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We study the effect of disorder on work exchange associated to quantum Hamiltonian processes by consider-
ing an Ising spin chain in which the strength of coupling between spins are randomly drawn from either Normal
or Gamma distributions. The chain is subjected to a quench of the external transverse field which induces this
exchange of work. In particular, we study the irreversible work incurred by a quench as a function of the initial
temperature, field strength and magnitude of the disorder. While presence of weak disorder generally increases
the irreversible work generated, disorder of sufficient strength can instead reduce it, giving rise to a disorder
induced lubrication effect. This reduction of irreversible work depends on the nature of the distribution consid-
ered, and can either arise from acquiring the behavior of an effectively smaller quench for the Normal-distributed
spin couplings, or that of effectively single spin dynamics in the case of Gamma-distributed couplings.

I. INTRODUCTION

The recent years have seen a growing interest in the study
and implementation of miniaturized heat engines that are able
to convert the flow of heat into useful work at the nanoscale
[1–3]. Such devices have been experimentally realized with
much success in setups of various design and working sub-
stances that include trapped ions [4, 5], nitrogen vacancies
[6], single particle or colloidal systems [7–9], piezoresistive
devices [10], a micro-meter sized piston [11], ultracold gases
[13], quantum dots [14] and even a single spin [12].

As such, much attention has been dedicated to various im-
portant aspects of quantum heat engines and the strategies in
enhancing their performance. For instance, the use of short-
cuts to adiabaticity in improving the work exchanged of finite-
time protocols [15–19] and the ensuing discussion of its asso-
ciated cost and trade-offs [20–22] have been a topic of intense
research. More generally, these strategies include eliminating
or reducing friction by optimizing the distribution or absolute
amount of time spent on the unitary components of thermo-
dynamic cycles [23–26], geometry of the confining potential
[27–29], particle statistics [30–32], and the use of non-thermal
baths [33]. More recently, there has also been significant in-
terest in thermodynamic cycles that employ measurements in
place of heat baths [34–38].

On the other hand, the presence of disorder is known to
be capable of significantly altering the properties of a system.
Most notably, disorder induces Anderson localization [39] in
non-interacting one-dimensional systems, while in the pres-
ence of interaction, a disordered system can exist in two dif-
ferent phases that are commonly referred to as the ergodic or
the many-body localized phases [40, 41].

However, despite its relevance to the dynamics of a system,
there have been relatively few studies devoted towards under-
standing the effects of disorder on quantum work statistics. In
[42], it was shown that disorder in the alignment coupling of
spins to an external field increases the inner friction incurred
from a quench and would thus limit the performance of an en-
gine cycle. We note that more recently, there is also nascent
interest in studying the work distribution from a random ma-
trix perspective [43–46] and that an engine cycle based on

many-body localization has also been proposed [47].
Hence, this work aims to extend our understanding of quan-

tum work exchange of Hamiltonian processes in the broader
context of disordered many-body systems. To this end, we
study an interacting Ising spin chain in which the spin cou-
plings exhibit quenched disorder, in that they are selected in-
dependently and at random from a given probability distri-
bution. We evaluate the mean work done and free energy
change under application of a time-dependent transverse field,
and show that their resulting difference, also known as irre-
versible work, grows with the magnitude of disorder for weak
values, while it is instead significantly suppressed at large
magnitudes of the disorder. We show that this sort of lubri-
cation by disorder occurs when the spin couplings are drawn
from a distribution such as the Gamma distribution, for which
the probability to obtain relatively small values of the spin-
couplings grow significantly with the variance of the distribu-
tion. Conversely, we show that while the absolute value of the
irreversible work similarly decreases for Normal-distributed
spin couplings for strong values of disorder, the relative re-
duction of the irreversible work, in comparison to the mean
work done, decreases.

This paper is organized as follows: In Sec.II we specify
the model and disorder distributions considered; in Sec.III we
show how irreversible work is affected by the magnitude of
disorder at different temperatures and in Sec.IV we draw our
conclusions.

II. MODEL

We consider a one-dimensional quantum Ising chain of size
N in the presence of a transverse field. The Hamiltonian is
given by

H(t) = −

N∑
i=1

(
Jiσ

x
i σ

x
i+1 + g(t)σz

i

)
(1)

where σx
i and σz

i are the Pauli matrices of the i−th site and Ji
is the coupling strength of the spin-spin interactions between
site i and i + 1 which we take to be randomly and indepen-
dently drawn from a given distribution Pa(Ji) where a labels
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the probability distribution which the {Ji} are drawn from. The
magnitude of the time-dependent external field is represented
by g(t) which is homogeneous in space. The interaction terms
Ji are taken to be frozen, i.e. they remain fixed throughout
subsequent time evolution once their values have been deter-
mined. Periodic boundary condition is also assumed hereafter
(i.e σb

N+1 = σb
1 for b = x, y, z).

In the absence of an external field [g(t) = 0], this Hamilto-
nian reduces to the Edwards-Anderson model for spin glasses
[48] and can be solved exactly for its equilibrium properties,
while provisions for spatial disorder in g (which in this case
would be site dependent) leads to the random field Ising model
that has been the subject of intense study [49]. More recently,
this model is also found to exhibit a dynamical quantum phase
transition [50, 51] under a finite-time quench of the external
field. In the absence of disorder, a quantum phase transition
occurs for |g| = 1, as the system is paramagnetic for |g| < 1
and ferro- or antiferro-magnetic for |g| > 1.

Here our focus is on the work exchanged during a Hamil-
tonian quench, and thus we consider a single time-dependent
external field g(t) that couples uniformly to all spins of the
system. At time t = 0, the external field is fixed at g0 and
the system, with its given disordered spin couplings, is as-
sumed to be in thermal equilibrium at inverse temperature β.
In other words, the density matrix in the energy eigenbasis of
the Hamiltonian at t = 0 is given by

ρm,n(0) = δm,n e−βEn(g0)/Zg0
(2)

where Zg0
=

∑
n e−βEn(g0) is the partition function and En are

the eigenvalues of the Hamiltonian for g = g0. For a gen-
eral quench protocol, the system is driven by a time-dependent
gt = g(t) to g(τ), at time t = τ, such that the state reached at
the end of the driving is given by

ρ(τ) = U0,τ ρ(0) U†0,τ (3)

where U0,τ = e−i~
∫ τ

0 H(g(t))dt is the unitary time evolution oper-
ator and ρ(τ) is in general non-diagonal in the instantaneous
energy eigenbasis at time t = τ. For a given disordered con-
figuration of {Ji}, each realization of the quench protocol g(t),
results in a work exchange defined by a two-time energy mea-
surement [52]

w = Em(gτ) − En(g0) (4)

such that, the work exchanged for a given protocol g(t), aver-
aged over the disorder distribution Pa(Ji), is given by

〈w〉a =

∫
d{J}pa({J})

∑
mn

[
Em(gτ) − En(g0)

]
Pτ

m,n ρn,n(0) (5)

where {J} = {J1, J2, ..., JN} represents a given spin coupling
configuration, and pa({J}) the probability density of selecting
said configuration given explicitly by pa(J) =

∏N
i=1 Pa(Ji).

Pτ
mn is the transition probability from the n−th eigenstate of

the Hamiltonian at time t = 0
∣∣∣ψ0

n

〉
, to the m−th eigenstate of

the Hamiltonian at t = τ
∣∣∣ψτm〉

, given by

Pτ
m,n = |

〈
ψm(gτ)

∣∣∣ U0,τ |ψn(g0)〉 |2. (6)

We clarify that in our notation, 〈. . . 〉 implies an average for
a particular disorder realization, while 〈. . . 〉a represents the
average over disorder realizations drawn from the probability
distribution Pa(Ji). It is at this point instructive to recall the
Jarzynski equality 〈e−βw〉 = e−β∆F [53–57], where ∆F is the
equilibrium change in free energy given by:

∆F = −
1
β

log
Zgτ

Zg0

. (7)

From here, using Jensen’s inequality it follows that 〈w〉 ≥ ∆F
(for each disorder realization), which implies the existence of
a non-negative difference between the work done in any pro-
cess and the change in free energy

〈ωirr〉a = 〈w(τ)〉a − 〈∆F〉a (8)

that is the irreversible work [58] averaged over the disorder
distribution Pa(Ji). The behavior and dependence of 〈wirr〉a
and 〈∆F〉a on the nature of Pa(Ji) thus become the focus of
investigation in the subsequent sections.

A. Γ and N distributions

We focus on two qualitatively different probability distribu-
tions: Gamma and Normal distributions:

• the Gamma (Γ) distribution is

PΓ(Ji) =
1

Γ0(κ)θκ
Jκ−1

i e−Ji/θ (9)

where κ and θ are the shape and scale parameters re-
spectively and Γ0(x) is the gamma function. The mean
of Ji over Γ is given by 〈Ji〉Γ = κθ, while its variance〈
J2

i

〉
Γ
−

〈
Ji

〉2

Γ
= κθ2.

• the Normal(N) distribution is

PN (Ji) =
1
√

2πθ
e−(Ji−J̄)2/2θ. (10)

where the disorder averaged strength of the spin cou-
plings is given by 〈Ji〉N = J̄ and the variance is θ.

In the following we consider distributions for which the aver-
age strength of spin couplings is J̄, which serves as our unit of
energy, and is hence set as J̄ = 1. Disorder in this system can
thus be seen as fluctuations from the mean spin ferromagnetic
coupling strength of

〈
Ji

〉
a

= 1. It follows that the strength
of disorder as characterized by the variance for both Γ and N
distributions is solely parameterized by θ.

Here, we note that the Γ distributed disorder constrains Ji to
be positive such that the chain remains ferromagnetic locally.
For a disorder distribution that does not impose this restric-
tion, as theN distribution, local anti-ferromagnetic couplings
(Ji < 0) can arise.
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III. RESULTS

In this section, we examine the role of disorder in the work
exchanged associated to a unitary process by focusing on two
qualitatively different distributions for the disorder realiza-
tions. We demonstrate that the choice of distribution plays an
important role in the behavior of resulting irreversible work.

We consider an instantaneous quench of the transverse field
from g0 to gτ at time t = 0 (or in other words, τ = 0+). Given
the presence of a quantum phase transition at gc = 1 in the
ordered limit of θ → 0, we consider a quench in the regions
g > 1 and g < 1 [59]. In particular, we consider the cases
from g0 = 1/4 to gτ = 3/4, and from g0 = 5/4 to gτ = 7/4. In
addition, we also consider an intermediate scenario for which
g0 = 3/4 and gτ = 5/4 that contains gc. For each scenario we
evaluate the ensemble averaged free energy 〈∆F〉a, the instan-
taneous work 〈w〉a and the corresponding irreversible work
〈wirr〉a for chains of size N = 8 over a large range of dis-
order (variances) 10−1 < θ < 102 and inverse temperature
10−1 < β < 10 utilizing M = 5 × 104 disorder realizations for
each combination of β and θ [60].

In Fig.1 we consider the change in free energy 〈∆F〉a, the
instantaneous work 〈w(0+)〉a and the irreversible work 〈wirr〉a
against inverse temperature β at high variance in the coupling
distributions (θ = 10). In panels Fig.1(a,c,e) we observe that
in the presence of strong disorder, 〈w(0+)〉a seemingly follows
the profile of 〈∆F〉a and both quantities are monotonically de-
creasing with β. However, as seen in Fig.1(b,d,f), their dif-
ference - 〈wirr〉a, exhibits a qualitatively different behavior as
a function of β. In particular, while all quantities including
〈wirr〉a are independent of the chosen disorder distribution in
the high temperature (small β) regime, their behavior departs
as β increases. Specifically, we see that for the given strength
of disorder, 〈wirr〉a is non-monotonic with β for Γ−distributed
couplings, but is monotonically increasing for N−distributed
ones. In fact, for sufficiently large disorder, or when the ini-
tial state is more local (corresponding to larger values of g0),
the irreversible work for Γ−distributed couplings is lower than
that of the N−distributed ones. To gain further insights into
this difference between the two distributions, we next study
the same quantities as a function of θ.

Fig.2 shows the irreversible work 〈wirr〉a against θ for the
three different quenches considered at (a) low (β = 10), and
(b) intermediate (β = 1) temperatures. At both values of
β, 〈wirr〉a appears to converge within the range of disorder
considered for N−distributed couplings, while remaining es-
sentially unconverged for the Γ−distributed couplings. How-
ever, we note that for colder temperatures, the irreversible
work from the Γ−distributed couplings for quenches that in-
volve larger values of g and strong disorder is smaller than for
N−distributed couplings.

In short, we find that the presence of disorder can reduce the
degree of irreversibility in all three quenches examined. How-
ever, this reduction can be more significant for Γ−distributed
couplings and for more local Hamiltonians. For a deeper un-
derstanding of why this is so, we consider the scenario in
which the field strength, disorder and temperatures are all
taken to be sufficiently large, such that we can approximate
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FIG. 1. [Work statistics for strong disorder] (a,c,e) 〈∆F〉a /N
(circles) and 〈w(0+)〉a /N (diamonds) forN−distributed (red-dashed)
and Γ−distributed (blue-solid) couplings at θ = 10. (b,d,f) 〈wirr〉a/N
for N−distributed (red-dashed) and Γ−distributed (blue-solid) cou-
plings at θ = 10. Analytical approximation of 〈wirr〉a (green dot-
dashed) given by Eq.(11). Quench parameters g0, gτ: (a,b) 1/4, 3/4
(c,d) 3/4, 5/4 (e,f) 5/4, 7/4.
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FIG. 2. [Irreversible work at moderate and low temperatures]
〈wirr〉a /N for N−distributed (red-dashed) and Γ−distributed (blue-
solid) couplings at (a) β = 10 and (b) β = 1. Quench parameters
g0, gτ, for each set of curves from top to bottom of (a,b) referenced
at θ = 0 are [1]: 1/4, 3/4, [2]: 3/4, 5/4 , [3]: 5/4, 7/4.

the Hamiltonian of the spin chain Eq.(1) by a local system in
which the spins are decoupled from each other such that each
spin degree of freedom yields eigenenergies ±g. In this sce-
nario, we can analytically compute both the free energy and
the instantaneous work, resulting in an expression for the irre-
versible work given by

〈wirr〉a ∼ −(g1 − g0) tanh(βg0) +
1
β

log
(

cosh βg1

cosh βg0

)
. (11)

In Fig.1 we see that Eq.(11), represented by the green dot-
dashed line reproduces qualitatively 〈wirr〉a computed for the
Γ−distributed spin couplings, most notably by exhibiting the
non-monotonic behavior with β that is not present (at these
disorder strengths) in the N−distributed chains, and thus be-
coming significantly smaller at larger β.

The fact that the single spin description can be used fairly
successfully for Γ−distributed spin couplings, in contrast to
N−distributed ones, arises from the inherent difference in the
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FIG. 3. [Probability of obtaining weak or strong spin couplings]
Probability of obtaining (a) weak PS

a or (b) strong PL
a values of Ji for

a given strength of the disorder θ for Γ− (gray solid line) and N−
(dashed pink line) distributions, for quench parameters g0, gτ, [1]:
1/4, 3/4, [2]: 3/4, 5/4 , [3]: 5/4, 7/4.

behavior of the two distributions in the strong disorder limit.
As discussed earlier, a significant amount of weak coupling
terms Ji arises for the Γ−distribution for large θ, since it di-
verges in the limit of Ji → 0 for θ > 1. This however, does
not occur for the N−distribution since there is no constraint
that each Ji remains positive even as the variance of the dis-
tribution increases. As such, the N distribution is thus able
to attain an average

〈
Ji

〉
N

= 1 without incurring a large prob-
ability of having weak spin couplings. Consequentially the
decoupled spins picture is a much better approximation for
the Γ−distributed spin couplings.

On the contrary, the probability that Ji/gτ >> 1 increases
for the N distribution with increasing θ. This implies that the
energy scale of the spin-spin coupling term dominates, and as
a result 〈w〉a, 〈∆F〉a and 〈wirr〉a all asymptotically converges
to zero in the limit of θ → ∞.

To confirm this understanding on the consequences of the
qualitative differences of these distributions, we plot represen-
tative probabilities of obtaining either small (PS

a ) or large (PL
a )

values of Ji.

PS
a =

∫ γg0

−γg0

Pa(Ji)dJi (12)

PL
a =

∫ −gτ/γ

−∞

Pa(Ji)dJi +

∫ ∞

gτ/γ
Pa(Ji)dJi (13)

These correspond to the probabilities that |Ji| < γg0, (i.e. that
the Ji are small), and that |Ji| > gτ/γ, (i.e. that the Ji are large)
respectively. In the following we will consider γ = 2.

These probabilities are plotted in Fig.3(a,b) respectively for
PS

a and PL
a . Indeed, Fig.3 shows that the occupation of weak

values for the N distribution remains small for the full range
of θ considered. Similarly, not only does PS

Γ
increases with

the variance θ, but it also reaches large values for the maximal
θ considered. On the other hand, this behavior is reversed
for the two distributions when the occupation of strong values
is considered, thus confirming our intuition of the physical
picture.

The behavior of various thermodynamic quantities consid-
ered at different temperatures and disorder strength suggests
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FIG. 4. [Ratio of irreversible work to free energy change]
− 〈wirr〉a /∆F for N− distributed (upper branch - solid line) and
Γ−distributed (lower branch - dashed lines) couplings at β = 10 for a
quench from g0 = 5/4 to gτ = 7/4, with system sizes of N = 4 (red),
N = 5 (blue), N = 6 (orange), N = 7 (green) , N = 8 (black).

that the correct use of disorder could be a general design prin-
ciple in minimizing inefficiencies of finite-time quantum pro-
cesses by reducing the irreversible work incurred. However,
as also pointed out earlier, the decrease of 〈wirr〉a can also be
accompanied by a vanishing ∆F, such that it is unclear from
just 〈wirr〉a alone if disorder is effectively serving as a lubri-
cant to the dynamics of the system. The irreversible work
relative to the change of free energy would then be a more
suitable measure.

We thus study the ratio − 〈wirr〉a /∆F as a measure of
the effective irreversibility for a wide range of disorder
strengths, temperatures and quench regimes for both N− and
Γ−distributed spin couplings Ji. This ratio is bounded such
that 0 < − 〈wirr〉a /∆F < 1, where zero is the limit of per-
fect lubrication where no irreversible work is generated. In
Fig.4 we show the ratio of irreversible work to change in free
energy, for a quench from g0 = 5/4 to gτ = 7/4 for N− and
Γ−distributed spin couplings as a function of the distribution’s
variance θ, at low temperature (β = 10). We see that while for
theN−distributed couplings this ratio increases with the vari-
ance (continuous lines in the upper portion of the figure), it
is clearly reduced for the Γ−distributed (dashed lines in the
bottom portion of the figure) spin couplings. There is thus a
strong lubrication effect due to disorder for Γ−distributed spin
couplings that may not be as prominent for N−distributed
chains. These results persist for system sizes from N = 4
to N = 8. In particular, different lines representing the ratio
− 〈wirr〉a /∆F for various system sizes in Fig.4 are almost in-
distinguishable for Γ−distributed spin couplings, and they also
approach each other for larger N for Ndistributed couplings.

IV. CONCLUSIONS

In this work we studied how the work exchange of a many-
body Ising spin chain under quench of an external transverse
field is affected by the presence of quenched disorder. In par-
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ticular, we considered two qualitatively different disorder dis-
tributions - Normal and Gamma, where we identified the es-
sential difference in our context, to be the effective probabil-
ity of obtaining considerably weaker or stronger values of the
spin couplings at large values of the disorder strength.

We find that while the absolute irreversible work increases
with disorder for effectively weak values, it can instead de-
crease at sufficiently strong disorder for both distributions
considered. This effect is more pronounced for spin cou-
plings drawn from the Gamma distribution, because in this
case strong disorder results in an effectively single-spin dy-
namics. In contrast, this effect is due to a lower relative mag-
nitude of the Hamiltonian quench for Normal-distributed cou-
plings. It should be however stressed that, unlike for Gamma-
distributed couplings, the relative lubrication effect decreases
for larger disorder magnitudes for Normal-distributed ones.

It might be of interest, as a further study, to examine the

effects of disorder on a complete thermodynamic cycle that
would consist of non-unitary processes in which heat is also
transferred. The presence of disorder conceivably affects all
forms of energy transfer and hence would also affect the over-
all efficiency and work transfer of the engine. A study of
such thermodynamic processes and quantities in the thermo-
dynamic limit might lead to further important insights into
strategies for achieving highly efficient quantum heat engines.
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