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In a multivariate evolutionary system, the present state of a variable is a resultant outcome of
all interacting variables through the temporal history of the system. How can we quantify the
information transfer from the history of all variables to the outcome of a specific variable at a
specific time? We develop information theoretic metrics to quantify the information transfer from
the entire history, called causal history. Further, we partition this causal history into immediate
causal history, as a function of lag 7 from the recent time, to capture the influence of recent dynamics,
and the complementary distant causal history. Further, each of these influences are decomposed into
self and cross feedbacks. By employing a Markov property for directed acyclic time series graph,
we reduce the dimensions of the proposed information-theoretic measure to facilitate an efficient
estimation algorithm. This approach further reveals an information aggregation property, that is,
the information from historical dynamics are accumulated at the preceding time directly influencing
the present state of variable(s) of interest. These formulations allow us to analyze complex inter-
dependencies in unprecedented ways. We illustrate our approach for: (1) characterizing memory
dependency by analyzing a synthetic system with short memory; (2) distinguishing from traditional
methods such as lagged mutual information using the Lorenz chaotic model; (3) comparing the
memory dependencies of two long-memory processes with and without the strange attractor using
the Lorenz model and a linear Ornstein-Uhlenbeck process; and (4) illustrating how dynamics in a
complex system is sustained through the interactive contribution of self and cross dependencies in
both immediate and distant causal histories, using the Lorenz model and observed stream chemistry

25 data known to exhibit 1/f long-memory.

26 I. INTRODUCTION

7 The dynamics of natural systems, such as ecosys-
s tems and climate, arise as a result of spontaneous self-
organization. Their dynamical characteristics, such as
0 existence of strange attractors or 1/f long-memory de-
a1 pendencies, arise as a result of feedback between all
interacting variables. Information theory offers com-
pelling approaches for characterizing the complex non-
s linear inter-dependencies present in such systems [1]. For
3 example, a recent study has argued that the sponta-
35 neous formation of a self-organized structure is reflected
s as decrease of joint entropy of the system as well as
increase of contemporaneous inter-dependencies among
interacting components [2]. However, most of the ex-
isting information-theoretic approaches are anchored on
characterizing either bivariate information transfer using
transfer entropy or momentary information transfer [37
7], or the interactions among a specific set of variables
by using methods based on partial information decom-
position [8-12], which becomes difficult when more than
three variables are involved. These approaches provide
important and insightful views associated with specific
interactions within a system, but do not allow us to as-
sess the entire range of information transfer among all
variables. For example, we may ask how the interactions
of several or all variables in a system determine the state
of an individual variable at a specific time. Alternatively,
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we may ask how a finite time history of interactions re-
sults in an observed outcome of a specific variable at a
specific time. To answer these questions, we require met-
rics that allow us to characterize full range of causal de-
pendency in the system (in the Granger sense [13]), which
structures the transfer of information that progressively
influences a target variable.

Consider a system composed of N variables, X, =
{X,Ys, Zy, ...}y, varying in time. The current state of
a variable, say Z; € )?t, is a result of the evolution-
ary history of the system X:{ = {Xt,l,ft,g,ft,g, b
which we call causal history. We partition this his-
tory, based on a partitioning time lag 7 with respect
to the present, into recent or immediate causal history
{Xt_l,)?t_g,...,)?t_T} and the complementary distant
causal history {Xt_T_l,)_('t_T_g,...}. Generally, while
the information from the immediate causal history is ex-
pected to be nondecreasing with 7, the degree and con-
vergence of information from the distant causal history
informs the influence from the remaining historical dy-
namics beyond the lag 7. Thus, quantification of the
information transfer to a target variable at time ¢, from
both its immediate and distant causal histories, would
delineate the dependency of the variable on the prior
dynamics as well as the memory in the system, which
are keys for understanding various complex systems [14—
17]. Therefore, the objective of this study is to quan-
tify and characterize the influence of a immediate, dis-
tant, and/or entire causal history on Z; by using an
information-theoretic framework.

We use a directed acyclic time series graph approach


mailto:kumar1@illinois.edu

& to characterize the temporal dependencies of the system
s as well as for simplifying the computation of the informa-
s tion transfer. Specifically, we demonstrate the features
g of our approach in terms of: (1) Information aggregation
s property in the causal history, achieved through simpli-
g fication from Markovian assumption in directed acyclic
o time series graph; (2) Discerning system memory, and its
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advantage over traditional methods such as lagged mu-
tual information; (3) Characterizing the changing inter-
action information jointly provided by a target variable’s
self and cross dependencies, as a function 7, from both
immediate and distant causal histories; and (4) Quantify-
ing the change in memory dependency in a system when
the influence of any particular variable is isolated from
the remaining variables.

This paper is organized as follows. First, in Section II,
we provide the definitions and the properties of the in-
formation transfer in both immediate and distant causal
histories based on directed acyclic time series graph rep-
resentation of the system. Then, in Section III we imple-
ment this approach to delineate the temporal dynamics
of three different systems by quantifying the information
transfer from causal history. We first identify the mem-
ory dependency of a trivariate logistic model — a short-
memory system, in Section IITA. Next in Section IIIB,
we analyze the chaotic and long-memory Lorenz model
for comparing the proposed approach with lagged mu-
tual information in delineating the memory dependency
of the system. Then, we investigate the information
transfer in a linear trivariate Ornstein-Uhlenbeck pro-
cess, whose dynamics also shows long memory property
but without the existence of a stranger attractor. While
the model-generated synthetic data are used for analy-
sis in the previous three example, in the third example
in Section III D, we demonstrate an application using ob-
served stream chemistry time series data, obtained in the
Upper Hafren catchment in Wales, United Kingdom [17].
Last, summary and conclusions are given in Section IV.

II. INFORMATION TRANSFER FROM

CAUSAL HISTORY

We represent the temporal dependency in the mul-
tivariate system X, as a time series directed acyclic
graph [18, 19] as illustrated in Fig. 1, where each node
represents a variable at a specific time step ¢ (e.g., Z;) and
the parents of a target node or a set of nodes are denoted
as Pe (e.g., Pz,). The directed edge linking two lagged
nodes (e.g., X;—r, and Z; with 7x > 0) in the graph
indicates the direct influence from X;_,, to Z;. The
causal influence, assumed here in a Granger sense [13],
from a lagged node X;_,, to a target Z, can be either
through a directed edge or indirectly via a causal path
Cx, ., -z, which is a set of nodes connected by a se-
quence of directed edges from X;_,, to Z;. That is,
CXt_TX—>Zt = {‘/t—TV : V;& S Xt;TV > OaXt—‘rX - =
Viery =+ = Zi—ry t U{ X7 }. We consider the causal
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influence to a target node as arising only from a node
earlier in time, which results in a directed acyclic graph
(DAG) of time series. In this section, based on this DAG
time series graph representation, we provide the mathe-
matical definition of causal history, its simplification for
computation, the associated properties, and further anal-
yses of causal history in terms of self and cross depen-
dencies.

A. Definitions of Causal History

The causal history of a target node Z; includes all
the nodes that influence Z; through causal paths in the
graph, and is represented by )Zt_ = {)Z't_l,)Z't_Q,...}.
Therefore, the total information, T, to Z; given by the
causal history, can be expressed as the mutual informa-
tion (MI) [20] between the two, which is given by:

T =1(ZsX;). (1)

Further, an immediate causal history of Z; is considered
as a finite length causal history immediately preceding
time t, X, . = {Xi—+,Yi—r,...} N starting from all the
contemporaneous source nodes at lag 7. It is represented
by a multitude of causal paths, that is, C)?t

=>4
UX,,_Te)?t_TCthTﬁZt (the blue dashed box in Fig. la).
To generalize the following theory, we define the imme-
diate causal history as a subgraph preceding Z; arising
from a set of lagged sources V = {X;_ry,Yi_r,,...} to
Zy, C";:>Zt = UVFTVEVCVFTVHZF Then, the comple-
mentary distant causal history can be naturally expressed
as the remaining part of the causal history, X{ \Cy_ 2z
where \ is the subtraction operator (the red dashed box
in Fig. 1a). By using the chain rule of MI [20], the total
information 7 can be decomposed into the information
from (1) the immediate causal history, J, and (2) the
distant causal history, D, such that:

T=1(Z:Cy_ 5, X \Cp_ 5)
=1(Z; X7 \Cyp )+ 1(Zi;Cp , |1 X7 \Cip )
=D
=D+J. (2)

Eq.(2) expresses that the information from the distant
causal history, D, is provided by all the lagged nodes not
in the immediate history, i.e., X{ \Cl7¢2t’ through their
mutual information with Z;; while the information from
the recent dynamics, J, is accounted for by the condi-
tional mutual information (CMI) between the target and
the immediate causal history conditioned on the distant
history.

=J

B. Simplifications of 7, J, and D

It is noted that the empirical computations of T, 7,
and D in Eq.(2) are infeasible due to the potentially in-
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FIG. 1. (color online) Ilustration of the causal history X;”

(a) The partition of X,  into an im-
v—z, (the dashed blue box), and
the complementary distant causal history, X, \Cy_ 4, (the
dashed red box). The parents of the target Zt [Eq.(3 )] Pz,
are identified by the cyan colored box. (b) The aggregation
of contemporaneous momentary information from each set of
contemporaneous nodes Xt i (the dashed hollow box) at an
early time step ¢ — ¢ in the causal history [Eq.(10)].

of a target node Z;.
mediate causal history, Cy

w2 finite number of nodes in X; and X;” \Cy_ - There-
183 fore, to address this challenge and connect the time series
18« graph with the underlying joint probability, we assume
165 the Markov property for DAG ([21], theorem 1). This is
185 consistent with prior work [5], which states that any node
17 Z; in the graph is independent of all its non-descendants
1 given the knowledge of its parents Py, [22]. For the graph
1o in Fig. 1, for example, this implies that given its parents
wo Pz, (the cyan colored box), the target node Z; is condi-
w1 tionally independent of the rest of its non-descendants,
192 X;\Pzt
13 Now, the main idea of reducing the dimensions in 7,
1w J and D originates from the connection between condi-
105 tional independence and the node separation in the graph
s based on the Markov property [5]. The simplification of
17 T can be immediately achieved by using chain rule as
s follows (note that Py, ¢ X; ):
T: I(Zt;PZﬂXt_\PZt)

= 1(Z1; Pz,) + 1(Z; X, \Pgz, | Pz,)

=0

= I(Z; Pz,), 3)

199 which is the mutual information between Z; and its par-
x0 ents Py, (see Fig. 1a). The zero value for I(Zy; X; \ Py, |
2 Py, ) results from the Markov property that separates Z;
202 from the remaining historical nodes given its - parents.

Furthermore, the distant causal history, X \Cy_ Z,
200 which serves in Eq.(2) as the condition set and infor-
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mation contributor in J and D, respectively, can be
partitioned into two parts: (1) the parents of both
Z; and the immediate causal history Cp ~7, exclud-
ing those in the immediate causal history, denoted as
W, = Pc, vz, \Cy_ z (the grey nodes in Fig. 1la),

V=2
and (2) the remaining nodes, X;\(Cvjzt UW,). Then,
in a similar manner as for 7, the Markov property and
the chain rule also facilitate the simplifications for D:

D=1(Z;W-, X, \(Cypyy, UWS))
= I(Zt§ I/T/'r) + I(Zt§ X{\(CO:@ U WT) ‘ WT)
=0
=1(Zy; W), (4)
and for J:

J = I(Zt; C\?:>Zt |X;\CV¢Zt)

= 1(Z; Cyp_y 7, [Wr). (5)
Both, the zero value for I(Z; X ¢t \(Cyz, U Uw,) | Wy)
and the reduction of the condition set of J into WT in
Egs.(4) and (5), respectively, are due to the conditional
independence between Z; and X, \(Cy_, , U W:) given
the knowledge of WT, which separates the immediate fi-

nite history associated with Z; and Z; itself from the
remaining history In fact, a decomposition of Cy

into (1) Py "= = Py,NCp_, -

V=2,
the direct causes of Z;

in the 1mmed1ate causal history, and (2) Cy_, , \ Py, o=z
— the remaining intermediate nodes in C'y_, , , enables a
further simplification of J, that is (see Appendix A for
derivations):
— . CVﬁZt T

j —I(Zt,PZt ‘ WT)? (6)
which is achieved by taking the chain rule expansion
based on C;_ 7z, and dropping off the other term because

of the conditional independence of Z; with the remaining
history given its parents. Also, by substituting Eqgs.(4)

.. C\7¢Zt T
and (5) back to Eq.(2) and noticing Pz, C Py, UW-,
we can again utilize the Markov property to get:

C .
T =1(Z; Py} =7\ Wy) = I(Zs; Pg,),

which reduces to Eq.(3) as we should expect and is con-
stant in terms of the time lag 7. We also note that the
quantities J and D are functions of 7, but this is not in-
cluded in the notation for brevity as this does not cause
any ambiguity.

C. Information Aggregation Property of 7 and J

The simplifications in Eqs.(3)-(6) imply an important
property of information aggregation from intermediate
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nodes to the direct causes of the node(s) of interest. For
all the three information transfer measures, the informa-
tion accumulate at the nodes that are either the parents

of the target node Z; [Py, for T in Eq.(3) and PZCtV:’Zt
for J in Eq.(6)] or the parents of the union of Z; and
its immediate causal history [W, for D in Eq.(4)]. This
property, derived from the Markov property for DAG, il-
lustrates that the latest observations actually contain all
the information of the earlier dynamics in the system,
transferred via the causal paths, and influence the states
of the variables at the next stage.

Further insights associated with such information ag-
gregation property can be obtained by a decomposition
of both 7 and J. We separate 0\7:>Z,5 into 7 set of
nodes, where 7 is the maximum time lag between the

target Z;, and the earliest node in the source nodes ‘7,

that is, 7 = argmax; { X : X¢— € CV':>Z,}' Each set

of nodes V,_; represents all the contemporaneous nodes
in 0\7:>Z,5 at the time step t — i (1 < @ < 7), that is,
Viei = {Viery - Vipy € Cvézt | 7v =i} It is clear
that Cy_ , = UL, Vi_i and Vs, N\V,_y, = 0 for iy # ia.
Therefore, we can express J in Eq.(5) as:

\7 :I(Zta ‘_/;5—1) ey ‘_/;f—T | WT)a
and by using the chain rule for conditional mutual infor-

mation [23], we get:

J ZZI(Zt;‘_/;&—i | W, Vicity ooy Vier).

i=1

(7)

Note that {‘7,5_1'_1, ey ‘7;_7} are actually the remaining
parents of both Z; and the subgraph O\Z =z, initiated

by ‘Z_i, which are not in W,. Therefore, the condition
set in Eq.(7), {W,,Vi—i—1,..., Vi—; }, in fact contains the

parents of the union of Zy and Cy; ~ _,

Also, due to the Markov property of the time series DAG,

Pcvt_ﬁztuzt separates C‘z—iézt U Z; from their non-

descendants, including the remaining nodes in the condi-
tions in Eq.(7), and thus gives:

UZyg -

gi = I(Zh ‘7;71' | WT?%*’L‘*l? 8] ‘7;77')

=1(Z; Vi | Pcvt,iaztuzt\cﬁfiiZt) (8)
where G; is the generalized version of the momentary in-
formation transfer along causal paths [12, 18] from mul-
tiple source nodes V;_; to Z; along the multiple causal
paths C\Z It quantifies the uncertainty reduction

in Z; due to ‘_/'t_i conditioned on the parents of both Z;

and Cy, ., UZ;,

Correspondingly, Eq.(7) can thus be simplified as:

J=>_G
i=1

L=y

=Y 1(ZiViei | Poy, _,02.\Cp,_2z,):
=1
(9)

Distant causal history Immediate causal history

t-7-3 -T2
Fo==-==

~ N <

FIG. 2. (color online) Ilustration of the self and cross depen-
dencies in both simplified immediate and distant causal his-
tories for a target Z; (the black node). The self-dependencies,
Zy, and the complementary part, ij, in the simplified im-
V=2,

c
mediate causal history, P, , are identified in solid and

dashed black boxes, respectively. The self-dependencies, ZD,
and the complementary part, Zp, in the simplified distant

causal history, W, are identified in solid and dashed grey
boxes, respectively.

20 This equation elucidates that the information given by
a sequence of dynamics preceding Z;, i.e., its immediate
causal history, is an accumulation of the momentary in-
formation transfer from the contemporaneous dynamics
at each time step involved in this finite history.

281
282
283

284

Such accumulation of momentary information can be
generalized to the total information 7 if the source
nodes V of the immediate causal history are taken
s as all the variables at an infinite past, X, =
20 {Vier, Xoeer, Yoy Zy—ry ..}, with 7 — oo. In this case,
20 the immediate causal history is naturally the whole
20 causal history itself, and thus J = 7, which based on
202 Eq.(9) gives:

285
286

287

T = lim

T—00 Z

=1

I(Zi; Xemi | Pog, ., 02\Cp, 5 z,)-

(10)

203 By relating the above equation with Eq.(2), again we see
20 that the momentary information from all the previous in-
205 termediate nodes in the causal history are accumulated at
206 the nodes that directly influence the target Z;, as shown
207 in Fig. 1b. Note that, a measure similar to Eqgs.(7)-(10) is
208 proposed in [5], called the decomposed transfer entropy.
200 It approximates the information coming from all the his-
00 torical states of a source variable X[ as the summation
so0 of individual conditional mutual information from each
02 lagged X;_, in a finite set of X; . This is different from
303 the information aggregation of J and T proposed here in
s0¢ that Eqgs.(9) and (10) approximate the information from
ss the historical states of multiple source variables to the
306 target.
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D. Interactions from Self-Feedbacks in J and D

To further dissect the information transfer we charac-
terize the interaction information arising from self and
cross dependencies of a target variable Z; in both imme-
diate and distant causal histories. Note that interaction
information between two sets of source nodes A and B
contributing information to Z; is given as:

T =1(Z; A|B) — I(Zy; A)

— (2 A, B) — 12 A) + 1(Zs B). (1)
For distant causal history, represented by WT, the two
decomposed parts include: (1) a self-feedback component
of Zy, Zp = {Vir € W, | V =Z} (the grey box in Flg
2); and (2) the complementary component, Zn, = W,\ Zp
(the dashed grey box in Fig. 2). The difference between
D and the summation of the mutual information between
Z; and each of the two components in W, then accounts
for an interaction information, Zp, which is given by:

Ip =D — [[(Z; Zp) + 1(Zs: Zp)). (12)

2 Ip quantifies the interaction information in Eq.(11)
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transferred to the target Z; from its self- dependency,
ZD, as well as the complementary component, ZD,m
distant history. A negative Zp [i.e., D < I(Zy; Zp) +
I(Zy; Z)] shows a net redundancy in the interaction
between the two components, while a positive Zp [i.e.,
D > I(Zy; Zp) + 1(Zy; Z,)] illustrates a net synergistic
influence on the target.

Similarly, the simplified immediate causal history of

C=
Zy, represented by PZt‘/éz‘7 can be partitioned into (1) a
component containing the self-dependence of the target,

- Cs
Zy ={Vi; € P,"7% | V = Z} (the black box in Fig.

2); and (2) the complementary part, Z} = PZﬁ:’Zt\ZJ
(the dashed black box in Fig. 2). The corresponding
interaction information from the two parts of immediate
causal history, Z7, can be computed as:

I;=J-

quantifying the conditional interaction information to Z;
from its self and cross dependencies in the immediate
causal history.

We also note that in [18], the interaction information
is used for investigating how the influence from a source
node X;_, to Z; is intervened by the immediate nodes
in the causal path Cx, ,_,z. In this study, we evaluate
the interaction effects on Z; from immediate and distant
causal histories in terms of: first, Z;’s own history, and
second, historical states of the other variables.

[(Z; 27 | Wa)+ 1(Z5; Z7 | Wy)],  (13)

III. APPLICATIONS

To illustrate the capability of the approach described
above for delineating the temporal dependency of a sys-
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tem, we quantify the information transfer from the causal
history in three different systems. We first character-
ize the temporal dependency of a short-memory sys-
tem through a trivariate logistic model. Then, we illus-
trate how the proposed approach is different from lagged
mutual information in addressing system’s memory de-
pendency using an example of a chaotic system — the
Lorenz model. Further, we compare the Lorenz model
with a trivariate Ornstein-Uhlenbeck process to inves-
tigate how the information transfer differs in processes
with and without strange attractor. Finally, we quan-
tify the memory dependency from time series observa-
tions, representing catchment chemistry, which is known
to have long-term dependency. Especially, by decompos-
ing the distant history into the self-feedback of the target
and the complementary component characterizing infor-
mation transfer from other interacting variables, we ob-
serve the redundancy-dominated J, as well as consistent
nonzero and synergy-dominated D in both the Lorenz
model and the stream chemistry system, which we con-

ann jecture as sustaining chaotic and fractal features of the
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two systems.

A. Trivariate Logistic System: a Short-memory
System

In the following, we empirically analyze the informa-
tion transfer in the causal history of a nonlinear model-
generated synthetic data. Consider a trivariate coupled
logistic system, mathematically expressed as:

3
> 4X;,a(1
j=1

_1—e

— X)) +eniie{1,2,3)

(14)

where 7, € [0,1] is a uniform noise term and 0 < € < 1
is its coupling strength. To investigate the total in-
formation and its two components to the target node
X3+, we consider the immediate causal history as the
causal subgraph Cx, , . x,, . X;, ,}=xs, Starting at
an earlier time step t — 7 (7 > 1) (see Fig. 3a). J,
D and T are calculated for 7 ranging from 1 to 50 and
€ €[0.1,0.2,0.3,0.5,0.8]. For each pair of 7 and €, 10,000
data points are generated to conduct the empirical es-
timations, with an ensemble of 10 runs for each to get
an average behavior. To avoid the infinite dimensions
in Eq.(2) in the computation, we compute 7, D and
J based on Egs.(3), (4), and (6), respectively. The k-
nearest-neighbor (kNN) estimator [4, 24] is adopted for
the estimation of 7, 7 and D with k = 5 (low k facil-
itates a low bias of the estimated MI and CMI [4]). In
the next two applications, the computation of 7, D, and
J are also conducted in the same manner.

The contribution of immediate causal history J, and
the proportion of distant causal history, D, in the total
information transfer 7, D/T, are shown in Fig. 3b. We
observe that for the range of noise coupling strengths e,
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FIG. 3. (color online) Illustration of the trivariate coupled
logistic model. (a) The times series graph of the system with
the causal subgraph Cx,, ., x,, ,.X5, ,}=X5,88 the im-
mediate causal history (the representations of the nodes are
the same as in Fig. 1a). (b) Plots of 7, D/7T, S, Ip and I
for T ranging from 1 to 50 with € € [0.1,0.2,0.3,0.5,0.8] (blue
and red crosses, connected through a vertical line, represent
the convergence points of J, D/T, and S for € = 0.1 and
e = 0.2, respectively; note that results for ¢ = 0.8 are not
plotted (except J) due to its high variability resulting from
a near-zero total information 7).

J and D/T increases and decreases, respectively, with
lag 7, and D/T achieves asymptotic convergence to zero
when the lag is sufficiently large. In particular, the con-
vergence to zero of D/T illustrates that this trivariate
coupled logistic model has a short memory for influenc-
ing the target. Further, the decrease of J with increasing
coupling strength e implies that a strong noise can reduce
the information transfer from the preceding finite length
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period and, thus, also reduce the total information in this
short-memory system.

Also, it is noted that the curves in D/T decrease with
increasing 7 but intersect for different values of e. This is
because of different interactions and synchronization of
coupled logistic maps as a function of € [25-27]. There-
fore, we compute the lag synchronization for each pair of
lagged variables X, ;. and X, (¢,7 € {1,2,3}) with 7
ranging from 1 to 50, which is given by:

Bl(Xip—r — X;1)*] 0
S0 =z, e

where F is the expectation function. Since the dynam-
ics is highly symmetric in terms of {X;, X5, X3} for this
trivariate model, we compute the averaged lag synchro-
nization S(7) as:

(16)

which is sketched in the middle plot of Fig. 3b. It shows
that for each noise coupling strength e, S oscillates for
small 7, and then the amplitude decreases and S even-
tually converges with increasing 7, implying a consistent
similarity structure between each pair of lagged variables
given an €. The convergence of the averaged lag synchro-
nization, S, implies that the similarity between a target
X+ and a lagged history node X, ;_, gradually becomes
invariant with increasing 7. It is consistent with the con-
vergences of both J and D/T for each ¢, which are il-
lustrated for € = 0.1 and € = 0.2 in blue and red crosses,
respectively.

Further, the interaction information Zp and Zs in-
creases and decreases with time lag 7, and then converges
to zero and a negative value, respectively. The rapid con-
vergence to the asymptotic values suggests no synergy or
redundancy for this short-memory model. Meanwhile,
the drop of Z; with increasing 7 means the contribu-
tions from self and cross dependencies in the immediate
causal history share a higher redundancy.

B. The Lorenz Model: a Comparison with Lagged
Mutual Information

Now, we perform the analysis of the Lorenz model to
investigate the difference between the proposed measures
of causal history and traditional methods such as lagged
mutual information in capturing the temporal depen-
dency of a system, as well as to understand the potential
interdependencies embedded in its chaotic behavior. The
Lorenz model is prototypical of its chaotic behavior [28],
that is, its dynamics are contained in a strange attractor
with a fractal dimension between 2 and 3, and its gov-
erning equation is given by a system of three variables
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(color online) Ilustration of the Lorenz model with parameters o = 10, p =
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28 and 8 = 8/3. (a) The times series

graph of the system with the causal subgraph Cix, v, ..z, ,y=vu, (U € {X,Y,Z}) as the immediate causal history. (b)

The corresponding plots of the lagged mutual information, J, and D for the time lag 7 ranging from 1 to 1000.

(c) The

corresponding plots of Zp, Z7, and J — D for the time lag 7 ranging from 1 to 1000.

X;, Y, and Z; as:
dXy

el o(Y: — X4) (17a)
dy,

—r=Xip—2Z) Y, (17b)
VA

% = X,Y; — BZ,, (17¢)

where the parameters o, p and 3 in this study are set as
10, 28, and 8/3, respectively.

To analyze the information dynamics in the system as
well as the resulting long-term dependence, we empiri-
cally quantify the influence on a target U; € {X;,Y;, Z;}
based on (1) the lagged mutual information between each
pair of variables I(Uy; Vi_rat), where Vi € {X,Y:, Z:},
and 7 and dt are the lag step and the time interval,
respectively; (2) the information transfer from the im-
mediate and distant causal histories for each variable,
J and D, respectively; and (3) the interaction infor-
mation contributed by a self-feedback and the corre-
sponding complementary components in both distant
and immediate causal history, Zp and Z 7, as indicated
in Eqgs.(12) and (13), respectively. The immediate causal
history is now the subgraph Cix, .. v, . ..2. . 4}=U.
(see Fig. 4a), from which we can observe that given a
time lag 7dt the representative distant causal history
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Wr = {Xi_(r41)at> Yi—(r+1)dt> Zt—(r+1)de}- The mea-
sures are calculated for 7 ranging from 1 to 1000 with the
time interval dt = 0.01. 10,000 data points are generated
to conduct the empirical estimations, with an ensemble
of 10 runs to get an average behavior.

The results of the lagged mutual information, D, and J
are shown in Fig. 4b. The quantities J and D increases
and decreases, respectively, with increasing 7, converg-
ing to some nonzero values when 7 is around 500. The
consistent nonzero D for large 7 arises from the fact that
the Lorenz system is a long-memory process such that in-
formation provided from the distant history informs the
present dynamics. Meanwhile, the lagged mutual infor-
mation, I(Ug; Vi—rat), for all the three variables shows
strong oscillations and gradually decays to zero. The os-
cillations are due to the chaotic behavior where the ‘but-
terfly’ trajectory of the strange attractor in this phase
space determines the frequency of these oscillations, and
the slow decay to zero reflects the long term dependency.
However, the lagged mutual information does not show
the consistent information contributed from the past as D
does. Therefore, the proposed information transfer from
the causal history provides a view for analyzing the mem-
ory dependency of the system that is complementary to
traditional methods such as lagged mutual information.

Furthermore, the difference between J and D as well
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FIG. 5. (color online) Illustration of the Ornstein-Uhlenbeck process in Eq.(18). (a) The trajectories of the process (left) and
the time series of each variable (right). (b) The corresponding plots of the lagged mutual information, 7, and D for the time
lag 7 ranging from 1 to 1000. (c) The corresponding plots of Zp, Z7, and J — D for the time lag 7 ranging from 1 to 1000.

as their interaction information Z; and Zp, shown in
Fig. 4(c), illustrate different roles of the immediate and
distant causal histories in shaping the target. First, the
recent dynamics of the Lorenz model has a stronger influ-
ence on the target than the remaining earlier dynamics
as time lag 7 becomes larger than around 200. This is
evidenced by the convergence of 7 —D to a positive value
(the black thick line). Also, the convergence of Z7 to a
negative value (the blue thick line) implies a higher re-
dundancy effect from the interaction information of cross
and self dependencies in the immediate causal history, as
observed in the trivariate chaotic map. Meanwhile, the
convergence of Zp to zero (the orange thick line) sug-
gests a balanced contribution from synergistic and re-
dundant effects, each of which are not necessarily zero in
the Lorenz model due to the nonzero convergence of D
plotted in Fig.4(b). In short, the Lorenz model with a
strange attractor shows each variable is affected by (1) a
strong influence given by immediate causal history with
dominant redundant effects from the self and cross depen-
dencies, and (2) less influence from distant causal history
with balanced redundancy and synergistic effects.

C. The Ornstein-Uhlenbeck process: a
Long-Memory Process without Strange Attractor

521
522

s3 To investigate the difference between processes with
s and without strange attractors in terms of the informa-
tion transfer from causal history, we now conduct the
analysis on a trivariate linear Ornstein-Uhlenbeck (OU)
s27 process with long-term dependency. The OU process is
chosen such that the model has the same structure of the
directed acyclic time series graph as the Lorenz model
shown in Fig. 4(a) and it is stationary, which is given by:

525

526

528

529

530

531

dx

th = —0.5X; +0.3Y; + (x (18a)
day,

th = 04X, — 0.4Y; — 0.3Z, + (y (18b)
dz

th = 0.4X; 4 0.6Y; — 0.7Z; + (2, (18¢c)

s where (x, (y and (z are independently and identically
s13 distributed noise terms following standard normal dis-
s. tribution. As in the analysis of the Lorenz model, we
s3 quantify the influence on each variable in the OU process
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in terms of lagged mutual information, the information
from immediate and distant causal history J and D, and
their interaction information Z; and Zp. The computa-
tion settings of the above information-theoretic measures
are the same as the Lorenz model. The trajectory and the
time series of each variable of the OU process are plot-
ted in Fig. 5(a) with time interval d¢t = 0.01 and 10,000
simulated data points, visually showing that the dynam-
ics are confined in a three-dimensional confined domain
which is not a strange attractor.

The long-memory property of the OU process in
Eq.(18) is evidenced in the non-zero convergence of D
and a slow-decay of the auto mutual information of each
variable in Fig. 5(b), as also observed in the Lorenz model
(Fig. 4(b)). Nevertheless, different from the Lorenz
model which shows a higher convergence value in 7, the
convergence value of D in the OU process is larger. It
indicates that, for the OU process, the distant causal his-
tory always provides more information to the target than
the immediate causal history no matter how much of the
finite recent dynamics are considered. Further, while the
interaction information Z; and Zp still decreases and in-
creases with the time lag 7, respectively, similar to the
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FIG. 6. Time series graph constructed by using the Tigramite
algorithm from (a) observed logarithm of flow rate and six
catchment chemistry time series data; and (b) the six catch-
ment chemistry data with the variation of logarithmic flow
rate corrected. The thickness of edges represents the cou-
pling strength between two nodes computed by momentary
information transfer shown in Fig. 9 (see the details of the
graph construction in Appendix B).
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FIG. 7. (color online) Plots of the information transfers D
(left) and the proportion D/T (right) over the time lag T
for the raw data and the flow rate-corrected data taking the
immediate causal history initiated from all the variables with
a same lag 7 based on the estimated time series graph in Fig.
6.

Lorenz model, Zp in the OU process converges a value
larger than zero. The convergence of Zp to a positive
value implies a net synergistic effect from the interaction
contribution to the target. In summary, compared with
the Lorenz model, the evolutionary dynamics of the OU
process, which shows a similar long-term dependency but
without a strange attractor, contains a more dominant
influence from distant causal history with a net synergis-
tic effect on each variable in the process.

D. Catchment Chemistry Data: an Observed
Long-Memory System

We now employ our approach to analyze the water so-
lutes in the Upper Hafren in Wales, where the stream
chemistry records are found to have 1/f fractal signa-
tures reflecting long-term dependencies due to the com-
plex interactions occurring in the catchment [17, 29]. In
this application, the logarithm of flow rate, In ), and six
water chemistry variables, Nat, Cl-, AI*t, Ca?t, SO4%*
and pH, are chosen for analysis, which are sampled ev-
ery 7-h from March 2007 to Jan 2009. The 1/f frac-
tal signatures are found in the corrected chemistry data,
where the trend of the logarithm of stream flow is ex-
cluded [17]. Both the raw and the flow rate-corrected
data are available from [17], which are used here. Here,
we construct the time series graph for both the raw data
and the flow rate-corrected data by using the Tigramite
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FIG. 8. (color online) Plots of the interaction information
from distant causal history, Zp in Eq.(12) (black line), and
immediate causal history, Zs in Eq.(13) (blue line), over the
time lag 7 for the raw data and the flow rate-corrected data
taking the immediate causal history initiated from all the vari-
ables with a same lag 7 based on the estimated time series
graph in Fig. 6.

algorithm [5, 18, 30, 31] — a modified PC algorithm [22]
anchored on the conditional independence test to remove
any spurious relationship between each pair of nodes.

The two resulting time series graphs are shown in Fig.
6 (see the details of the graph construction in Appendix
B), where coupling strengths in each directed edge, rep-
resented as the thickness of the edge, is computed as the
momentary information transfer (MIT) [32] between the
two nodes. We can observe strong self-feedback depen-
dencies (shown as thick edges) for most variables in both
graphs. Meanwhile, the remaining “hairy” causal influ-
ences, in a Granger sense, illustrate the relatively weaker
lagged interdependencies (shown as thin edges) among
the variables, which, along with the self-feedback depen-
dency, contribute to the current state of each variable.
Furthermore, the comparison between the two graphs
shows that with the influence of flow rate excluded, the
graph constructed from the flow rate-corrected data (Fig.
6b) contains fewer cross-dependencies (Fig. 6a). It re-
flects the fact that flow rate (based mixing) plays a key
role in establishing the connectivities among the stream
chemistry variables.

Based on the graphs, we now compute the information
transfer measures, 7 and D, and the interaction informa-
tion Z7 and Zp in Egs.(12) and (13), respectively. The
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immediate causal history is initiated by all the five vari-
ables with a same time lag 7 ranging from 1 to 400 ( 117
days for 7hr dataset). Again, 7 and D are first calcu-
lated based on Egs.(3)-(4) with the number of nearest
neighbors k = 5 (in kNN method).

The plots of D and the proportion D/T as a function
of 7 shown in Fig. 7 are insightful. First, for all the
variables in both graphs, the information from the dis-
tant causal history, D (the left column of Fig. 7), drops
rapidly at small lags 7 but starts to converge to a value
far from zero for larger time lags (except for pH). Such
persistent non-zero D reflects the long-term dependence
present in the water chemistry data, and illustrates that
the dynamics from a distant causal history in the stream
plays an important role in shaping the current states of
the solutes [29]. Further, the right column of Fig. 7 shows
that, for each variable in both networks, the percentage
of the convergence value of D in the total information 7
is less than 50%, illustrating a more dominant influence
from the immediate causal history. Also, by comparing
the dynamics with and without flow rate, both D and
its percentage in the total information, D/T, decrease
when the influence of flow rate is excluded. It illustrates
that flow rate is an important driving variable that con-
nects various water stream variables, and contributes to
maintaining the long-memory dependence. However, this
dependence varies for different variables. Specifically, for
variables that are highly dependent on flow rate, such
as Ca?t and pH, D declines significantly when the in-
fluence of flow rate is excluded. For other variables, es-
pecially Nat and CI" the majority of which originates
from the oceanic sources through atmospheric pathways
in this close-to-coast location [33], D drops to a lesser
degree and thus still holds a relatively strong memory
persistence due to their lower dependencies on flow rate.

Further, the interaction information Z; and Zp of the
immediate and distant causal histories, respectively, as a
function of lag 7 are plotted in Fig. 8. First, we see that
when the influence of the flow rate is included (the left
column of Fig. 8), Z; decreases with increasing 7 and
converges to a negative value, suggesting the prevalence
of strong redundant influence in the immediate causal
history. Meanwhile, Zp flattens out to zero as 7 becomes
larger than around 20. The convergence of Zp to zero im-
plies a balanced synergistic and redundant effects from
the self and cross dependencies in the distant causal his-
tory. Moreover, in the network without the influence of
flow rate (the right column of Fig. 8), Zs also converges
to zero, indicating a balance of synergistic and redundant
contribution.

Also, notice that there exist oscillations in different
information-theoretic measures shown in both Figs. 7
and 8 even when the values converge for large 7. This
is possibly due to the bias induced by the estimation
of the proposed high-dimensional information-theoretic
measures [12, 18, 32] with a limited amount of data
points, which are around 1000~2000 for the estimation of
D for different time lags. A shuffle test is also conducted
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for the computation of D, to ensure that most of the val-
ues are statistically significant at a = 0.05 significance
level (see Appendix B for details).

IV. CONCLUSION

We have developed information-theoretic measures to
partition the influence of total causal history (7) into two
components, immediate (J) and distant (D) causal his-
tory. While the information from the immediate causal
history quantifies the impact on the state of a specific
variable from trajectories of recent dynamics, its comple-
ment, the distant causal history, illustrates such impact
stemming from the remaining older history.

By employing the Markov property for directed acyclic
graph, we reduce the dimensions of 7, D and J to make
the computations of the three measures feasible. The
Markov property based simplification further results in
the information aggregation property of the time series
directed acyclic graph, that is, the information trans-
ferred from earlier dynamics in the causal history ac-
cumulate at the nodes directly influencing the target
node(s). Moreover, the dimension reduction also en-
ables further partitions of both the immediate and dis-
tant causal histories into self and cross dependencies, and
allows us to quantify their interaction information con-
tribution to a target.

It is noted that while the dimension of T is now re-
duced to only the parents of the target, the cardinalities
of D and J can still be high due to the inclusion of the
parents of the immediate causal history. For instance, in
the stream chemistry example, the dimensions of D and
J are around 30 and 40, respectively, as shown in Fig. 11.
Such high dimensions might result in biased information-
theoretic estimation based on limited datasets. Future
research is required to further reduce the dimensionality.

We take the opportunity to distinguish the causal his-
tory formulation presented here with some relevant prior
work. These include transfer entropy [3], momentary in-
formation transfer [5], causation entropy [7], and directed
information [6, 34]. These existing information-theoretic
measures quantify the coupling strength between two
(lagged) variables with or without the knowledge of other
variable(s), while the proposed causal history analysis in-
vestigates how the entire evolutionary dynamics involv-
ing all variables in a system influences a target variable.
This uniqueness of considering contribution from multi-
ple variables enables analyses that are not possible other-
wise. The followings is a brief summary of the differences
with these different information-theoretic approaches.

Transfer entropy (TE) [3] quantifies the informa-
tion transfered to a target, Z;, from a sequence
of previous states of another variable, X;_1.;_-,
{Xi—1,Xi—9,...., X¢—,}, given the knowledge of the past
states of itself, Z; 1.4 = {Z1-1,Zt—9,....; Z1—+}. Tt is
computed through a conditional mutual information, and
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is given by:

IZE (1) = I(Zy; Xo—1t—r | Z—1:t—r)- (19)
Momentary information transfer (MIT) [5], on the other
hand, considers the information transfer to Z; from a
specific lagged variable X;_, given the knowledge of the
entire historical states, and is obtained as the conditional
mutual information given as:

L5 (1) = IZi; Xo—r | Pox, 2 \Pz)-  (20)
The condition set Pcy, ., \Pz, anchored on the
Markov property, is a simplified set of all the dynamics
preceding the time ¢, )Z[ = {Xt_l,ft_g, o}

The idea of conditioning, which prevents the influence
from the nodes in the condition set in influencing the
quantification of coupling strength, is also used in cau-
sation entropy (CE) [7]. CE from a source variable with
lag 1, X;_1, to the a target, Z;, conditioned on a third
variable, Y;, with lag 1, and is given by:

ICE

NXozy = 1(Z Xeo1 | Yioa). (21)

Notice that causation entropy is a generalization of trans-
fer entropy in Eq.(19) with 7 = 1, that is I§EZ|Z =

IXE 2 (D).
Further, another measure called Directed Information

(DI) [6] quantifies how a limited historical dynamics of a
source variable, X;_,.;, affects the dynamical trajectory
of the target variables, Z; ,.;. This is given as:

IR, 5(7) = ZI(thﬁthl:tfi | Zt—1:4—it1)-  (22)

i=1

When the knowledge of the dynamical trajectory of the
third variables, Y;_..; is given, it is converted into a con-
ditional directed information (CDI) [6], given by:

I)C(glz|y(7') = ZI(thiQthlztfi | Zi—1:t—iv1, Yeo1:t—i)-
i=1

(23)

Different from IT¥, IMIT and IF | which quantify the
influence to a target from a lagged source variable, I°7
and I¢PT consider the influence from the past dynamics
preceding time t as well as the instantaneous dynamics
at time t.

In addition to pairwise interactions, a variation of
Eq.(21), temporal causation entropy (TCE) [35] is used
for inferring the Markov order of a process, which is given
by:

ITCE(T) = I(Zt;Zﬁ;\thlzth | Zi—1:t—r)- (24)
which is the conditional mutual information between Z;
and its earlier dynamics, Z, \Z¢—1.t—r, given the imme-
diate dynamics Z;_1.,_,. The calculation of ITCE in
Eq.(24) involves the division of the entire history of a



0 process into two parts based on a time lag 7, which looks
% similar to the partition of immediate and distant causal
72 histories at a first glance. However, they differ in both
73 the purposes and the technical details. While I7¢F ig
s used to infer the Markov order of a process based on
75 the smallest 7 when I7F equals to zero in Eq.(24), the
76 causal history analysis investigates the contribution from
77 both immediate and distant causal histories. The differ-
ent orientation in the causal history analysis, along with
its multivariate nature of the analysis, indicate that this
work adds significantly to the discourse associated with
such studies.

768
769
770

771

All these existing information-theoretic measures (i.e.,
[TE MIT [CE - [DI and [P except IT¢F | quan-
tify the coupling strengths between two (lagged) vari-
ables from different perspectives. On the other hand,
the proposed approach for causal history analysis pre-
sented in our work is initiated from a different perspec-
tive. It aims at analyzing how the target is driven by the
entire evolutionary dynamics, which involves multivari-
ate interactions in a complex system. By analyzing the
whole history of the system, it allows the partition of the
causal history into an immediate and distant components
as well as quantification of these quantities. Furthermore,
the instantaneous influence, which is explored in I”7 and
I¢PI isnot considered as cause-effect relationship in this
study. This is because the directionality of such causal
influence between two contemporaneous nodes is unclear
and the contemporaneous dynamics is not considered as
causal ‘history’.
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784
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788

789

The quantification of the information from the immedi-
ate and distant causal histories sketches the memory de-
pendency of the system, which are illustrated with four
examples with varying memories. Further, in addition
to characterizing the memory dependency of a complex
system, the proposed approach also delineates some key
features of the complexity associated with its dynam-
ics, which are not captured by other traditional method
such as lagged mutual information. First, for the Lorenz
model and the OU process, while lagged mutual informa-
tion slowly goes to zero with increasing time lag 7, the
information from distant causal history D converges to
a nonzero value with large lags. It implies a persistent
information influence over long time scale in the system’s
evolutionary dynamics. Second, we observe that the ana-
lyzed models have different characteristics of information
s transfer. For instance, while the interaction information
sor of distant causal history, Zp, flattens out in both the
ss Lorenz model and the logistic map, the convergence of
s00 Ip to zero in the Lorenz model suggests that there is
s10 & balanced synergy and redundancy jointly contributed
siu by the self and cross dependencies. However, in the OU
12 process, which also has long memory but no strange at-
s13 tractor, there turns out to be a net synergy effect in the
a1 distant causal history as Zp converges to a positive value.
sis Further, the differences in the interaction information of
s16 the immediate causal history, Z 7, also illustrate the var-
a7 ious dynamics in different systems. The comparison be-
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12

s1s tween the stream chemistry system with and without the
influence of flow rate shows that the existence of the flow
rate is able to enhance the redundnant effect from self
and cross dependencies in immediate causal history.

By involving multiple components as well as the causal
influences among them, the proposed measures address
an unresolved problem, that of quantifying the causal in-
fluence on the current state of a variable from the evolu-
tionary dynamics of the entire system. It is different from
what has been addressed so far by existing information-
theoretic measures, which is usually anchored on pairwise
interactions or multivariate analysis associated with spe-
cific parts of the system [3, 5, 7, 12]. This uniqueness,
therefore, facilitates addressing the questions of how the
complexity of a system is sustained over time, which is
reflected in varying memory dependency. With the in-
creasing availability of observations in various domains,
s3s this work can open up avenues for new data-driven ap-
s3s proaches for the study of complex system dynamics.
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APPENDIX

837

Appendix A: Derivations for Information from
Immdeidate Causal History, J

838
839

840

This section provides the derivations of Eqgs.(6). We
sa separate the immediate causal history Cp_ , into
(1) those belonging to the parents of Z,

CV:»Zt
843 PZt :PZthVéZt’
aae C'

C=
e Zt\PZtV;‘Z". Then, using the chain rule, J defined
s in Eq.(5) can be written as:

g2 two sets:

and (2) the remaining nodes,

Cy Cy S
T =1(Zy; Py =7, Cy 5 \Pp, "7 | W) (A1)
Cs R
:I(Zt;PZtV;‘Zt | W) (A2)
Co_, - Cyoz,
+ I<Zt;C\7=>Zt\PZtV o | WT,PZtV 7 ) (A?’)
=0
Cooz T
:I(Zﬁpzt ! | Wr), (A4)

s yielding Eq.(6). The chain rule of the conditional mu-
sr tual information (CMI) facilitates the transition from
ss Eq.(A1) to Eq.(A2). Moreover, in the 2°¢ term of

Co_ - Cp.
Eq.(A2), I(Zt;CV:Zt\PZtV 7| Wi, Py 77", the par-
ents of Z; are contained in the condition set, which

849
850
is the union of PZV:‘Z‘ and W,, including the par-
ents of Z; in Cy_ , and the remaining parents not
in the subgraph, respectively. Therefore, due to the
sse Markov property, given Py, (included in the union of WT

851
852

853

ss and P, "~ 7"), Z; is independent of its non-descendants,

which contains both Cfy; 7

o
nodes in the condition set {W,, P, "}, thus leading

Cso - Cso
to I(Zt;c“/‘ézt\PZvjzt | WT,PZthZt) = O

Cy .
856 \P," =7 and the remaining
857

858
t
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FIG. 9. (color online) Ilustration of the estimated lag functions (y-axis: the coupling strength [nats] computed based on

momentary information transfer (MIT) [32]; x-axis: the time lag 7) of the catchment chemistry data by using Tigramite
algorithm for: (a) the logarithm of flow rate and six chemistry variable; and (b) the six chemistry variables with the variation

of the logarithm of flow rate excluded.
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FIG. 10. Number of data points for computing D in Eq.(4)
in terms of the time lag 7 for each variable in the two time
series graphs constructed in Fig. 9.

o

@

sso Appendix B: Construction of the Time Series Graph

for Water Chemistry Data

The catchment chemistry data in the Upper Hafren in

ss2 Wales, sampled and analyzed every 7-h from March 2007
s3 to Jan 2009, are available as the supporting information

of [17]. In this study we use, the logarithmic flow rate
(In Q) and six water quality variables (i.e., Nat, CI,
AB*) Ca?t, SO4% and pH), as well as the data with
flow-dependent variations corrected [17], are used. We
construct two time series graphs for the raw data and
the flow rate-corrected one, separately, with the total
number 2375 data points including gaps for each graph.
The existence of the gaps in the data would reduce the
lengths of samples in computing conditional mutual in-
formation (CMI) or mutual information (MI), thus po-
tentially worsening the estimation. To minimize this ef-
fect, we use the whole dataset to get the sample data
points for estimating MI or CMI and then remove the
data points containing gaps in the samples [9].

The time series graph is constructed by using
Tigramite algorithm [5, 18, 30, 31], which is a modi-
fied PC algorithm [22] and anchored on the conditional
independence test to remove any spurious relationship
between two nodes. We employ the k-nearest-neighbor
(kNN) CMI-based conditional independence test, with
the number of nearest-neighbor &k = 100 (high & facili-
tates a low variance of the estimated CMI [4]). Each test
is conducted based on 100 samples with a significance
level o = 95%. The graphs are constructed with a maxi-
mum time lag 7,0 = 5. The resulting dependencies for
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FIG. 11. The cardinality of the estimated 7, D and J in
Eq.(3), Eq.(4) and Eq.(6), respectively, in terms of the time
lag 7 for each variable in the two time series graphs con-
structed in Fig. 9.
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FIG. 12. The estimated D in Eq.(4) from the two networks
constructed in Fig. 9 as well as the corresponding threshold
for shuffle test with significance level a = 0.05.
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the two networks are shown in Fig. 9, sketching the lag
function in terms of the momentary information trans-
fer [32] between each pair of lagged components. Based
on the two time series graphs, D and T for each variable
are computed based on Egs.(4) and (3), respectively, by
using kNN approach with k¥ = 5. The dimensions of T,
D, and J are shown in Fig. 11. As the computation of D
requires higher dimensions, the numbers of data points
used for computing D are shown in Fig. 10, where in
each case more than 1000 are used. Further, to check the
significance of D, shuffle test is conducted for D with a
significance level of 95% based on 100 shuffles. The result
of shuffle tests in Fig. 12 shows most D are statistically
significant.
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