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Resonant three-wave coupling is an important mechanism via which waves interact in a nonlinear
medium. When the medium is a magnetized warm-fluid plasma, a previously-unknown formula for
the coupling coefficients is derived by solving the fluid-Maxwell’s equations to second order using
multiscale perturbative expansions. The formula is not only general but also evaluable, whereby
numerical values of the coupling coefficient can be determined for any three resonantly interacting
waves propagating at arbitrary angles. To illustrate how the general formula can be applied, cou-
pling coefficient governing laser scattering is evaluated as one example. In conditions relevant to
magnetized inertial confinement fusion, Raman and Brillouin instabilities are replaced by scatter-
ing from magnetized plasma waves when lasers propagate at oblique angles. As another example,
coupling coefficient between two Alfvén waves via a sound wave is evaluated. In conditions relevant
to solar corona, the decay of a parallel Alfvén wave only slightly prefers exact backward geometry.

I. INTRODUCTION

Plasmas are ionized gases wherein waves can interact
nonlinearly. Unlike crystals whose optical properties may
have limited range of tunability, plasma parameters can
vary by many orders of magnitude. In particular, an ad-
justable optical axis can be introduced by applying an
external magnetic field. Thereby, all nonlinear optical
phenomena seen in crystals [1] also occur in magnetized
plasmas with ample flexibility. In addition to hosting
optical phenomena, magnetized plasmas also support a
zoo of other waves. These additional waves, such as the
Alfvén wave, Bernstein waves, and hybrid waves, not only
mediate new interactions between light waves, but also
couples nonlinearly among themselves. For example, in-
teractions between Alfvén waves is thought to be a major
mechanism for anisotropic turbulence [2-8] and particle
heating [9, 10] in astrophysical plasmas.

While nonlinear wave coupling occurs in any dielectric
medium, what makes the biggest difference is perhaps
the coupling coefficient. When the coupling is weak, very
large amplitude waves are needed in order to cause siz-
able effects. On the contrary, when the coupling is strong,
even small amplitude waves can lead to observable con-
sequences. Since plasma parameters span many orders of
magnitude, it is impractical to exhaust the multidimen-
sional parameter space by experiments and first-principle
simulations. An analytical formula, which can be used to
determine numerical values of the coupling coefficient, is
thereof invaluable for mapping out wave-wave coupling
behaviors in magnetized plasmas.

For over half a century, numerous attempts are made
to calculate wave coupling in magnetized plasmas due
to three-wave interactions, which are the leading-order
terms of the nonlinear response tensor [11, 12]. How-
ever, the presence of a background magnetic field signif-

* shi9@lInl.gov

icantly complicates the calculation, and most attempts
start by restricting to a particular set of wave triad in
some special geometry. For example, theories have been
developed when waves propagate perpendicular to the
magnetic field [13, 14], and explicit results have been ob-
tained when the pump is the extraordinary wave [15-22],
the ordinary wave [23, 24], the upper-hybrid wave [25],
and the lower-hybrid wave [26]. For wave propagation
nearly parallel to the magnetic field, transverse and lon-
gitudinal modes decouple [27, 28], and results have been
obtained when all waves are electrostatic [29], when the
pump wave is a circularly polarized laser [30], the whistler
wave [31], the fast wave [32, 33], and the Alfvén waves
[34-53]. Although more general theories exist [54-58],
the formal expressions of the coupling coefficient are too
cumbersome to be useful and are rarely evaluated in prac-
tice [59]. Moreover, in order to simplify results, increas-
ing number of assumptions are usually made as the dis-
cussion progresses, and conflicting assumptions have led
to numerous disputes in the literature.

In order to obtain a formula for the coupling coefficient
that is not only general but also evaluable, a mathemat-
ically robust approach is necessary. In a previous paper
[60], an approached based on multiscale perturbative so-
lution has been demonstrated for magnetized cold-fluid
plasmas. The key to simplifying the general result is not
to make additional assumptions, but to package seem-
ingly complex terms into well-motivated operators. By
studying properties of these operators, profound simpli-
fications can then be unveiled, which would otherwise be
obscured by tedious arithmetics. This approach is not
only useful for obtaining analytical expressions, but also
necessary to avoid brute-force manipulation of large ma-
trices during numerical evaluations.

In this paper, I will further demonstrate the opera-
tor approach by considering three-wave interactions in
magnetized warm-fluid plasmas. The ideal warm-fluid
model is applicable when the wavelengths of interest are
much longer than the Debye length, while much shorter
than the collisional mean free path. In this regime,



plasma particles respond collectively to perturbations
like “fluids” and dissipative terms due to both collision-
less and collisional effects are subdominant. The plasma
is “warm” in the sense that particles have finite thermal
speed while kinetic effects are not yet important on the
scale of wave-wave interactions. For fusion and astro-
physical plasmas, this model has a reasonable range of
applicability. For example, in inertial confinement fusion
conditions, the coronal plasma density n ~ 10%°cm™3
and temperature T ~ 1 keV, wherein a low-Z plasma
is fully ionized and weakly coupled. Correspondingly,
the Debye length Ap ~ 1072 ym (Tkev/ngo)l/2 is usu-
ally much smaller than the laser wavelength, which is in
turn much smaller than the collisional mean free path
Amfp ~ 10% um (T2\,/Z%ng0) in low-Z plasmas, so ki-
netic and transport effects are well separated from wave
dynamics.

Within its range of applicability, the fluid model may
then be solve perturbatively when amplitudes of fluc-
tuations are small. In plasmas, amplitudes may be re-
garded small as long as longitudinal wave electric fields
are much smaller than the wavebreaking field m.cw,/e ~
10"2V/m (ng)'/2. The corresponding power density
is ~ 102! W/cm® (n20/Aum), which is much larger than
that due to bremsstrahlung ~ 107 W/cm® (Zn%OTlie/\%),
and cyclotron radiation ~ 107 W/cm® (B an2o0Tkev)-
When coherent waves are much stronger than thermal
fluctuations while much weaker than allowed by wave-
breaking, incoherent radiation can be ignored, and linear
wave phenomena are only slightly modified by plasma
nonlinearities, which cause waves to couple. The lowest-
order modifications are due to three-wave coupling, which
usually dominates higher-order four-wave coupling and
so on. To compute these couplings, special procedures
are necessary in order to avoid secular behaviors. A
well-suited procedure is multiscale expansion, which ex-
pand spatial and temporal scales in addition to expand-
ing the amplitudes. By renormalizing the spacetime,
well-behaved high-order perturbative solutions can then
be obtained rigorously, with no need of further assump-
tions. This perturbative treatment is valid in the weak-
coupling regime, where nonlinear interactions change the
wave amplitudes but preserve the eigenmode structures.
Within this regime, the perturbative solution obtained in
this paper may then be used to study three-wave interac-
tions in the most general geometry under a wide variety
of plasma conditions.

This paper is organized as followes. In Sec. II, the fluid
model and the multiscale method will be reviewed. In
sec. III, T will introduce important operators and review
linear waves from the operator perspective. In Sec. IV,
I will derive a general formula for the three-wave cou-
pling coefficient by solving the second-order equations.
In Sec. V, I will first demonstrate that existing results in
the literature are just special cases of the general formula,
and then apply the formula to two examples where the
coupling was previously unknown. Discussion is made in

Sec. VI followed by a summary. Supplemental details are
provided in the Appendix.

II. WARM-FLUID MODEL

The fluid model describes plasma species as charged
gases, which couple with self-consistent electromagnetic
fields through the Lorentz force law and the Maxwell’s
equations. The multi-fluids model can be regarded as
moments of the kinetic model, and can be used to obtain
magnetohydrodynhamics (MHD) models after further as-
sumptions.

A. Fluid-Maxwell’s equations

For each plasma species, its density evolves according
to the continuity equation. In the absence of ionization
and recombination, the number of particles is conserved,
and the continuity equation is
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+ V- (nsvs) =0, (1)

where n; is the density of species s, whose fluid velocity
is vs. The continuity equation contains a nonlinear term
nsVs, which will contribute to wave-wave couplings.

The fluid velocity evolves according to the momentum
equation. Using the continuity equation, the nonrela-
tivistic momentum equation can be written as

MM (% + v, Vvs) = —Vps+tesns(E+vs xB), (2)
where m, and ez are the mass and charge of each particle
of species s, whose thermal motion leads to a pressure ps.
The above is the simplest momentum equation for warm
plasmas, assuming collisions play negligible role, and the
internal stress tensor 7;; = —pd;; remains isotropic de-
spite of external forces.

To close the infinite hierarchy of fluid equations, we
can express the pressure in terms of density and velocity.
For simplicity, consider polytropic process for which pV¢
is a constant, where & > 0 is the polytropic index, p is
the pressure, and V is the volume of the fluid element.
Suppose the number of particles in the fluid element is
constant, then the polytropic condition relates changes
of pressure and density by

nsdtps = gspsdtnsa (3)

where d; = 0; + v, - V is the convective derivative. The
polytropic process assumes that the heat to work ratio is
a constant. In particular, the polytropic process recovers
the isobaric process when £ = 0; the isothermal process
when ¢ = 1; the isochoric process when £ = co; and the
adiabatic process when ¢ = C,,/C,,, where C,, and C,, are
heat capacities at constant pressure and volume.



To model plasmas with self-consistent electric and
magnetic fields, we can couple the fluid equations with
the Maxwell’s equations. The time evolution of the mag-
netic field is given by the Faraday’s law:

0B

— =-VxE 4

> , (1)
which is independent of plasma dynamics. In compari-
son, the time evolution of the electric field is given by the
Ampere’s law:

%—Et] =32V xB - Elozsjesnsvs, (5)
where €y is the vacuum permittivity. The other two
Maxwell’s equations V- E = > _esng/eg and V-B =0
are guaranteed once they are satisfied at the initial time.

The fluid-Maxwell system satisfies local energy-
momentum conservation laws. The total energy density
of the system is

1 B
U= J LBt 5 a2

which is the sum of the field, the kinetic, and the thermal
energy densities. Similarly, the energy flux is
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which is constituted of the Poynting flux, the kinetic flux,
and the enthalpy flux. The local conservation law is

HU+V-S=0, (8)

which can be verified by straightforward calculations us-
ing Egs. (1)-(5). Analogously, one can show that the local
momentum is also conserved: 911, +0;0,; = 0, where II;
is the momentum density, and o;; is the stress tensor.

B. Multiscale perturbative expansions

The fluid-Maxwell’s equations are a set of nonlin-
ear partial differential equations. The equations self-
consistently determine the fluid variables n,, v, and
ps, as well as the field variables E and B. Although
calculating the general solution is difficult, perturbative
solutions may be obtained when fluctuations have small
amplitudes. Since the equations are nonlinear, special
procedures are needed in order to remove secular behav-
iors beyond the leading order. Omnce secular behaviors
are removed, the perturbative solutions are well-behaved
without violating the small-amplitude assumption.

Consider perturbations from an equilibrium state of
the plasma. Then, a generic fluid or field variable Z can
be expanded as

Z="70+Ny+NZy+.... (9)

Here, the equilibrium state is labeled by the subscript
“0”, and A is an auxiliary smallness parameter. Notice
that at this step, it is not necessary to assumed any prop-
erty of higher order terms Z;. In particular, the average
(Z;) needs not be zero, and the equilibrium state Zg is
not necessarily the averaged quantity.

One way of removing secular behavior from the per-
turbative solution is to also expand temporal and spatial
scales. Using multiscale expansions, the time and space
derivatives are

(“)t == (9,50 + )\8,51 + )\28152 —+ ... B (].0)
0; :81-0 +>\8“ +)\2({912 +..., (11)

where A is the same auxiliary expansion parameter. The
multiscale expansion assumes that weaker interactions
occur on slower time scales and larger spatial scales. This
is intuitive because weaker couplings require further ac-
cumulations before their effects become appreciable. In
the multiscale expansion, ¢; is a time scale slower than %
by a factor of A\, and processes that occur on t; scale is
assumed to be well separated from processes on tg scale.
Similarly, other temporal and spatial scales are ordered
by A and are assumed to be independent.

Consider the simplest equilibrium where the plasma
is uniform and stationary under a constant background
magnetic field. In this case, Eg and vy are zero, whereas
By, nsg, and pso are nonzero but constant. Although this
simple situation is rarely encountered in realistic plas-
mas, it provides a reasonable simplification when the
scales of inhomogeneities are well-separated from char-
acteristic scales of three-wave interactions.

When perturbed from the simple equilibrium, the A-
order equations are homogeneous linear partial differen-
tial equations with constant coefficients. The linearized
fluid equations are

OoMs1 = —NsoVo * Vi, (12)
MsNg00:Vs1 = —Vopsi + esngo(E1 + v X Bg), (13)
nsoatopsl = é-spsoatgnsh (14)

which couple ng1, vs1, and pg; in pairs. The linearized

Maxwell’s equations are
3t0B1 = 7V0 X El, (15)
1
8t0E1 = C2V0 X Bl — ; ; €sMsoVsl- (16)

These linear partial differential equations can be easily
solves in the Fourier space to obtain the full spectrum of
linear waves in magnetized warm-fluid plasmas.

To compute three-wave coupling between linear waves,
we need to solve the equation to the next order. The \2-
order continuity equation is

OoMs2 + 150 Vo - Vo

= _atlnsl - nsovl * Vsl — vO : (nslvsl)7 (17)



the A2-order momentum equation is
Mns00, Ve + Vopsz — esnso(Ea 4 v x Bo)
= —Ms [nSO (8tlvsl +Vs1 'VOVsl) +7’L518t0V31] _vlpsl
+es[nsover X By 451 (E1 4+ ve x Bo)], (18)

and the A\%-order pressure equation is

n508t0p82 - gspsoaton.ﬁ
= —n50(0, Ps1 + V1 - Vops1) — ns104,Ps1
+§s [psO(atlnsl + V1 - VOnsl) +pslatgnsl}~ (19)

The above equations may be simplified using A-order
equations, as will be done later in Sec. IV A. Similarly,
we can write down the A2-order Maxwell’s equation. The
second-order Faraday’s law is

8,50B2 + Vo x Eg = —8t1B1 — V1 x Eq, (20)

and the second-order Ampere’s law is

1
OoEa — *Vo x By + - zs: €sNs0Vs2

1
= —(9t1E1 + 02V1 x By — % Zesnslvﬂ. (21)

Although these equations may look complicated, they are
in fact linear equations for fluid variables ngs, vso, and
ps2, as well as field variables Eo and Bs. Moreover, these
second order variables couple in exactly the same way as
in the A-order equations. The only difference is the pres-
ence of source terms, which I have arranged to appear on
the right-hand-sides (RHS) of the above equations. Once
the first-order variables are solved from the A-order equa-
tions, these source terms can be regarded as known. The
above A2-order equations are then a system of inhomoge-
neous linear partial differential equations, which can be
solved again in the Fourier space.

III. MAGNETIZED LINEAR WAVES

Before discussing three-wave interactions, it is useful
to familiarize with linear waves in magnetized warm-fluid
plasmas. In this section, I will review the eigenvalues, the
eigenvectors, and the eigenenergies of linear waves. Dur-
ing this review, I will also introduce important concepts
that will become indispensable in the next section.

A. First-order equations

Now let us solve the first-order equations. Since the
equations are linear, the general solution is a superposi-
tion of plane waves. In particular, the first-order electric
and magnetic fields are given by

1 .
E, = 3 Z Ep e, (22)
keKl
k
By =y 3 K Ek (23)

kGKl

where Faraday’s law has been used to relate By to E;.
In the above spectral expansion, 0 = k-xg — wktp is the
fast varying phase, &1 k(x1,%1,...) is the slowly varying
amplitude, and the summation is over a discrete spec-
trum K. Since the electric field is real-valued, whenever
k € K;, we must also have —k € K;. Moreover, we
need the reality conditions w_x = —wy and E_x = &,
where the star denotes complex conjugation. It is easy to
check that once these conditions are satisfied, B; is also
real-valued.

The three fluid variables can also be expressed in terms
of the electric field. The pressure equation is easy to
solve, which gives a simple linear relation

Ds1 = EsNsi, (24)

where the constant e5 := &;pso/nso has the unit of energy.
Assuming ideal gas law py = nokgTy, then ¢ = £kpTy is
proportional to the temperature. Substituting the above
relation into the momentum equation, vs; and ng; can
be solved in conjunction with the continuity equation:

ie IAF kgl k
Var =g Y e (25)
m w
5 keK, k
1esM0 k51 X
noy = o0 5~ K BarBuie o (g
Ms keK;y

Here, the solution is expressed in terms the warm forcing
operator Fyy : C? — C?, which is a linear operator and
is specific to each species and wave vector.

To convert the above symbolic expressions to actual
solutions, we need to find an explicit expression for the
warm forcing operator. Using the momentum equation,
the warm forcing operator satisfies

2
FsxZ = Z+Z',Bs7k( skZ) X b+ k(k
k

FoxZ), (27)

for any Z € C3. In the above equation, Bskx = Qs/wi
is the magnetization ratio, where Q, = esBy/ms is
the gyrofrequency; b is the unit vector along Bg; and
u? = egy/my = &kpTso/ms is the thermal speed. It
is easy to see that the inverse operator satisfies IEA?;JI =
8ij — ifeijib —u 2k k. /w , where €;;; is the Levi-Civita
symbol and I have abbrev1ated all subscripts for simplic-
ity. Inverting F—!, the forcing operator can be expressed
as the composite:

F = FP = P'F, (28)

where F is the cold forcing operator and PP is the pressure
operator. The cold forcing operator acts on any complex
vector by [60]

FZ = +*[Z +ifZ x b — B*(Z - b)b], (29)

where 72 = 1/(1 — 3?) is the magnetization factor. It is
easy to check that [F recovers the identity operator in the



unmagnetized limit. The pressure operator acts on any
complex vector by

2
PZ =7+ ‘yz%k(k -FZ), (30)

where 42 = 1/(1 — 32) is the thermal factor and 32 =
u?(k - Fk)/w? is the thermal ratio. It is easy to check
that P recovers the identity operator in the cold limit.
Using k- Fk = 7?[k? — 8%(k - b)?], it is a straightforward
calculation to verify that I given by the above formulas
satisfies Eq. (27). The warm forcing operator inherits a
number of properties from F and P. First, since Ff = F
is self-adjoint with respect to vector inner products, the
warm forcing operator Ff = [F is also self-adjoint, al-
though PT # P is not. Second, since F_y = Fj, the pres-
sure operator P_y = P; and the warm forcing operator
F_yx = ]ﬁ‘; It is then easy to see that the fluid variables
given by Eqgs.(24)-(26) are real-valued.

Having expressed all fluctuations in terms of &,
the only remaining equation is the Ampere’s law, which
can be use to constrain the electric field. Substituting
Eqgs. (23) and (25) into Eq. (16), each Fourier compo-
nent satisfies the matrix equation Dy &; x = 0, where the
dispersion tensor

DY = (wi — k)67 + PRE =Y wp B (31)
S
Here, wgs = e2ngy/eoms is the plasma frequency of

species 5. From the above first-order electric-field equa-
tion, it is easy to see that the forcing operator F;y is
related to the linear susceptibility by

2

“ps fr (32)
XS,k - wlg{ s, k-

Although the susceptibility is commonly used in linear
wave theories, the forcing operator is more convenient
when discussing nonlinear wave-wave couplings.

B. Dispersion relations

The first-order electric-field equation has nonzero so-
lutions if and only if the dispersion tensor is degenerate.
The degeneracy condition gives the dispersion relation
det Dk = 0, which constrains the wave frequency wy as a
function of the wavevector. For each wavevector k, there
can be multiple solutions of wy, each living on a separate
dispersion branch.

When evaluating determinant of the dispersion ten-
sor, it is convenient to use its matrix representations. A
particularly convenient coordinate is the field coordinate
(X,¥,2), in which By = (0,0, By) is aligned with z and
k = k(sin 6,0, cos @) is in the z-z plane. In this coordi-
nate, the warm forcing operator I is represented by the

Hermitian matrix

[ AP B (1RpsE) v pPsece
F= =By’ (1+7%p°s5) v*(145°vp?s;) —ify>p*sece |,
~v2p2sgco iBv2p?sgco 1+p%c?
(33)

where the reduced thermal factor p? = 4%u?k? /w?, and
I have abbreviated sy := sin € and cy := cosf. Summing
over responses of all plasma species, the dispersion tensor
is represented by the matrix

D S—n?c3 —iD (n? — T)spcy
== iD S+Ts3—n? iFsgcq ,(34)
w (n2 —T)8909 —iFspcy P—TLQSZ

where n = ck/w is the refractive index, and components
of the dielectric tensor are related to

2

w. S
S=1-3 2 +2p}sh), (35)
Wy 2 2 22
D = Z 710258’75(1 + ’y\spsse)’ (36)
S
Wps 2 2
P=1-3 B (1+pic), (37)
Wps 2 2
T= Z wpg Vs Ps» (38)
Wos 2 2
E=) 2820 (39)

The above expressions recover the standard Stix sym-
bols in the cold limit, where p? becomes zero and the
k-dependence of the dielectric tensor vanishes.

Taking determinant of the dispersion matrix, the wave
dispersion relation can be written in the form

An* — Bn? +C =0. (40)

2

Coefficients in the above equation depend on n* as well

as w due to thermal effects:
A= S's§+ P'cg, (
B=RL's}+ 8P (1+c})+2TA, (42)
C=PRL +T(B~-TA)+ E@2P'D — EA)c]. (43)

Here, S’ =S —Tc2, D' = D + Ec}, and P’ = P — Ts2.
Analogous to the cold case, R = S’ + D’ and L' =
S — D'. If we formally treat Eq. (40) as a quadratic
equation for n?, the determinant F? = B? — 4AC =
(R'L' — S'"P')?sjy + 4(D'P' — EA)*cZ > 0. The formal
solutions n? = (B £ F)/2A then give two implicit equa-
tions for n? as a function of the wave frequency. In the
limit ck — 0, thermal effects vanish, and the asymptotic
dispersion relation is discussed in Appendix A.

A numerically robust procedure for evaluating the dis-
persion relation is to converted it to a polynomial equa-
tion for w?, using which wave frequencies can be solved
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FIG. 1. Wave dispersion relations (a) and polarization an-
gles (b) in magnetized warm-fluid electron-ion plasma when
(k,Bo) = 30°. The two electromagnetic (EM) waves are el-
liptically polarized R wave (blue) and L wave (red), which
become transverse and approach the light cone w = ck when
ck — oo. The other four branches are plasma waves, which
become longitudinal when ck — oo. In this limit and when
(k,Bo) — 90°, the yellow branch (P) is the upper-hybrid
(UH) wave and the purple branch is the lower-hybrid (LH)
wave. In the opposite limit ck — 0, the purple branch is
the fast (F) wave, the green branch is the Alfvén (A) wave,
and the cyan branch is the slow (S) wave. For all disper-
sion branches to be visible on the same scale (10'? rad/s),

the mass ratio m;/me = 5 is artificial. The plasma den-
sity is me = n; = 10'® em™3; the plasma temperature
is T = T; = 3.2 keV; the polytropic index is adiabatic

e = & = 3; the magnetic field is By = 2.5 MG such that
|Qe|/wpe & 0.8 and va/cs & 4, where va is the Alfvén speed
and c; is the sound speed.

as functions of the wavevector (Fig. 1la). To see what
multiplicative prefactor is needed, notice that the ra-
tional functions A, B, and C have a pole at w? = 0.
In addition, each warm species contribute two poles at
wh — (92 + u2k?)w? + Q%u2k?cl = 0. One of these poles
becomes degenerate with the w? = 0 pole either when
the species is cold, in which case the other pole becomes
the magnetic pole w? — 02 =0, or when the species is
unmagnetized, in which case the other pole becomes the
thermal pole w? —u2k? = 0. For parallel wave propa-
gation, ¢ = 1, so the magnetic and the thermal poles
decouple; for perpendicular wave propagation, cg =0, so
one pole becomes w? = 0 while the other pole becomes
the hybrid pole w? — Q2 — u2k? = 0; the two poles are
otherwise mixed at general angles of propagation. After
multiplying the minimal pole-removing prefactor on both
sides of Eq. (40), it becomes a polynomial equation for w?
of degree N. For an unmagnetized plasma N = 3 + N,
where N, = Ny + sgn(Ns — Ny) — 1 is the number of
sound waves. Here, Ny is the total number of plasma
species, N; is the number of warm species, and sgn is the
sign function. When the plasma becomes magnetized,
N = 3+ N. + Ng, because each species contributes an
additional cyclotron resonance. At general propagation

angles, the dispersion relation is constituted of N sepa-
rate branches with hybrid characteristics.

C. Polarization of eigenmodes

Once the dispersion relation is satisfied, the first-order
electric-field equation has nontrivial solutions. The so-
lution space is a one-dimensional vector space when
wk is nondegenerate. In this case, the vector space is
E1x = &1 kex, where & € C is an arbitrary complex
scalar and the unit polarization vector eLek =1 is com-
pletely specified, up to the U(1) symmetry, by two po-
larization angles on the unit sphere.

It is physically meaningful to specify the two polariza-
tion angles in relation to the wavevector and the mag-
netic field. When k and By are not aligned, the unit
vector can be decomposed as e = ke, — iyey,+ (R X¥)ex,
where the unit vector §//Bg x k. In spherical coordinate,
components of e can be written as

(€, ey, ex) = (cos ¢, sin @sinp, sin ¢ cos ). (44)

The wave is longitudinal when ¢ = 0° and transverse
when ¢ = 90°; the wave electric field is in the k-By
plane when ¥ = 0° and at maximum angle with the
plane when ¢ = 90°. Since arbitrary scaling is allowed,
the unit vector e is defined on the projective space. In
terms of ¢ and 1, the wave polarization is invariant un-
der transformations Uy : (¢,9) — (—¢, 1 + 180°) and
Dy (o,9) = (¢£180°,4). since the polarization angles
are periodic in 360°, the wave polarization is invariant
under actions of Wy and @4 in arbitrary compositions.

To compute polarization angles for each eigenmode,
it is more convenient to use the wave coordinate, which
is related to the field coordinate by (R, —iy,k x y) =
(%x,¥,2)Ly(0), where L,(0) is a left-handed rotation
around ¥y — —iy by angle 6. In the wave coordinate,
the dispersion tensor is represented by a different matrix
D' = L7'DL, which can be written explicitly as

oo S'si+P'c} —D'sg (P'—S%sgpco
—=| -D'sp S'+T-n? (D'—FE)cy

w? ! ! /.2 /o2 2 .(45)
(P'—S")sgcyg (D'—E)cy S'cg+P'sj+T—n

The degenerate matrix equation D’e = 0 is solved when
the polarization angles satisfy
[(n? —T)D' — S'E]cq
(n?—=T)S"— R'L’ — D'Ec}’
(P'D' — EA)cy
[(n?2—P'=T)D'+(P'—S")Ec}]sg

tany = (46)

tan ¢ cos ) =

.(47)

These polarization angles can be computed after solving
w as a function of ck, using which the refractive index
and the dispersion symbols can be evaluated.

A numerically robust procedure for computing the unit
polarization vector is by directly solving the degenerate
matrix equation. Denoting d} the i-the row vector of the



matrix D', then e oc apdfy x d + aadf x df + azd] x df,
where «; is an arbitrary parameter. Since D’ is a rank-2
matrix when the dispersion relation is satisfied, the three
vectors on the RHS are parallel, and at most two of them
can be simultaneously zero when the plasma is magne-
tized. By summing up the three terms, it is guaranteed
that the RHS is never a zero vector as long as special
values of «; are avoided. Then, the unit polarization
vector can be determined after normalization. Having
obtained e in Cartesian coordinate, the polarization an-
gles in spherical coordinate can be easily determined. An
example is shown in Fig. 1b, where ¢ (solid lines) and
(dashed lines) are plotted as functions of wave frequency.

While the above procedure is generally applicable, it is
instructive to note two special propagation angles. When
0 = 0° or 90°, Eq. (46) and (47) become indeterminate,
even though the polarization vector remains well defined.
When 0 = 0°, the longitudinal electrostatic modes, which
satisfy P = 0, decouple with the transverse modes. One
set of transverse modes satisfy n2 = R and are right-
handed (R) circularly polarized with tan = 1; the other
set of transverse modes satisfy n? = L and are left-
handed (L) circularly polarized with tany = —1. When
6 = 90°, the ordinary (O) wave decouples. The O wave
is unmagnetized EM wave, which satisfies n? = P with
the wave electric field along By. The remaining modes
are the extraordinary (X) wave hybridized with plasma
waves, which satisfies n? = RL/S + T with tan¢ = S/D
neither transverse nor longitudinal. For these modes
cosy = 0, and the wave electric field is always perpen-
dicular to the background magnetic field.

D. Energy of linear waves

Inherited from the nonlinear fluid-Maxwell equations,
the linear system also conserves energy locally. The en-
ergy density of the linear system is of A2 order:

eoE? B? 1 esn?
U2 = 0 + —L + Z §<msnsovgl + TSI)7 (48)

2 2[1,0 s0

where the last term comes from p,o as will become clear
later when I discuss A-order equations. The energy flux
of the linear system is

1
82 =—E; xB; + EsMNs1Vsi, 49
m Eg (49)

where the last term is due to thermal flux and kinetic
flux does not contribute at A? order. Using the first-order
equations (12)-(16), it is a straightforward calculation to
show the energy conservation law on fast scales:

3tOU2 + VoS, =0. (50)

Notice that the conservation law mixes all linear waves
that are present in the system. In other words, not only
do linear waves contribute individually, but their inter-
ference also contributes to the total energy.

Now let us focus on the energy of a single linear wave.
Using the Fourier expansion E; = (£e + £*¢~)/2,
E? = (£%e%0 + 26€* + £*2e729) /4. We see the elec-
tric energy has a rapidly-oscillating part and a slowly-
varying part. Only the later remains after averaging
on ty and xg scales, namely, (E3), = £E*/2. Fol-
lowing similar arguments, the averaged magnetic en-
ergy can be computed using Fourier expansion Eq. (23).
Then, the averaged field energy density is 6053(25” —
> wgSFij/wz)Ej/47 where I have used D& x = 0 and
Eq. (31). Similarly, the averaged kinetic energy density

is €0 > wgsgj(ﬁg)ijé’j/ZLwZ, where I have used the self-

adjoint property of F,. Finally, the averaged thermal
energy density is eg Y, w2 u2E] Tk, kyFY E; /4w?. Sum-
ming up the three terms, the total energy density of the

linear wave can be written as
€ ..
(U)o = Lelmie;. (51)

The Hamiltonian H of the linear wave is related to the
dielectric tensor € = I 4 > x5 by the usual relation
wH = 9(w?€)/dw, where the partial derivative is at fixed
k. Since the susceptibility s is related to Fy by Eq. (32),
the wave energy operator

10D w2 OF,
H_w[)w—ﬂ gw ow’ (52)
where I is the idensity operator and the partial deriva-
tive is again at fixed k. To see the connection between
Egs. (51) and (52), note the following identity
i 2
w% — Ty —F% - %kaakbwbj. (53)
An easy way to show the above identity is to take pa-
tial derivative on both sides of FF~! = I, then 9F /0w =
—F(0F ' /8w)F. Using the expression of the inverse op-
erator, it is easy to see w(AF ! /0w)Z = iSZ x b+2u>k (k-
Z)/w?. Replacing Z by FZ, and using the Eq. (27), the
above identity is then obvious.

The averaged wave energy depends on the wave enve-
lope. To leading order, the wave envelope is a function of
X1 —Vgt1, where v}, = dw/0k; is the group velocity of the
linear wave. Consequently, the averaged energy satisfies
the advection equation on slow scales:

O, <U2>0 +vy- Vi <U2>0 =0. (54)

This equation is consistent with the A3-order conserva-
tion law if and only if

(S2)o = vg(Uz)o- (55)

Now let me show this is indeed the case by direct calcu-
lations. The averaged Poynting flux is egc?Ef (2757 —
k26 — kb5ia)E, /4w, and the averaged thermal flux is
€Y, wgsﬁg(alﬁ‘gb/aki)gb/élw. For the thermal flux, I



have used the identity that the partial derivative of F
at fixed w is given by

okab 42 PN
Tki _ Ekl(Fa'LFlb =+ Faleb)7 (56)
which can be shown similarly to Eq. (53). Summing the
Poynting and the thermal fluxes, Eq. (55) is satisfied
whenever wvf]S;H“bEb = EX[c2(2k169b — kst — kbsia) +
Do wgsaﬁ?gb/aki]sb. This equation is nothing other than
Exdy,D?E, = 0, which is trivially satisfied as a conse-
quence of D& x = O for all linear eigenmodes, whose
frequency satisfies the dispersion relation and polariza-
tion solves the first-order electric-field equation. I have
thus verified that the envelope of a single linear wave
advects at the wave group velocity as expected.

IV. MAGNETIZED THREE-WAVE
INTERACTIONS

Building upon a thorough understanding of linear
waves, we are now ready to study their interactions.
Due to these interactions, waves become coupled. Conse-
quently, instead of passing through each other unevent-
fully with only linear superpositions, waves now actually
“collide” and exchange energy and momentum. In this
section, I will investigate couplings mediated by three-
wave interactions. These lowest-order interactions are
usually the strongest whenever resonance conditions can
be satisfied.

A. Second-order equations

The A\%-order fluid-Maxwell’s equations (17)-(21) are
linear partial differential equations for Eg, Bs, psa, ngo,
and vgo with source terms. The general solution is again
a superposition of plane waves, whose spectrum is com-
pletely determined by existing linear waves in the system.

Let us express all second-order fluctuations in terms of
electric-field fluctuations:

1 60
E; = D Enel, (57)
keKs

where the A2-order spectrum Ky and amplitudes & x will

be determined later. Using the second-order Faraday’s
law [Eq. (20)], the A%-order magnetic field is

1 kx&xk ;
By— - ) X2k

Wi
keKa
1 Vi x & X O, E ,
+2) ( 1 *%p | PX% 1’p)e“"p. (58)
2 iwp w2
pek; P

The second line involves slow derivatives of linear wave
amplitudes, which are unknown at this point.

To solve the fluid equations, let us first express pso in
terms of nsa. Using ps1 = £5ns1 [Eq. (24)], many terms in
the second-order pressure equation cancels. Integrating
Eq. (19) on ¢ time scale, the second-order pressure is

& — 1 "—21) (59)

Ps2 = Es (n32 +
2 Nso

Notice that due to quadratic nonlinearities, the average
(ps2)o is in general nonzero. We see that pyo is related to
n?,, as anticipated from the energy of linear waves.

Next, let us express ngo in terms of vg. Suppose
the Fourier expansion of the second-order velocity is
Vs = » 1 exp(ix)Vs2x/2. Then, substituting v, and
ns1 [Eqgs. (25) and (26)] into the second-order continuity
equation [Eq. (17)], the A\%-order density is

ner Ly K Vo
n 2 w
s0 K k

n €s Z (p'Fs,pat1517p+

Vi-Fop€ip ) ¢

3 2
2my X, wp wp
2 s
e +q)-C o
52 § : (p q) p.q ezép+10q7 (60)

5 p.acks (wp + wq)wg

where summation on the first line is over the spectrum of
Vso. Since thermal effect does not enter through the con-
tinuity equation directly, the above expression is identical
to the cold-fluid case, where the current beating is

s ]P‘& &, q'ﬂi‘& &,
o~ ot Fufia) o
WpWq

The current beating comes from the nonlinearty ng vy,
and thermal effects enter only indirectly through the
warm forcing operator.

Eliminating pso and ngo, we can now solve for vz, Us-
ing Eq. (13) to simplify Eq. (18), the equation is of the
form >, (Vo x —ifVax xb— w?kk - Vgﬁk/wﬁ) exp(ifx) =
>k Zi exp(ibk), where I have suppressed the species in-
dex for simplicity. Then, using Eq. (27) of the warm
forcing operator, the solution is

* Frox
vy = ;i TkE2k ity (62)
m keKa “k

pgl,pelap

y oyl {(ﬂ+u2pp)8tl+ wpV1+Vip) g

w2 2
2mpe]K Wp wp Wp

e? Z Fp+a(Lp,g + Tp.q + Up,q) ei0p+ify
Wp + Wy

4m?
p,q€k;
The spectrum Vs i can now be read out from the above
equation, and explicit expressions of ngo and pso can then
be obtained. On the third line of Eq. (62), the first term
Lp, g is the longitudinal beating introduced by the vi xB;
nonlinearity:

L3 — (FSvPSLP) X (q X 81@1) . (63)
P WpWq




The second term T}, g is the turbulent beating introduced
by the vi - Vovi nonlinearity:

. FopE1p)(p-Foqfl,
Tp,q:( p lp)( a lq). (64)
WpWq

These two terms are the same as in the cold case, except
that the cold forcing operator is now replaced by the
warm forcing operator. Additionally, the thermal effect
introduces thermal beating as a third term:

Us - s [(p+q)(p+q)

a WpWq 1+ wq/wp

s +(¢~2)pp|-C;. g, (65)
which is caused by nonlinearities in 142 and pgs. The tur-
bulent and thermal beatings can be rewritten in terms of
the velocity perturbation V; k. These beatings are purely
fluid effects, which exist even when the fluid is neutral
(Appendix B). On the other hand, the longitudinal and
current beatings are genuine electromagnetic nonlinear-
ities, whereby transverse EM waves in the vacuum be-
come mixed with the otherwise longitudinal motion of
the plasma.

Having expressed all fluctuations in terms of electric-
field fluctuations, we can now solve for the electric field.
Substituting in By and vy, into Eq. (21), the A\?-order
electric-field equation can be grouped into four sets of
terms, involving &k, 0, €1k, Vi€ik, and & p&iq.
Differentiating on ty scale, the first set simplifies to
D&k using Eq. (31). The second set simplifies to
(ODk /0w )0y, €1 k, using D& x = 0 and Eq. (53). The
third set simplifies to — (0D /0k)- V1€ k, using Eq. (56).
Finally, the fourth set encapsulates all beatings. With all
these simplifications, the second-order electric-field equa-
tion is then

Z Dy E e

keKs
, oDy oDy »
+i 30 (550, - S Vi) Bk (66)
KeK, 6wk 81{
i i0p+i0
=5 2. Spac™™,
p,a€ky

where the scattering strength summed over all plasma
species is

esw2,
Spa=Y. 22 (Rpq+Ryp).  (67)

S

The above equation is formally identical to the cold case,
except that the dispersion tensor D now contains thermal
modifications. In addition, thermal effects directly enter
the quadratic response of each species:

~ w
R}, = Fs,pﬂ(L;,q+T;q+U;,q)+(1+w—’;)c§,,q. (68)

The thermal beating Uj, , vanishes when the thermal

speed u? — 0, while the three other beatings remain
finite when the species becomes cold.

Since the second-order electric-field equation must be
satisfied for each Fourier component, the equation can
be split into two sets. The first set involves only A-order
spectrum K;. Suppose within the spectral bandwidths,
k,p,q € K; satisfy the three-wave resonance conditions
k = p+q and wik = wp + wq, then the on-shell equation
is of the form

_a]D)k.

(8]I)>k 2

o

V1)Erk = Spa. (69)

The RHS is simply zero if k € K; is not in resonance
with other waves. The second set of equations generate
Ky from K;. To aviod secular behavior, we can demand
that Ko NK; is the empty set, so that all k € Ky is
generated by off-resonance beatings. Then, each off-shell
equation is of the form

D&y = iSp.q, (70)

where k = p 4+ q and wx = wp + wq are still satisfied,
except that k ¢ K; is no longer a linear eigenmode. In
other words, the wave dispersion relation is not satisfied
for off-shell waves, so the operator Dk can be inverted
to give Ex = iD;lsmq. Thus, the A2-order spectrum
is completely determined by the A-order spectrum. Af-
ter solving both the on-shell and the off-shell equations,
Bs, Vo, ns2, pso can be determined and the second-order
equations are then solved.

Now that the A2-order equations have been formally
solved, it is important to note Sp o satisfies a number
of identities, which are required in order for the solu-
tions to be valid. First, from its definition, it is obvi-
ous that Sp q = Sqp is symmetric, which is expected
from the symmetry of three-wave interactions. Second,
it is a straightforward calculation to check that S , =
—S_4,—p satisfies the reality condition. Consequently,
all second-order fluctuations are real-valued. Finally,
Sp,—p = 0 is secular-free. In other words, a wave does
not beat with itself to generate a mode with both w =0
and k = 0. To show the last identity, notice that for each
species Up _p+U_p p = 0. Moreover, since w_p = —wp,
we have Ry _p+R_pp =Fo(Lp _p+L_pp+Tp _p+
T pp) = —iBpFol(p - F5E)(Fp€p x b) + c.c.]/wi. To
see what IEO is, we can take limits w — 0 and k — O.
Although Fo depends on the how these two limits are
taken, Rp —p +R_p p = 0 is independent of the limiting
procedure. Therefore, S, _, = 0 is always satisfied.

B. On-shell equations and action conservation

While the off-shell equations are easy to solve, the on-
shell equations are where the nontrivial dynamics is con-
tained. These equations are nonlinearly-coupled advec-
tion equations. Due to the vector nature of these equa-
tions, not only does wave amplitude change, but the wave
polarization can also evolve. Moreover, the wave phase,



trajectory, and angular momentum are usually altered as
well due to three-wave interactions.

Since the wave polarization can change in general, it is
important to verify whether the on-shell equation is com-
patible with the first-order equation. Suppose DE = 0 is
satisfied over the entire space before the waves encounter,
then DE = 0 will be satisfied for all time if D9, € = 0
for all x;. Using the on-shell equation (69), this compat-
ibility condition is satisfied if

oD\ ~1 /0D
D(5;) (G ViE+s) =0, (71)
where I have used the fact that the Hamiltonian wH =
0D/0w is invertible. Since the dispersion operator D is
degenerate for linear eigenmodes, the above condition
only requires that (0D/9k)-V1E+S is in the null space of
D(0D/dw)~t. Notice that the rank of D is at most two,
so the above condition imposes at most two constraints.
Therefore, there always remains degree of freedom allow-
ing € to evolve in time.

The compatibility condition can be used to remove
the redundant degree of freedom of the on-shell equa-
tion. Taking total k derivative on both sides of DE = 0,
where w and € are now regarded as functions of k, we
have (dD/dk)E +DdE/dk = 0. Here, the total derivative
of the dispersion tensor is dD/dk = v,0D/0w + 0D/ 0k,
where v, = 0w/0k is the wave group velocity. Using the
wave energy operator [Eq. (52)], the on-shell equation
(69) becomes wH(0;, +v4 - V1)E +DA,dE /dk; = S. The
compatibility condition Eq. (71) then guarantees that the
advection keeps & inside the eigenspace. To be more
specific, denoting II the projection operator into the null
space of D, then after applying the compatibility condi-
tion, the on-shell equation is reduced to

WH(y, + vy V1)E = S™, (72)

where S™ = HITH 'S is the eigen projection of S. This
somewhat abstract notation is illustrated using cold un-
magnetized plasma as an example in Appendix C. Since
E'D = 0 for eigenmodes, £TS™ = £'S. We see only
the eigen projection of the scattering strength affects the
evolution of the linear wave.

Now let us focus on the simplest nontrivial case,
namely, the resonant interaction between three on-shell
waves. Without loss of generality, the resonance condi-
tions can be written as

ki = ko + k3, (73)
w1 = Wz + w3, (74)

where w; are positive. For simplicity, I will abbreviate
E; := &1 x;. Moreover, since the slow dynamics is on
t1 and x; scales only, I will suppress the index of the
temporal and spatial scales. Then, the three on-shell
equations can be written as

leldgl = Sg73, (75)
WQHngQ = Sg,h (76)
77)

W3H3d53 = Sié, (
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where j := —j, and d := 0; + vy - V is the convective
derivative at respective wave group velocities. Notice
that the group velocity v, is in general not aligned with
k when the plasma is magnetized.

What is nontrivial about the on-shell equations is that
they guarantee action conservation for resonant three-
wave interactions. The conservation laws are conse-
quences of the action identity

E1-S53 &5 -S3 E5-Si3
1 22,3 _ &2 23,1 _ &3 21,2. (78)
wi w3 w3
Using this identity, £1S™ = £'S, and S_p _q = =S} 4,
it is easy to show the action conservation laws
U U U.
d< 1> :—d< 2>:_d< 3>7 (79)
w1 %) w3

where (U;) is the energy of wave j averaged on fast scales
[Eq. (51)]. The action conservation laws are manifesta-
tions of the Feynman rules of three-wave interactions [61]:
each quanta of wave “1” is converted to a quanta of wave
“2” and a quanta of wave “3” or wvice versa. Using the
action conservation laws and w; = ws+ws, the total wave
energy is also conserved:

A(UL) + d(Us) + d{Us) = 0. (80)

Notice that the above conservation laws hold only when
the three waves are in resonance.

The action identity can be shown by direct calcula-
tions. During the calculation, one will encounter terms
like F7 - F», where F; = F;E;. Such terms can be simpli-
fied using the following quadratic identity of the Forcing
operator:

(B1 — Bo)F Iy = 51 Py — oIy, (81)

which can be obtained from Eq. (28) using property of the
cold forcing operator [60]: (81 — B2)F1Fo = 51F; — GoFs.
A suite of similar identities can be obtained using I@; = I@‘;‘
and FT = F. The product is then

w w
FiFo = ;;<8;‘~f2> - ;g(sz-fl*) (82)
n u’ (ke Fy) (ki Fo) (kz'ff)(kz-}'z)}
w3 w1 w2 ’

where I have used property of the pressure operator:
PZ = Z +u?(k - FZ)k/w?. The action identity [Eq. (78)]
can then be shown by straightforward calculation of
& - (Rz3+ Rs3)/w?, and comparing it with the other
two terms of the same structure.

In fact, terms in the action identity can be organized
into a very simple and intuitive form:

c€ - (R 5+ Rj ;) _&a&& (0 +®%).  (83)
w% Wiwaws .

Here, &; is the scalar amplitude such that & = &e;,
where e; is the unit polarization vector. In the above



expression, ©° and ®° are the nondimensionalized elec-
tromagnetic and the thermal scattering strengths. The
electromagnetic scattering ©° is due to the P!(9;4;)J!
coupling in the Lagrangian [60], where P is the displace-
ment and J is the current of species s in response to per-
turbations of the gauge field A. Same as the cold case,
the electromagnetic scattering contains six permutations:

O° =07 53+053 +03,5+07] 3 +035 +63,5 (84)
— O5*

Each scattering channel, which satisfies @fj—

7 ]l
given by the simple formula
s 1
07 i = —(cki - 5 5)(ei - £5.1), (85)
Wi
where f; ; = I@‘S,jej. The thermal scattering ®° is due

to warm-fluid effects, which is present even in neutral
fluids (Appendix B). The thermal scattering contains
four contributions

D° = B + O + D + 5. (86)

The symmetric thermal scattering is formed by contract-
ing f with its own wave vector:

s__(é.@* )

= cky £
0 C2wiwows (

1) (cka-£05)(cks £ 5).  (87)

On the other hand, the skewed symmetric thermal scat-
tering, which satisfies <I>§ = —®7, is formed by contract-
ing f with a common wave vector:

u2

j (ck;-fs 1)(ckj~f:’2

)(ck;-£5). (88)

02w1w2w3

Since ®* is proportional to u2/c?, it is usually very small,
otherwise a relativistic plasma model is required in the
first place. It is obvious that when the species is cold, the
thermal scattering vanishes and the three-wave scattering
reduces to purely electromagnetic scattering in the cold-
fluid case.

C. Coupling coefficient and growth rate

When polarization is not of concern, the on-shell equa-
tions can be reduced to scalar-amplitude equations called
the three-wave equations, which contain a single essential
parameter: the coupling coefficient. Denoting £ = e,
we can define the wave energy coeflicient

1
u= EeT]HIe7 (89)

such that the averaged wave energy (U) = equ|E]?/2. Tt

is then convenient to normalize the scalar amplitude by
&

a=—5 Y/ 2 (90)

meCW
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where e and m. are the charge and mass of electrons.
With this normalization, the wave energy (U) o w?|al?.
Notice that the decomposition £€ = £e is not unique,
and we can always perform U(1) rotations & — Ee'® and
e — ee @ such that the vector amplitude £ is invariant.
To remove this arbitrariness, we can impose the condi-
tion that £ € R is real-valued. Then, the decomposition
is unique up to the Zy symmetry &€ — —€ and e — —e.
With this reduced symmetry, the normalized scalar am-
plitude is also real-valued.

The equation for the normalized scalar amplitude
can be derived from the on-shell equations. Allowing
the polarization to evolve, the derivative d(Eu'/?) =

[efHd(Ee)+c.c.]/4u'/?. Then, the real-valued amplitude

evolves according to day = e(eJ{Sg’3+c.c.)/(4mecw%u}/2).

Using Eq. (67) for S, 3 and Eq. (83) for the inner prod-
uct, the normalized scalar amplitudes satisfy the follow-
ing three-wave equations:

r,

da; = ——Lasas, (91)
w1
I,

day = —ajas, (92)
wo
I,

da3 = —ai1az, (93)
w3

where the convective derivatives are at respective group
velocities of the three waves. Due to the Zs symme-
try, only the relative signs of the above equations are of
importance. The essential parameter of the three-wave
equations is the coupling coefficient I',., which is the real
part of the complex-valued coupling coefficient

98 _|’_ (bS)
= Z (94)
4M ’U,1UQU3)1/2
Here, Zs := es/e and My := mg/m,. are the normalized
charge and mass of species s. As a consequence of wave
interference, contributions of different plasma species add
up in the complex plane. Moreover, the three waves also
interfere. The three-wave interference depends on the
relative wave phase, whose change corresponds to a ro-
tation of I' in the complex plane. When the three waves
are phase locked, I', = |I'| is maximized. In this case,
the beat wave of a; and as are in phase with as, so the
plasma responses constructively interfere. The above for-
mula is formally identical to the cold case, except for the
extra ® term due to thermal scattering.

The three-wave coupling may be small for three dis-
tinct reasons [62]. First, the coupling coefficient I may be
interference-suppressed because terms in the summation
cancel one another. In this case, although scattering due
to each species is appreciable, the nonlinear responses are
of opposite phases and destructively interfere. Second,
I" may be polarization-suppressed because the numera-
tor of each terms is small. In this case, the wave vectors
and polarization vectors are at orthogonal angles, so that
vector inner products in ©° and ®° are small. Finally,



I" may be energy-suppressed because its denominator is
large. In this case, a large fraction of the wave energy is
kinetic or thermal, so the electromagnetic field amplitude
is small for given wave energy.

A consequence of the three-wave interactions is the
parametric decay instability. During the instability, a
large amplitude pump wave a; decays to the frequency-
downshifted daughter waves as and a3, whose relative
phases are automatically locked. In the linear regime of
parametric interaction, a; barely changes and as and ag
grow almost exponentially with growth rate

_ \Fal\
v/ Wols '

The actual growth rate observed in experiments are likely
influenced by wave damping, which includes both colli-
sional and collisionless damping. Damping effects can be
important and may be introduced phenomenologically in
the three-wave equations. However, the ideal-fluid model
does not capture damping self-consistently.

The growth rate may be compared to that of Raman
backscattering yr = \/wi1wpyla1]/2 in cold unmagnetized
plasmas of the same density, where w? = 3~ w?_ is the
total plasma frequency. We can write the growth rate
Yo = YrM, then

M=ol (Lf;)l/z. (96)

w2 \wiwaws

(95)

The normalized growth rate is now symmetric with re-
spect to the three waves, and is proportional to the cou-
pling coefficient up to some kinematic factors. Since
T~ wg, the normalized growth rate is zero in the limit
wp — 0. This is expected because there is no three-wave
coupling in the vacuum.

V. EXAMPLES

The above general theory is applicable to a discrete
spectrum of weakly-damped and weakly-coupled waves
in magnetized warm-fluid plasmas. The waves can prop-
agate in any directions and have arbitrary frequencies.
An example of resonant interaction is shown in Fig. 2,
where aq is on the L branch, as is on the P branch, and
ag is on the F branch. The matching of resonance con-
ditions in the Fourier space is shown in the inset for
collimated scattering. Also shown in the inset is the
interaction geometry in the configuration space, where
(lAq,Bo) is fixed at 30°, while ko has polar angle 65
and azimuthal angle ¢3. Due to mirror symmetry, the
frequency downshift Aw = ws — w; is plotted only for
the western hemisphere (Fig. 2a), while the normalized
growth rate M is shown only for the eastern hemisphere
(Fig. 2b). Plasma parameters used in this example are
the same as in Fig. 1. The pump wave (marked by green
dot) has frequency wy = 75 Trad/s, which corresponds to
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FIG. 2. Maps of frequency downshift (a) and normalized
growth rate (b) when an L wave decays to P and F daughter
waves (insets). Plasma parameters are the same as in Fig. 1.
The pump wave (green dot) has frequency wy = 75 Trad/s,
and propagates at 6; = 30° with respect to Bog. The P-
daughter wave propagates at polar angle 2 and azimuthal
angle ¢2. Due to the presence of By, backscattering is not
the strongest. Moreover, special angles exist where the cou-
pling is suppressed.

cky =~ 51.54 Trad/s. Due to the presence of the magnetic
field, the coupling has intricate angular dependence.

A numerically robust procedure for evaluating the cou-
pling coefficient and the growth rate is as follows. First,
imagine we launch a pump wave with frequency w; in di-
rection ki on a given branch. Then, the wave number kq
can be solved from the dispersion relation [Eq. (40)] using
procedures described in Sec. ITII B, and the unit polariza-
tion vector e; [Eq. (44)] can be computed using proce-
dures described in Sec. IITC. The matrix representation
of the warm forcing operator F; [Eq. (33)] can be com-
puted and rotated into appropriate coordinate systems,
based in which the wave energy operator H; [Eq. (52)]
and the wave energy coefficient u; [Eq. (89)] can be eval-
uated. Second, suppose we place a detector along RQ, we
can in principle detect all waves whose wave number is
such that wy —ws(ka) = w3(ky —ks) is in resonance with
a third wave. For each pair of wave branches, solving the
above resonance condition gives k2, from which ws and e
can be determined and Fy and us can be evaluated. At
the same time, k3 also becomes known, from which ws,
e3, '3 and us can be calculated. Once these kinematic
quantities are determined, the electromagnetic scattering
strength ©° [Eq. (84)] and thermal scattering strength
®*® [Eq. (86)] can be evaluated for each plasma species.
Finally, the coupling coefficient I' [Eq. (94)] and the nor-
malized growth rate M [Eq. (96)] can be computed. This
numerical procedure is used to obtain Fig. 2, and will be
further demonstrated below using two examples.

A. Scattering of high-frequency lasers

As the first example, let us consider coherent laser
scattering from plasmas. Controlling laser-plasma in-
teractions is of central importance for achieving iner-



tial confinement fusion [63, 64] and developing plasma-
based optical components [65-67]. Over the past decades,
attention is focused on three-wave interactions in un-
magnetized plasmas [68]. However, in many situations,
large background magnetic fields turn out to be present
[69, 70]. How magnetic fields can affect collective laser
scattering was unknown until recently, when we the-
oretically predicted profound effects [24, 62, 71] and
demonstrated their existence using simulations [72, 73].
Through this example, our analysis will be further ex-
tended to the warm-fluid regime. Here, I will first show
that the well-known Raman and Brillouin scattering are
special cases of the general theory, which will then be
utilized to evaluate the previously-unknown coupling co-
efficient when lasers propagate at oblique angles in mag-
netized plasmas.

When the pump a; and the seed ay are high-frequency
lasers, whose frequencies w1, ws > wps, |2s], they asymp-
tote to vacuum EM waves. In the high- frequency limit,
B, 6 — 0, 7,4 — 1, and the forcing operators [y, Fy ~ I
Since a3 is a plasma wave with much lower frequency, the
electromagnetic scattering is dominantly ©° ~ —(cks -
fi5)(e1 - e3)/ws whenever ey - e; is of order unity. More-
over, since vacuum EM waves are transverse the ther-
mal scattering becomes ®* ~ u2k2(cks - £*5) (ks - €1 ) (ks -
€})/wiwaws. When the angle between k1 and ks is not
too small, cks ~ wy,wsy is always large, so ez ~ 1A<3 is
approximately longitudinal Then, Pzes ~ 43e3 and
es - f5 ~ 333(1 — ﬁ3 cos? 03), where 03 = (k3, Bg) and
the thermal ratio 37 ~ u?k3v3(1 — B2 cos?03)/w3. Fi-
nally, the wave energy coefficients w1, us ~ 1, and ug can
be evaluated with f3-f = 44[cos? 03 474 (1 + 33) sin? 03].
Using these asymptotics, the coupling coefficient and the
parametric growth rate can be approximated.

The above approximations clearly recover the cold
magnetized case [60], and they also recover the well-
known Raman and Brillouin scatterings in warm unmag-
netized plasmas. In the unmagnetized limit, 5 = 0,
v = 1, and Bg = wu?k3/w3. Moreover, the plasma
waves are purely longitudinal with the dispersion rela-

tion wg = stgg’ﬁg Then, e3 - 5 = 'AY?%v f3-f5 = %lv
and us = Y w2 Atz/wi. In most cases ®° < ©F,

because w3 <« wi,ws ~ cks. For the same reason,
ks ~ 2kpsin(a/2), where « is the angle between k;
and k. Now let us focus on quasi-neutral electron-ion
plasma with Z; = 1. In this two-species plasma, there
are two longitudinal waves. The high-frequency wave is
the Langmuir wave, whose mediation gives rise to the
Raman scattering. Since Apks < 1 is required for weak

. . . . . . . 2 ~ 2
collisionless damping, the dispersion relation is w3 ~ w;;,

SO @2,3,/3’82,3 < 1, and ﬁl»273 ~ &373 ~ 1. The normalized
unmagnetized Raman growth rate is then

Mp =~ sin % (%2)1/2(1 . %) ler -5, (97)

We see responses by the two species destructively inter-
fere, and exact cancellation occurs in electron-positron
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FIG. 3. Decay rates of a pump laser in a deuterium plasma
via R—R (a, ¢) and R—L (b, d) scattering . The rates are in
units of Raman backscattering, and the curves are color-coded
by frequency downshifts. The 351-nm pump laser propagates
along a 30-T magnetic field (a, b) or a 300-T field (c, d),
and the scattered light propagates at angle 62 = (ko2,Bo).
The plasma density is ne = n; = 4.5 x 10°*cm ™3, the tem-
perature is T, = 400 eV and 7; = 150 eV, and the polytropic
index & = & = 3. Since |Q| < wp, scattering mediated by
the P branch is close to Raman; since va < cs, scattering
mediated by the S branch is close to Brillouin. Additionally,
the laser can scatter from the F branch, which is energy-
suppressed in weak magnetic field.

plasma where M; = 1. On the contrary, the responses
constructively interfere for the low-frequency sound wave,
whose mediation gives rise to the Brillouin scattering.
For sound wave, the dispersion relation is w3 =~ c2k3,
where the sound speed ¢? = 2M;u?/(M; + 1) assum-
ing u2 = M;u?. Then, 42 ~ 2/(1 — M;) and 42 =~
2M;/(M; —1) are of 0pp051te signs. The wave energy co-
efﬁaent u ~ 4w2 M; /w?(M; — 1)?, and the unmagnetized
Brillouin growth rate is then

a/ w 1/2
MBESIH*(MZ;;),) le1 - e3], (98)
for both electron-ion and electron-positron plasmas when
temperature is not too high. The above recovers the
weak-coupling results in the literature [74-80], which
were derived for unmagnetized plasmas in the parametric
interaction picture.

Without any approximation, let me now evaluate the
growth rate numerically to determine collective laser
scattering in warm magnetized plasmas. Consider an
example relevant to laser-driven magnetized liner fu-
sion [81, 82]. In the experimental design, a preheat
laser with 351-nm wavelength propagates along Bg of
about 30 T. The D5 plasma, for which Z; = 1 and
M; = 3671, has density ~1.5 mg/cm?®. After fully
ionized, the number density is about n, = n; =



4.5 x 102 cm ™3, and the plasma temperature is about
T. =400 eV and T; = 150 eV. In this example, the De-
bye length ~ 1072 ym is much smaller than the laser
wavelength Ag, and Ap is much smaller than the colli-
sional mean free path ~ 10 um, so the ideal fluid model
is applicable. Moreover, since Ay is much smaller than
the ion gyro radius, ions are essentially unmagnetized
and the A branch has minuscule contribution. Therefore,
effects of magnetization are mainly due to electrons.

Due to cylindrical symmetry, the scattering only de-
pends on the polar angle 65, which is 0° for forward scat-
tering and 180° for backward scattering. The growth
rates, in units of Raman backscattering, are shown
in Fig. 3, where the curves are color-coded by fre-
quency downshifts. The growth rates are polarization-
dependent, and the eigenmodes are elliptically polarized,
except when # = 90° where they become the linearly
polarized X and O wave. For the R-wave pump, scat-
tering to the R branch (a, ¢) is polarization-suppressed
for near backward scattering, while scattering to the L
branch (b, d) is polarization-suppressed for near forward
scattering. When By =30 T (a, b), Q. =~ 5.3 Trad/s is
much smaller than w, ~ 1.2 x 103 Trad/s, so scattering
from the P branch is close to Raman. Similarly, since
va/c ~ 7 x 107° is smaller than cs/c ~ 9 x 1074, the
sound wave is little modified, and scattering from the S
branch is close to Brillouin. Other than modifying Ra-
man and Brillouin, the magnetic field introduces addi-
tional modes from which the laser can scatter. However,
in weak magnetic fields, scattering from the F branch is
energy-suppressed, because the F branch is dominated
by electron cyclotron motion. In larger magnetic fields,
for example By = 300 T (c, d), effects of magnetization
then become larger.

B. Scattering of MHD waves

To illustrate that the general formula is applicable to
any wave triplets, let us consider scattering of MHD
waves as another example, which is relevant to the on-
set of weak astrophysical turbulence. In this case, the
wave frequency w < §;, and the fluid-Maxwell’s equa-
tions asymptote to MHD equations. Consequently, the
wave dispersion relation also asymptotes to that of the
MHD waves (Appendix A). The asymptotics are partic-
ularly simple for wave propagation parallel to By, where
the forcing operator becomes F|Z = v2(Z +iBZ x b) +
(%% —¥?)(Z - b)b. It may be tempting to already take
the w/Q — 0 limit for IAF”. However, the limit should be
taken only after summations over species is carried out,
because leading terms may turn out to cancel.

First, let us determine the approximate wave disper-
sion relations. Consider two species plasmas with Z; = 1,
then the sum in Dy; is w72 +w2yf ~ —c*w?/v}, where
0?4 = C2MiQ?/w§ is the Alfvén speed. The sum in Do
is Bewl 2 + Biwzyi ~ —(1 — 1/M;)c®w? /039 Fi-
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nally, the sum in D33 is wy.ye + w9 ~ ww,(w” —

2k?)/(w? — u2k?)(w? — u?k?). The dispersion ten-
sor D for parallel wave propagation can then be eas-
ily determined in the field coordinate. The longitudinal
wave satisfies w? ~ c2k?, which is essentially the un-
magnetized sound wave. The transverse waves satisfy
(1404 /) w? = v3k*£(1-1/M;)w?/Q;. The “+” branch
has higher phase velocity and is right-handed circularly
polarized with e o (1,4,0); the “~” branch has lower
phase velocity and is left-handed circularly polarized with
e x (1,—1%,0). To lowest order in w/;, the two branches
merge into dispersionless Alfvén waves w? = ¢4 k?, where
% = 1% /(1+v%/c?). The energy coefficient of the Alfvén
waves is u =~ ¢?/c%, which is usually very large because
most wave energy is contained in magnetic and fluid fluc-
tuations instead of the wave electric field. In the MHD
limit v4 < ¢?, the above results recover the dispersion
relations of parallel-propagating MHD waves.

Now we can compute three-wave coupling between
MHD waves. For parallel wave propagation, other than
the coupling between three sound waves, which is dis-
cussed in Appendix B, the only nonzero coupling is be-
tween two Alfvén waves of the same polarization (a1, az)
and a sound wave (ag). Since the waves are dispersion-
less, the resonance conditions can be satisfied only when
a1 and ay are counter propagating. In this geometry, the
resonant wave vectors are ka/k1 = |cs — cal/(cs + ca)
and k3/k; = 2ca/(cs + ca). To compute the the scat-
tering between these waves, notice that for the sound
wave f = 4%b, while for the Alfvén wave f = e/(1 & f3)
where £ corresponds to the L and R polarizations. The
electromagnetic scattering due to each species is thereof
Os =~ —[1/(w1+Qs)+1/(wa+Qs)]cwiwaws /ca (w3 —u2k3),
and the thermal scattering is &5 ~ 0 because two waves
are transverse. Summing over species and then take the
limit w/Q; — 0, the coupling coefficient is

N 6?4 WiwaoWws
Il

o VACs 4MiQi ' (99)

The coupling can also be expressed in terms of the mag-
netic field a; = M;Q;B; /w1 By whereby the growth rate
[Eq. (95)] can be readily evaluated, which agrees with
the weak-coupling result in the literature [37-41] for both
electron-ion and electron-positron plasmas.

Not only can the general formula be used to recover
existing results in the literature, but it can also be used
to compute previously-unknown coupling at oblique an-
gles. Without any approximation, the exact formula of
the resonant coupling coefficient can be evaluated nu-
merically. Let us consider an example relevant for so-
lar corona at a height comparable to the solar radius
[83-86]. There, the plasma is mostly hydrogen with
M; ~ 1837. The plasma density n, ~ n; ~ 107 cm™3, the
plasma temperature 7, ~ T; ~ 100 eV, and the magnetic
field By ~ 1 G. Correspondingly, w, ~ 1.8 x 10® rad/s,
cs/c ~ 8.0 x 1074, and va/c ~ 2.3 x 1073, The ion
cyclotron frequency €2; ~ 10* rad/s is much higher than
the observed Alfvén wave frequency, which is in the mHz
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FIG. 4. Resonant coupling between two Alfvén waves via the
sound wave in solar corona type plasma with c¢s/va = 0.35.
The pump Alfvén wave propagates along By with frequency
f1, while the daughter Alfvén wave propagates obliquely at
angle 0. The frequency of the daughter wave fo/f1 (a) and
the coupling coefficient T'/T'| (b) have weak dependence on
both 62 and f;. Consequently, the parametric decay rate is
only slightly larger for exact backward scattering.

band. In this frequency range, the low-frequency waves
are well-approximated by ideal MHD waves. Consider
the coupling between two Alfvén waves via the sound
wave. The daughter wave frequency fo2/f1 is shown in
Fig. 4a, and the coupling coefficient I'/T is shown in
Fig. 4b, where I'| is given by Eq. (99). While the cou-
pling has strong dependence on ¢, /v4, it has very weak
dependence on the frequency of the parallel pump Alfvén
wave. Moreover, the dependence on 65, the angle of the
daughter wave with respect to the local magnetic field, is
also weak. Consequently, the decay of the parallel pump
wave only slight prefers exact backward geometry.

VI. DISCUSSION AND SUMMARY

Beyond linear waves, this paper treats coherent three-
wave interactions in magnetized plasma by solving the
warm-fluid model to second order. Unlike previous at-
tempts, which were specialized for each wave triad in
restricted geometry, here, the systematic treatment us-
ing perturbation theory offers a unified description of all
possible interactions at arbitrary angles. This method-
ology, first introduced for magnetized cold-fluid plasma
[60], is extended to incorporate thermal effects. The
ideal-fluid model is applicable when all wavelengths are
much larger than the Debye length, while much shorter
than the collisional mean free path. In this regime, ther-
mal effects enter indirectly through the forcing operator
[Eq. (27)], as well as directly in the quadratic response
[Eq. (68)]. Nevertheless, the second-order electric-field
equation [Eq. (66)] remains formally unchanged from the
cold-fluid case.

The formalism developed in this paper is not only gen-
eral, but also practical, whereby numerical values of the
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coupling coefficient can be obtained. The coupling co-
efficient is an essential parameter in the commonly-used
three-wave equations [Egs. (91)-(93)]. Previously, little
is known about the numerical value of the coupling co-
efficient when the plasma becomes magnetized. Now, a
general formula has been provided [Eq. (94)], which can
be evaluated for any three resonantly interacting waves.
To demonstrate the powerfulness of the general formula,
the coupling between high-frequency lasers via Raman
[Eq. (97)] and Brillouin [Eq. (98)] scatterings in unmag-
netized plasmas are recovered as special cases. More-
over, the same formula also recovers coupling between
two Alfvén waves and a sound wave [Eq. (99)], which
are at the other extreme of the wave spectrum. While
asymptotic expressions of the general formula may be
found for special cases, the exact formula can always be
evaluated using the numerical procedures outlined in this
paper. Based on nontrivial analytic simplifications, nu-
merical evaluations of the coupling coefficient can now be
made efficient and robust.

In summary, this paper derives a general formula gov-
erning resonant three-wave interactions in magnetized
warm-fluid plasmas in the weak-coupling regime. Apply-
ing the formula to magnetized inertial confinement fusion
conditions, the magnetic field is found to modify Raman
and Brillouin scatterings of lasers, as well as introduce
additional scattering modes at oblique angles. For pa-
rameters relevant to solar corona, the formula for parallel
coupling between two Alfvén waves via the sound wave is
found to give good approximations also at oblique angles.
Due to weak angular dependence, exact backscattering is
only slightly preferred over oblique decays.
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Appendix A: Asymptotic dispersion ck — 0

The dispersion relation contains gapped and gapless
modes. For gapped modes, the wave frequency w — w,
when ck — 0, where w, is some finite cutoff frequency.
For gapless modes, w — 0 when ck — 0, but the re-
fractive index n = ck/w approaches some finite constant.
The asymptotic dispersion relation is useful for analytic
approximations, and may be used as initial guesses for
numerical root finding.



For gapped modes, the cutoff frequencies are solu-
tions of C(w.) = 0, where C is given by Eq. (43).
Since thermal effects vanish, one cutoff frequency is al-
ways wp. The other cutoff frequencies are solutions of
R(w.) = L(—w.) = 0. In a magnetized plasma of Nj
species, there are Ng 4+ 1 non-negative solutions, which
becomes strictly positive when the plasma is not quasi-
neutral. For finite but small ck, we can expand near
we.  The asymptotic dispersion relation is quadratic:
w ~ w? + dw?, where dw? = 2Bc’k?/w.0,C. Here, B
and 9,,C are evaluated at w = w, and ck = 0. The ana-
lytic expression is simple, since thermal effects vanish.

On the other hand, thermal effects are important for
gapless modes. To obtain asymptotic dispersion relation
when w — 0, we can expand using Laurent series. Af-
ter tedius but otherwise straightforward expansions, the
leading terms in a quasi-neutral plasma are

W2A ~ —Igcg, (A1)
2 2\ .2 2¢?
w B ~ (I()IQ — 11)89 — CTIQ, (A2)
A
2 2\ .2 ¢ ?
WO = (Il — 1)sf — G h| 5, (A3)
Ca 1CaCG

assuming Ce > w? / Q2. The dispersion coefficients Iy =
1+ZS wpsns/Q Z Wpsns/QS7 and I = Zs %27577?:
where n? = 1/(1 — n?cu?/c?). In the cold limit, I —
2/, I = 0, and I, — wg Substituting Eqs. (Al)-
(A3) into the dispersion relation [Eq. (40)], we obtain
an equation for n?. The Alfvén wave decouples with the
dispersion relation

w? = 4 k% cos? 6.

(A4)
What remains are the fast wave mixed with the sound
waves, which is given by
2
P (n2 cos® 0 — — + Ipsin® 0) = I?sin 6. (A5)
Ca
A special case is when all species are cold. Then, the
sound wave vanishes and the above recovers the cold fast
wave w? = ¢4 k?. In more general cases, a numerically
robust procedure for solving the dispersion relation is to
remove poles of Eq. (A5), and convert it to a polynomial
of 7’LQC§ of degree N.+1. When N; > N, — 1, the leading
coefficient is -, wp, [Tozo(—12), otherwise the leading
coefficient is HMI#O(—/@,) * D=0 w?.. The polynomial
equation has exactly N.+1 real and positive roots, which
can be found by standard numerical methods. The above
is a multi-fluid extension of MHD, which retains only one
sound wave.

Appendix B: Three-wave in neutral fluid

To illustrate that that turbulent and thermal beat-
ings are originated from fluid nonlinearities, let us con-
sider three-wave interactions in neutral fluid, which is
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described by

dp+ V- (pv) =0, (B1)
pdyv = —Vp, (B2)
pdsp = Epdyp, (B3)

where p is the mass density and d; = 0; + v - V is the
convective derivative at the fluid velocity.

The linearized fluid equations describe sound waves.
Suppose we weakly perturbe the equilibrium with con-
stant pg, po, and vg = 0, the first-order fluid velocity
is v = %ZkeKl exp(ifk)V1 k. The continuity equation
then gives p1/po = 3 > kek, eXP(i0k)k - V1 k/wk, and the
pressure equation gives p; = u?p;, where u? = &po/po is
the thermal speed. Substituting these into the momen-
tum equation, each Fourier amplitude satisfies

(wf — w?kk)Vy 4 = 0 (B4)
The dispersion operator is now Dy = wﬁ — u?kk. The
eigenmode satisfies the dispersion relation w? = u2k?,
and is the longitudinally polarized sound wave.

To second order in multiscale perturbative analysis,
the equations can be obtained from Eqgs. (17)-(19) by
setting the electromagnetic contributions to zero. The
pressure equation gives ps by Eq. (59) after replacements
mn — p and /m — u?. Expanding the second-order ve-
locity as vo = >, exp(ifk) V21 /2, the continuity equa-
tion gives pa by Eq. (60) after replacing ieIF‘S/mw V.
Using DkVLk = 0, the second-order momentum equation
can then be written as

Z Dy Va e

keKsy
oD oD .
+ 1 Z ( k Tl{k . Vl)vlyke”’k (B5)
keK;
1 _ . )
2 Z (wp + wq)sp,qewpﬂeq,
p,a€k,

which is formally identical to Eq. (66) if the later is
written in terms of velocity perturbations. Analogously,
Sp.q = (Rp,q + Rqp)/2, and the only difference is that
now Ry g = Tp q+Up - Here, Tp, q and Up, q can be ob-

tained from Egs. (64) and (65) by replacing FE /w — V.
We see that turbulent and thermal beatings are intrinsi-
cally fluid nonlinearities.

The second-order velocity equation can be split into
off-shell and on-shell equations. The off-shell equations
can be solved by inverting the nondegenerate ), and the
on-shell equations can be simplified using eigen projec-
tions. Suppose the resonance conditions are of the form

“

'p = q+ 1", the three-wave amplitude equations are

(1
dyvp, = —%kpqul, (B6)
where v; = v*; is the complex amplitude such that

Vik = vk;. In the parametric decay picture, the growth



rate v = (1 + &)(koks)'/?|v1|/4. To obtain the above
three-wave equations, I have used the fact that resonance
conditions can be satisfied only when Rl = lA<2 = Eg, be-
cause the sound waves are dispersionless. Due to the spe-
cial dispersion relation, three-wave interactions are one
dimensional, along which any two copropagating waves
can resonantly interact.

Appendix C: Eigen projection

To illustrate how the compatibility condition [Eq. (71)]
can be used in conjunction with the on-shell equation
[Eq. (69)], let us consider unmagnetized cold plasma as
an example. In this case, F = I is the identity operator
and the dispersion tensor is

D = (w® — wj — ®k*)[ + c°kk. (C1)
The partial derivatives are 9D /0w = 2wl and dD¥ /Ok; =
c?(kidj, + k0 — 2k;6;5). The on-shell equation is then of
the form

2w0E =c*k(V-E)+V(k-E)—2(k-V)E] +S, (C2)

where I have omitted the subscripts of ¢; and x;. Notice
that the Eq. (C2) has redundant degrees of freedom, be-
cause the spatial derivatives originate from the projection
operator I — RR, which has a nontrivial kernel.

For electromagnetic waves, the dispersion relation is
w? = wf, + c?k2. The dispersion tensor then becomes
D = c?kk, which is a rank-1 operator. The null space
is two dimensional, and the eigenmodes are transverse,
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which satisfy k - £ = 0. The compatibility condition is
satisfied if and only if

APV -E+k-S=0. (C3)
Substituting the solution of V - £ into Eq. (C2), the on-
shell equation becomes

c’k S+
(O + ” -V)E = 5 (C4)
where ¢’k /w is nothing other than the group velocity, and
S+ = (I — kKk)S is the transverse projection. While the
transverse projection is typically put in “by-hand” when
studying unmagnetized three-wave interactions [67], here
I have shown why the projection necessarily arises.

For the cold Langmuir waves, w? = wg, and D =
c?(kk — k2I) is a rank-2 operator. The null space is
thereof one dimensional, and the eigenmode is longitu-
dinal, which satisfies £ /k. The compatibility condition
is satisfied if and only if

(*Vk-E+8S)t =o0. (C5)
Substituting this into Eq. (C2), which can be separated
into parallel and perpendicular components, the on-shell
equation becomes

€ = —, (C6)
w
As expected, the group velocity of the cold Langmuir
wave is zero, and only the longitudinal component Sl =
k(k - S) affects the wave evolution.
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