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Abstract

A mechanistic model, derived from kinetic theory, is developed to describe segregation in con-
fined multicomponent suspensions such as blood. It incorporates the two key phenomena arising in
these systems at low Reynolds number: hydrodynamic pair collisions and hydrodynamic migration.
Two flow profiles are considered: simple shear flow (plane Couette flow) and plane Poiseuille flow.
The theory begins by writing the evolution of the number density of each component in the suspen-
sion as a master equation with contributions from migration and collisions. By making judicious
approximations for the collisions, this system of integrodifferential equations is reduced to a set of
drift-diffusion equations. We focus attention on the case of a binary suspension with a deformable
primary component that completely dominates the collision dynamics in the system and a trace
component that has no effect on the primary. The model captures the phenomena of depletion
layer formation and margination observed in confined multicomponent suspensions of deformable
particles. The depletion layer thickness of the primary component is predicted to follow a master
curve relating it in a specific way to confinement ratio and volume fraction. Results from various
sources (experiments, detailed simulations, master equation solutions) with different parameters
(flexibility of different components in the suspension, viscosity ratio, confinement, among others)
collapse onto the same curve. For sufficiently dilute suspensions the analytical form predicted by
the drift-diffusion theory for this curve is in excellent agreement with results from these other
sources with only one adjustable parameter. In a binary suspension, several regimes of segregation
arise, depending on the value of a “margination parameter” M. Most importantly, in both Couette
and Poiseuille flows there is a critical value of M below which a sharp “drainage transition” oc-
curs: one component is completely depleted from the bulk flow to the vicinity of the walls. Direct
simulations also exhibit this transition as the size or flexibility ratio of the components changes.
Finally, some prior studies suggest a nonmonotonic dependence of margination propensity on vol-
ume fraction. We formulate a hypothesis regarding this observation. Theory predictions support
the hypothesis, providing further insights into the mechanisms behind margination and segregation

phenomena.
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I. INTRODUCTION

Flow-induced segregation is ubiquitous in multicomponent suspensions and granular ma-
terials, including systems as disparate as hard macroscopic particles in air [1], polydisperse
droplet suspensions [2], foams [3], and blood. Of particular interest is blood flow. Dur-
ing blood flow both the white blood cells (WBCs) and platelets segregate near the vessel
walls, a phenomenon known as margination, while the red blood cells (RBCs) tend to be
depleted in the near-wall region, leading to a nonuniform distribution in flow — as indicated
by the Fahreeus, Fahreeus-Lindqvist, plasma-skimming, and Zweifach-Fung effects — and
consequently to the formation of a so-called cell-free or depletion layer [4-9]. Margination is
physiologically vital; for example, WBCs and platelets are needed near the blood vessel walls
to respond to infection and for hemostasis. Engineering the margination process has been
proposed for microfluidic cell separations in blood (e.g., [10, 11]) as well as for enhanced

drug delivery to the vasculature [12, 13].

Blood is a multiphase and multicomponent suspension that is mainly composed of RBCs
or erythrocytes, WBCs or leukocytes, and platelets or thrombocytes suspended in plasma.
These three main cellular components of blood are present in vastly different quantities and
have different physical properties. In humans, RBCs are the predominant component in
blood with a volume percentage of 40 % in females and 45 % in males. RBCs and platelets
outnumber WBCs by 500:1 and 12-14:1 [14]. RBCs are 7.9 pum across, are highly flexible,
and have a biconcave shape. WBCs are more rigid than RBCs and approximately spherical
[15]. The WBCs we consider here have a radius of 1-2 times the radius of a RBC. Platelets
are also more rigid than RBCs, have a diameter of 2-3 ym and discoidal shape under normal
blood flow conditions. The distinctive physical properties of RBCs, WBCs, and platelets
play a critical role in many important phenomena, such as margination and cell-free layer

formation.

In vivo and in vitro studies have focused on characterizing WBC margination based on
its dependency on shear rate, hematocrit (Het), RBC aggregation, and channel width. Most
studies have found that WBC margination is higher at low shear rates, characteristic of flow
in venules, than at high shear rates, characteristic of flow in arterioles [6, 16, 17]. In the
literature, there is yet to be a clear consensus on the dependency of WBC margination on Het

due to the difficulty of carrying out studies in the same system while systematically varying



one parameter at a time. Goldsmith & Spain [16] found WBC margination to be higher at
20 % than at 40 % Hect in tubes of 100 um in diameter. However, some studies have found a
minimal effect of Het on WBC margination at Het < 45 %. Firrell & Lipowsky [6] observed
that WBC margination was weakly affected at Het < 45 %, while it increased at Het > 45
% in vessels of 20-60 um in diameter. Abbitt & Nash [18] also found WBC margination to
be unaffected at Het < 50 %), but considered a significantly different geometry than is found
physiologically: a rectangular duct with a 300 x 0.3 mm cross-section. RBC aggregation has
been observed to enhance WBC margination. Pearson & Lipowsky [17] found that enhancing
RBC aggregation, via the addition of Dextran 500 as a proaggregating agent, increases
WBC margination at shear rates below 450 s~!. Abbitt & Nash [18] observed a similar
result at a shear rate of 70 s~!. Recently, Fay et al. [19] found that WBC margination is
reduced ez vivo by exposure to glucocorticoids (e.g., dexamethasone) or catecholamines (e.g.,
epinephrine), which softens the WBC cytoskeleton. This result is consistent with simulations
of binary suspensions of deformable capsules that show that stiff capsules marginate strongly
in a suspension of primarily flexible capsules, with the margination decreasing as stiffness

contrast decreases [20-22].

WBC margination has also been investigated in several numerical studies [23-26]. Most
numerical studies suggest that WBC margination is efficient at intermediate values of Het
= 0.2-0.45 and at relatively low shear rates, characteristic of flow in venules. Freund [24]
found no sensitivity of WBC margination to Het for intermediate Het = 0.22-0.45. Fedosov
et al. [25] found a nonmonotonic dependence of WBC margination on Het with a maximum
at intermediate ranges of Het = 0.25-0.35. Fedosov & Gompper [26] also found a similar
result for with WBC margination having a maximum at Hct = 0.2-0.4. They also found

WBC margination to be enhanced by RBC aggregation.

Margination of platelets has also been studied in many in vivo [5, 27] and in vitro [28—
33] experimental studies. Most studies have found that platelet margination increases with
increasing hematocrit [28, 30, 32, 33]. Woldhuis et al. [27] found higher margination of
platelets in arterioles than venules and suggested that these differences in platelet distri-
bution between arterioles and venules are not caused by the presence of WBC margination
in venules. Most studies have also found platelet margination to increase with increasing
shear rate [27, 28, 30]. However, some studies have found a more complex dependency on

shear rate [32]. This trend of increasing platelet margination with increasing shear rate is
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the opposite to that of WBCs, suggesting that RBC aggregation is not critical for platelet
margination. However, the source of this difference remains unknown.

Platelet margination has also been investigated in computational studies [34-36]. Al-
Momani et al. [34] found platelet margination to increase with increasing Hct for Het =
0.05-0.15. They showed platelet margination to be correlated to the difference between
RBC and platelet size. Fitzgibbon et al. [33] found platelet margination to be higher at Hct
= 0.2 than Hct = 0.1. Crowl & Fogelson [35] have found platelet margination to be higher
at higher shear rates.

The aforementioned phenomena and results can be qualitatively described by two key
mechanisms: shear-induced diffusion and wall-induced migration. Shear-induced diffusion
has important consequences such as viscosity changes in sheared suspensions [37], augmen-
tation of heat and mass transfer [38], and redistribution of inhomogeneities that balances
migration in blood flows [9].

Mainly, two phenomenological models have been used to explain shear-induced transport
in monodisperse suspensions of rigid particles: the diffusive flux model and the suspension
balance model. The diffusive flux model was introduced by Leighton & Acrivos [39]. In the
diffusive flux model, flow-induced collisions between particles lead them to exhibit random
displacements from their otherwise unperturbed trajectories, leading to a diffusive behavior.
Phillips et al. [40] then refined the diffusive flux model to describe shear-induced diffusion
based on irreversible two-particle interactions between rigid spheres (e.g., rigid spheres with
surface roughness). By scaling arguments they derived particle flux expressions due to
two effects: spatially varying collision frequency and spatially varying viscosity. Recently,
Kanehl and Stark [41] extended this model to bidisperse suspensions of rigid particles. They
found the large particles to segregate toward the center of the channel in pressure-driven
flow (i.e., toward the region of low shear). This result agrees with most studies [8, 42—44]
of bidisperse suspensions in non-homogeneous shear flows, such as Poiseuille flow, in which
the large particles are found to preferentially segregate in regions of low shear rate.

The second main phenomenological theory used to describe shear-induced transport is
the suspension balance model. In this model mass and momentum conservation equations
are written for the particulate and fluid phases [45-48]. At steady state, for low Reynolds
number, and in the absence of a body force, the ensemble-averaged drag force density on the

particle, which is modeled analogously to the drag force density in sedimentation, is balanced



by the ensemble-averaged divergence of the particle stress in the momentum conservation
equation. This equation is solved for the mean particle velocity, which can then be used to
obtain the mean particle flux relative to the mean suspension flow.

Both the diffusive flux model and the suspension balance model can qualitatively capture
key effects observed in experiments such as the nonuniformity in the concentration of parti-
cles where the concentration is higher in regions of lower shear. However, the models have
limitations. For example, in channel flows the particles reach maximum packing in regions
of zero shear rate (where the viscosity diverges and the particle stress diverges in the diffu-
sive flux model and suspension balance model, respectively), leading to displaying a sharp
aphysical cusp in these regions [45, 47]. To overcome this limitation, nonlocal corrections
to the stress based on the concept of suspension temperature, which represents a particle-
phase average of a fluctuational velocity [45], and spatial averaging of the constitutive law
of stress over a finite volume [46] have been proposed. In the present work, we show that
including second order terms in shear rate that are quadratic in position also removes the
above-mentioned aphysical cusp.

In suspensions of deformable particles such as drops and capsules, the particles undergo
cross-stream motion due to particle migration away from the walls and interactions with
other particles. Since the particles are deformable, they migrate away from the wall with
velocity vy, (y) [49, 50]. A deformable particle migrates even at zero Reynolds number in
simple shear flow. If the velocity gradient is not constant, as in Poiseuille flow, a deformable
particle undergoes migration even in the absence of hydrodynamic wall effects [51].

Hudson [52] developed a model based on a drift-diffusion equation for describing migration
and shear-induced diffusion in suspensions of drops. The cross-stream flux in the wall-normal
direction (y) is o

Jy :Um¢—Dga—y7 (1)
where ¢ is volume fraction, D, = Y¢a?f, is the gradient diffusivity, f, is a constant, and ¥
is the local shear rate. Hudson used the expression for v, provided by Chan & Leal [53] for
simple shear flows. The gradient diffusivity D, was obtained by fits of the model. Note that
this model does not capture the migration phenomena that arise when the shear rate is not
constant (e.g., in Poiseuille flow). Ramachandran et al. [54] presented a suspension balance
model for a dilute emulsion. The model does not incorporate wall-induced migration but

captures effects of shear gradient on transport. Pranay et al. [55] used a similar approach
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to that of Hudson [52] for describing wall-induced migration and shear-induced diffusion in
suspensions of deformable capsules in simple shear flow. They found that the thickness of
the cell-free layer scales as ¢~!. This dependence has also been obtained in scaling analyses
22, 52, 55, 56] as well as with a closed-form solution to a drift-diffusion model derived from
kinetic theory [57].

Drift-diffusion models have been developed for describing margination of platelets. Eck-
estein & Belgacem [58] presented a phenomenological drift-diffusion model to describe their
experiments. Their expression is similar to Eq. 1. In contrast to deformable particles,
platelets do not exhibit wall-induced migration. The drift term in this model comes from
the collisions of platelets with RBCs. Crowl and Fogelson [35] used a Fokker-Planck ap-
proach to model platelet margination. They found margination of platelets but lower than
that found in detailed numerical simulations. To overcome this they added a drift of platelets
toward the wall similar to that assumed by Eckestein & Belgacem [58]. They suggested that
platelets drift toward the wall due to one-sided collisions with RBCs. Other authors have
argued that the higher wall normal velocity fluctuations in the core flow region is what drives
the platelets toward the wall [36]. Drift-diffusion models in which RBCs have an enhanced
(i.e. shear-induced) diffusivity, proposed by Zydney & Colton [38], have also been used to
study platelet transport over a thrombus [59, 60].

The evolution of number densities in a suspension can be idealized by a kinetic master
equation [61, 62]. Kumar & Graham [21] presented such an equation, which incorporates the
effects of wall-induced migration and hydrodynamic pair collisions, for a binary suspension
of deformable particles in simple shear flow. They also introduced a hydrodynamic Monte
Carlo simulation technique to solve the master equation and find steady state concentration
distributions. Zurita-Gotor et al. [62] and Narsimhan et al. [56] employed similar approaches
for single-component suspensions of rigid and deformable particles, respectively.

Using the master equation-hydrodynamic Monte Carlo approach and direct simulations,
Kumar et al. [20-22] showed that in simple shear flow segregation in binary suspensions of
deformable capsules that differ in flexibility is mainly driven by heterogenous pair collisions
at low volume fractions, while wall-induced migration and heterogeneous pair collisions have
comparable contributions at higher volume fractions. In contrast, for the case in which the
capsules differ in size, Kumar et al. [22] found that the larger wall-induced migration of the

large particles is what mainly drives segregation. By treating the collisions as resulting only
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in very small particle displacements, the master equation can be simplified to a nonlocal
drift-diffusion equation whose solutions for Couette flow agree quantitatively with those of
the full master equation [22, 57]. Henriquez Rivera et al. [57] further simplified this model
into a set of drift-diffusion equations by also taking the collisions to only occur between very
closely approaching particles. In the present work we elaborate on this approach. In simple
shear flow this model has closed-form solutions to describe segregation in binary suspensions
of deformable particles. These results are further discussed later in the present work. Sinha
& Graham [63] used this set of drift-diffusion equations and direct simulations to study
segregation under simple shear flow in binary suspensions of capsules that differ in shape:
spherical and ellipsoidal (oblate or prolate). They showed that the capsules with lower aspect
ratio marginate when the ellipsoidal capsules have the same equatorial radius as the spherical
capsules. In addition, they showed that the opposite happens when both the ellipsoidal and

spherical capsules have the same volume: the ellipsoidal capsules demarginate.

In general, direct simulations of flowing multicomponent suspensions — models of blood
— can capture margination phenomena [20, 22, 24, 25, 35, 36, 64-67], but developing a
fundamental understanding of underlying mechanisms and parameter dependence from sim-
ulations is difficult. It is thus important to have a simple yet mechanistic mathematical
model, ideally one with closed-form solutions that reveal parameter dependence, that can
distill out the essential phenomena that drive segregation and capture the key effects and

transitions.

In the present work, we present a kinetic master equation for both simple shear flow
and Poiseuille flow. The kinetic master equation is then simplified into drift-diffusion mod-
els. We focus attention on the case of a primary component such as RBCs and a trace
component such as WBCs that does not affect the dynamics of the primary component.
Cell-free layer and margination results are presented for the two considered flow profiles.
Some of the results for simple shear flow appeared in Henriquez Rivera et al. [57] but are
included in the present work for completeness. Direct simulations of binary suspensions of
deformable particles are also presented to corroborate predictions by the theory. Addition-
ally, a hypothesis for describing the effect of hematocrit on margination in blood flow is
presented and supported by results from the theory. The models capture key phenomena
observed in confined multicomponent suspensions of deformable particles, such as margina-

tion and depletion layer formation, and provide further insights into the mechanisms behind



flow-induced segregation.

II. MODEL DERIVATION
A. General Model

We consider a dilute suspension containing N, types of deformable particles with total
volume fraction ¢ undergoing flow in a slit bounded by no-slip walls at y = 0 and y = 2H
and unbounded in x and z. Quantities referring to a specific component « in the mixture will
have subscript a: for example n,, is the number density of component a. We consider here
simple shear (plane Couette) and plane Poiseuille flows in the z direction and, consistent
with the diluteness assumption, take the local shear rate 7 to be independent of the local
number densities. Number densities n, are assumed to be independent of z and z. In
a dilute suspension of particles, where ¢ < 1, the particle-particle interactions can be
treated as a sequence of uncorrelated pair collisions [61, 62, 68]. For the moment, we neglect
molecular diffusion of the particles. This issue is further addressed below. Since the particles
are deformable, they migrate away from the wall during flow with velocity vam(y) [49, 50].
Fig. 1(a) shows a schematic of the considered system (for Poiseuille flow): a multicomponent
suspension of deformable particles in a slit. The evolution of the particle number density
distributions can be idealized by a kinetic master equation that captures the migration and
collision effects ([21, 22, 56, 57, 62]). Here we derive such an equation and, by making several
approximations, refine it to arrive at simplified drift-diffusion models for simple shear flow
[57] and Poiseuille flow.

Our starting point is the conservation equation

Pelt) L jatw) ©)

where ¢ is time, y is position in the wall-normal direction, n,(y) is the number density of
component «, and j,(y) is the flux of component a. Note that n, and j, are also functions
of t, but for brevity we do not explicitly indicate this dependence. To obtain j,(y), we start
by finding the collision flux, j5, from a flux balance of particles of component o moving
across a plane in the domain due to pair collisions with particles of component 3. We
then incorporate the wall-induced migration, molecular diffusion, and wall volume exclusion

fluxes into the model, as described in detail below.
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FIG. 1. (a) Suspension of particles in a slit under plane Poiseuille flow. (b) Pair collision trajectories
of particles of species @ and  under an imposed flow in the x direction. Far upstream from a
pair collision, the particles have a relative velocity v, between them in the flow (x) direction.
Particles of species a get displaced a distance Ag‘ﬁ by collisions with particles of species 5. Only
the particles of species « that are located within a distance A;B (illustrated by the shaded area)
from the plane located at position y (black solid line) upstream of the collision are pushed across

the plane.

For a domain populated by N, types of deformable particles, we find the flux of « particles
being pushed by (pair) collisions with § particles across a plane located at position y.
Fig. 1(b) shows a schematic of the x-y plane projection of this type of pair collision in
simple shear flow. Far upstream from the pair collision, the particles of components o and
B have offsets ¢, and J, between them in the y and z directions and are located at 3/, 2" and

— 0y, 2’ — 9, respectively. The displacement in the y direction of a particle of component
a due to a pair collision with a particle of component f is Agﬁ (0y,0,). The collision flux at

y is given by

i { [ AL s ettty = ity )i | s 3

where the sum is over all the types of deformable particles, N,. The innermost integral
corresponds to the particles of component « located at position ¢/, 2’ that travel across the
plane located at y when being displaced a distance Agﬁ (0y,0.) by collisions with particles
of component /3 located at position y' — 6, 2" — d.; the z-y plane projection of the described

collision is shown in Fig. 1(b). The rate of collisions for a particle of component « is given
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by ngvre, where ng is the number fraction of component 3 and v, is the relative velocity
between the particles of components a and (8 as they approach each other for a pair collision.
We assume a unidirectional flow in the z direction, so v, does not depend on z. Equivalent
forms of Eq. 3 have been presented in studies of single-component suspensions [56, 61, 62, 68].
By using this form of j¢ (Eq. 3) in Eq. 2, we have the kinetic master equation, which is a
nonlocal integrodifferential model that allows jumps [69].

Since the number densities and v, do not depend on z, we can perform the outermost
integral in Eq. 3 (over J,) and obtain

N

R = [ o mamalst = a)unats' 8 a5, . @)

51 oo LJy-a37 )

)

where the symbol ‘77 over j¢ and A;B means that these quantities have been integrated

Y

over 0,. Now dropping the symbol ‘7’ with the understanding that all quantities are now

averaged over z, Eq. 4 becomes

Ne oo
== [ ads, (5)
=17~
where A is the inner integral in Eq. 4:
y
A= [0l sty = 6l 5, (6)
y—A?ﬂ(Jy)

Now we make the approximation that A%”(4,) is only nonzero when 4, is small, by Taylor

expanding A about ¢, = 0:

Az/y no (1) [ng(y/)— Isly) 5 +1M52+..l

-A57(8y) oy T2 oyt
aUrel (y/> 1 aQUTd(y/)

Yy Yy Yy
_ / A()dy — / fa()dy + / f()dy,
y—A?B(éy) y_Agﬁ (5y) y—AZB((Sy)

where

/ / ' aUrel(y/) 1 a2vrel(y,)
F8) = ol malo)) | 25, - S|
8”5@,) avrel(?/,) 1 aQUrel(y/> 2
ay 0y By 0y — 5 (9y’2 5y+... ,
82715 (y,) avrcl(y,) 1 aQUrcl(y/)

fa(y, Oy) = Na (y')

fs(y',0y) = %na(y’)
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We rewrite A as
A= |00 = Fily = 876).8)| = [Fatd) = Fly - 857(0,).6)
+ [F?)(ﬁ% dy) — Fs(y — AZﬂ(fSy% 5@/)} : (7)

Here F;(y,d,) and F;(y — A;ﬂ(éy), d,) are the antiderivative of f;(v',d,) evaluated at y' =y
and iy =y — Agﬁ(éy), where 1 = 1,2, 3:

[ g, B = By 0) By = 85706,).0,) )

Now we make the additional approximation that A;‘ﬁ is small, meaning that post-

collisional displacements are small. We implement this approximation by carrying out a

Taylor expansion of A about A;B =0:

A [Fl(ﬁ% by) — (F1(y, Oy) — %:Z%)Agﬁ(éy) + %%(Aiﬂ(%))z t. )]
(Rt~ (Rt - LB g 4 LPPLD) e )
+ |Fa8) = (Fatma) - S g, 4 TS a2 )]

It is necessary to include the terms of O(47), O((A97)?), and O(6,A5”) to capture the
effect of the nonuniformities in v, that arise in the Poiseuille flow case. Keeping up to these

terms, the collision flux becomes

= -3 {ratnstz [ oasy?(6)05

B=1 0

+ | — na(y) o 2/0 vrel’eéyAgﬁ(éy)déy}

+| - a% (na(y)nﬁ(y)> /0 ) vrel,e(AZB<5y))2d5y]

[ = malimalo) [ T aga ) van, |, (10)

0

where we have rewritten the relative velocity v, (y) in terms of its odd and even parts:
Urel,o + Urele. This decomposition aids in simplifying the derivation since integrals from —oo
to oo of odd integrands are zero. More details are presented when we discuss specific flows.

The third term in this expression is classical shear-induced diffusion. The second is drift

due to “one-sided collisions”: i.e. due to a higher collision frequency on one side of a particle
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of species o than the other due to a gradient in the number density of species 5. The
first and last are drift terms due to nonuniformities in the relative velocity that arise in the
Poiseuille flow case. For single-component suspensions, terms with the same number-density
dependence have been proposed on phenomenological grounds (e.g., [40, 45-47]). Note that
here however, the multicomponent case is considered and explicit forms for the coefficients
in terms of the collisional displacements Agﬁ are given.

The second key mechanism in the systems under consideration at low Reynolds number
is wall-induced migration. We can incorporate wall-induced migration into the model by

adding the migration flux
Ja' (Y) = Vam (Y)1a(y), (11)

where v, (y) is the wall-normal migration velocity of component . As an approximation
in the dilute limit, we describe the wall-induced hydrodynamic migration velocity of all
particles of component « as that of a single particle of component a in a slit. To leading
order, a deformable particle in flow near a wall can be described by a point dipole [49, 50].

We superpose the point-force-dipole approximations corresponding to each of the two walls

[55]:

This is a valid approximation for y/a, > 1, where a, is the particle radius of species «;
however, it has been shown to be a good approximation for y/a, = 2 [55]. The parameter
K, depends linearly on the yy-component of the stresslet generated by the deformable
particle [49, 50]. This in turn scales as jg(Ca,), where g(Ca,) is a function that depends
on the capillary number Ca, of component a. The capillary number is a nondimensional
group that characterizes particle deformability; for fluid-filled elastic capsules, a common
model for cells, it is given by Ca, = pyas/Ga, where p is the fluid viscosity and G, is the
membrane shear modulus of component «. Additionally, K,,, scales as al and also as 4>
(or as 4Ca, ) at low 4 with this dependency becoming weaker as 4 increases [22, 55, 70]. We
further discuss migration below in the contexts of Couette and Poiseuille flow and conclude
by noting that at finite concentration the particle-boundary hydrodynamic interaction that

drives migration will be modified by the presence of other particles.

We can also incorporate molecular diffusion by adding the molecular diffusion flux

i) =D, (13
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where D,, is the Brownian diffusivity of component a. We discuss later the significance of
this term for describing transport in blood flow.

To account for the fact that particle centers cannot come too close to the wall, we can
also include a repulsive excluded volume force. We choose a simple model in which the force
starts from zero at y = a,, and increases quadratically as y decreases toward the wall. This

force is then

Kae<y - aoz)Za ) < Ay
Foely) = (14)
0, Y > g,
where K, is a constant and a, is the particle radius of component o. We take the drift

velocity of the particle associated with this force to be (by Stokes’ law)

1

Vae = C_aFae(y)7 (15)

where (, is the Stokes friction coefficient for component «. By multiplying this velocity by

the number density of component «, we obtain the wall excluded volume flux

joly) = CiaFae@)na(y). (16)

Finally, the total flux of component « is given by combining the fluxes j™(y), 5¢(v), 7¢(y),
and jg(y):

Ja(y) = o' (y) + Jaly) + jay) + ja(y)- (17)

By putting the combined fluxes into Eq. 2, we arrive at a system of coupled drift-diffusion

equations for the number densities n,:

3”8&;9) _ _a%{vam(y)na(y) + 62]:; { [na(y)nﬁ(yﬂ /0 ) vrel,oﬁgﬁd‘sy}

on o 0 o
+ |: — Nq (y)%2/0 Urel,e(syAZBdéy} + |: - a_y (na(y)nﬁ(y)) \/0 Urel,e(Agﬁ>2d5y:|
> avrel,e anoz (y)

+ [—na(y)ng(y) /0 a—y(Agﬂ)%y]}—Da 3 +<%Fae(y)na(y)}- (18)

Appropriate boundary conditions are no-flux conditions at the walls y = 0 and y = 2H.

In Sec. III, we present results in which symmetry across the centerline y = H is assumed,
but this condition is not a requirement of the model. In general, the initial condition can
consist of any number density profile that is integrable and nonnegative for all positions.

The mean number density of the concentration profile is defined as n, = % fOH na(y)dy.
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Analogously, the mean volume fraction of component « is defined as ¢, = & fOH oa(y)dy,

where ¢, (y) is the volume fraction of component «.

B. Simple Shear Flow

In this section we consider simple shear flow (plane Couette flow with constant shear rate
4). For this case the relative velocity between two particles that are approaching each other

for a pair collision is

Urel(yv 5y) = 7‘5?; ) (19)
and thus
Urele = 7‘53/ ) (20>
Urelo = 07 (2]-)
aUrel e
e — 22
e o, 22)
avrel o
—= =0. 23
- (23)
By substituting Eqgs. 20-23 into Eq. 10, the collision flux becomes
N, .
. - 9(ns(y)y 0
IHOEDYS {— Kaﬁcna(y)% — Kapa¥ | na(y)ns(y) || (24)
ot y y
where
Kope =2 /0 AB(5,)6,16,] d6,, (25)
Ko = [ (36,715 d, (26)

The first and second terms inside the sum represent the collisional drift and shear-induced
diffusivity, respectively. Here we assigned a cutoff radius r.,; beyond which particle-particle
interaction is assumed to be negligible. The parameters K,s. and K,gq are assumed to be
independent of y. In simple shear where 7 is constant this will be a good approximation
except perhaps when both particles are within a particle diameter or so from the wall, where
the wall will affect the collision dynamics [56]. We remind the reader that the model was

integrated over ¢, (see Eq. 4) and therefore AJP(d,) has dimensions of length squared. The
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convergence of these integrals deserves mention. In the far field each particle appears as
a force dipole, so in an unbounded domain the collisional displacements AZ‘B would decay
as 0, 2. Thus convergence of Eq. 26 is unproblematic irrespective of 7.,. For convergence
of Eq. 25, reyy must be bounded. An explicit bound is the slit width 2H. Furthermore, at
any finite concentration the spacing between particles scales as n~/? where n is the total
number density. A given particle will effectively only collide with other particles within this
range, while particles outside this range would be more strongly affected by their nearer
neighbors.

We focus now on the important special case of a binary suspension (/N; = 2) composed
of a “primary” component (‘p’) and a “trace” component (‘t’) such that n, > n,. In this
case, only f = ‘p’ in Eq. 24 contributes to the collision fluxes of both the primary and

trace components. For simplicity we use the subscripts ‘p’ and «, where « is ‘p’ or ‘t’. The

collision flux for such a system is

d(n )
Jaly) = _Kapcna(y)(g—(;/)v) - Kapdﬁ/agy (na(y)np(y)>- (27)

To describe wall-induced hydrodynamic migration, we employ the approach discussed in
Sec. ITA (Eq. 12) with the parameter K, being a constant.
With these further idealizations, Eq. 18 reduces to a pair of partial differential equations,

which we present here in nondimensional form

Odaly) 0 1 1 99,(y)
o _8_y [Ham (? - w) 9a(Y) — KapePa(y) Ay
ot (60000 ) = 2250 i) 9

where « is ‘p’ for one of the two partial differential equations and ‘t’ for the other. This pair
of differential equations is the simplified drift-diffusion model for simple shear flow. Here

b0 = NoV, is the volume fraction of component «, where V,, is the volume per particle of

component «a, C = H/ a, is the confinement ratio, Kam = %, Kape = %{g, Kapd = %55,
— Do — Hpe — KieS
Do = 3a Fpe = 3¢, Fte = 36
(y - 1)27 y < 1
Fpe(y) = (29)
0, y>1,
\
.
(y - 8)27 y < S
Fre(y) = (30)
0, y >S5,




and S = a;/a, is the ratio between the particle radius of the trace component, a;, and the
particle radius of the primary component, a, (i.e., size ratio). Note that F,.(y) is the nondi-
mensional form of F,.(y) but without the latter’s magnitude K,.; the parameter K,. has
been extracted for consistency with the other terms in Eq. 28. Time ¢ is nondimensionalized
with 4! and y with a,. For simplicity we keep the symbols ¢ and y for their nondimensional-
ized forms. For a single-component suspension of rigid particles (Ny = 1, K, = 0), a model
of similar form was proposed by Phillips et al. [40] based on phenomenological arguments

first proposed by Leighton & Acrivos [39].

C. Poiseuille Flow

In this section, we consider plane Poiseuille flow. Here the shear rate vanishes at the cen-
terline; this is an important difference from simple shear flow and requires careful treatment
there. In particular, at the centerline the relative velocity v, is quadratic in d, rather than

linear, leading to terms that are absent in the Couette flow case.

In Poiseuille flow the shear rate and relative velocity vary with position:

i) =3 (1- %) (31)
dy)
Ty H (82

where 7, is the wall shear rate, and

: L dy
Urel(ya 51/) = 'V(y)éy o Ed_yéi (33>
. Y
= "V(y)% + ﬁ(ﬁ : (34)
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for i>\

near

7/ far

FIG. 2. Schematic of unperturbed plane Poiseuille flow in a slit, highlighting the region near the

centerline (shaded area within the dashed lines), where the shear rate is approaching zero. Here

“near” and “far” stand for near and far from the centerline, respectively.

Thus
)
Ay)[6,|, 0 <3, <2/H —y
bt — '( )16y v <2 | (35)
270y 8y > 2H —yl,
sgn(H — y)3%6,|6,], if 0 <4, <2/H —y|
Urel,o = (36>
515, it , > 2|H — g,
(
Mrele —2#16,], if0 <6, <2|H -yl (37
oy :
y \O, if 6, > 2|H — vy,
(
Mo ) 05 if 0 <o, <2/H —y| (38)
W | e, o, >20H —yl.

(
We keep the expression sgn (H — y) for now even though our focus here is the bottom half
of the domain (y < H).

Near the centerline (y = H) it is necessary to include the quadratic terms in §, of
Eqs. 35-38 since, as mentioned above, the shear rate vanishes at the centerline. This region
is highlighted (shaded area) in Fig. 2. Fig. 3 sShows vyel, Urel e, and vy o as functions of ¢, for
various values of y. In this figure we can clearly observe two distinct regions: (a) away from
the centerline where 0 < §, < 2|H — y| and (b) near the centerline where 6, > 2|H — yl.
Recall that v = Vrere + Vrelo- At the centerline (black dashed line) where the shear rate

iS zero, Uyl o 1S zero and vyere scales quadratically with d,; thus v, also scales quadratically
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positions, where a is the radius of the particle.

with &, (i.e., the term that is quadratic in J, is the dominant one at the centerline). As y
increases or decreases from y = H, moving away from the centerline, the shear rate increases
and the term that is linear in ¢, becomes dominant. As above we apply a cutoff radius 7y
beyond which particle-particle interaction is negligible. The collision flux in the two regions
is:

(a) away from the centerline (0 < rey < 2|H — y|):

N

i20) = | [tz [ senty < 12240 550,

B=1
8” Tcut . o
| =y 2rete)y | swasiagas,
83/ 0

+ = o (matonst) [ atla ey as,

 [matmato) [ Jeialcagtras, |} (39)
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(b) near the centerline (rey > 2|H — y|):

N.
. Z ons(y) /TC“ T 53 s
v 61{[ g dy oy 2H VY

B B a Tcut ,yw 9 aﬁ 9
o= gy (et} [ st pas,

r 2|H—y| o
+ na(y)ng(yﬂ/o sgn(y < H)ﬁciywym;ﬁdéy]
+ nalonaty) )2 [ @Az‘ﬁd@]

L 2|H—y|

r on y 2|H—y| _ N
#0282 [ 5,15, 185705

- ) 2|H—y| ‘ )
1= 2 (nains() / S()16,1(A%)2d5,

L oy 0

r 2|H—y| o .
#[matmato) [ sl | (40

Notice that the last five terms of Eq. 40 vanish at the centerline.
This model is now rather complex and cumbersome. To proceed we will make a further
approximation, neglecting the terms in Eq. 40 that vanish on the centerline. Then by

combining Eq. 39 and the first two terms of Eq. 40 and by simplifying the result, we obtain

=3 { = K| 2 (003000 ) + 1 J2nato)] )

B=1
B
Kaﬁda_ na(y)ns(y)y(y)
1 ong(y) Y 1, 0 Yoo
- ZKa,Bcna(y) ay H - 2Kaﬁday na(y>n5(y) ([ (41)
where
Kope =2 /0 5yy(sy|A;5(5y)d5y, (42)
Koypa = / 16,1(A(5,))2d5,, (43)
— / 500 (5,)ds,. (44)
2|H—y|
Kisa= [ G067 ds, (4
2|H—y|
and
h=2+sgn(y—H). (46)
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The primed parameters K7 5. and K5, are absent in the Couette flow case. All four param-
eters Koge, Kaga, K g, and K}z, depend on the collision function A%?, which in turn may
depend on position via the local shear rate, because the particle deformations also depend
on shear rate. However, prior work on pair collisions of elastic capsules [71] indicates that
the collisional displacements are only weakly dependent on Ca except when Ca is very small.
Furthermore, as noted above, the wall only plays a role for collisions that occur very close
to the wall. Therefore, we take these parameters to be independent of position. Here our
focus for the derivation of the model is the bottom half of the domain (y < H) — we will
assume symmetry across the centerline — so we use h = 1 from this point forward.

The first term in Eq. 41 represents the collisional drift: the —Kagc% (ng(y)(y)) na(y)
part appears in simple shear flow (Eq. 24) but the —Kagc;—}f[ng(y)na(y) part does not. The
second term is the shear-induced diffusion term. The third and fourth terms are modifi-
cations to the collisional drift and shear-induced diffusion near the centerline, respectively;
they do not appear in the simple shear flow case. Miller & Morris [47] added a term similar
to the one containing K7, 4, to their model of rigid-sphere suspensions based on the physical
argument that shear-induced diffusivity should not be zero at the centerline. Here we see
that it arises naturally when the quadratic term in the relative velocity is kept.

As in the simple shear flow case, we consider the case of a binary suspension composed

)

of a “primary” component (‘p’) and a “trace” (‘t’) component such that n, > n;. We use

the subscripts ‘p” and « , where « is ‘p” or ‘t’. The collision flux for this system is

1500) = ~Fone| 5 (m0030)) + oy 0)] )
-~ Kapige (a0 030 )
- L 202 i 2 () 2 (47)

To describe the wall-induced hydrodynamic migration velocity, we use Eq. 12 with K, =
Kawﬁ(y)%. Here K, is the magnitude of the wall-induced migration velocity of
component « and k; is a nondimensional constant; they are both fitting parameters obtained
from boundary integral simulations of a single capsule migrating away from the closest wall
under plane Poiseuille flow in a slit for different values of Ca, (cf. [20, 22, 72]). The above

expression for K,,, follows the scaling, mentioned earlier, of K, as 7¥Ca, at low Ca, with

this dependency becoming weaker as Ca,, increases until K, reaches a plateau. In Poiseuille
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flow we base Ca, on the wall shear rate 3,: Ca, = t¥uwaa/Ga-

If the velocity gradient is not constant as in Poiseuille flow, a deformable particle ex-
periences migration even in the absence of confinement [51]. Chan & Leal [53] found an
analytical expression for the migration velocity of a drop in an unbounded plane Poiseuille
flow in the limit of small deformation. Helmy & Barthes-Biesel [73] also found an analytical
expression for the migration velocity of a capsule in unbounded pipe flow in the limit of
Ca, < 1. Their results predict a linear dependence of migration velocity on 4, Ca,, and
distance from the center. As in the case of wall-induced migration, we assume saturation of
the shear gradient induced migration at high Ca,. The total migration velocity, including

its wall and shear gradient induced migration components, in Poiseuille flow is then

e 0 8) () e @

The parameter K,, is the magnitude of the shear gradient induced migration and is obtained

Vam(Y) =

from the same boundary integral simulations used for finding K, and k;.
Finally, for Poiseuille flow Eq. 18 reduces to a pair of partial differential equations, which

we present here in nondimensional form

5 e p (- (- 7)

Y
C

+f~ea9]¢a maﬂc{( )1 ) Sy >}¢>a<y>
1

~ hasi g (0} (1= 5) ) = Kzt <y>a¢§;>

19 99a(y)
— I{/ — @a RaeSae oY . 49
i (4o >) ) 01000 (19)
« K(/)é C K(,){. €
Here Koy = Ifﬁw’ Kag = Iipg’ Rope = Vyad Kopd = thff’?’ Do = ng%’ Kpe = ﬁlipcp’ and

Kie = Kt—f; the rest of the symbols in Eq. 49 are defined as in Sec. II B.

w

III. RESULTS
A. Simple Shear Flow

In this section we present results of the drift-diffusion model for simple shear flow (Eq. 28).

Some of these are presented in [57] and are repeated here for completeness. Unless otherwise
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noted, in this section we neglect molecular diffusion and the wall excluded volume effect: the
former effect is negligible for sufficiently large particles as discussed below and the latter is
negligible except at high volume fraction, a case we address in Section III C. An important
feature of the pair of differential equations represented by Eq. 28 in the absence of these
effects is that steady state solutions with no-flux boundary conditions at the wall (y = 0)
and centerline (y = C) can be found analytically. For a given mean volume fraction ¢,, we

find that the volume fraction ¢,(y) of the primary component satisfies

07 y<ld

d)p - 2C2¢;p 1 . l_d(gc—ld) y > l 5 (50)
2C(C—1g)—14(2C—1y) In (%) y (2C—y) )> d

Kpm

—5—, and [q is the nondimensional cell-free or depletion layer thickness. An
ppc ppd

where 7, =

implicit relation between [ and (ﬁp is given by

This will remain valid even in the presence of the wall-exclusion effect as long as [ is greater

than the radius of the primary component. Note the simple linear dependence on 7,: as
long as 0 < [y < C, the only role of the collision and migration parameters is to scale the
mean volume fraction. It is illuminating to rearrange this expression to yield

Qz_)pci C(l_lﬁd) C

Observe that this result implies that ¢,C/n, is a function of I;/C (or vice versa), so given
the single adjustable parameter 7,, all results should fall onto a master curve when plotted
in terms of these two quantities.

To assess this prediction, we fit 7, to results from several sources. First we consider simple
shear flow results from numerical simulations of pure suspensions of deformable capsules with
Ca = 0.2 and 0.5 for C = 5.08 [22], as shown in 4(a), and from a nonlocal (master equation)
model for RBCs with Ca = 1 for C = 7 [56], as shown in Fig. 4(b). We also fit pressure-
driven flow results from in vitro experiments with blood in small glass capillaries where the
confinement ratio (in this case tube radius over RBC radius) is 7.15 [74] as shown in Fig. 4(c).
The (tube) hematocrit Het (i.e., ¢,) in Fig. 4(c) is calculated from feed hematocrit Hety

using a correlation from Pries et al. [75] that captures the Fahraeus effect — the reduction of
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(tube) hematocrit relative to feed hematocrit — for human and rat blood:

Hct
HCtF

where D is the vessel diameter in pm.

= Hetp(1 — Hetp)(1 4 1.7e7 0450 — 0.6 70011D) (53)

The only fitting parameter in Figs. 4(a)-4(c) is n,; its value for the three cases is reported
in the figures. The reported 7, were obtained from fitting the data for ¢, < 0.2 (our
theory only incorporates pair interactions and thus cannot be expected to give quantitative
agreement at high qu). In all three figures, l; decreases with increasing qu. The fits using
Eq. 51 agree very well with the results at ¢, < 0.2, which is consistent with the diluteness
assumption in the formulation of the model.

Additionally, we fit results from in vivo observations of [; in arterioles of various radii
in the rat cremaster muscle at normal arterial pressure and hematocrit (i.e., (Ep) of 0.31 <
Het < 0.39 [76], which is also calculated using Eq. 53. These results as well as the results
in Figs. 4(a)-4(c) are shown in Fig. 4(d), in terms of the quantities /;/C and ¢,C/n,. The
values of 7, are shown in the figure caption and are all in the range 0.36 < 7, < 0.85.
Remarkably, nearly all the data points collapse onto a single master curve, even results
for ¢, beyond the range considered for the fittings shown in Figs. 4(a)-4(c), and even for
results in pressure-driven flow. The only data points that significantly deviate are the in
vivo measurements for arterioles with radius less than 10 ym (a rat RBC has radius of about
3 pum). This means that independent of the form of our theory, the relationship between ggp
and [, is set by only one adjustable parameter (7),). Our specific results slightly overpredicts
l3/C at high ¢,C.

In addition, Iy — 7,/¢, in the unconfined limit C — oo, confirming the ¢! dependence
found earlier in scaling analyses [22, 52, 55, 56]. More generally, Eq. 51 analytically captures
the dependence of the cell-free layer thickness on the volume fraction, degree of confinement,
and particle properties. For completeness we note that an explicit expression for [; can be

formulated in terms of the centerline volume fraction of the primary component, ¢,., rather

than ¢,:
_ Cope
401 ) )

The concentration profile for the primary component given by the closed-form solution

(Eq. 50) is illustrated as the black solid curve in Fig. 5. We plot this in the form ¢,/®,

As C = 00, ¢pe — b,
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FIG. 4. Plots of cell-free layer thickness l; (nondimensionalized with particle radius) vs. ¢, from
various sources, along with fits to Eq. 52. The fitting parameter 7, is reported in the plots. The
fits are done to (a) boundary integral simulations of pure suspensions of deformable capsules with
Ca = 0.2 and 0.5 for C = 5.08 in simple shear flow [22]; (b) integrodifferential model for red blood
cells with Ca = 1 and viscosity ratios, A, of 1 and 2 for C = 7 in simple shear flow [56]; (c) in vitro
experiments of blood in small glass capillaries in pressure-driven flow for C = 7.15 [74]. In (c) the
capillary number varies from 0.4 to 1.6. In (d) I;/C is plotted against ¢,C/n, as suggested by the
form of Eq. 52. Results from in vivo experiments (star symbols) in arterioles in the rat cremaster
muscle [76] are also included in (d). For these results 1, = 0.36 and was obtained by fitting the
data corresponding to vessels with diameters of at least three times the RBC diameter in rats; for
reference, the results included in the fit correspond to roughly épC /mp > 2.5 in (d). The black
dashed curve in (d) is Eq. 51.

as a function of y. The bottom half of the channel 0 < y < C is shown — in this and
all future profile plots we assume symmetry across the centerline. The solution is zero

within the cell-free layer y < [; and increases with increasing y, reaching a maximum at
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FIG. 5. Steady state volume fraction profiles of ¢, /¢, (black solid line) and ¢ /¢; for various values
of M. (The curves coincide when M = 1.) Here ¢, = 0.12, ¢ = 0.23, C = 5.08, kpm, = 0.11,
Kppe = 0.02, and kg = 0.07, resulting in [ = 1.6 (extracted from simulation results in [22]). For

simplicity, Kipg = Kppd and Kipe = Kppe. We vary M by changing ki,

y = C. While this solution captures the presence and parameter dependence of the cell-free
layer, detailed simulations [20, 22, 56] reveal a local maximum in ¢, near the wall, which
the present model does not predict. The full master equation does predict this, as does a
nonlocal drift-diffusion approach that assumes that the collision function Ag‘ﬁ is small, but
not short-ranged [22, 56].

For the trace component, an analytical steady state solution can also be found: it is
Oa y < ld
P = oo \ M ’
¢tc ( (ch > , Y > ld

where ¢,(y) is the steady state solution for ¢, found above, ¢, is the volume fraction of the

(55)

trace component at the centerline, and

N + 26ppd (/@tm _ Kipe t Kipd ) ' (56)

Ktpd Kpm  Kppe + 2Kppd
Remarkably, this single quantity, which we call the margination parameter, determines the
qualitative nature of the concentration profile as we now describe.

The sign of M is determined by the competition between the ratio of the migration
velocities of the two components, 7 and the ratio of the collisional terms, Litpetfipd
pm Kppet26ppd

Depending on M, several distinct regimes of behavior can be identified:
(1) M > 1: the trace component is displaced further from the wall than the primary

component: it demarginates.
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FIG. 6. Centerline volume fraction of the trace component ¢, scaled with the average trace volume

fraction ¢; vs. M for varying 9. Other parameters are the same as in Fig. 5.

(2) 0 <M < 1: the relative concentration of the trace component is higher near the wall
than the primary component but does not display a peak: it weakly marginates.

(3) =1 < M < 0: the trace component displays a peak at y = [, corresponding to an
integrably singular concentration profile: it moderately marginates.

(4) M < —1: here Eq. 55 displays a nonintegrable singularity at y = l;. This steady
state is physically unrealizable as it corresponds to an infinite amount of material in a
finite region. In this regime collisional transport overwhelms migration, and the trace

component accumulates indefinitely at y = [y, indicating strong margination.

The black solid line in Fig. 6 shows the ratio between the centerline concentration ¢y,
and the average concentration ¢, vs. M. This falls sharply to zero at M = —1; we call
this phenomenon the drainage transition, since for M < —1 all the trace component is
completely drained from the bulk. If the trace component does not migrate (as in the case
of rigid particles), then k;, = 0 and M = —(1 + Ky./Kq), which is always less than —1.
This case is degenerate in the absence of Brownian diffusion, because at steady state ¢; can
take on arbitrary values when y < l;. In the case of shape segregation, Sinha and Graham
[63] have used simulations of pair collisions and single-particle migration to estimate M via

computation of the x parameters in Eq. 56.

For particles the size of blood cells (> 1um) at shear rates characteristic of the micro-
circulation (102 — 10% s7!), Brownian diffusion is unimportant — using typical values for the
microcirculation, the Péclet number (Pe) is about 10°. For smaller particles, however, such

as might be used for drug delivery, this may no longer be true. We consider the impact
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FIG. 7. Steady state volume fraction profiles ¢:(y)/¢; for kym = 0 (M < —1) and various D.
Other parameters are the same as in Fig. 5. Also, the solid lines show the transient evolution for

Dy =1 x 1072: ¢t = 0 (lightest gray), 30, 90, 270, and at steady state (black).

of Brownian diffusion on trace component transport by adding the appropriately nondi-
mensionalized diffusion term D, 9%¢;/dy* in Eq. 28 for o = t. Here D, = D;/a’¥, where
Dy is the Brownian diffusivity of the trace component. Note that 2, is a measure of the
competition between diffusive and convective transport, since it is inversely proportional
to Pe: D, = S?/Pe. Using typical values for blood (a, = 3.9 x 107 m, 4 = 500 s7!) and
the Stokes-Einstein relation, varying 9, from 1075 to 10~2 corresponds to varying a; from
~ 107 m to ~ 10~°m.

With molecular diffusion the steady solution for the trace component is

¢ 1 _ 27]p"”vtpd (C—ld)2 M
te C(De+dpekipa) la(2C—1g)

= 2Kk¢m C 1 1
D= e <_ ;’t <y(20—y) N ld(QC—ld))> , Yy <lq (57)
2NpKipd (C—y)2 M
(btc <1 N C(DtJF(b;flitpd) y(Qny)) ) y > ld.

Molecular diffusion results in a spreading of ¢; to include the region y < [; and also renders
the steady solution for M < —1 integrable. Fig. 6 shows the volume fraction of the trace
component at the centerline ¢, normalized with ¢, as a function of M for various D,. It
shows that the drainage transition (i.e., the value of M at which there is a complete drainage
of the trace component from the bulk) is smeared out by the addition of molecular diffusion.

Now consider the specific case in which the particles of the trace component are rigid
(ktm = 0). Fig. 7 shows how the steady state profile of ¢, varies with ©;: Margination is
weakened by diffusion. This result is consistent with experimental [13] and numerical [77]

studies in which nanoparticles, which experience a stronger molecular diffusion, showed a
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FIG. 8. Time-averaged volume fraction, based on center-of-mass position, of the trace components
at the centerline as a function of flexibility ratio F or size ratio S from direct hydrodynamic
simulations, where C = 5.08 and ¢ = 0.12 in case (a) and ¢ = {0.096,0.098,0.101,0.108,0.12}
for S = {0.2,0.4,0.6,0.8,1.0} in case (b). The value of ; is 1.6.

lower margination than microparticles. Fig. 7 also shows the transient evolution of ¢; for
D, = 1 x 1072 from a uniform initial condition as determined from a numerical simulation

using a conservative finite volume method.

To evaluate the prediction of a drainage transition, we performed direct simulations of
binary suspensions of fluid-filled non-Brownian elastic capsules at low Reynolds number
using a boundary integral method. For more information about simulation methods and
details consult [20, 22, 72]. Two cases were considered: segregation by (a) deformability
and (b) size. The particles are all spherical at rest. In case (a) the primary component
comprises 80% of the particles and has Ca, = 0.5; the trace component is stiffer, and we
define a flexibility ratio F = G,,/G; (= Ca;/Ca, in our simulations). The primary component
in case (b) is the same as in case (a), but now the trace component is smaller as defined by
the size ratio S = a;/a,. In this case Ca; = Ca,,.

Fig. 8 shows the steady-state value of ¢;./¢, as F or S changes, where the values of volume
fraction are based on center-of-mass position. It is very similar to Fig. 6, clearly indicating
that the drainage transition predicted by theory is found in the simulations. Coincidentally,

the transition is in the same range 0.4 — 0.6 for both S and F under the conditions chosen.
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FIG. 9. M wvs. S for wy, ~ S* (black solid line) and kg, ~ S (red dashed line); the latter

corresponds to the simulations shown in Fig. 8. Other parameters are the same as in Fig.5.

Considering case (b) first, the migration parameter ry,, scales as S® at constant Cay, so as
S decreases so does M; recall that M < —1 for xy,, = 0. With regard to case (a), Ky, also
decreases with decreasing I, and additionally the collisional displacements and thus xy,. and
Kipa increase [20]. Therefore, decreasing F also corresponds to decreasing M, resulting in a

drainage transition.

Returning to the theory, using the values in the caption of Fig. 5 and Eq. 56, we can
determine the value of S corresponding to the drainage transition by finding M as S is
varied. This result is shown in Fig. 9, where we use fiy, ~ S* (black solid line) and iy, ~ S*
(red dashed line) to represent the cases of varying a, while keeping G; and Ca, constant,
respectively. The values of S corresponding to the drainage transition are 0.61 and 0.52,
respectively. The latter case corresponds to case (b) above, and we see that the theory result

agrees well with the direct simulation result in Fig. 8.

For reference to blood in the microcirculation, the values of S for leukocytes and platelets
with respect to RBCs are 0.9—2 78] and 0.2 [79] respectively, while F is of the order 1072 [80]
and 10~* [81] respectively. Thus, case (a) here is more closely related to the RBC-leukocyte
segregation, where the size ratio is close to unity, and case (b) more nearly represents the
RBC-platelet case, where the sizes are very different. From the present results it appears

that both leukocytes and platelets would satisfy the conditions for drainage in simple shear.
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FIG. 10. Steady state ¢, profile normalized with qu for Poiseuille flow. Here qu = 0.2, C = 5.08,
K = 0.15, ksy = 0.01, k1 = 0.16, Kppe = 0.02, Kppg = 0.07, K, = 0.02, /Q;d = 0.07, D, = 0, and

Kpe = 0.

B. Poiseuille Flow

Now we present results of the drift-diffusion model for plane Poiseuille flow (Eq. 49).
Again, unless otherwise noted, wall exclusion and molecular diffusion are neglected. Here
analytical solutions are not available, but the pair of differential equations represented by
Eq. 49 can be solved numerically using a conservative finite volume method. The steady-
state solution of the primary is shown in Fig. 10. It has a distinctive peak at the centerline,
which is not observed in the simple shear flow case. The solution of ¢, at the centerline is
finite due to the presence of the . and ﬁ;d terms in Eq. 49; otherwise it would blow up.
The same is true about the solution of the trace component. The peak at the centerline
in the solution of the primary component has been observed in experiments with rigid-
sphere suspensions [82] as well as in simulations of suspensions of RBCs [83] and deformable
fluid-filled spherical capsules [84]. For comparison with the theory, Fig. 11 shows ¢, /¢, as a
function of y from boundary integral simulations of suspensions of fluid-filled elastic capsules
at low Reynolds number (cf. [20, 22, 72]), where the values of volume fraction are based on
center-of-mass position. In the boundary integral simulations, Ca, = 0.5 and C = 5.08. As
in the Couette flow case, Fig. 11 shows that the primary component also exhibits a peak
close to the cell-free layer, which our local theory is not able to capture. As noted above, in

Couette flow this peak is captured by the nonlocal theory presented by Kumar et al. [22].

Steady-state solutions for the trace component (Eq. 49) are shown as the solid lines in
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FIG. 11. Steady state ¢, profiles normalized with ¢, for Poiseuille flow from direct simulations.
Here the values of volume fraction are based on center-of-mass position, ¢ = 0.12, Ca, = 0.5,

C = 5.08, and F is varied by changing Cay.

Fig. 12 for different values of the wall margination parameter M,,, where

Ktpd Kpm  Kppe T 2Kppd
Rppe + 2K ppd ( Ca; K1+ Ca, Kipe + Kipd )

o Rppe + 2/€ppd Rim Ripe + Ripd
M, =

o8
k1 +Ca;  Ca, Kppe + 2Kppd (58)

Ripd
As its name suggests, M,, is simply M (Eq. 56) evaluated at the wall. The contribution of
the shear gradient to migration is neglected in this characterization as it is assumed to be
small compared to the wall-induced migration near the wall. Near the wall, the solution of
the trace is qualitatively similar to that in the simple shear flow case; near the centerline
we also find a peak like that exhibited by the primary component. The same qualitative
margination regimes are also observed:

(1) M, > 1: the trace demarginates.

(2) 0 <M, < 1: the trace weakly marginates.

(3) —1.3 < M,, < 0: the trace moderately marginates. In this margination regime, two
peaks in the volume fraction profile of the trace form: one at the centerline and another
at y = ly.

(4) M, £ —1.3, as shown below: Eq. 49 for a@ = t displays a nonintegrable singularity at
y = lg, indicating strong margination.

The (small) effect of molecular diffusion of the trace component is also shown in Fig. 12.
As in simple shear flow, we predict a complete drainage of the trace from the bulk. This

is shown in Fig. 13 where the steady state value of ¢, normalized with ¢ is plotted against
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FIG. 12. Steady state ¢, profiles for different values of M,, in Poiseuille flow for 2, = 0 (solid
lines) and 2 = 1 x 1073 (dashed lines). Here C = 5.08, ¢, = 0.2, Ca, = 0.5, K, = 0.15,
ksg = 0.01, k1 = 0.16, Kppe = 0.02, Kppq = 0.07, D, = 0, kpe = 0, and kg = 0. For simplicity,
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Kpe = Ktpe = Kie = Kppe and Kpd = Ftpd = Kyg = Kppd- We vary M,, by changing Cay.
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FIG. 13. Steady-state value of ¢/ ¢ vs. My, in Poiseuille flow for various C. Other parameters

are the same as in Fig. 12.

M,, for various C. For all the values of C shown, a complete drainage can be observed for
M,, < —1.3, meaning that the drainage transition occurs at M,, ~ —1.3.

As in the simple shear flow case, we can evaluate the prediction of a drainage transition in
Poiseuille flow by performing direct simulations of fluid-filled non-Brownian elastic capsules
at low Reynolds number (cf. [20, 22, 72]). We consider segregation by deformability. Recall
that in Poiseuille flow Ca, = p#yaq/Go. The primary component comprises 80% of the
particles and has Ca, = 0.5. The flexibility ratio F was varied by changing Ca;. Recall that
the flexibility ratio between the capsules is F = G,/G; (= Ca;/Ca, in our simulations).

Fig. 14 shows direct simulation results for the steady-state value of ¢;./¢; as F is varied.
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FIG. 14. Time-averaged volume fraction, based on center-of-mass position, of the trace components
at the centerline as a function of flexibility ratio F from direct hydrodynamic simulations, where

C =5.08 and ¢ = 0.12. The value of I is 1.8.

As in the simple shear flow case, ¢;. decreases with decreasing F, and a complete drainage
of the trace from the bulk is observed at F ~ 0.2, supporting the prediction by the theory.
Fig. 11 shows the volume fraction profiles for F = 0.4 and 0.2. The latter profile explicitly

shows the absence of capsules in the region near the channel centerline.

Up to this point only steady state results have been presented. Here we briefly turn to the
transient development of the steady state concentration profiles, focusing on the Poiseiulle
flow case. To provide an overview of the parameter dependence of the transient development,
we have performed transient simulations for several values of M,, at C = 10, 15, 20, and 40,
starting from a uniform concentration profile and determined the time ¢,s required to reach
steady state (to within a given tolerance as measured with the L, norm of the number
density profiles). For each M,,, we then found the best fit of ts; vs. C to a power law
tss = aC’. The exponents b of the power law fits are plotted against M, in Fig. 15. The red
triangle represents the special case of a monodisperse suspension of rigid particles, for which
there is no hydrodynamic migration. In this case t,; ~ C2. This is diffusive scaling and is
expected since the only mechanism of cross-stream transport is shear-induced collisions. It

agrees with previously presented results for suspensions of rigid particles in pressure-driven
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FIG. 15. Exponent b from the best fit of tss vs. C, from transient simulations, to a power law
tss = aCPl as a function of M,,. The values of C used in the transient simulations for the fits are
10, 15, 20, and 40. The red square represents the primary component (or the trace component
for M, = 1). The blue circles represent the trace component for various values of M,,. The red
triangle represents the primary component in the special case in which the particles of the primary
component have a zero migration velocity (e.g., rigid particles). The large error bars for M,, < 0
represent poor fit to a power law. In the transient simulations, the initial condition is a uniform
concentration profile, qu = 0.2, Kppe = 0.02, kppqg = 0.07, D, = 0, Dy = 0, Kpe = 0, and Kge = 0.
For simplicity, kj,. = Kipe = Kye = Fppe and K,y = Kipd = Kig = Kippa. We vary My, by changing
Ca;. Additionally, the parameters related to migration are Ca, = 0.5, k,, = 0.15, k1 = 0.16, and

ksg = 0.01, except for the rigid primary case in which the migration velocity is zero.

flow [45]. Now we examine the time scaling for suspensions whose primary component
is deformable. The red square represents the primary component, as well as the trace
component for M,, = 1. For this case t,; ~ C'*. The blue circles represent results for the
trace component for various values of M,,. There is no observable power law between t,
and C for negative M,,, as shown by the large error bars associated with attempting a power
law fit. However, for M,, 2 0 the results fit a power law very well. The values of b are

approximately 1.35-1.6. We do not as yet have a simple theory to explain these results.

C. Effect of Volume Fraction on cell-free layer and margination

As mentioned in Sec. I, studies have yet to agree on the effect of Het (mean volume

fraction qu) on margination of white blood cells. We present a hypothesis regarding this
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FIG. 16. Schematic of a suspension of trace particles, white blood cells (blue spheres), and primary
particles, red blood cells (red ellipses), for different ranges of ¢, (i.e., hematocrit): (a) limit of small

ép, (b) intermediate values of ¢,, and (c) limit of large ¢,.
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FIG. 17. Steady state volume fraction profiles of (a) ¢,/¢, and (b) ¢;/¢; for various ¢,. Here
C =10, ky = 0.15, keg = 0.01, k1 = 0.16, Kppe = 0.04, Kppg = 0.14, D, = 0, D = 1 x 1073,

: L / / / /
Kpe = 9.2, ke = 2.6, and S = 2. For simplicity, Kpe = Ktpe = Kte = Kppe and Kpd = Ktpd = Kyq = Kppd-

effect and predictions by the theory that support the hypothesis. See Fig. 16 for a schematic
for reference as we describe the hypothesis. We present three regimes for the effect of Hct:
(a) the limit of low Hct, (b) intermediate values of Hct, and (c) the limit of high Het. In

regime (a), l; is large and WBCs are not confined to a small region near the wall. WBCs
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have a larger distance they can move along the wall-normal direction without being pushed
toward the wall by frequent collisions with RBCs. Thus WBC margination in this regime is
weak. In the other extreme case, regime (c), l; is very small, in particular it is smaller than
than the radius of the WBCs. In this regime, WBCs experience collisions from RBCs whose
centers of mass are closer to the wall than theirs, keeping WBCs from staying confined to a
small region near the wall. Thus, margination is also weak in this regime. Lastly, in regime
(b), I is smaller than in case (a) but still larger than the radius of a WBC. Here WBCs

experience frequent collisions with RBCs and marginate normally.

To address this hypothesis we consider the effect of volume fraction of the primary com-
ponent on margination in a binary suspension of deformable primary particles (RBCs) and
larger rigid trace particles (WBCs) with vy, = 0. Most importantly, we now include wall
volume exclusion flux terms for both the primary and trace components to account for the
finite particle sizes in the near-wall region. For the wall exclusion we take S = 2, corre-
sponding to WBCs that are twice the radius of RBCs. We also include a small molecular
diffusivity for the trace component to avoid the degenerate situation mentioned in Sec.IIT A,
in which ¢, can take on arbitrary values when y < [; and v,, = 0. The collision parameters

in the caption of Fig. 17 are used, in which case M,, = —1.3.

Figs. 17(a) and 17(b) show volume fraction profiles as ¢, increases. The depletion layer
thickess [; decreases with increasing ép. For ép < 0.25, the degree of margination of the trace
particles increases with increasing ép, resulting in a sharp peak for the trace component at
¢, = 0.25. However, as ¢, increases further, I; becomes smaller than the size (S = 2) of the
trace component: the primary component is closer to the wall than the excluded volume
term allows the trace component to be. Accordingly, margination is strongly suppressed at
high ¢,, confirming the hypothesis we posed above. Interestingly, although the height of
the near-wall peak in ¢; is nonmonotonic in ¢,, the peak at the centerline is monotonically

increasing with ¢,.

Finally, we note that in the present model, nothing prevents the volume fraction from
exceeding a maximum value. For example the centerline value of ¢, is unrealistically large
at ~ 0.9 when ép = 0.3. Future developments of this model will need to incorporate the
physical phenomena of volume exclusion and increase in viscosity as the volume fraction

becomes large.
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IV. CONCLUSIONS

A mechanistic model, derived from kinetic theory, has been developed to describe flow-
induced segregation phenomena in multicomponent suspensions such as blood. Migration,
shear-induced diffusion, volume exclusion near the wall, and Brownian diffusion are incor-
porated in the model. Two flow profiles are considered: (a) simple shear flow and (b)
Poiseuille flow. The model captures key phenomena that are observed experimentally and

computationally such as cell-free layer formation and margination.

In the case of simple shear flow, closed-form solutions are available. The expression for
cell-free layer thickness takes the form of a master curve with one free parameter and can
be fit remarkably well to results from various sources (experiments, detailed simulations,
theory) with different parameters (flexibility of different components in the suspension, vis-
cosity ratio, confinement, among others). More generally, the form of the master curve is
independent of the theory and set by only one adjustable parameter. In multicomponent
suspensions several different segregation regimes arise as determined by a single “margina-
tion parameter” that emerges from the theory. If this parameter is sufficiently negative, a
sharp drainage transition is identified beyond which the trace component of the suspension
partitions completely to the edge of the cell-free layer. Direct simulations corroborate this

prediction.

In plane Poiseuille flow analytical solutions are not available so numerical solutions are
found. Cell-free layer behavior and margination regimes are found to be qualitatively similar
to those in the simple shear case. A drainage transition is also observed but is shifted to a
more negative value of the margination parameter. Direct simulations also corroborate the
existence of a drainage transition. Moreover, the time for development of the steady-state
profiles has been examined. Power law scaling is observed only for positive values of the
margination parameter. Furthermore, a hypothesis has been presented to describe the effect
of hematocrit on margination in blood flow as observed in some prior studies. Results from

the theory support the hypothesis.

The framework presented here can be extended in many directions. For example, suspen-
sions of three components can be studied, which would be more akin to blood in microfluidic
and circulatory applications, where the three components could be red blood cells, white

blood cells, and platelets. A case in which the values of n, and n, are comparable can also be
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studied by using the fully coupled version of Eq. 18 in which the pair collisions with particles
of component « are also considered. The model can be extended phenomenologically to in-
clude many other phenomena, including finite volume fraction effects and platelet adhesion.
For example, red blood cell aggregation can be included by adding the flux associated with a
volume-fraction-dependent potential with a minimum in volume fraction. Effects of increas-
ing volume fraction can be modeled by incorporating a volume-fraction-dependent viscosity
and solving the momentum equation along with the drift-diffusion equations to capture the
interaction between velocity profile and volume fraction distribution. Furthermore, the same
potential that can be used to model aggregation can be used to model excluded volume be-
tween cells by making the potential diverge as a maximum volume fraction is approached.
Platelet adhesion can be incorporated by adding the flux corresponding to an attractive
potential at the wall. Most importantly, the theory provides substantial insights into the

mechanisms of margination and flow-induced segregation phenomena.
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