quite effective, 

the forcing at F+=2 is fairly ineffective and only reduces the separation bubble size to about 39δ. The topology of the 

vortex structures (Fig. 10a) shows that, although the vortices remain two-dimensional upstream of x/δ<25, they 

merge into a larger coherent vortex that breaks into smaller eddies further downstream. This behavior is similar to 

that observed for the BM case. The synthetic jet forcing at F+=2 also makes the upstream shear layer (x/δ~15) lift up 

from the wall (see Fig. 10b) in a manner similar to the BM case. Note that the two-dimensional vortex roll-up of the 

upstream shear layer (x/δ<20) is not clearly observed in this case. This is due to the fact that the base flow shear 

layer instability is less susceptible to the frequency higher than its natural shedding frequency. These observations 

indicate that the high frequency forcing delays the vortex roll-up and promotes vortex paring and merging, both of 

which have negative effects on the reduction of the separation bubble size. 
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FIG. 10. Instantaneous flow fields for the sinusoidal jet control at F+=2. (a) Vortex structures visualized by the iso-surface 

of the second invariant of velocity gradients (Q2), (b) Spanwise vorticity (ωz) contours.  

 

E. Amplitude modulation schemes 
 
The investigations in the previous sections suggest that the modulation scheme needs to be designed to produce 

the strongest possible forcing at the target frequency. The abrupt on-off control associated with burst modulation 

however, results in imparting most of the energy to frequencies that are higher than the modulation frequency. 

Amplitude modulation (AM) is suggested as an alternative where the actuation amplitude is modulated smoothly by 

a sinusoidal function with a prescribed modulation frequency. The waveform of a widely used amplitude modulation 

[16, 17] (Eq. 4) is plotted in Fig. 11a for Fc
+=10 and Fm

+=1, and is referred to here as AM1. It is expected that the 

smooth adjustment of amplitude using a sinusoidal function at the modulation frequency will produce a more 

effective forcing at the targeted modulation frequency (Fm
+=1). The spectrum of the input signal for AM1 shown in 

Fig. 11c indicates, not surprisingly, that AM1 has discrete peaks at Fc
+-Fm

+, Fc
+, and Fc

++Fm
+ but no peak at F+=1. 

The AM1 jet produces spectral energy at F+=1 primarily through nonlinear convection effects but the normalized 

energy at F+=1 for AM1 is about one order-of-magnitude smaller than that for the BM jet (see Fig. 11d) in the 

present simulation results. The current model does not include a finite height synthetic jet slot, which is known to 

generate additional nonlinear effects [23]. However, as shown in Appendix C, for the present flow conditions, the 
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nonlinear effect is expected to be relatively small (<10% of the linear unsteady term) even for a more realistic 

actuator with a finite slot height and for more realistic external flow conditions. This suggests that in general, AM1 

may not be a very efficient modulation scheme for separation control, and this issue will be addressed later in this 

section.  
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FIG. 11. (a) Waveform of synthetic jet velocity for AM1: amplitude modulation given by Eq. 4, Fc
+=10, Fm

+=1, and t+=t f0. 

(b) waveform for AM2: tailored amplitude modulation scheme given by Eq. 9. (c) Spectra of the synthetic jet input 

velocities for AM1 and AM2. (d) power spectra of vertical velocity monitored on the synthetic jet outlet port in the flow 

field. 

 

In anticipation of this result, we also construct an alternate amplitude modulation scheme, which is prescribed as 

follows: 

 ,AM2 max
1( ) sin(2 )[ )1 sin{2 ( }]
2

π π⎛ ⎞= + −⎜ ⎟
⎝ ⎠

j c c mV t V f t f f t , (9) 
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and is referred to here as AM2. The waveform and frequency spectrum for AM2 are plotted in Fig. 11b & c for 

Fc
+=10 and Fm

+=1, and it is clear from the plot that the AM2 signal has a strong and clear spectral peak at F+=1, and 

no peaks at the higher harmonics of the modulation frequency. Note that the peak at F+=10 is unavoidable since it is 

the main driving frequency (Fc
+=10). An additional peak at 2Fc

+-Fm
+(=19) is also obtained. It is however expected 

that the separated bubble may not be receptive to this very high frequency and furthermore, its effect should 

dissipate rapidly due to viscosity. The power spectrum of the synthetic jet velocity near the jet slot for AM2 is also 

plotted in Fig. 11d, and the spectrum shows a noticeably dominant peak at F+=1. The normalized energy at F+=1 for 

AM2 is about two orders-of-magnitude higher than the one for the AM1, and also one order-of-magnitude higher 

than the BM. Overall, AM2 is expected to produce a stronger forcing at the desired modulation frequency (Fm
+=1). 
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FIG. 12. Time-averaged fields for the control cases with the amplitude modulated synthetic jet. Streamwise velocity 

contours for the AM1 jet (a) and AM2 jet (b) with Fc
+=10, Fm

+=1. Skin friction (solid line) and pressure (dashed line) 

coefficients profiles for the AM1 (c) and AM2 (d). Mean displacement thickness along the streamwise direction for the 

AM1 (e) and AM2 (f). 
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 Simulations are performed with both AM1 and AM2 synthetic jets, and the results are shown in Figs. 12 & 13. 

The parameters used for the AM1 and AM2 schemes are Fm
+=1, Fc

+=10, and Vmax=0.2U∞, and the momentum 

coefficient Cμ is 0.0075 for both AM1 and AM2. The mean flow fields are shown in Figs. 12a & b, and one can see 

that AM2 is indeed more effective for separation control than the AM1. For both cases, the separation point remains 

the same (x/δ=8), but the reattachment point for the AM2 moves slightly more upstream as compared to AM1. The 

mean separation bubble lengths are found to be about 34δ for the AM1 case and 31δ for the AM2 case as shown in 

Figs. 12c&d. The height of the separation bubble for AM2, is 3.95δ, and this is also noticeably smaller than that for 

AM1, which is 4.75δ (Figs. 12e & f). It should be noted that the separation bubble for the AM1 actually has a 

greater height than for the BM jet case shown in Fig. 5f.  

 

(a) (b)

(c) (d)
 

FIG. 13. Instantaneous flow fields for the control cases with the amplitude modulated synthetic jet. 3D vortical structure 

visualized by the iso-surface of the second invariant of velocity gradients (Q2) for the AM1 jet (a) and AM2 jet (b) with 

Fc
+=10, Fm

+=1. Spanwise vorticity (ωz) contours for the AM1 jet (c) and AM2 jet (d). 

 

The instantaneous flow fields presented in Fig. 13 show that the AM1 jet control case shares many flow features 

with the BM jet result. The two-dimensional vortex roll-up of the upstream shear layer (x/δ<20) is delayed and thus 

the shear layer is lifted from the wall in the upstream region (Fig. 13a). Vortex pairing and merging as well as the 

resulting break-up of the coherent vortex into smaller eddies are also observed in the downstream (Figs. 13a&c). For 

the AM2 jet case, the plot still shows the presence of vortex merging and large coherent structures (Figs. 13b&d). 
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However, the upstream shear layer remains close to the wall, and the initiation of the two-dimensional vortex roll-up 

of the upstream shear layer is clearly observed at around x/δ~10 (Fig. 13d). This flow feature is very similar to that 

observed for the pure sinusoidal control case, and likely connected to the fact that the forcing with AM2 scheme 

imparts more energy at the modulation frequency than the AM1 and BM cases. As a result, the control with the 

AM2 jet is more effective in reducing the separation bubble size than the other modulation cases.  
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FIG. 14. Mean separation bubble length (Lsep) versus the momentum ratio coefficient (Cμ). Solid line represents the best 

quadratic fit for the BM cases.  Fm
+=1 unless otherwise noted. 

 

F. Control effectiveness 
 
   In order to examine the trend of control effectiveness as a function of the momentum coefficient for both AM1 

and AM2, additional simulations are performed for both cases with Cμ=0.015. The effect of synthetic jet modulation 

schemes on reducing the separation bubble length is then summarized in Fig. 14. The controlled mean separation 

bubble lengths are plotted as a function of the momentum coefficient, Cμ. As discussed above, the SIN jet with the 

forcing at Fm
+=1 is the most effective in reducing the separation length. For the amplitude modulation schemes, the 

plot shows that the AM1 scheme is slightly less effective than the BM jet likely because the BM jet has more 

spectral energy at the target modulation frequency (F+=1) than the AM1 jet. The plot also clearly indicates that the 

trendline for the AM2 jet lies between the BM and the SIN jets, and this reflects the greater effectiveness of this AM 



 
 

21

scheme. As pointed above, this is because the controlled flow with the AM2 jet reproduces some of the key flow 

features observed in the pure sinusoidal forcing case. The AM2 jet however, still includes high frequency forcing 

components, which inject effects that diminish control effectiveness, thereby making this control still less effective 

than the SIN jet.  

Cμ(F+=1)

ΔL
se

p/L
se

p,
0

10-6 10-5 10-4 10-3 10-2

0.2

0.25

0.3

0.35

0.4

SIN
BM
AM1
AM2

 

FIG. 15. Decrease of separation bubble length (ΔLsep) normalized by the uncontrolled length (Lsep,0) versus the spectral 

momentum ratio coefficient at F+=1 (Cμ(F+=1)). Solid line represents the best power-law fit.   

 

It is also interesting to note that the effectiveness of separation bubble control by each modulation scheme 

summarized in Fig. 14 is correlated with the normalized spectral energy of the jet at F+=1 produced by each scheme 

(see Figs. 9b and 11d). The scheme with stronger energy at F+=1 shows more effective separation bubble control (i.e. 

shorter separation bubble length). To examine this trend further, we define a spectral momentum coefficient,  

 
2

2

( )( ) v fC f
Uμ

∞

= , (10) 

where v2(f) is the spectral energy of the jet velocity at the actuator outlet. According to our observation, the 

separation bubble control effectiveness (decrease of separation bubble length) should be positively correlated to the 

spectral momentum coefficient at F+=1. In Fig. 15, the decrease of separation bubble length, ΔLsep=Lsep,0-Lsep, where 
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Lsep,0 is the baseline separation length without control, is plotted versus Cμ(F+=1) for all the synthetic jet control 

cases. The figure indeed shows that the decrease in the size of the separation bubble is very well correlated with 

Cμ(F+=1). In fact, the best-fit line for the current cases represents a power law: 

 +

,0

(F 1)sep

sep

L
C

L
α

μ

Δ
⎡ ⎤= =⎣ ⎦ , (11) 

with the exponent α=0.063 (R2=0.94). This confirms that the separation bubble control effectiveness is strongly 

correlated to the synthetic jet energy at the target frequency corresponding to F+=1. Effective modulation scheme 

can therefore be designed to maximize the energy of the jet at the target modulation frequency.  
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FIG. 16. Picture and schematic of the zero-net mass-flux actuator employed in the present study. All dimensions are in 

mm. 

G. Experimental measurement of actuator output 

In this final section of the paper, we demonstrate that the modulation scheme proposed here can in fact be 

realized with available synthetic jet actuators. So far in this paper, the proposed modulation schemes have been 

assessed via computational modeling, which does not account for the dependence of the actuator response to the 

modulation scheme. In reality, the output from an actuator may differ significantly from the input to the driver due 

to the resonance characteristics of the actuator as well as other flow-physics induced effects in the cavity and the slot 
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of the actuator[24-26]. Thus, it remains to be shown that the spectral content of the jet output can preserve the 

characteristics of the input prescribed to the driver of an actuator, especially for the schemes examined here 

For the current demonstration, we employ a zero-net mass-flux (ZNMF) actuator (see Fig. 16) comprised of four 

piezoelectric disks (APC Inc., PZT5J, Part Number: P412013T-JB) that serve to vary the volume of the cavity as 

unsteady voltages are applied across the disks. The actuator has a large aspect-ratio rectangular slot of size 2×2 ×170 

(mm) and the slot exit is flush with a flat plate. In order to examine the effect of actuator efficiency, the energy 

spectra of the output jet velocities from the actuator are experimentally measured for three modulation schemes: BM 

with DC=50%, AM1, and AM2. The actuator driving frequency is fixed at 2050 Hz, which is close to the resonance 

frequency of the actuator. More details regarding the experimental model and actuator can be found in Ref.[27]. The 

modulation and driving frequencies are set to fm=205 Hz and fc=2050 Hz (fc/fm=10), respectively for all three 

modulation schemes corresponding to the condition used in the simulations (Fc
+=10). It should be noted that 

sinusoidal excitation at fm generates negligible output by the current ZNMF actuator, thereby necessitating the use of 

a modulation scheme. The output jet velocity is measured at a distance of 0.177 mm from the slot exit.  
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FIG. 17. Normalized energy spectra of the output jet velocities from the actuator measured in the experiments for the 

various input energy modulation schemes; BM: burst modulation (Eq. 3) with DC=50%, AM1: amplitude modulation by 

Eq. 4, and AM2: amplitude modulation by Eq. 9. The modulation frequency is fm and the actuator driving frequency is 

fc=10fm.  
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The energy spectra of the output jet velocities for three modulation schemes are plotted in Fig. 17. The figure 

shows that the energy at the modulation frequency (fm) is noticeably lower than the energy at the actuator driving 

frequency (fc=10fm) for the current setting. Nevertheless, the output for the AM2 modulation scheme clearly has 

more energy at fm than for BM and AM1 (about 4 times and 6 times more energy than BM and AM1, respectively) 

and this is qualitatively in-line with our computational models (Figs. 9b & 11d). Thus, it is encouraging to note that 

despite the complex “transfer function” of such actuators, careful design of the modulation scheme can still be used 

to enhance the output energy at the target frequency. It remains to be shown that this increased energy input at the 

target frequency can be translated to better control authority in experiments. 

 

IV. SUMMARY 

The effect of synthetic jet modulation schemes on a laminar separation bubble has been investigated via direct 

numerical simulations. Simple, sinusoidal forcing with F+=1 is considered as a reference case, and burst modulation 

with various parameters as well as amplitude modulation schemes are employed in the simulations. The simulations 

show that the burst modulation is always less effective than the simple sinusoidal forcing because of the altered flow 

characteristics. With burst modulation, the roll-up of upstream shear layer into the vortices is delayed and high-

frequency fluctuations inherent in burst modulation promote vortex pairing and merging, which diminishes control 

effectiveness. In contrast, sinusoidal forcing creates well-defined disturbances that remain coherent and two-

dimensional over a longer distance beyond which, the flow transitions to turbulence with no evidence of vortex 

merging. The commonly-used amplitude modulation scheme produces the spectral peak at the modulation frequency 

through the nonlinear effect, while the input signal itself has no spectral peak at the modulation frequency. It is 

found that, however, the spectral energy at the modulation frequency for this scheme is relatively weak, and the 

scheme is slightly less effective than the burst modulation in terms of separation reduction. A modified amplitude 

modulation scheme that imparts significantly more energy at the requisite modulation frequency is found to be more 

effective than burst or conventional amplitude modulation schemes. Experiments with a piezoelectrically driven 

zero-net mass-flux actuator confirm that modulation schemes prescribed to the driver of the actuator can be 

preserved through the actuator and used to enhance the energy content at the target modulation frequency. 
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Although the practical aspects of the tailored amplitude modulation scheme need to be tested further in 

experiments, the present study suggests that the effectiveness of synthetic jet-based separation control could be 

improved by carefully designing the spectral content of the modulation scheme. A better understanding of the 

actuator efficiency for various modulation schemes and the scaling of non-linear effects inside the actuator cavity, as 

well as the slot and the external flow could be employed to develop new design tools as well as actuation schemes 

for flow control actuators. 
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Appendix A: Grid Refinement Study 
 

 A grid refinement study is performed by employing a coarser (384×96×32) and a finer (768×256×32) resolution 

grids in addition to the baseline (512×128×32) resolution. The contours of the time and spanwise averaged, 

streamwise velocity are plotted in Fig. A1 for the results with three different grid resolutions, and it is shown that the 

resolved separated flow is almost identical on the all three grids. For a quantitative comparison, velocity profiles are 

extracted for the time and spanwise averaged and root-mean-squared (RMS) fluctuations at a number of streamwise 

locations, and presented in Fig. A2. The average velocity profiles on three different grids are found to be in 

reasonable agreement. The RMS fluctuation profiles also show good agreement. The maximum deviations between 

the computational grids occurs at x/δ=40 but even at this location, the maximum differences in the RMS velocity 

fluctuations between the fine and medium grids is 2.5% of U∞. Based on this, the medium resolution grid considered 

adequate and employed for all the subsequent simulations.    

(a)

(b)

(c)

 

FIG. A1. Time and spanwise averaged, streamwise velocity contours with different grid resolutions. (a) coarse 

(384×96×32), (b) medium (512×128×32), and (c) fine (768×256×32) resolutions.  
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FIG. A2. Comparisons of the time and spanwise averaged ( ,u v ) and root-mean-squared fluctuation ( ' , 'rms rmsu v ) velocity 

profiles extracted at the number of streamwise locations for the different grid resolutions. The arrow indicates the scale of 

the inflow freestream velocity. 

 

Appendix B: Assessment of Spanwise Resolution and Domain Size 
 
 
For the assessment of spanwise resolution and domain size, we begin by examining the spanwise correlation of 

the computed flow for the baseline case (spanwise domain size, Lz=8δ and the number of grid points in the spanwise 

direction, Nz=32). As shown in Fig. 3a, the flow is two-dimensional in the upstream region, and three-dimensional 

flow is mostly observed near and downstream of the reattachment point. Thus, the cross correlation coefficients for 

the spanwise distance (Δz) are calculated at these downstream locations by 

     
2 2

( ) ( )( )
( ) ( )

ab
a z b z zC z

a z b z z

+ ΔΔ =
+ Δ

, (A1) 
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FIG. A3. Spanwise correlation coefficients for the streamwise ( ' 'u uC ) and vertical ( ' 'v vC ) velocity fluctuations at y/δ=1.5 

and various streamwise locations for baseline case with Lz=8δ and Nz=32, (Lz: spanwise domain size, Nz: number of grid 

points in the spanwise direction). 

 

where the bar denotes temporal and spanwise average. The correlation coefficients at y=1.5δ for the streamwise (u′) 

and vertical (v′) velocity fluctuations are plotted in Fig. A3(a). The plot shows that the correlation coefficients of the 

velocity fluctuations drops to magnitudes of 0.2 or lower within a spanwise distance of 4δ at the downstream 

locations (x>45δ). This suggests that the spanwise domain size of Lz=8δ is adequate to correctly model the spanwise 

structures in the flow. However, a significant drop in the spanwise correlation is not definitive proof of the adequacy 

of the spanwise domain size. For this, we turn to a spanwise domain and resolution dependency study. In this study, 

simulations are performed with twice the spanwise resolution (Nz=64) and twice the spanwise domain size (Lz=16δ). 

The average and RMS fluctuation velocity profiles are then compared at a number of streamwise locations in Fig. 

A4, and it is found that the results are almost identical for the spanwise resolutions and domain sizes considered. 

Thus, the behavior of the spanwise correlation and the domain dependency study together provide high confidence 

that a spanwise domain size of 8δ with 32 grid points are sufficient to accurately model this flow. 
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FIG. A4. Comparisons of the time and spanwise averaged ( ,u v ) and root-mean-squared fluctuation ( ' , 'rms rmsu v ) velocity 

profiles extracted at the number of streamwise locations for the different spanwise domain sizes and resolutions. The 

arrow indicates the scale of the inflow freestream velocity. Lz: spanwise domain size, Nz: number of grid points in the 

spanwise direction. 

 

Appendix C: Nonlinear Effects in Synthetic Jet Forcing 
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FIG. A5. A schematic of the synthetic jet outlet slot. Dashed box indicates the control volume for the analysis of pressure 

drop through the slot.   
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In the momentum forcing by a zero-net-mass-flux (ZNMF) synthetic jet, the nonlinear effect associated with the 

pressure drop by jet expansion can introduce additional frequency components. In the previous work of Raju et 

al.[23], the nonlinear pressure drop is analyzed for the slot of the synthetic jet outlet nozzle. A schematic is shown in 

Fig. A4. For the incompressible flow, the pressure drop through the slot, Δp can be expressed by the momentum 

balance for the control volume shown in Fig. A5: 
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0 /2
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where ho and do are the slot height and width, τw is the wall shear stress on the slot wall. It is assumed that the inflow 

to the slot is a uniform plug flow with the input signal, Vj(t). The first term on the right hand side of Eq. (A2) is a 

linear unsteady effect term directly associated with the inflow signal and for a sinusoidal forcing with the amplitude, 

Vmax and frequency, f, this term can be written as 
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, (A3) 

The last term in Eq. (A2) is the minor loss associated with flow development through the slot and this term can 

generate additional frequency components via the action of the nonlinearity. The nonlinear minor loss term can be 

written with a nonlinear loss coefficient, Kd, as 
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Thus, the ratio of the magnitudes of the nonlinear and unsteady terms is given by 
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where maxSt /
od ofd V=  is the Strouhal number based on the slot width and the magnitude of the jet. In the study of 

Raju et al.[23], a phenomenological model is proposed for the estimation of the loss coefficient, where Kd is given 
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by the function of Stokes number, 2S* 2 /ofdπ ν= . For the present laminar separation bubble case (Reδ=1000, 

Vmax/U∞=0.2, do=0.5δ), St 0.15
od = , and S*=9.7 for F+=1. For these parameter values, the model of Raju et al.[23] 

estimates Kd to be about 0.15 and the ratio in Eq. (A5) is about 0.08do/ho. If the aspect-ratio of the slot is O(1), then 

the magnitude of the nonlinear effect term is estimated to be about 10% of the unsteady term. The ratio decreases for 

longer slots, as well as higher forcing frequencies, and Reynolds numbers. Thus, for practical applications, where 

the Reynolds numbers and the target modulations frequencies are expected to be higher, the relative contribution of 

the nonlinear term is expected to be even smaller. The analysis therefore indicates that in general,  the contribution 

of the nonlinear term to the frequency content of the jet exit velocity is much smaller than that of the linear unsteady 

term.  
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FIG. A6. A schematic for the control volume (dashed line) near the wall location where the synthetic jet is modeled as the 

velocity boundary condition. The control volume is taken along the local streamlines. 

 

 In the present simulations, the slot of the synthetic jet nozzle is not considered and the synthetic jet is modeled 

by a sinusoidal velocity boundary condition at jet exit. Therefore, the additional nonlinear effect through the slot is 

not included in the simulations. The synthetic jet, however, still expands as it flows from the jet exit into the flow 

domain. By considering a small control volume near the wall location where the synthetic jet is modeled as shown in 

Fig. A6, it can be shown that the nonlinear effect associated with the expansion loss can be monitored in the flow 

field. The control volume is aligned with the local streamlines and the pressure drop across the control volume in the 

vertical direction can be approximated as 
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where Δh is the height of the control volume, and the viscous shear stresses are neglected. The first and second 

terms on the right-hand side of Eq. (A6) are the unsteady and nonlinear effect terms, respectively. The vertical 

velocity monitored in the flow field near the synthetic jet port should therefore contain the frequency components 

generated by the nonlinearity. Note however that the relative magnitude of the nonlinear effect could be different, 

and likely smaller, than that generated as the flow passes through the actuator slot.  
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