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We explore the role of finite sidewalls on chaotic Rayleigh-Bénard convection. We use large-scale
parallel spectral-element numerical simulations for the precise conditions of experiment for cylindri-
cal convection domains. We solve the Boussinesq equations for thermal convection and the conjugate
heat transfer problem for the energy transfer at the solid sidewalls of the cylindrical domain. The
solid sidewall of the convection domain has finite values of thickness, thermal conductivity, and
thermal diffusivity. We compute the Lyapunov vectors and exponents for the entire fluid-solid cou-
pled problem. We quantify the chaotic dynamics of convection over a range of thermal sidewall
boundary conditions. We find that the dynamics become less chaotic as the thermal conductivity
of the sidewalls increases as measured by the value of the fractal dimension of the dynamics. The
thermal conductivity of the sidewall is a stabilizing influence, the heat transfer between the fluid
and solid regions is always in the direction to reduce the fluid motion near the sidewalls. Although
the heat interaction for strongly conducting sidewalls is only about 1% of the heat transfer through
the fluid layer, it is sufficient to reduce the fractal dimension of the dynamics by approximately 25%
in our computations.

I. INTRODUCTION

Fluid convection continues to play a central role in
building our understanding of the complex dynamics that
occur when spatially extended systems are driven far-
from-equilibrium [1]. In particular, studies of Rayleigh-
Bénard convection, the buoyancy driven convection that
occurs when a shallow layer of fluid is heated uniformly
from below, continues to provide fundamental new phys-
ical insights into long-standing and difficult questions in
pattern formation, nonlinear dynamics, and condensed
matter physics [1–3].
However, many important theoretical results [1, 2] are

derived for idealized situations that are difficult, if not
impossible, to reproduce in experiment. For example,
periodic boundaries or the assumption of an infinite layer
of fluid. Many careful and seminal experiments have been
conducted in cylindrical convection domains [3, 4]. In
this case, one must consider the role of the sidewalls of
the domain on the fluid convection.
The onset of convection has been studied in detail

for perfectly insulating and perfectly conducting side-
walls [5–8], for sidewalls with finite values of thermal
conductivity [9–12], as well as for top and bottom bound-
aries that are poorly conducting [13]. Much of the work
regarding the influence of the sidewalls has focussed upon
the linear instabilities near the convective threshold for
cylindrical domains of small to intermediate aspect ratios
1/2 . Γ . 20 where Γ = r0/d with r0 the radius of the
cylindrical domain and d the depth of the fluid layer.
In particular, this work has determined the value of

the critical Rayleigh number Rc and the initial pattern
of convection rolls that emerge just above threshold as
a function of Γ and the sidewall thermal boundary con-
ditions. These investigations explored time-independent
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dynamics and mostly considered sidewalls at the extreme
conditions of being either perfectly insulating or per-
fectly conducting [5, 6, 8]. It was shown that the critical
Rayleigh number is larger for perfectly conducting side-
walls than it is for perfectly insulating sidewalls.

In other words, conducting sidewalls are stabilizing.
This is a direct result of the fact that heat is able to
leave, or enter, the domain through the sidewalls for con-
ducting sidewalls. This heat transfer is always in the
direction to bring the temperature profile in the fluid
region back toward the linear conduction profile. This
results in the reduction of thermal gradients in the fluid
near the wall. This raises the threshold for convection
and results in the larger value of the critical Rayleigh
number for conducting sidewalls.

In Refs. [9–12] finite values of the conductivity of the
solid sidewall were explored for time-independent dynam-
ics using a thin sidewall assumption (or fin approxima-
tion). This allowed the sidewall to be represented com-
pletely by a boundary condition on the fluid domain,
and furthermore, the thermal conductivity of the side-
walls could be varied continuously over the range from
perfectly insulating to perfectly conducting.

In the study presented here, we explore the time-
dependent dynamics of convection far from the convec-
tive threshold R > Rc for general sidewall conditions
where R is the Rayleigh number. In our investigation
we have sidewalls of finite thickness that are composed
of a material with finite values of density, thermal con-
ductivity, and heat capacity. We explore the influence
of the sidewalls on the chaotic dynamics of convection.
In order to accomplish this, we numerically solve the full
conjugate heat transfer problem along with the Boussi-
nesq equations that describe the fluid convection.

Furthermore, we simultaneously integrate many copies
of the tangent space equations in order to compute the
spectrum of Lyapunov vectors and exponents. We then
use Lyapunov based diagnostics such the Lyapunov expo-
nent spectrum, the fractal dimension, and the spatiotem-
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poral dynamics of the leading order Lyapunov vector to
probe the dynamics in detail as a function of finite side-
walls over a range of conditions from perfectly insulating
to perfectly conducting.

The paper is organized as follows. In §II we describe
our general approach to investigate Rayleigh-Bénard con-
vection in a cylindrical domain with finite sidewalls. We
describe the Boussinesq equations and the full conjugate
heat transfer problem of interest. Lastly, we describe
how we compute the Lyapunov vectors and exponents.
In §III we present the results of our computations and
discuss the new physical insights we have gained. We
first discuss the dynamics and the patterns we find. We
quantify and explore the relevant heat transfers in the
problem and use the Lyapunov exponents and leading
order Lyapunov vector to quantify the variation in the
chaotic dynamics as a function of the sidewalls. In §IV
we present some concluding remarks.

II. APPROACH

A. Rayleigh-Bénard Convection

We will use the configuration shown in Fig. 1 to de-
scribe Rayleigh-Bénard convection with finite sidewalls.
The fluid is contained in the cylindrical region r∗ ≤ r1
where r∗ is the dimensional radial coordinate whose ori-
gin is at the center of the domain. The annular region
r1 < r∗ ≤ r2 is composed entirely of a solid material, we
will refer to this as the sidewall of the domain. In order
to clearly distinguish between fluid and solid properties,
we will use a subscript f on fluid properties, and a sub-
script s on solid properties. The vertical thickness of the
domain everywhere is d. The domain is oriented such
that gravity is pointing downward in Fig. 1(a).

The hot bottom surface and cold top surface are com-
posed of a perfectly conducting material over the entire
domain r∗ ≤ r2. The bottom surface is held at a constant
temperature Th, the top surface is held at a constant cold
temperature Tc, and we will refer to their difference as
∆T = Th − Tc. Lastly, we will assume the entire appa-
ratus is placed in a poorly conducting environment for
r∗ > r2, such that the outside boundary condition on
the sidewalls at r∗ = r2 is perfectly insulating.

Using these conventions, the aspect ratio of the fluid
filled portion of the domain is Γ1 = r1/d and the aspect
ratio of the entire domain is Γ2 = r2/d. In all of our
calculations we have used Γ1 = 10 and Γ2 = 15.

The Boussinesq equations [1] govern the fluid motion
and represent the conservation of momentum, energy,
and mass in the fluid. In nondimensional form these

FluidSolid

FIG. 1. A schematic of the cylindrical convection domain
used in the numerical simulations. (a) A vertical cross-section
through the domain showing the r∗−z∗ plane. This projection
clearly shows the depth d of the layer, the radius of the region
containing the fluid r1, and the outer radius of the solid side-
wall r2. The solid sidewall is grey and the fluid filled region
is white. The bottom surface is hot at temperature Th and
the top surface is cold at temperature Tc. (b) A projection of
the domain in the x∗−y∗ or r∗−θ plane. Panels (a) and (b)
are drawn to scale. In our notation, a superscript ∗ indicates
a coordinate in dimensional form.

equations are

σ−1

(

∂~u

∂t
+ ~u · ∇~u

)

= −∇p+∇2~u+RTf ẑ (1)

∂Tf

∂t
+ ~u · ∇Tf = ∇2Tf (2)

∇ · ~u = 0 (3)

where ~u is the fluid velocity vector, p is the pressure, Tf

is the temperature, and ẑ is a unit vector in the vertical
direction opposing gravity.
We have followed the often used convention for

Rayleigh-Bénard convection in choosing our scales for the
nondimensionalization [14]. We use the depth d of the do-
main as the length scale, the diffusion time for heat in
the fluid d2/αf for the time scale where αf is the thermal
diffusivity of the fluid, and the constant temperature dif-
ference ∆T between the hot bottom plate and cold top
plate as the temperature scale.
We use the no-slip boundary condition such that ~u = 0

at all solid surfaces in contact with the fluid. The top
and bottom plates are held at a constant temperature
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which is equivalent to assuming these surfaces are per-
fectly conducting. In our notation this can be expressed
as Tf(z = 0) = 1 and Tf(z = 1) = 0.
The Prandtl number σ and Rayleigh number R are

the important nondimensional parameters that appear
in Eqs. (1)-(3). The Prandtl number σ = νf/αf repre-
sents the ratio between the diffusion of momentum and
heat in the fluid where νf is the kinematic viscosity of the
fluid. The Prandtl number for solar convection σ ∼ 10−7,
for air or the compressed gases often used in experi-
ment σ ∼ 1, for water σ ∼ 7, and for the convection
in the earth’s mantle σ ∼ 1023. In our study we will
use σ = 1 which aligns well with many compressed gas
experiments (c.f. [3]).
The Rayleigh number

R =
βfg∆Td3

αfνf
(4)

represents the ratio of buoyancy to dissipation where βf

is the coefficient of thermal expansion for the fluid and g
is the acceleration due to gravity. For an infinite layer of
fluid, the critical Rayleigh number for the onset of con-
vection is Rc = 1707.76 [15]. For cylindrical domains
with large aspect ratios Γ & 10, as the Rayleigh number
is increased the convection rolls become time dependent
R ≈ 2000, chaotic R ≈ 5000, and then eventually turbu-
lent R & 30000.

B. Conjugate Problem

The nondimensional equation representing the conser-
vation of energy in the region containing the solid side-
walls Γ1 ≤ r ≤ Γ2 is

∂Ts

∂t
= βα∇

2Ts (5)

where r is the nondimensional radial coordinate and Ts

is the temperature of the solid. We have used the same
scales for the nondimensionalization of Eq. (5) that we
used in the fluid equations Eqs. (1)-(3). The nondimen-
sional term

βα =
αs

αf

(6)

represents the ratio of the thermal diffusivities of the solid
and fluid.
The boundary conditions for each of the surfaces of the

solid sidewalls must be specified. We again assume that
the top and bottom surfaces are perfect conductors such
that the temperature at these surfaces remain constant.
This can be expressed as Ts(z = 0) = 1 and Ts(z = 1) =
0 for Γ1 ≤ r ≤ Γ2. We assume that the entire apparatus
is placed in a poorly conducting environment such that it
is perfectly insulating which can be expressed as∇·Tsn̂ =
0 where n̂ is an outward pointing unit normal. For our

geometry this reduces to

∂Ts

∂r

∣

∣

∣

r=Γ2

= 0. (7)

The coupling between the fluid and solid regions occurs
via the thermal boundary condition at the sidewall. This
boundary condition at the fluid-solid interface is

∂Tf

∂r

∣

∣

∣

r=Γ1

= βk

∂Ts

∂r

∣

∣

∣

r=Γ1

(8)

where

βk =
ks
kf

(9)

is the ratio of the thermal conductivities of the solid ma-
terial and of the fluid.
The conjugate heat transfer problem has a vast pa-

rameter space in terms of βk and βα. For example,
many modern research experiments on Rayleigh-Bénard
convection use a compressed gas such as sulfur hexaflu-
ouride (SF6) in a domain with sidewalls made with a
thermoplastic such as polyethersulfone. For this partic-
ular combination of SF6 and polyethersulfone, βk ≈ 10
and βα ≈ 0.6. However, for water and steel the result is
βk ≈ 386 and βα ≈ 112 and if we replace the sidewalls
with a hard rubber and keep water as the fluid we have
βk ≈ 0.2 and βα ≈ 0.4 (c.f. [16] for material properties).
It is not our intention to explore this large parameter

space, but rather to investigate the chaotic dynamics of
convection as the conductivity of the sidewalls changes
over the range from perfectly insulating to perfectly con-
ducting. In light of this, we note that βα can be expressed
as

βα =
βk

βρcp

(10)

where

βρcp =
(ρcp)s
(ρcp)f

. (11)

In our study, we will assume βρcp = 1 and we will vary
βk from small to large values. For many, but not all,
combinations of fluid and solid βρcp ∼ O(1) such that
this would be a reasonable approximation. More impor-
tantly, this allows us to explore the role of the sidewalls
on chaotic convection by varying only the single param-
eter βk. We note that βk = βα for our assumption of
βρcp = 1. Therefore, when we increase or decrease βk

we are also increasing or decreasing βα. We would also
like to point out that the assumption (ρcp)s = (ρcp)f
yields the following expression for the ratio of the ther-
mal masses of the solid sidewall and fluid regions

(mcp)s
(mcp)f

=

(

Γ2

Γ1

)2

− 1 (12)
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where m is the mass. Using our values for Γ1 and Γ2

yields (mcp)s/(mcp)f =1.25 indicating that the sidewall
is an effective thermal boundary.
We emphasize that our numerical solution is for the

complete transient dynamics of the conjugate problem
with sidewalls that have finite values of thickness, ther-
mal conductivity, heat capacity, and density. We have
not made any approximations such as a fin approxima-
tion which has often been done in the past [9–12].
When using the fin approximation, one assumes that

the solid region in very thin in the radial direction,
r2 − r1 ≪ r1 which simplifies the analysis significantly.
In this case, the radial temperature profile in the solid is
assumed to be a constant at any time t, and the tempera-
ture in the solid then reacts instantaneously with changes
in the fluid temperature. Mathematically, this is equiva-
lent to setting βρcp = 0 and neglecting radial derivatives
in Eq. (5). As a result, the contribution of the solid re-
gion can be captured entirely by the boundary condition
Eq. (8) and one then only needs to solve the fluid equa-
tions with the appropriate boundary conditions.
There are many important applications where this ap-

proximation is useful and justified, such as the thin walls
often associated with solar collectors. However, our main
interest here is to probe the dynamics in the absence of
idealizations such as this and to build our physical un-
derstanding of the complex dynamics of the conjugate
problem when these finite properties of the sidewalls are
important. With this in mind we have chosen our param-
eters to be relevant for the conditions that are often the
case for experimental investigations of Rayleigh-Bénard
convection [1, 3].

C. Lyapunov Vectors and Exponents

In order to quantify the chaotic dynamics we also
compute the spectrum of Lyapunov vectors and expo-
nents (c.f. [17, 18]) for the full conjugate problem de-
scribed by Eqs. (1)-(3) and (5). The general approach
we use for computing the Lyapunov vectors can be found
in Ref. [19, 20]. In the following we present only the
essential details that are needed to describe our compu-
tations.
The Lyapunov vectors and exponents arise naturally

when treating the conjugate problem as a dynamical sys-
tem. In this approach, the state of the fluid-solid system
at any particular instance of time is represented as a sin-
gle point in an infinite dimensional state space. The time
variation of the system results in an orbit or trajectory
through this state space.
By discretizing the problem in order to perform a nu-

merical simulation this state space is no longer of infinite
dimension but is very high-dimensional. In our numeri-
cal representation, the state space is the collection of all
of the values of velocity, temperature, and pressure at
every grid point. For the computations presented here,
the dimension of the state space for the numerics is on

the order of ∼ 106.
At every point in the state space, one can compute

the rate of growth or decay of a small perturbation to
the dependent variables in all possible directions. For
infinitesimal perturbations, this is given by the tangent
space equations. The tangent space equations are the
linearization of the complete equations that describe the
dynamics of these small perturbations. For the fluid por-
tion of the domain, the tangent space equations are

σ−1

(

∂

∂t
δ~u(i) + ~u · ∇δ~u(i) + δ~u(i) · ∇~u

)

= −∇δp(i)

+∇2δ~u(i) +RδT
(i)
f ẑ (13)

∂

∂t
δT

(i)
f + ~u · ∇δT

(i)
f + δ~u(i) · ∇Tf = ∇2δT

(i)
f (14)

∇ · δ~u(i) = 0 (15)

where δ~u(i), δT
(i)
f , and δp(i) are the ith perturbation to

the fluid velocity, temperature, and pressure. In our no-
tation i = 1, 2, . . . , Nλ where Nλ is the total number of
Lyapunov exponents and vectors that one would like to
compute.
The perturbation velocity vanishes at all solid surfaces

because of the no-slip boundary condition to yield

δ~u(i) = 0. (16)

The temperature perturbation also vanishes at the top
and bottom plates because they are perfectly conducting
which yields

δTf (z=0)(i) = δTf (z=1)(i) = 0 (17)

for r ≤ Γ1.
In a similar fashion, the tangent space equation for the

solid sidewall region can be expressed as

∂

∂t
δT (i)

s = βα∇
2δT (i)

s (18)

where δT
(i)
s is the ith perturbation of the temperature in

the solid sidewall region. The top and bottom surfaces
in this region are also perfectly conducting which yields

δTs(z = 0)(i) = δTs(z = 1)(i) = 0 (19)

for Γ1 ≤ r ≤ Γ2. The perfectly insulating outer sidewall
yields

∂

∂r
δT (i)

s

∣

∣

∣

r=Γ2

= 0. (20)

Lastly, the boundary condition at the sidewall interface
between the fluid and solid is

∂

∂r
δT

(i)
f

∣

∣

∣

r=Γ1

= βk

∂

∂r
δT (i)

s

∣

∣

∣

r=Γ1

. (21)

The tangent space equations can be expressed more
compactly as

dδH(i)(t)

dt
= J[H(t)]δH(i)(t) (22)
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where H(t) = [~u(t), T (t)] and δH(i)(t) =
[δ~u(i)(t), δT (i)(t)]. Both H(t) and δH(i)(t) are large
4 × N matrices where N is the number of grid points
used to resolve the entire fluid-solid domain. In Eq. (22),
J is the Jacobian of Eqs. (1)-(3) and (5) evaluated at
time t.
The perturbations are reorthonormalized periodically

in time using a Gram-Schmidt procedure which yields
a value of the magnitude for each Lyapunov vector
||δH(i)(tN )|| where tN represents the amount of time
between reorthonormalizations. In our simulations we
have used tN = 0.01 (this corresponds with every 10
steps where we have used ∆t = 0.001). The exponen-
tial growth or decay that occurred over the time interval
tN yields what are often called the spectrum of instanta-
neous Lyapunov exponents λ̃i. The long-time average of
λ̃i converges to the spectrum of Lyapunov exponents λi.
Given the spectrum of Lyapunov exponents λi, the

Kaplan-Yorke formula [21] provides an estimate for the
fractal dimension Dλ of the dynamics

Dλ = j +

∑n
i=1 λi

|λj+1|
(23)

where j is the largest integer n such that summation
in the numerator is positive. The fractal dimension Dλ

provides an estimate for the number of active chaotic
degrees of freedom, on average [22].

III. RESULTS AND DISCUSSION

We have conducted numerical simulations of the full
conjugate heat transfer problem of chaotic Rayleigh-
Bénard convection for a range of parameters. Figure 1 il-
lustrates the details of our geometry and the conventions
used in our description. In all of our calculations, the
Rayleigh number R = 5000, the Prandtl number σ = 1,
the aspect ratio of the fluid filled region Γ1 = 10, the
aspect ratio of the entire domain including the solid side-
wall Γ2 = 15, and the heat capacity ratio βρcp = 1.
In order to explore the influence of the sidewall we have

performed numerical simulations for 0 ≤ βk ≤ ∞ where
βk = 0 is a perfectly insulating sidewall, βk = ∞ is a
perfectly conducting sidewall, and values of βk between
these extremes represent a sidewall of finite thermal con-
ductivity.

A. The heat transfer interactions for no-flow

For R < Rc, the fluid layer is below the convective
threshold and the fluid velocity is zero everywhere. In
the absence of any fluid flow ~u = 0, the temperature
profile in both the fluid filled region and in the sidewalls
is the linear profile

Tcond(z) = 1− z (24)

due to heat conduction from the hot bottom plate to
the cold top plate. This linear conduction profile is
time-independent and independent of material proper-
ties. Therefore the no flow case is independent of the
sidewall conductivity ratio βk.
The spatiotemporal variation of the nondimensional

heat flux q(~ξ, t) at each surface of interest is given by

Fourier’s law of heat conduction where ~ξ are the coordi-
nates of the surface and q is the heat flux normal to the
surface. For the bottom and top surfaces this yields

qb(x, y, t) = −
∂Tf

∂z

∣

∣

∣

z=0
, (25)

qt(x, y, t) =
∂Tf

∂z

∣

∣

∣

z=1
(26)

where we have used the quantity kf∆T/d as the heat
scale. We have chosen the signs such that heat entering
the fluid domain is positive and heat leaving the fluid
domain is negative. Therefore, in our notation, qb >
0 since heat can only enter the fluid domain from the
perfectly conducting hot bottom surface. Similarly, qt <
0 since heat can only exit the fluid domain at the perfectly
conducting cold top surface. For the no-flow case Tf (z) =
Tcond(z) which yields qb = 1 and qt = −1.
The corresponding expression for the heat flux at the

sidewall interface between the fluid and solid is

qw(z, θ, t) =
∂Tf

∂r

∣

∣

∣

r=Γ1

(27)

where in this case it is more convenient to use the cylin-
drical coordinates (r, θ, z) and again the sign is chosen
such that heat entering the fluid region from the sidewall
would have a positive value of the wall heat flux. For the
no-flow case qw = 0. However, in general, the heat flux
at the sidewall can be either positive or negative.
The total amount of heat transfer through any surface

of area A is just the integral of the heat flux

Q(t) =

∫

A

qdA (28)

where we will use Qb(t), Qt(t), and Qw(t) as the total
heat transfer at the bottom, top, and sidewall surfaces,
respectively. For the no flow case, these expressions yield
Qb = πΓ2

1, Qt = −πΓ2
1 and Qw = 0 which are all con-

stants.
The nondimensional Nusselt number Nu is often used

to quantify the heat transfer in Rayleigh-Bénard convec-
tion. The Nusselt number is the ratio of heat transfer by
thermal convection to the amount of heat transfer that
would occur by conduction alone in the absence of con-
vection. Using our notation, we can express the Nusselt
number evaluated at the bottom and top surfaces in con-
tact with the fluid as

Nub(t) =
Qb(t)

πΓ2
1

= qb(t), (29)

Nut(t) =
|Qt(t)|

πΓ2
1

= |qt(t)|. (30)

For the no flow case this yields Nub = Nut = 1.
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B. The heat transfer interactions for chaotic

convection

We next consider the heat transfer interactions for
R = 5000 which yields chaotic fluid convection. We first
discuss the case of a perfectly insulating sidewall bound-
ary such that βk = 0. In this case, we do not need to solve
the full conjugate heat transfer problem since the insulat-
ing boundary can be represented as a no flux boundary
condition for the heat transfer.

A typical flow field pattern for chaotic convection with
a perfectly insulating sidewall is shown in Fig. 2(a). The
color contours are the temperature at the horizontal mid-
plane Tf(x, y, z = 1/2, t0) shown at time t0. Red is hot
rising fluid and blue is cold falling fluid. Fig. 2(b) illus-
trates a typical pattern for the case of perfectly conduct-
ing sidewalls.

The general features of the flow fields shown in Fig. 2
are quite similar except where the convection rolls ap-
proach the lateral sidewalls. For the perfectly conduct-
ing sidewall there are radial temperature gradients near
the sidewall that are not present in the flow field with a
perfectly insulating sidewall. This is evident by the thin
green region near the sidewall in Fig. 2(b).

An energy balance of the fluid filled region can be ex-
pressed as

dE

dt
= Qb(t) +Qt(t) +Qw(t) (31)

where dE/dt is the time rate of change of the energy of
the fluid. For a perfectly insulating sidewall Qw = 0,
and all of the heat that enters the fluid layer through
the bottom surface must eventually exit through the top
surface. However, both Qb(t) and Qt(t) are functions of
time that depend upon the patterns and dynamics of the
convection rolls.

Figure 3(a) shows the time variation of Qb(t) and
|Qt(t)| through the fluid layer. In general, the heat trans-
fer through the fluid layer decreases in the presence of
defects in the structure of the convection rolls and it in-
creases when a defect structure is annihilated (c.f. [23–
25]). In our problem, the aspect ratio is large enough
such that at any time there are multiple defect events
occurring in the flow field which adds to the complexity
of the time variation of the heat transfer through the fluid
layer. The axis on the right side of Fig. 3(a) shows the
variation of the heat transfer as measured by the Nusselt
number. The long-time average of the Nusselt number for
these dynamics is 〈Nu〉 ≈ 1.93 where the angle brackets
indicate an average over time.

This is a sustained nonequilibrium state where the
long-time average of the energy change 〈dE/dt〉 = 0.
Therefore, the long-time average of the heat flux through
the bottom and top are equal such that 〈Qb〉 = 〈|Qt|〉.
However, it is important to point out that dE/dt 6= 0 al-
though it is quite small and quite insensitive to the value
of βk. In Fig. 3(b) we show the time variation of Qbt

(b)(a)

(b)

-0.08 0.080.45 0.55

FIG. 2. (color online) Typical flow field patterns of chaotic
Rayleigh-Bénard convection for (a) perfectly insulating side-
walls βk = 0 and (b) perfectly conducting sidewalls βk = ∞.
The solid black line marks the location of the sidewall bound-
ary. The color contours are of the temperature field at the
horizontal mid-plane (z = 1/2) where red is hot rising fluid
and blue is cold falling fluid. For perfectly insulating or per-
fectly conducting sidewalls the sidewall is represented as a
boundary condition and we do not need to solve the conju-
gate heat transfer problem.

where

Qbt = Qb +Qt. (32)

For insulating sidewalls Qbt = dE/dt by Eq. (31). For
the duration of our calculation the long-time average of
the energy change is 〈dE/dt〉 = 5.2× 10−3 ≈ 0 where the
standard deviation of the fluctuations is δ(dE/dt) = 0.25.

We next consider how the dynamics are affected by
a finite sidewall with a finite value of the thermal con-
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FIG. 3. (color online) The time variation of the heat trans-
fer through the fluid layer for perfectly insulating sidewalls
βk = 0. (a) The heat transfer through the bottom plate
Qb(t) (red, solid) and the heat transfer through the top
plate |Qt(t)| (blue, dashed). The axis on the right shows
these heat transfers as measured by the Nusselt numbers
Nub(t) and Nut(t), respectively. The long-time average of
the Nusselt number is 〈Nu〉 ≈ 1.93. (b) The time varia-
tion of Qbt(t). For an insulating sidewall Qbt = dE/dt from
Eq. (31). The long-time average from our numerical simula-
tion is 〈dE/dt〉 = 5.2 × 10−3 ≈ 0 and the standard deviation
of the fluctuations is δ(dE/dt) = 0.25.

ductivity ratio βk > 0. In particular, for finite side-
walls, we have explored the dynamics at the follow-
ing five values of the thermal conductivity ratio βk =
{0.01, 0.1, 1, 10, 100}. For finite sidewalls, the sidewall
heat interactions Qw(t) 6= 0 and we are interested in un-
derstanding how this affects the chaotic dynamics.

In Fig. 4 we show the time variation of dE/dt for several
representative values of the thermal conductivity ratio.
The solid (red) line is for a strongly insulating sidewall
with βk = 0.01, the dashed (blue) line is for the case
when the fluid and sidewall are matched βk = 1, and
the dash-dotted (green) line is for a strongly conducting
sidewall with βk = 100.

We have computed the value of dE/dt using Eq. (31) by
numerically evaluating the heat fluxes through the bot-

tom, top, and sidewalls. For all values of βk we find that
dE/dt is small. The long-time average 〈dE/dt〉 ≈ 0 and
the standard deviation of the fluctuations are δ(dE/dt) ≈
0.25. In light of this, we will explore the time variations of
the heat transfer at the walls quantified by Qb(t), Qt(t),
and Qw(t).

t

d
/d

t

130 132 134 136 138 140

­1

­0.5

0

0.5

FIG. 4. (color online) The time variation of dE/dt as a func-
tion of the thermal conductivity ratio βk for chaotic convec-
tion with finite sidewalls. Curves are shown for three repre-
sentative cases: βk = 0.01 (red, solid), βk = 1 (blue, dashed),
and βk = 100 (green, dash-dotted). dE/dt is computed us-
ing Eq. (31) by numerically evaluating Qb, Qt, and Qw. For
all values of βk the values of dE/dt are similar to the results
shown here where the long-time average dE/dt ≈ 0 and the
standard deviation of the fluctuations is δ(dE/dt) ≈ 0.25.

For finite sidewalls it is interesting to compare the time
variations of Qbt(t) and Qw(t). In Fig. 5 we show the
time variation of Qbt (solid line, blue) and Qw (dashed
line, red) as a function of the thermal conductivity ratio
βk. When Qbt > 0 this indicates that more heat has en-
tered into the fluid layer from the hot bottom plate than
the amount of heat that has left through the sidewall
and cold top plate. Similarly, when Qbt < 0, more heat
has left through the top plate than has entered through
the sidewall and hot bottom plate. In addition, when
Qw > 0 this indicates that heat is entering the fluid do-
main through the sidewalls at this time and similarly
when Qw < 0 heat is leaving the fluid domain through
the sidewalls. Figure 5 shows an interesting interplay
that occurs between Qbt(t) and Qw(t) which we discuss
further.
Figure 5(a) is representative of what occurs for

strongly insulating sidewalls. First, the magnitudes of
Qbt(t) and Qw(t) are small as expected. This is because
most of the heat travels through the fluid layer from
the bottom to the top since there will only be a small
amount of heat interactions with the sidewalls because
they are strongly insulating. However, whenever there
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is excess heat in the fluid Qbt(t) > 0 we find that heat
leaves through the sidewall Qw(t) < 0. Similarly, when-
ever more heat left through the top than entered through
the bottom Qbt(t) < 0 heat enters from the sidewalls
Qw(t) > 0.

t
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FIG. 5. (color online) The time variation of the heat transfer
through the bottom, top and sidewalls for chaotic convec-
tion as a function of the thermal conductivity ratio βk. The
solid (blue) line is Qbt(t) and the dashed (red) line is Qw(t).
(a) βk = 0.01, (b) βk = 1, and (c) βk = 100.

In essence, the sidewall is a reservoir that will provide
heat to, or absorb heat from, the fluid depending upon

the sign of Qbt(t). The result is that the sidewall heat
interactions always act to stabilize the flow. The sidewall
heat transfer always drives the fluid temperature back
toward the perfectly conducting profile. In Fig. 5 (a) the
sidewall is strongly insulating and, as a result, it is not
able to provide a significant amount of heat through its
interactions. As a result, the magnitude of Qw(t) always
remains smaller than that of Qbt(t).
These trends continue and become more significant as

the value of the thermal conductivity ratio increases. Fig-
ure 5(b) illustrates these heat interactions for the case
when the fluid and solid sidewalls are thermally matched
with βk = 1. Again, the stabilizing effect of the heat
transfer through the sidewalls results in Qw(t) mirroring
Qbt. In this case, the amount of heat transfer through the
sidewalls is much larger than what is shown in Fig. 5(a)
yet its magnitude is still smaller than that of Qbt.
Figure 5(c) shows the heat transfer interactions for a

strongly conducting sidewall with βk = 100. In this case,
the sidewall is able to nearly balance the heat transfer
through the fluid layer from bottom to top resulting in
|Qbt| ≈ |Qw|. The stabilizing effect of the sidewalls is
now at its strongest.
The results we have discussed so far have been based

upon integrated quantities over the entire bottom, top,
and sidewall surfaces. We next discuss in more detail the
spatiotemporal variations of the flow field patterns and
the heat transfer interactions. Typical flow field images
from our numerical simulations are shown in Fig. 6 for
the three different values of sidewall conductivity ratio
of βk = {0.1, 1.0, 10}. The color contours represent the
temperature at the horizontal mid-plane at a particular
instant of time t0 using Tf(x, y, z = 1/2, t0) for r ≤ Γ1

and Ts(x, y, z = 1/2, t0) for r > Γ1.
In the fluid filled region, red is hot rising fluid and blue

is cold falling fluid. In the sidewall region, red is where
the solid is hot and blue is where the solid is cold. In
both regions green indicates a value of temperature Tf =
Ts = 1/2 which is equivalent to the value of the linear
conduction temperature at the mid-plane Tcond(z = 1/2).
We have also included a black contour line at the fluid-
solid interface to clearly indicate the interface between
the fluid filled and solid sidewall regions.
In Fig. 6(a), βk = 0.1 and the sidewall is insulating

relative to the fluid. For this case, there are temperature
variations that extend into the solid sidewall. However,
there is very little heat transfer between the fluid and
sidewall regions due to the small value of the thermal
conductivity of the sidewall.

Figure 6(b) shows the convective pattern for βk = 1
which indicates that the thermal conductivity of the fluid
and solid regions are exactly matched. For this case,
there are again temperature variations apparent in the
solid region. In addition, there is now more heat transfer
interactions between the sidewall and fluid.
Lastly, in Fig. 6(c) βk = 10 which represents a case

where the sidewall is a good conductor. For this case,
there is very little variation of the temperature in the
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FIG. 6. Typical flow field patterns of chaotic Rayleigh-Bénard
convection for three domains with different values of the ther-
mal conductivity ratio βk where (a) βk = 0.1, (b) βk = 1.0,
(c) βk = 10. From top to bottom the sidewalls go from in-
sulating to conducting relative to the fluid. The solid black
line marks the location of fluid-solid boundary. For the fluid
region, the color contours of the temperature field at the hor-
izontal mid-plane (z = 1/2) are shown where red is hot rising
fluid and blue is cold falling fluid. For the solid region, red is
a hot region and blue is a cold region.

solid region. In fact, the temperature profile at the fluid-
solid interface remains nearly equal to Tcond(z). As a
result of the higher conductivity of the sidewall, and the
larger thermal gradients in the fluid temperature near
the sidewall, there is now more heat transfer between the
fluid and sidewall.
More insight can be gained by visualizing the temper-

ature field in the r−z plane near the fluid-solid interface.
This is shown in Fig. 7 for the same conditions and flow
fields that are illustrated in Fig. 6. The color contours

are of the temperature field and a black vertical line is in-
cluded to identify the location of the fluid-solid interface.
In this representation, the linear conduction temperature
profile would be a uniform change from red to blue as one
goes from the bottom plate to the top plate. The linear
conduction profile can be seen in Fig. 7 at the far left edge
of each panel as one moves away from the sidewall inter-
face and toward the perfectly insulating outer boundary
at r = Γ2 (not shown).

FIG. 7. Typical flow fields for βk = {0.1, 1, 10}. The color
contours are of the temperature field at a slice through the
r− z plane where the images are a close-up view near the
sidewall region. The black solid line represents the fluid-solid
boundary. The left part is the solid sidewall region and the
right part is the fluid region. For the fluid region, the color
contours of the temperature field are red for hot rising fluid
and blue for cold falling fluid. For the solid region red is hot
and blue is cold. (a) βk = 0.1, (b) βk = 1.0, (c) βk = 10.

In light of this, one can see that the deviations of the
temperature profile away from the linear conduction pro-
file, at the fluid-solid interface, are largest for Fig. 7(a).
The deviations decrease as the solid sidewall becomes
more conducting. In Fig. 7(c) it is clear that the linear
conduction profile is present in the entire solid sidewall
region.
In Fig. 8 we present a three-dimensional view illustrat-

ing the spatial variation of the sidewall heat flux with
respect to the instantaneous flow field pattern that is
present at a particular time t0. Results are shown for an
insulating sidewall with βk = 0.1 in panel (a) and for a
conducting sidewall with βk = 10 in panel (b). Overall
the domain is tilted at an angle of 30o with respect to the
vertical to increase the visibility of the interface between
the sidewall region and the fluid. The color contours
are of the temperature field at the horizontal mid-plane
(z = 1/2) where red is hot and blue is cold. At r = Γ1

a vertical slice of the sidewall interface is plotted with
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grey-scale contours representing the local heat transfer
through the sidewall qw(r = Γ1, z, t0). On this sidewall
interface, light regions represent a heat flux from the side-
wall into the fluid qw > 0 and dark regions represent a
heat flux from the fluid into the sidewall qw < 0. The
color scales and grey scales are the same for panels (a)
and (b).

FIG. 8. (color online) A three-dimensional view of the rela-
tionship between the heat flux through the sidewalls and the
flow field pattern. The color contours are of the tempera-
ture field at a mid-plane slice (z = 1/2). In the fluid region
red is hot rising fluid and blue is cold falling fluid and in the
solid sidewall region the color represents the temperature of
the solid material. A vertical-slice is shown at the interface
between the solid and the fluid. The heat flux through the
sidewall is shown using a gray scale where light indicates re-
gions on the sidewall where the heat flux is from the solid
region into the fluid filled region and dark regions indicate
where the heat flux is from the fluid filled region into the
solid sidewall. Overall, the domain is tilted at an angle of 30◦

with respect to the vertical in order to clearly illustrate the
heat flux on the sidewall interface. The color scale (-0.45 for
blue, 0.55 for red) and gray scale (-0.5 for black, 0.5 for white)
are the same for both panels. (a) βk = 0.1, (b) βk = 10.

Figure 8(a) shows results for an insulating sidewall
with βk = 0.1. Overall, there is a spatial variation in
the sidewall heat flux. When the fluid near the sidewall
is cool (blue) the heat flux at the sidewall is into the fluid
layer (light). Similarly, when the fluid near the sidewall
is hot (red) the heat flux at the sidewall is into the side-
wall (dark). This is also illustrated in Fig. 8(b) where
the sidewall is a good conductor βk = 10 and the heat
flux at the sidewalls is larger.
This clearly illustrates how the spatial variations of

the sidewall heat flux qw stabilizes the flow. Whenever
there is a local region of fluid near the sidewall that is hot
(red), the sidewall near that region will absorb heat to
drive the fluid back toward the linear conduction value.
At the mid-plane slice that is shown this would be a

temperature of Tf = 1/2 which is represented as green
contours. Similarly, when the local fluid region is cold
(blue) the local sidewall region will provide heat.

C. Lyapunov exponents and vectors

Next, we quantitatively probe how the presence of fi-
nite sidewalls affect the dynamics of the chaotic convec-
tion by computing the Lyapunov exponents. Figure 9(a)
shows the variation of the leading order Lyapunov expo-
nent λ1 as a function of the thermal conductivity ratio
βk. The symbols are the results from our numerical sim-
ulations with finite sidewalls. The upper dashed line is
the value of λ1 for a perfectly insulating sidewall βk = 0
and the lower dashed line if for a perfectly conducting
sidewall βk = ∞. For all cases λ1 > 0 which indicates
that the dynamics are chaotic as expected.
The value of λ1 is largest for perfectly insulating side-

walls. The value of λ1 then decreases as the conductivity
of the sidewall increases and reaches a lower bound for
perfectly conducting sidewalls. These trends align with
our results and discussion demonstrating the stabilizing
effect of conducting sidewalls.
We have also computed the spectrum of Lypaunov ex-

ponents λi where i = 1, . . . , 40 for all values of βk that
we have discussed. Using the spectrum of Lyapunov ex-
ponents we compute the fractal dimension Dλ using the
Kaplan-Yorke formula given in Eq. (23). The value of the
fractal dimension is an estimate for the number of chaotic
degrees of freedom needed to describe the dynamics, on
average [22].
Figure 9(b) shows the variation of Dλ as a function

of βk. The upper dashed line is the fractal dimension
for a perfectly insulating sidewall and the lower dashed
line is the fractal dimension for a perfectly conducting
sidewall. The symbols are the results from our numerical
simulations with finite sidewalls.
Figure 9(b) shows that the fractal dimension of the dy-

namics is largest for a perfectly insulating sidewall which
yields a value of Dλ ≈ 25. The fractal dimension de-
creases as the sidewall conductivity increases from zero
and has a lower bounding value of Dλ ≈ 18.5 for a per-
fectly conducting sidewall. This is a reduction of the frac-
tal dimension by more than a quarter due to the influence
of the sidewall. This provides further evidence quantify-
ing the stabilizing effect of the sidewall heat transfer on
the chaotic dynamics.
We emphasize that this stabilizing effect of the side-

wall is despite the fact that the integrated amount of
heat transfer through the sidewall is less than 1% of the
heat transport through the fluid layer. This is evident by
comparing the dashed (red) lines of Fig. 5 where |Qw| . 5
with the values of Qb(t) and |Qt(t)| shown in Fig. 3 where
Qb(t) ≈ |Qt(t)| ≈ 600. The relative influence of the side-
wall boundary condition should diminish as the aspect
ratio of the convection domain is increased, although this
is not something we have explored further.
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FIG. 9. (a) The variation of the leading order Lyapunov ex-
ponent λ1 with βk. (b) The variation of the fractal dimension
Dλ with βk. In both panels, the upper dashed line is the per-
fectly insulating result (βk = 0) and the lower dashed line is
the perfectly conducting result (βk = ∞).

Further insight into the stabilizing effect of thermally
conducting sidewalls can be gained by exploring the spa-
tial variation of the leading order Lyapunov vector. Pre-
vious studies of chaotic convection have shown that the
magnitude of leading order Lyapunov vector is localized
near defect structures in the flow field such as roll pinch-
off events, roll mergers, spiral structures, etc. [19, 20, 26–
30]. Furthermore, it has been shown that for small to in-
termediate aspect ratio domains Γ1 . 10 that the chaotic
dynamics of convection are strongly influenced by the
sidewalls [20]. This was demonstrated by computing the
time averaged value of the leading order Lyapunov vector
and showing that it is largest near the sidewalls.

-0.005 0.005

FIG. 10. The spatial variation of the leading order Lyapunov
vector for (a) βk = 0.01 and (b) βk = 100. The color contours
are of the temperature perturbation field at the horizontal
mid-plane δT (1)(x, y, z = 1/2, t0) at some instant of time t0.
Red represents positive magnitude and blue represent nega-
tive magnitude. The black contour lines indicate the temper-
ature contour at Tf (x, y, z=1/2, t0) = Ts(x, y, z=1/2, t0) =
1/2. In the fluid, this indicates the location of the convec-
tion rolls and in the solid it indicates how the temperature
variation is related to the convection rolls. The black circle
indicates the boundary between the fluid and solid regions
and is drawn for reference.

Figure 10 illustrates the spatial variation of the lead-
ing order Lyapunov vector for a strongly insulating side-
wall in panel (a) and a strongly conducting sidewall in
panel (b). The Lyapunov vector is plotted by showing
color contours of the temperature perturbation field at
the horizontal mid-plane δT (1)(x, y, z=1/2, t0) at a par-
ticular time t0. Red represents growth with a positive
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magnitude, blue represents growth with a negative mag-
nitude, and green indicates regions with little growth.
The black lines are contours of the temperature field at
Tf (x, y, z = 1/2, t0) = Ts(x, y, z = 1/2, t0) = 1/2. In the
fluid region these contours indicate the pattern of convec-
tion rolls and in the solid region this indicates how the
temperature variation in the solid is connected with that
of the flow field. The black circle at r = Γ1 indicates the
location of the boundary between the sidewall and the
fluid.
Overall, in our calculations we find that the leading

order Lyapunov vector is localized near small scale de-
fect structures in the flow field with defects on the wall
playing a more significant role on average. This is true
for all values of the thermal conductivity ratio βk. Fig-
ure 10 shows typical images of the spatial variation of the
Lyapunov vector at a time when defect structures near
the wall are important.
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FIG. 11. A close-up view of the spatial variation of the leading
order Lyapunov vector near the wall for the dynamics shown
in 10 where (a) βk = 0.01 and (b) βk = 100. In panel (a) it
is clear that the magnitude of the Lyapunov vector is large
for the entire region near the sidewall. In panel (b), the Lya-
punov vector nearly vanishes near the sidewall for a strongly
conducting sidewall. This illustrates the stabilizing effect of
conducting sidewalls.

However, we find that the spatial variation of the Lya-
punov vector varies in a significant manner as a function
of the sidewall boundary condition. The leading order
Lyapunov vector near the sidewalls is strongly influenced
by the sidewall boundary condition. Figure 11 shows a
close-up of the Lyapunov vector near the sidewalls for

the conditions of Fig. 10.
In Fig. 11(a) we show a close-up view for the strongly

insulating sidewall. In this case, the magnitude of the
Lyapunov vector is large up to, and just beyond, the
sidewall. However, in contrast, Fig. 11(b) illustrates the
magnitude of the Lyapunov vector near the sidewall for
strongly conducting sidewalls. In this case, the magni-
tude of the Lyapunov vector vanishes near the sidewalls.
This further illustrates the stabilizing influence of con-

ducting sidewalls on the chaotic dynamics. For chaotic
convection in a small to intermediately sized domain, as
we explore here, the dynamics at the sidewalls contribute
significantly to the dynamics. However, this is precisely
where the thermal boundary condition at the sidewall is
important by influencing the local fluid dynamics. As
Fig. 11 shows, this results in a significant reduction in
the magnitude of the Lyapunov vector near the sidewalls
which is further reflected in the reduction in the fractal
dimension shown in Fig. 9.

IV. CONCLUSIONS

We have explored chaotic convection in an experimen-
tally accessible geometry with realistic sidewalls of finite
size, heat capacity, and thermal conductivity. We have
numerically computed the full conjugate problem by cou-
pling the Boussinesq equations of Rayleigh-Bénard con-
vection for the fluid dynamics with an energy equation for
the temperature in the finite solid region containing the
sidewall. In addition, we have computed the spectrum
of Lyapunov exponents and Lyapunov vectors which al-
lowed us to determine the fractal dimension of the dy-
namics and to identify spatial regions that contribute
significantly to the chaos.
Our results have allowed us to quantify the stabilizing

effect of thermally conducting sidewalls on chaotic dy-
namics. In particular, there is an interesting interplay
of the heat transfer between the solid and fluid near the
sidewall that always conspires to stabilize the dynam-
ics. For small to intermediate aspect ratio convection
domains, our results indicate that the sidewall boundary
condition can have a significant effect upon the dynamics.
These findings could also find use in applications that ei-
ther want to stabilize or destabilize complex dynamics in
systems far-from-equilibrium through interactions only
at the bounding surfaces.
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