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In this paper we revisit the derivation of a non-local interfacial Hamiltonian model for systems with
short-ranged intermolecular forces. Starting from a microscopic Landau-Ginzburg-Wilson Hamilto-
nian with a double parabola potential we reformulate the derivation of the interfacial model using
a rigorous boundary integral approach. This is done for three scenarios: a single fluid phase in
contact with a non-planar substrate (wall), a free interface separating coexisting fluid (liquid and
gas, say) phases, and finally a liquid-gas interface in contact with a non-planar confining wall as
applicable to wetting phenomena. For the first two cases our approaches identifies the correct form
of the curvature corrections to the free energy and, for the case of a free-interface, allows us to recast
these as an interfacial self-interaction as has been conjectured previously in the literature. When
the interface is in contact with a substrate our approach similarly identifies curvature corrections
to the non-local binding potential, describing the interaction of the interface and wall, for which we
propose a generalised and improved diagrammatic formulation.

PACS numbers: 02.30.Rz,05.20.J},68.03.Cd,68.08.Bc¢,68.35.Md

I. INTRODUCTION

Whilst significant progress has been made in the last
few decades in understanding the statistical mechanics
of inhomogeneous fluids and related interfacial phenom-
ena [1-4], from a fundamental perspective many chal-
lenges remain for theory. Techniques based on molecular
methods such as computer simulations [5, 6] and Density
Functional Theory [1, 7] are wide spread, but under some
circumstances large lengthscales emerge which make the
use of mesoscopic models, often referred to as effective
interfacial Hamiltonian or capillary-wave models, much
more convenient and useful [8-10]. These, in fact, have
been pivotal in the development of the fluctuation theory
of the thermal-wandering-induced roughness associated
with a free or weakly pinned liquid-gas interface [8], and
also the classification of critical singularities occurring at
continuous surface phase transitions such as wetting [2—
4, 11-13] and wedge filling [14-23]. The search for a link
between truly microscopic approaches and these meso-
scopic descriptions can be traced back to van der Waals
[24] and continue to this day, and in the last few years
considerable effort has been invested in establishing this
connection more rigorously. For example, intrinsic sam-
pling methods use a many-body percolative, approach to
identify the interfacial position from the underlying mi-
croscopic molecular configurations, and this has been ex-
tensively used in simulations [25-38]. A second, related,
development has been the attempt to systematically de-
rive an interfacial model for wetting transitions in set-
tings involving short-ranged intermolecular forces from a
more microscopic starting point [39-45]. The need for
this was originally driven by the significant discrepancy

between intial predictions of strong non-universality for
3D critical wetting, based on renormalization group stud-
ies of local, partly phenomenologically justified, interfa-
cial models [11, 12], and the findings of more microscopic
Ising model simulation studies, which only reported mi-
nor deviations from mean-field-like behaviour [46]. In
attempting to explain this, Fisher and Jin [47, 48] set
out a very useful systematic basis for the derivation of an
interfacial model from an underlying continuum Landau-
Ginzburg-Wilson (LGW) Hamiltonian. Their idea was to
introduce a constraint that specifies the interfacial con-
figuration [which we denote £(x)] from that of the more
microscopic order parameter m/(r). Different options are
available, such as the crossing criterion, in which ¢(x)
is identified as the surface on which the order parame-
ter takes some specified value or, alternatively, integral
criteria which are generalised measures of the local ad-
sorption. Once the interface is defined, the interfacial
Hamiltonian H[¢] is identified via the partial trace:

e~ BHI /DmefﬁHLGw[m] ~ e*ﬁ”f"ch;W[ms]7 (1)

where mz(r) is the profile that minimizes the LGW
Hamiltonian Hygw|[m], subject to the constraint and
additional boundary conditions. The Fisher-Jin identi-
fication [47, 48], generalised to non-planar walls, will be
the starting point for our entire investigation. Within
this scheme, therefore, all that is required is the deter-
mination of the constrained profile m=(r), which will
be a functional of the interfacial configuration (and wall
shape). Fisher and Jin obtained this for a planar wall by
considering perturbations about the flat interfacial con-
figuration. However this perturbative approach is inad-
equate for the purposes at hand because it misidentifies



the structure of corrections to the standard local interfa-
cial model. Indeed, this leads to serious problems when
carried forward in renormalization group studies, where
it erroneously alters the structure of the well-known
global phase diagrams for wetting [49]. Later, it was
appreciated that the solutions to the constrained mean-
field-like equations for mz(r) could be reformulated using
Green’s functions [39, 40]. This highlights immediately
the non-local nature of the interaction of the interface
and substrate, which has a simple diagrammatic repre-
sentation. Furthermore, it resolves many of the problems
associated with the fluctuation theory of critical wetting
and, in addition, yields a description of correlation func-
tions fully consistent with exact sum-rules [42, 43]. The
predictions of this non-local model are also consistent
with more recent Ising model simulations, which reported
deviations from mean-field behavior for critical wetting
[50]. The non-local decay of order between a fluctuating
interface and particles situated away from it, predicted
by this approach, has been seen directly, in both Ising
model and molecular simulation studies [35, 51].

In this paper we present an alternative and more rigor-
ous derivation of the non-local interfacial model to that
presented originally [39, 40], which was still partly phys-
ically motivated. Our new derivation is based on exact
integral representations of the solutions of linear partial
differential equations on a closed domain, which are cast
as functionals of the solutions at the boundaries. This
method, refered to as the boundary element method, has
in fact been applied successfully to numerous engineering
problems [52, 53]. Here, we develop an improved pertur-
bative diagrammatic approach, which is related to the
multiple reflection method used in the celebrated anal-
ysis of the wave equation yielding eigenfrequencies in a
closed domain [54-56]. When applying this methodol-
ogy to the evaluation of the interfacial free energy and
order-parameter profile of a fluid phase in contact with a
structured substrate or of a constrained liquid-gas config-
uration, we recover, at leading-order, the previous non-
local model but now with curvature corrections. For the
case of a constrained liquid-gas interface this leads nat-
urally to an interfacial self-interaction precisely as has
been conjectured [57]. The most detailed application of
this method involves the rigorous determination of the
binding potential functional for wetting films in contact
with a non-planar wall. Here, we identify an additional
series of diagrams, not present in the original formula-
tion, which arise when the substrate and liquid-gas in-
terface are not parallel. These diagrams are re-summed
to obtain a new version of the non-local model which
recovers the original version of the non-local model in
certain limits.

Our paper is arranged as follows: In Section II we
present the theoretical framework and recall the math-
ematical tools used in our approach. In Section III we
apply this to a single phase, which we take to be liquid,
in contact with a wall to determine the mean-field ex-
cess free-energy functional F,;[¢], which is a functional

of the wall shape . In Section IV we extend this to a free
liquid-gas interface, and determine the interfacial Hamil-
tonian H[¢], which is a functional of the (constrained)
interfacial configuration ¢. Finally, we consider the most
involved situation, in which a constrained wetting film
located near to a non-planar wall, and we determine the
binding potential W ¢, 1], which is a functional of both
the interface and the wall shapes.

II. THEORETICAL FRAMEWORK

Consider the LGW Hamiltonian defined on a domain

Q:
Hacwl] = [ ar {3 (Tm)*+ 2o(m) |
+/BQ D, (s)ds, (2)

where the shifted potential A¢(m) corresponds to the
excess contribution, with respect to the bulk, of the free-
energy density, and ®4 is a surface potential defined on
the domain boundary 90f). Typically, ®, is taken to be a
quadratic function of m(s), i.e.,

@.(s) = -3 [m(s) + %r (3)

where h; and g are a local field and an enhancement
parameter, respectively, modelling the coupling to the
substrate (i.e., wall). Usually, these quantities are taken
to be equal to their flat-wall counterparts, although ad-
ditional curvature-induced terms may be included phe-
nomenologically. Finally, we note that fixed (i.e., Dirich-
let) boundary conditions correspond to the limit h; —
00, g — —oo with —hi/g = mq where my is the fixed
value of the order parameter at the wall.

In zero external field (i.e., h = 0) and below the bulk
critical temperature T, the shifted potential A¢ has a
familiar double-well structure, which we capture via the
simple double-parabola (DP) approximation:

IQQ

Ag(m) = - (] — mo)?, (1)
where k is the inverse bulk correlation length and my is
the bulk order parameter. In this description, therefore,
there are two bulk phases having order-parameter val-
ues —myg (which we regard as the gas phase) and +mg
(which we regard as the liquid phase). For a general
inhomogeneous situation, we will identify the phase at
any point via the sign of the order parameter. Conse-
quently, we shall refer to the phase as gas if m < 0 and
liquid otherwise. Finally, we adopt a simple crossing cri-
terion of a constrained interfacial configuration, whereby
the interface is defined as the surface on which the order
parameter vanishes, i.e., m = 0 [47, 48].



As the constrained profile m= minimizes the LGW
Hamiltonian, it satisfies the mean-field like Euler-
Lagrange equation:

V2mz = k%(mz — my), (5)

where my = +mg, depending on whether the bulk phase
is liquid or gas. This partial differential equation is to be
solved subject to the natural boundary condition

n-Vmz(s) = hy + gmz(s), (6)

where n is the outward normal to the boundary of the
integration domain 2. If fixed boundary condition are
applied on s, we simply set mz(s) = m; instead of im-
posing Eq. (6).

In order to obtain the mean-field free energy, we first
consider the situation where there is only one phase in the
integration domain. Multiplying Eq. (5) by (mz—ms)/2,
and integrating over the domain 2 we get

m=—m 2m: I<L2
[ artm==EINE [ e 2, (0

We now use the identity uV?u + Vu-Vu = V-(uVu)
with u = mgz — m; and apply the divergence theorem to
obtain

[ ome? + = -}
—f "I T )

Next, we make use of Eq. (6) to re-write the surface con-
tribution to Eq. (2) using

0.(5) = — (m=)+ 1) (09 me(s)

_ mz(s) — my n hi + gmy,
2 2g

| (090

Hence, when evaluated at the equilibrium profile mz= the
LGW Hamiltonian identifies the free energy as

2

Haowlnz] = [ ar {5 (Vo) + e = mn)?}

Q
+ ]{m D, (s)ds(10)

and reduces to

~hi4gmy

Hrawmz] = %

jl{ ds n-Vmz(s), (11)
o0
a result that will be central to our method.

In the presence of a wetting layer of a different phase
that intrudes between the wall and the bulk (see Fig. 1)
the domain {2 must be considered to be the union 2 =
U;€2;, where each appropriate sub-domain €2; has bound-
aries 0€); that lie either on the substrate surface or at

the liquid-gas interface. We denote 9€); = 02y ; U 0 4,
where the boundary condition Eq. (6) is satisfied in 99 ;
and 0% ; corresponds to the gas-liquid interface. For
this case, the generalization of Eq. (8) identifies the con-
strained free-energy functional for a given interfacial con-
figuration as

Hraw|mz] =

-y [ [ el omer+ = - ()0}

+/69u ds @s(s)], (12)

which reduces to

h
Hraw([mz] = Z [— % /asz ds n-Vmz(s)

(mw); (s

The mean-field free energy corresponds to the inter-
facial configuration that gives the least free energy. In
this sense, the free energy becomes a functional of the
interfacial profile.

The above results demonstrate that, for the potential,
the equilibrium free energy of an interfacial configuration
may be determined in terms of the normal derivatives of
the order parameter at the substrate and liquid-gas inter-
face (if present). This simplification is not so surprising,
given that, for the DP potential, the whole order pa-
rameter profile can be obtained formally in terms of the
values at the boundaries. To see this, let us consider the
(rescaled) Green’s function that solves

LK (r,10) = (=Vi+ ) K(r,r0) = 266(r — 1), (14)

and which vanishes as |r — rg| — oo. The subscript in
V2 denotes that the nabla operator acts on the argument
r of K. Its solution is the Ornstein-Zernike correlation
function

K(r,rg) = v exp(=rir — rof)

=5 (15)

|r — ro|
The second Green’s identity for the Hermitian operator
L states that

/er [vLu — ulv] = — /69 [v(n-Vu) — u(n-Vo)]ds

(16)
for any domain 2 with boundary 02, where the outward
normal is n and v and v are arbitrary functions. If we
choose u(r) = K(r,rg)/2x and v(r) = m=(r) — msp, and
taking into account Eqgs. (5) and (14), then

(mz(r) — mp)Oq(r) = i /{m dsK (s,r)(n-Vmz(s))
1

5 ds(mz(s) — my)(n-VgK (s, 1)), (17)
o9



where Oq(r) is the characteristic function of the set €,
ie., Oq(r) =1ifr € Q, and Oq(r) = 0 otherwise (ex-
cluding in both cases the boundary 92). As before, 9,
refers to the portion of the boundary where the Eq. (6) is
satisfied, whilst 025 lies on the appropriate side of gas-
liquid interface (see Fig. 1). We can then recast Eq. (17)
as

(mz(r) — my)Oq(r)

1 h1
= — ds ——l—mb)@nK s, T
26 Jaq, (9 (5.7)
mp
+ E/BQQ dsOn K (s, 1)
1
+ — ds<K s,r) — -0, K s,r)@nmgs
s [, e (K 6r) = 0K (s) ) oume(s)
+ — dsK (s,r)0,mz(s), (18)
26 Jaq,

where 0,, denotes the normal derivative n-Vj.

What remains is the determination of the normal
derivative 0,m= at each point along the sub-domain
boundaries. However, Eq. (18) itself cannot be used to
determine these, and we must use a technique to mod-
ify this appropriately. To this end, we first place r at
a boundary point and deform the boundary near it by
by cutting a circular hole of radius ¢ and adding a hemi-
spherical cap atop it, so that the point is again inside the
sub-domain under consideration. We then evaluate the
order parameter at r, and finally take the limit ¢ — 0.
Assuming the interfaces are smooth, we obtain the fol-
lowing integral equation within each domain:

=(s0) — 1 h
w = —/ ds (—1 + mb) anK(S’SO)
2 2k Joq, g

mp

/ dso, K (s, so)
a9

2K
1
+ % 891 ds (K(S, SO) —_ 58nK(S, SO)) 6nm5(s)
+ S dsK (s,s0)0nmz(s), (19)
2K I

where the normal derivative of the Green’s function K
acts on its first argument, and integration must be in-
terpreted as its Cauchy principal value. Consequently, if
sp € 9 Eq. (19) can be written as

1 ha
o o ds (; + mb> (On K (s,80) + Kd(s — s0))
1
+ o o, ds (K(s, So) — ganK(s, S0)
K my
— —4(s —sg) |Opm=(s +—/ dso, K (s,s
5 0)) @+ 5 | dsonkss)
+ L dsK (s,s0)0pmz=(s) = 0. (20)

2k Joaq,

Similarly if sy € 092, Eq. (19) reads

1 h
— ds (—1 + mb> On K (s,80)
26 Joq, g

m
+ 2—: </§ + /692 ds@nK(s,so))

1
+ o o ds (K(s, S0) — EBnK(s, so)) Onmz(s)
+ x dsK (s,s9)0d,m=(s) = 0. (21)
2/{ GIeN

Under some circumstances, e.g., for certain boundary
conditions, Eqgs. (20) and (21) are not the most conve-
nient representations of the constrained order-parameter
profile. Another possible representation is the single-
layer potential. Let us assume that the order parame-
ter on the boundary 02 is known. Now we determine
the solutions to the Helmholtz equation inside and out-
side 2 with the same Dirichlet boundary conditions. We
can use Eq. (17) for these problems, keeping in mind
that the normal derivatives are different in each problem.
Adding these equations, we find the following represen-
tation, valid everywhere in space:

dsK (s,r)¥(s), (22)

1
mg(r) =mp+ —
K Jon

where ¥(s) = (0, mz(s))t — (0,m=z(s))”, with the plus
(minus) sign standing for the interior (exterior) problem
to Q, and n(s) is the outward normal from Q. The aux-
iliary function ¥(s) can be obtained from the boundary
integral equation

1

mz(s) =mp + — / dsoK (so,s)¥(so). (23)
25 Joq

The normal derivatives of the order-parameter profile on

the boundary can be related to ¥ as

Us) 1
> o

(Onmz(s))* =+ / dson(s)-VsK (sg,s)¥(sg).
a0

(24)
Alternatively, a double-layer potential representation
of the order-parameter profile can be obtained if the nor-
mal derivative of the order parameter on the boundary
08 is known. We use Eq. (17) for the solutions to the
Helmholtz equation inside and outside 2 with opposite
Neumann boundary conditions. Note that the outward
normal for every domain is the inwards normal for the
other one. By adding these equations we again obtain a
representation that is valid everywhere in space:

1
oms(r) = 5-

/ dsn(s)-VsK(s,r)¥(s), (25)
a0

where dmz(r) = m=(r) — my and my, = £mg is the ap-
propriate bulk order parameter in the region contain-
ing r. Here, the modified auxiliary function ¥(s) =



(6m=(s))” — (dmz=(s))*. The limits of the order param-
eter on each side of 9 are related to W as
(s 1 _
=71 ( )+—/ dson(sg) -V, K (sg,s)¥(sg).
90

2 2K
(26)
On the other hand, 9,,m=(s) = n(s)-Vsmg is continuous
on O

5m5 (S

K (so,s)
2K
(27)
Finally, we provide some additional relations which will
be useful later. On using the Green’s identity Eq. (16)
for two Green’s functions, it follows that

Dum=(s) = n(s) Vs [ | dsoT(soin(so)- v,

/ dsK(s,r)n(s)-VsK(s,r') =

a0
/dsK(s,r’)n(s)~VsK(s,r), (28)
a0

where r and r’ are positions inside the domain Q. If
r’ — s’ on the boundary 9 then Eq. (28) leads to

/ dsK (s,s')n(s)-VsK(s,r) =
a0

—kK(s',r) +/

o0

dsK (s,r)n(s)-VsK(s,s). (29)
Finally, if r — s on 92 then
/ dsK (so,s)n(so) Vs, K (so,s") =
00
/ dsoK (so,s")n(s) Vs, K (s, s). (30)
00

In the next sections we apply this formalism to obtain
the interfacial free-energies relevant to wetting phenom-
ena: (i) the interfacial free energy of a non-wetting bulk
phase in contact with a rough substrate; (ii) the self-
interaction corresponding to a free liquid-gas interface;
and, finally, (iii) the binding potential for a wetting film
configuration (see Fig. 1).

III. INTERFACIAL FREE ENERGY OF A
LIQUID PHASE IN CONTACT WITH A
NON-PLANAR WALL

The first system that we consider is the simple case
of a bulk phase in contact with a non-planar wall when
a wetting film is absent. The local height of the wall,
above some reference plane (often taken to be the plane
z = 0) is written 9 (x), where x = (x,y) is the parallel
displacement. Without loss of generality, we concentrate
on the wall-liquid interface, supposing that the local sur-
face field h; is positive, so that the order parameter has
the same (positive) value throughout. In this case, the
domain © is just the set of points for which z > ¥(x).

Ag

Gas phase (m<0)

_mO’OmO m

Liquid phase (m>0)

"y

FIG. 1: Schematic illustration of a non-planar interfacial con-
figuration (blue line) for a constrained wetting film of liquid
at a non-planar wall (black line). Conventions for the surface
normals are shown. Inset: the double-parabola approxima-
tion for A¢(m).

—_—

In addition, we suppose that the substrate is chemically
homogeneous, so that h; and g do not vary with po-
sition. The equilibrium mean-field configuration mz(r)
follows from the simple minimization of the LGW Hamil-
tonian, resulting in the Helmholtz equation Eq. (5) and
the boundary conditions

n,-Vmsz(r) = —hy — gmz(r), for r = (x,9(x))31)

mz(z) = my, for z — +oo, (32)

where the bulk magnetization for the liquid phase is my, =
myg. Similar results apply to the wall-gas interface, for
which h; is negative and my = —myg. Here, ny denotes
the inward normal to the wall. Since the order parameter
does not change sign in Q, Eq. (20) can be recast as

/wds [K(s, ') + é&nK(s, §') - gé(s - s')} o(s)

_ <_7hl _mb) [—/{—i— /w ds@nK(s,S')}, (33)

where the integration || " is over the substrate surface,
On(s) is a shorthand for n(s)-Vs, ¢ = 0,0m=, and
dmz = mz — mp. Equation (33) can only be solved
exactly in few exceptional circumstances, such as when
symmetry arguments can be applied; these include pla-
nar, cylindrical, or spherical substrates, all of which have
constant curvature. For example, for a planar substrate
q is constant over the surface, and has the value

q= _M, (34)

K—g

However, the generic solution of Eq. (33) must include
the local curvature of the substrate, and it is natural
to look for a perturbative solution when the deviations
from the flat case are small. To this end, let us intro-
duce the principal curvatures kq(s) and ko(s) at a point



s = (x,%(x)) on the surface. R; = 1/k; are the cor-
responding radii of curvature, and it is convenient to
recall that Ko = k1ko is the Gaussian curvature and
H = (k1 + k2)/2 is the mean curvature (or half of the to-
tal curvature). Let us denote by R the minimum of | R |
and |Rsl, so that H ~ R™!. Far from the bulk critical
point the bulk correlation length x~! is microscopically
small, so the substrate can be considered flat over several
correlation lengths provided that kR > 1.

A. Perturbative approach

We now set out our perturbative analysis of Eq. (33).
The idea is to expand all elementary building blocks of
Eq. (33) [the Ornstein-Zernike (OZ) kernel, its normal
derivative, ¢, and ds] on the LHS and RHS of Eq. (33) in
powers of the curvature H, which can then be equated,
term by term. We suppose that locally the surface is well
approximated by a paraboloid in a neighbourhood of s’,
where we locate the origin of the coordinates. Consider
now a point on the substrate surface s = (x,1(x)). The
vertical displacement of s with respect to the horizontal
plane is

1 1
AY(ry) = §k1w2 + ikng 4+ (35)

where we have written r; = x—x¢ = (z,y) for the projec-
tion of the vector s —s’ onto the horizontal plane 7y, tan-
gent to the graph of 1(x) in s’. With this parametriza-
tion, the coefficients k; are exactly the principal curva-
tures k;(s’) evaluated at s’. The ellipses in Eq. (35)
stand for higher-order terms in z, y, which are coupled to
higher-orders of the local curvatures as well. We assume
that the Taylor coefficients associated to terms x™y™ "
(with 0 < m < n and n > 3) scale as R~"*!. With this
property, close to the origin At (ry) = RAp(ry R™1),
i.e., R is the only relevant lengthscale for the substrate
shape.

Let us consider first the OZ kernel. The two points are
separated by the distance |s — 8’| = /r3 + (A¢(ry))?,
and for small curvatures we can Taylor expand around
the flat configuration to express the OZ kernel as a power
series in the curvature:

K(s,s') =K(r1)

)

2
1—%(14—571_) (Lﬁf”) +O(R™)

(36)
where K(z) = ke "% /2mx. As the kernel K decays ex-
ponentially with a lengthscale k=1, Eq. (36) is a faithful
representation of K(s,s’) around s’ if KR > 1. For the
normal derivative of the kernel we have

0nK (s,s") = n(s) VsK(s,s') = n(s) s —s' OK([s —s'))

)

Js—¢| ds—s|
(37

The Monge parametrization of the normal vector is
n(s) = (=V_LAY(ry),1)
V14 (VLA

where V| = (0, 0y).
we can show that
1+ K/TLIC(T'J_) (rJ_-VJ_Aw — Aw)
TL TL
+O(R™3), (39)

: (38)

Then, following the above ideas

0K (s,s) =

where the term in parentheses is O (R™') [see Eq. (35)].

The surface element ds = /1 + (V_¢)2dr; = (1 +
(V LAY)?/2)dr | +O(R™*). The normal derivative of the

order parameter can be expanded in a similar way; thus,
q(s) = 307, qn(s), where ¢, = O(R™™). Plugging the
above relations into Eq. (33) and identifying the corre-
sponding terms, order by order, we find a recursive chain
of integral equations for ¢, (s) of the form (see App. A):

/]R? dri gn(rye) |:K:(T’L) - 55(11)] = fulqo, s qn—1,

(40)
where we have extended the integral to R?, ignoring
terms exponentially decaying in kR. In general, f,, is a
functional of ¢; for i < n. Forn =0, fo = k(h1+g9msp)/g,
which is independent of s’, so ¢o(s) is given by Eq. (34)
everywhere on the substrate. Following the procedure
outlined in App. A, we find for the next-order terms

g

Y
K—g K

g H? 2K Kq
— |1 - — . (42
A—g(2n2( +/£—g) 22 (42)

We are now in the position to estimate the interfacial
thermodynamic properties and the order-parameter pro-
file. The interfacial free energy Fy,; of the wall-liquid
interface is obtained from Eq. (11) as

g1 = qo (41)

q2 qo

hi + gmy

Fot =
l 29

/wds q(s) = owi A+ AFu[¥],(43)

where o, = (k/2)(h1 + gmp)?/[9(g — k)] is the surface
tension defined for a planar wall-liquid interface, and A
is the total substrate area. Thus, the increment AFy,[¢]
accounts for all the curvature-related terms. For large
kR, AF, can be expressed as

AFui g H 1 g 2k \ H?
= — 4+ = 1+ R
ol A K—gKk 2\K—g k—g) K2
1/ g \Keg
_ =z el CANTT 44
2(%—9) R )

where H, H? and K¢ are the averages over the substrate
of the mean curvature, its square, and the Gaussian cur-
vature, respectively. The leading order is consistent with



the expression obtained in Refs. [40, 41]. Finally, the el-
lipses correspond to higher-order curvature contributions
which, in general, are non-vanishing. This feature, as well
as the contribution being proportional to H2, is nonzero,
implies that the DP model does not satisfy the morpho-
logical thermodynamics hypothesis for confined fluids of
hard bodies [58] (see also Ref. [59] for a critical review
of this proposal).

Diagrammatically, the interfacial free energy can be
represented as

fwlZle[/"\/-i- (ngg),‘\/

A ) e

KkK—g K—g

_% (fig),‘\/Jr...

;o (45)

where the wavy line corresponds to the substrate surface,
the black circle means that one must integrate over all the
positions on that surface with the appropriate infinitesi-
mal area element. The filled triangle corresponds to inte-
gration over the surface, weighted by the local mean cur-
vature in units of £ (our notation for this symbol differs
from that used in Ref. [41] by a factor of 1/2). Finally,
for the filled square and the rhombus the weight function
for the surface integrations are the squared mean curva-
ture and the Gaussian curvature, respectively, in units of
k2. The present treatment highlights non-zero bending
rigidity and saddle-splay coefficients, which were missing
in the original formulation of the non-local model [40, 41].
The values of these are in agreement with those obtained
from the exact solutions for the free energy of a fluid out-
side or inside a spherical or a cylindrical surface of radius
R within the DP model [60] (see also App. D).

B. General diagrammatic approach

We can go beyond the approach presented in the previ-
ous section and obtain formally the full expansion of the
interfacial free energy in powers of substrate curvatures.
For this purpose, we return to Eq. (33). The integral-
equation kernel can be formally inverted as

X(s.8) = (Kls.) + S0, (s.8) = 2665 -5 -

9 s
_g_ﬁ5(s s')46)

/ ds1 X (s,s1) (U(sl,sl) + 1(9an(sl,s')) ,
P g

g—RK

where U(s,s’) = K(s,s’) — §(s — s’) is the barred ker-
nel introduced in Ref. [57], and 9, = n(s;)-Vs,. This
expression can be iterated, so we obtain the following

formal expansion for X:

X(s,s') = d(s—s') (47)

g—K

_ (g f K>2 (U(s,s’) + éanK(s,sU)

I (g f K>3/¢dsl (U(s,sl) + éanK(s,sl)>

X <U(sl,s’) + éaﬂlK(Sl’S/)) I

The solution to Eq. (33) can be expressed as

q(s) = —M [1 — / ds1dss X (s,s1)U(s1,82)
k—g "
_/ dsids2 X (s, sl)%&llK(sl, 52)] . (48)
P

When the expansion Eq. (47) is introduced in the previ-
ous expression, we arrive at a formal series for ¢, where
each term is proportional to the convolution of n func-
tions, each being either U or (0, K)/k. We introduce the
following diagrammatic representation:

I 1 I
U(s,s') = /e'"ﬂgr ; EanK(s,s) :/NG”
(49)
where in the latter diagram the arrow points to the po-
sition where the normal derivative is taken. In this way,
the expansion terms appearing in ¢ can be represented
as chain-like diagrams. For example:

/ dSldSQU(S,Sl)laan(Sl,Sz) ==, (50)
P K

where a filled circle corresponds to an integrated posi-
tion and the open circle represents the point s where ¢ is
evaluated. Thus, from Eq. (48) we have

_k(h1 + gmy)

g
= 1

q(s) p— +H_g""ﬂef

! g+ o=eep

k=g K—gr—g

g K
K—9gk—g

+<H€g)2(0==uaa+0m&ue)+---

.(51)

Here, each diagram with n bonds (of which m are of
(0, K)/Kk—type) must be multiplied by a factor

O e

where the index my is either 0 or 1, depending whether
the first bond on the left (i.e., the one that emerges from




the filled extreme circle) is of U or (9, K)/k type, respec-
tively. The connection with the curvature expansion is
evident as, taking into account Egs. (36) and (39), we
find that

/'%/ N —1 (53)
% [/E\’ B 'e\/} +O@R™
g = A__+OE), (54)

where by the open symbols we denote the evaluation of
the corresponding weight functions at s. Thus, a diagram
with n U—type and m (9, K)/k—type bonds is of order
of R=(7+m) " This demonstrates that in order to obtain
the corrections to g to order R~2, only the first three
diagrams in Eq. (51) are needed.

By substituting Eq. (51) into Eq. (43) we obtain the
following diagrammatic expansion of the interfacial free
energy:

fwl—awll/.\/ (

J [ S P

K—gKR—g

which coincides with our previous result Eq. (45) up to
R~2 corrections. In this expansion, the factors that mul-
tiply each diagram are the same as those that multiply
the corresponding diagrams in Eq. (51).

C. Evaluation of the order-parameter profile

As for the interfacial free energy, we can obtain a for-

mally exact expression for the order-parameter profile
from Eq. (18):

dmz(r) = ——/dsK S,I)q (56)

ds (hl + my + Q(S)) On K (s,r)
WP g g

2/{

or, equivalently,

RN
wd( +my + g)
X (0K (s,r) — kK(s,r)) (57)

by substitution of the expansion (51) for ¢(s). However,
it is more convenient to use the single-layer potential rep-
resentation, Eq. (22). Note that, once we know ¢, the
order parameter on the substrate can be obtained from
Eq. (31) as —hi/g — mp — q/g. Tt is instructive to de-
rive the order parameter starting from the perturbative

approach by expanding ¥ in powers of the local curva-
ture. The derivation proceeds along the same steps as
the previous sections (see App. A). After substitution of
the expansion of ¥ into Eq. (22), we find the following
diagrammatic representation of the order parameter:

om= ~

K—g

+<2fi— +(f<a—g)2>/£_/
! gg/&/]. (58)

2K —
The presence of the curvature correction terms, which
are not accounted for in the original non-local ansatz,
can be checked again with the exact solutions known for
spherical and cylindrical substrates (see App. D).
As for the free energy, we can also generate a general
diagrammatic approach to the curvature corrections. For

hy +9mb [

) ® g thls purpose, Eq. (23) can be formally solved as

h1 + gmy

(s ):2f<a/wdsoK (s,s )( - Q(ZO)>(;9)

where K~1(s,s0) = limy_,o0 X(s,50), i.e.,

Kﬁl(s,so) = 5(5—50)—U(S,SO)+/ ds1Us,s1)U(s1,80)—

C
(60)
Substituting the expansions Egs. (51) and (60) into
Eq. (59), and back into Eq. (22), we obtain the following

expansion for the order-parameter profile:
+ L o 2 + ( a ) S 4o
L) K—g

The diagrams of this expansion are obtained by convolu-
tion of a chain-like diagram of ¢ from Eq. (51) and the
Green’s function K (s, r). The factor associated with each
diagram [except for the first one in Eq. (61)] is given by
the product of two terms: the factor associated to the ¢
diagram, Eq. (52), and either 1 (if the chainlike diagram
has only U—type bonds) or [1 — (1 — x/g)'*!] otherwise,
with [ being the number of U—type bonds from the last
(0, K)/k—type bond to the extreme where the Green’s
function K (s,r) emerges. By using (53) and (54), the
diagrammatic expansion (61) reduces to (58) up to R™3
corrections.

h1 hi + gmy

(61)

D. Summary and remarks

So far we have done two things. First, we devised a per-
turbative approach based on a small-curvature expansion



of surfaces and we have applied this to a (non-wetting)
bulk phase in contact with a substrate. The free energy
(45) contains curvature corrections that we have identi-
fied exactly at the leading (nontrivial) order. The cur-
vature expansions are, however, quite cumbersome, and
to this end we developed a more fundamental approach,
based on the formal inversion of integral equations sat-
isfied by the order-parameter field. By using a diagram-
matic approach we have found a formal expansion of the
interfacial free energy [see Eq. (55)]. By following this
approach we have also derived the order-parameter pro-
file in the bulk phase; see Eq. (58). For small inter-
facial/surface curvatures, the wetting diagrams entering
into the formal expansions simplify, and they reveal the
curvature corrections in terms of local Gaussian and av-
erage curvatures; this property will be analyzed in detail
in the next section for the case of an isolated liquid-gas
interface.

IV. THE FREE INTERFACE AND ITS
SELF-INTERACTION ENERGY FUNCTIONAL

Next, we turn our attention to the liquid-gas interface.
This is free in the sense that it is isolated, infinitely far
from any confining walls but constrained so that the sur-
face of zero magnetization adopts a given, smooth, non-
planar configuration ¢(x). Overhangs are excluded and,
again, we shall suppose that the curvature is small every-
where. We follow the prescription set out by Fisher and
Jin [47, 48], where by the effective interfacial model is
identified as the minimum of the LGW model subject to
this cross-criterion constraint together with the appropri-
ate bulk boundary conditions, viz., that mz(r) — Fmg
as z — *oo, i.e., gas is above and liquid is below the
interface corresponding to the two domains €2y and (s.
These regions are uncoupled, and in each the equilibrium
constrained profile satisfies the Helmholtz equation (13)
subject to the above boundary conditions. In this case,
the solution to Eq. (20) can be written as

/ds K(s,s)q%(s) = —myg </§ T /gds On K (s, s’)), (62)
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where n is the interface normal towards the gas phase.
This relation tells us that, given the interfacial profile
£(x) as a background, the order parameter can be found
from knowledge of ¢*(s¢) = 9, 0m=(sf), where dmz =
m(r) & mg for r lying above/below the interface. Notice
that the order parameter is a function of the position but
also a functional of the interfacial shape ¢(x). Our main

goal is to determine this functional dependence.

A. Perturbative approach

If we assume that the local interfacial curvatures are
small, we can proceed in a similar way to the previ-

ous section. The normal derivative of the order param-
eter can be expanded in powers of the minimum local
curvature radius R; thus ¢ (s,) = Y oo | ¢ (s¢), where
gn = O(R™™). It follows that for a flat interface ¢, = 0
(for n > 1), and the series reduces to ¢=(s¢) = qo(s¢).
Inserting the above relations into Eq. (62) and identify-
ing the corresponding terms, order by order, we find a
recursive chain of equations for the ¢,’s. Following the
scheme used in the previous section, we can solve up to
O(R™3) and obtain the desired ¢’s (see App. A). The
DP potential allows us to write the LGW Hamiltonian
in terms of surface integrals only, viz.,

Hriewlmz| = H[f] = ——~ /ldse (¢%(s0) +q (se))

(63)
where H|[/] is the interfacial Hamiltonian. This functional
can be evaluated with the perturbative expansion for ¢&
mentioned above and, consequently, it leads to a similar

expansion of the Hamiltonian that we cast in the form
H[l] = 0 Ajy + AH[{], where

AH[ = -0 Y (—1)"wnll], (64)

is the self-interaction contribution [57], ¢ = km3 is the
surface tension, and A;, the interfacial area. The func-
tionals w,,[(] are (assured to be) of order O(R~2("~1).
Having in mind the approximate solutions for ¢ just de-
rived, we find that

H[{) = ﬁmg /gng—% /édsz (q;r(Sg) +q (Sg))+(9(R_3).

(65)
Thus we immediately recover that H[¢] = o [dsg + - -
which is just the standard capillary-wave Hamiltonian.
The ellipses stand for the energy corrections due to the
self-interaction: the first of these corrections is

—ownll] = =" [dsi s+ ar60)  (60)

or, more explicitly, using Eq. (A16),

H[é]za/ldse—%/ldw (MY (67)

We use the symbol ~ to mean that relationships hold up
to O(R™3) corrections. The absence of a 1/R contribu-
tion, i.e., the vanishing of the Tolman length, is due to
the Ising symmetry of the DP model. In the theory of
lipid membranes the above functional the functional (67)
is commonly expressed in terms of the Gaussian and ex-
trinsic curvatures of the interface, following Helfrich [61]

H[ﬂ] ~ oA+ /ng (/QB]{2 + IigKG) , (68)
‘
where the coupling constants are the bending rigidity
Kp = —— (69)

2K2



and the saddle-splay rigidity

g

- (70)

RG =

Using the diagrammatic notation introduced in the pre-
vious section, the full H[¢] can be expressed as

H[l =0 /o\_,_%(/.\/_,‘\/)+...

(71)
The constrained order-parameter profiles in the gas and
liquid phases can be obtained from Eq. (18) as

omz(r) = mg(r) Fmo = $i /gdsK(s,r)qi(s)

mo
—|—Z/Eds OnK(s,r), (72)

where the upper (lower) sign must be selected when r is
in the gas (liquid) region. Proceeding in a similar way as
in the previous section, the constrained order-parameter
profiles can be expressed in the gas phase as

= E_ (k)]

(73)

and in the liquid phase as

o )

(74)

oms =

B. General diagrammatic approach

We can go beyond this perturbative approach, and re-
obtain the full set of functionals w,. For this purpose,
we define g(s) to be (¢7(s) + ¢ (s))/2. Note that the in-
terfacial Hamiltonian (63) is proportional to the surface
integral of g. From Eq. (62) it follows that g satisfies the
integral equation

q(s¢) = —kmg — /ds U(se,s)q(s). (75)
¢
Formally, this equation can be solved iteratively as
q(se) = —kmo <1 - /ds U(se,s)
¢
+/deS/U(Sg,S)U(S,S/) - ), (76)
¢

where the n'" term involves the convolution of n U—type
functions on the interface. Upon substituting this expres-
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sion into Eq. (63) we are lead to the following expansion:

H[[] = U(l — /dSl ngU(Sl,Sg)

4
+ /dSl dSQ ng U(Sl, SQ)U(SQ, Sg) — ) (77)
4

or, diagrammatically,

H[é]—alf'\/—f%y+0mm+--- . (78)

From this expression, we obtain that

Wy, = /d51 <+ dsp U(sy,82)U(s2,83) - U(Sp—1,8n)
¢

(79)
which is the expression obtained in Ref. [57]. In general,
from Eq. (53) we get that w,, ~ R~2("~1) which connects
the self-interaction contributions to the curvature correc-
tions to the free energy. We note that this expression is
general, so it is also valid for spherical bubbles, for which
wn = exp(2(n — 1)kR) [57] because H? = Kg. We can
also obtain the order-parameter profiles by considering
in Eq. (61) the limit h;y = 0, g - —o0, mp = —my (or
+myg) for the gas (or liquid) phase, respectively. Thus,
the order-parameter profile in the gas phase has the ex-
pansion

5mE:mO[L—/“J+.mA—---](SO>

and in the liquid phase has the expansion

:_mol/v_/?fm?—---](&)

Again, these equations reduce to Egs. (73) and (74) upon
using Eq. (53) up to R~ corrections.

Once we have established the connection between the
self-interaction of the fluid interface and the curvature
corrections to the interfacial free energy, we can find the
full functional of the interfacial shape. This task can be
pursued to any desired accuracy in the curvature, which
we leave at O(R™3). Leaving the technical aspects aside
here (see App. B for details) we find that Eq. (68) reduces
to the interfacial Hamiltonian

om

(1

2

H[Z] %O'.Aﬂ—-i-g/dxldX2W(.’L‘m)(f(Xg)—é(Xl)) s (82)

where the self-interaction is described by the function

Kk 1l4+kz _ 1+ ke
W(x):% 2 0 T T2

KT

K(z), (83)

thus rigorously re-deriving the result first obtained in
Ref. [57]. Clearly, for a flat interface H[(] = 0. A, with



Ay being the planar (projected) area. As shown in
Ref. [57], when the gradient is small we can expand as
U(x2) ~ l(x1) +x21-V{(x1) + - - -, in which case Eq. (82)
reduces to

Hl] ~ oA, + % / dx (Vi(x))?, (84)

thus recovering the standard mesoscopic capillary-wave
Hamiltonian, which can now be seen as a particular lo-
cal small-gradient limit of the non-local functional (82).
The present derivation of the non-local self-interaction
improves on that presented in Ref. [57] inasmuch as it
systematically and rigorously accounts for all curvature
corrections.

C. Summary and remarks

In this section we considered an isolated liquid-gas
interface and solved the Helmholtz equations required
to identify the free energy of a constrained interfacial
configuration defined by a crossing criterion. We first
implemented a direct perturbation expansion in the lo-
cal curvature, obtaining the Helfrich-like corrections to
the surface tension term and identifying the values of
bending and saddle-splay rigidities for the DP potential.
We then refined this expansion by considering the order-
parameter profile around the interface in which the cur-
vature corrections are explicit [see Egs. (73) and (74)].
Thisleads us naturally to express the free energy as an in-
terfacial self-interaction that can be neatly expressed that
involves a formally exact way using a diagrammatic ex-
pansion. Finally, in the limit of small curvatures this non-
local interaction recovers the standard local capillary-
wave model.

V. BINDING ENERGY FOR A WETTING FILM
CONFIGURATION

Having examined the wall-liquid and free (but con-
strained) liquid-gas interfaces, we turn to the case of a
wall-gas interface where an intruding wetting layer of lig-
uid, with positive order parameter (i.e., m > 0) intrudes
between the substrate and the bulk gas (where the order
parameter is set to —myg). The wall is again described by
a height function ¥ (x), and the liquid-gas interface (i.e.,
the surface on which m = 0) is constrained to lie along
£(x). No overhangs of either the interface or substrate
occur; nor do these two surfaces touch. The minimum of
the LGW Hamiltonian (2) subject to the substrate, bulk,
and crossing-criterion boundary conditions

ny-Vmgs(r) = —h1 — gms(r), for r = (x,%(x)); (85)
mz(z) = —my, for z— +o0; (86)
mz(r) =0, for r = (x,£4(x)) (87)
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defines a constrained excess free energy for the wall-gas
interface, which by Eq. (13) can be recast as

Mo

Fugltot = =552 [ ds[a )+ 5]

h
it gmo / dsqy(s), (88)

where ¢F(s) = ny(s)-Vsdm*(s) for s on the liquid-gas
interface, and ¢y = ny(s)-Vsdm(s) on the substrate.

The next step is to define and identify the binding po-
tential W[¢,4]. By analogy with isolated interfaces, the
free energy of a wetting layer can be expressed as a func-
tional of the normal derivatives of the order parameter
computed at the layer boundaries. The binding potential
takes into account the interaction of the interface with
the wall, and is determined by subtracting the contribu-
tions arising from the isolated wall-liquid and constrained
but free liquid-gas interfaces, which we have already de-
termined. Therefore, before presenting the final result
for W[¢,4] and its diagrammatic formulation, we need
to consider the fundamental relations obeyed by the or-
der parameter in a wetting layer. In order to do so we
need some technical preliminaries.

A. Technical preliminaries

From Egs. (20) and (21) it follows that the functions
q; (s), q; (s), and gy (s) satisfy the coupled integral equa-
tions

/¢ ds [K(sw, 5) + ganm% )= (s - sw] g (s)

- /gdsK(sW s)q, (s)

_ (_Thl —m0> (—m/wds ('“)nK(sw,s))

+m0/ds OnK (sy,8); (89)
¢

/ ds [K(Se, s) + l6nK (se, S)] qy(s)
" g

— [ dsK(ss,s)q, (s) =mo | £+ [ ds 0,K(s¢,s)
¢ ‘
n (‘Tf” - m0> /w ds 0, (51,5) (90)

and
[astitsesiar s) = —ma (- [as 0,5(s1.9)) (91)

where s, and sy are on the liquid-gas interface and
on the substrate, respectively. Note that these equa-
tions are linear in ¢. In order to extract the interac-
tion between the surfaces, we obtain the equations in



terms of the new fields AgF(s) = ¢ (s) — qg’i(s), and
Agy(s) = gy(s) — qf/)j(s), where the 0—superscript means
that the corresponding normal derivative is evaluated on
its isolated interface. qﬂj and qg'i satisfy Egs. (33) and
(62), respectively. Note that Aqo "+ =0 (because the gas
domain is shielded from influence of the wall) and Eqgs.
(89) and (90) can be recast as

/ ds [K(sqp,s) + l(?nK(sw,s)
P g

— gé(sw—s) Aqy(s) — /l dsK (sy,8)Ag; (s)

= mo/ds OnK (sy,8) —|—/dsK(s¢,s)q?"7(s)
¢ ¢

= 2/{6mg’l(sw) (92)
and
/d%ﬁ@m@+1%Kwﬁ)A%@)
b g
- [isK 5800
—h
= (7 — mo) /d)ds OnK (sg,8)
— / ds lK(sz, s) + lanK(Sla S)] qg(S)
" g
= 2k6m2Y (s¢), (93)

where we have identified the RHS of both equations as
the order-parameter profile 5m0l w)( ) at the boundary
point s due to the presence of an isolated liquid-gas (wall)
interface, respectively [see Egs. (57) and (72)]. Equa-
tions (92) and (93) are the basis of our perturbative ap-
proach, as we can expand Agy and Ag, in powers of
K(se,sy) as Aqy = 3.2 Agiy and Agp = 372, Agie.
Each term of this expansion can be formally solved as
follows. At the wall,

Aql,w(sw):/dsz(sw,s)QnémOE’é(s), (94)
P
and, otherwise,
Agi>1,4(8y) :/ds/ds’Xw(sw,s)K(s,s’)Aqi,Lg(s’).
¥ ¢
(95)

Similarly, at the interface

Aqre(se) = —/dSK[l(Sg,S)2I€6m%w(S), (96)
¢
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and, otherwise,

Agis1.0(80) = /ds/ dS/Ké_l(Sg,S) (K(s,s’)
4 P
1
+§8n/K(s, s’)) Agi—1,4(s"),  (97)

where X, is the operator on the substrate defined by
Eq. (47), and K,
liquid-gas interface.

Now using the Green’s identities (28)-(30), it follows
that

Agi>1,0(se) z/ds/ ds’/ ds"K; (s, s)
4 P P

XK@ﬁU<M§—§U+EK@W§ﬁU)A%1@@”

/ds/ds /ds”/ds’"K (s¢,8)K (s,8")

an/K(S S )Kﬂl (s",8")AGi—1,4(s"),

is the inverse operator of K on the

(98)

where K " ! is the inverse operator of K on the substrate,
i.e., Xy in the limit ¢ =+ —oo. Taking into account the
expansions (47), (60), (61) and (81), we obtain a dia-
grammatic expansion for Agy, and Agy:

A T

Aqy(s) = —2kmg L)

ZS >+ (99)
and
A%()—Q h1+gm0lg <
—9Kkmo Zj—w:» +--->+--- . (100)

where the symbols have the meanings as described above.
The diagrams in this expansion have segments on alter-
nating interfaces connected via K kernels, so they can be



regarded as decorated versions of the zig-zag diagrams
of the original non-local model. The segments on the
substrate correspond to convolution products of U and
(0, K)/k—type bonds on this surface, while on the liquid-
gas interface only U—type bonds are involved. The filled
extreme, which by convention we place on the left, pro-
vides the factor —2xkmg or —2k(hy + gmg)/g, depending
on whether it is located on the liquid-gas interface or on
the substrate, respectively. On the other hand, the inter-
face on which the open extreme resides indicates whether
the diagram contributes to Ag, (if it is on the substrate)
or Ag, (otherwise). The factor the multiplies each dia-
gram can be obtained as the product of terms associated
to each segment. The segments on the liquid-gas inter-
face have a factor (—1)", where n is the number of bonds
(of U—type) in the segment. The contribution of the seg-
ments on the substrate depend on their positions. Let n
be the total number of bonds in the segment, and m be
the number of (0, K)/x bonds. If the segment contains
the filled extreme, its contribution is given by

() s o2) o

where 6; ; is the Kronecker symbol, the index myg is ei-
ther 0 or 1 (depending on the first bond being of U—type
or (0, K)/k—type, respectively), and [ is the number of
U—type bonds after the last (O0K)/k-type bond. Note
that this expression is the factor that multiplies the dia-
grams in the expansion (61) for the order-parameter pro-
file above the substrate, multiplied by ¢g/(g — k). The
contribution of a segment on the substrate that contains
the open extreme is

) )
K—g 9)
Finally, any other segment on the substrate will provide
the following factor: either

SNON S CNINE

if the last bond is of U—type, or

n+1 K m K
(EOMONEE
K—g g kg

(102)

(104)

with [ being the number of consecutive U—type bonds in
the rightmost sequence in the segment.
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B. Binding potential functional and order
parameter

With these preliminaries behind us, we are now in a
position to obtain the diagrammatic representation of
the binding potential and the order-parameter profile.
The binding potential functional W ¢, 1] is defined as the
substrate-interface interaction in the excess free energy:

Fug = Fuld) + HO + Wlyl,  (105)
where Fy,[¢)] is the free energy of the wall-liquid interface
and H[{] is the free liquid-gas interfacial Hamiltonian,
which we have already determined. So, in terms of Agq,
and Agy, we have

hl + agmyo

Wie.u) = =752 [ asaap (9) + i

/ ds Agy(s).
¥

(106)
Substituting the expansions (99) and (100) into this ex-

pression, we arrive at the following diagrammatic expan-
sion for the binding potential functional:

- h
= Z ( — kmg——"—" + 9o QF + kmZQrtt
g

2
- (M) QZH),W)
g

where 2/ is the sum of all the independent diagrams that
have 7 segments on the substrate and j segments on the
liquid-gas interface. Note that these diagrams correspond
to those obtained previously for Agy and Ag, , but in-
tegrating over the positions of s, i.e., with a filled right
extreme. For the first terms we have:

AT

K
_ 108
— ”l; + ) (108)
while
K+
g—~K g
_2n+g +f<a+g
g g
2
+§ +~-> (109)



and

These diagrams are all decorated versions of the diagrams
in the original non-local model. They are multiplied by a
factor that is the same as the corresponding coefficient for
the associated Aq diagram with open right extreme, pro-
vided the diagram either contains (9, K)/xk—type bonds
or is symmetric under a mirror reflection, i.e., it is the
same when read from left to right or the reverse. Other-
wise, the factor is twice the coefficient for the associated
Aq diagram. The reason for this is that two different
Ag diagrams lead to the same contribution to W¢,].
In this sense we mean that only independent diagrams
are taken into account in the diagrammatic expansion
of W, 1], because we discard one of the two equivalent
diagrams, which are related via a mirror reflection.

Now we turn to the order-parameter profile. Above
the liquid-gas interface the profile is uninfluenced by the
presence of the substrate, so it has a diagrammatic ex-
pansion given by Eq. (80). On the other hand, the order-
parameter profile within the adsorbed liquid layer is influ-
enced by the proximity of both the wall and the liquid-gas
interface, and has the representation

1
msr) = 5. [ k(s mau(e)
L ds (E—l—mb—l-%—(s)) On K (s,r)
2K Jy g g
1 _
+ o stK(s,r)qg (s)

+ ?/dsf)ﬂK(s,r).

K Je

(111)

Now, writing g, = qgj + Aqy and ¢, = qg’_ + Ag, , and
making use of Eqgs. (57) and (72), we obtain the following
expression for the order parameter in the liquid layer:

dmz(r) = dmZ¥(r) + om (r)

+ S dsK(s,r)Ag, (s) (112)
2K Y

IR A K(s,r)+ La K(s,r) | Agy(s)
2K ) ’ g " 7 s 7

where the kernel connecting the substrate to the position
r in the last term can be related to K using Eq. (29).
Taking into account the expansions (99) and (100), we
find that the order-parameter profile in the liquid layer
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has the following expansion:

T N—
+

K+
A
g—kK g—kK
K+
SR
g—K
_hi+gmo gz
g g—kK

—<£9>2:z+“
23.;2\”“{
() ) AR

Note that, once again, these diagrams are decorated ver-
sions of those obtained in the original non-local model.
Their prefactors are either —myg (if the left extreme is
on the liquid-gas interface) or —hy/g — mo (if it is on
the substrate). The coefficient that multiplies each dia-
gram is the product of (—1)*, with k& being the number
of K—type bonds that connect both interfaces, and the
factors associated with the segments on each substrate.
Sections with n of the U—type bonds on the liquid-gas
interface contribute with a factor (—1)". A segment on
the substrate has a factor given by Eq. (101) if it contains
the left diagram extreme, and otherwise by Eq. (103) or
(104), depending on the nature of the rightmost bond in
the segment.

(113)

C. Resummation of wetting diagrams

As we pointed out in the previous sections, the cur-
vature expansion for isolated interfaces is actually con-
nected to the formal diagrammatic method we have de-
veloped. This connection also persists for a wetting film
configuration; but it is not at all explicit. The aim of
this section is to illustrate how the perturbative scheme
emerges from the diagrammatic one. However, the con-
nection is actually far from trivial. The reason is that,
although the (0K)/k—type bonds are of order R~ [see
Eq. (39)], this is not the case for the U—type bonds: its
integral with respect to one argument is of order of R~2,
but U is of order of unity for k|s—s’| ~ 1. So, if we convo-
lute U with a function that varies on a lengthscale much
larger than s~ !, this is not a problem. However, in the
case considered in the present section, we usually convo-
lute U with a kernel K connecting both interfaces, which
varies on the same lengthscale (i.e., k1) as U. However,



we shall see that it is possible to resum the diagrams to
obtain a diagrammatic representation of the zeroth-order
(in curvature) corrections. By Eq. (36), K(s,s’) —KC(rL)
is of order R~2, where r is the proyection of s — s’ on
the plane tangent to the interface at s’. Thus, we can ne-
glect diagrams that present (9, K)/k—type bonds, and
we replace K (s,s’) by K(r1) in the U—type bonds.

First, we consider the convolution of K(r,s) with
K(s,s’), where s and s’ are on the same interface and
r is either above or below this interface. We place the
origin at s/, neglect curvature corrections and, finally,
assume that xr > 1. Then we have

K 2 > —KRS
/dsK(s,O)K(s,r) A (%) /0 dse (114)
y /2” 20 SP [—rVIZ 452 —
0

Vr2 4+ 52 — 2srsinacosf

2srsin a cos 0]

where « is the angle between r and the surface normal
at the origin n(0). As kr > 1 but ks < 1, we expand
the distance between r and s in powers of s/r, so in the
first approximation we have

/dsK(s,O)K(s,r) R~ (115)

—RT

KRe

oo 1 2m
/ kdse™" — / df exp [kssin acosb] .
0 21 Jo

2rr

The modified Bessel function of zeroth order and first
kind Iy has the integral representation

1 27
Iy(z) = —/ df exp [z cosb)] . (116)
2 0
Therefore
DT e s .
/dsK(s,O)K(s,r) Sl /0 kdse™ " Ip(kssin )
ke "1
. 11
27r |cosal’ (117)
and thus
/ds U(s,so)K(so,r) =~ K(s r)( Ir —s| 1>
0 » 0 05 ’ |n(s)(r—s)| )
(118)

up to corrections in powers of (kR)~! and (kr)~!.
Eq. (118) vanishes if r is on the normal direction to the
substrate at s. As a consequence, when the liquid-gas
interface is parallel to the substrate (e.g., for parallel
planes or concentric spheres or cylinders), the non-local
model ansatz is a good approximation to the full solu-
tion when curvature corrections are neglected [40, 60] (see
also App. D). On the other hand, a saddle-point analysis
of the binding potential shows that the maximum con-
tribution to the multiple integrals associated with each
diagram in Eq. (107) arises from the neighbourhood of
the closest pair of points located on different interfaces,
which would lie on a normal direction common to both
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substrates. In this sense, the binding-potential represen-
tation shown above is extremely non-local: in leading
order only the shape of the substrate and the liquid-gas
interfaces around their closest positions features. How-
ever, this is not true for the order-parameter profile at an
arbitrary position r; and, in general, corrections beyond
5m +6m will be incorrect with the original non-local
model ansatz even neglecting curvature corrections.

In order to obtain a more local representation of the
binding potential and the order-parameter profile, we
note that the structure of the diagrams shows K bonds
that connect both interfaces, followed by a segment of
diagram on one interface. The idea is to resum the con-
volutions of a K bond connecting the wall and the gas-
liquid interface with all the possible segments either on
the liquid-gas interface or on the substrate. If this is done
to zeroth-order in the curvature, we obtain renormalized
bonds between the wall and the gas-liquid interface. For
example, a renormalized bond between a (left) position
on the substrate and a (right) position on the gas-liquid
interface would be:

Kwﬂl(sa I‘) =K

(s.1)+ > (-

X /d51 ~ds;U(s,s1) - U(si—1,8,)K(s;,r), (119)
¢
which is approximately given by
Ky_(s,r) (s,r) Z( |cosa|>
= K(s,r)|cosal, (120)
and hence
1
Ky_(s,r) =~ —EﬁnK(s,r), (121)

where 0, K (s,r) = n(s)-VgK(s,r). On the other hand, a
renormalized bond between a (left) position on the gas-
liquid interface and a (right) position on the substrate
would be given by

gtk
K =
é—}’(/)(sar) g—r

_i [2 <’£g)i+1 + (—1)1']

X / dsy ---ds;U(s,s1) - U(si—1,8:) K(s;,r)(122)
C

K(s,r)

which is approximately

oo

1 i
K yy(s,r) = —K(s,r)z (1 - m)
i=0

gt () (e

=0




Hence, at leading order,

g + K| cosa]

K yy(s,r) = K(s,r)|cos a|g ~rlcosal (124)
or, equivalently,
1
Ky y(s,r) ~ —anK(s,r)w (125)

K g — K| cosal’
if a new K—type bond between the wall and the gas-

liquid interface emerges from the right extreme of the
diagram on the substrate segment. Otherwise

gfﬁlm,mi(ﬁﬁg)i

X / dsy---ds;U(s,s1) - U(si—1, si)K(si,r)}l%)
P

Ké—ﬂ/) (Sv I') =

which is approximately given by

Kéﬂw(svr)
g - g 1 '
~ K — — 1) (127
ey |(725) (e 1))
Hence, we have
gl cos |
K ~K _— 128
Z—M/J(Svr) (S,I‘)g_ I<Q|COSO(| ( )
and, finally,
K) , ,(s,1) =~ 18 K(s r)$ (129)
=9 kT g —K|cosal

It follows that in the limit of small curvatures we can
perform a resummation of a rather generic convolution
of wetting diagram, the ones above providing the most
important examples. The resulting diagrams, which are
proportional to £~ 1(9,K), are the basic ingredients en-
tering in the binding potential for fixed boundary condi-
tions (i.e., where g — o0); this is what we are going to
prove in the next section.

D. Alternative representation of the binding
potential functional for fixed boundary conditions

It is possible to systematically explore the curvature
corrections to the binding potential through the con-
sideration of connecting the interface and those inter-
facial segments involving three types of bonds: U, =
K(ry) — 6(r1), 0,K/k (only on the substrate), and
U = K(s,s')—K(ry ), which are of order of 1, (xR) ™! and
(kR) ™2, respectively. However, to simplify the discussion
we restrict ourselves to the case in which the order pa-
rameter is fixed, to a value my, on substrate. This will al-
low us to make the connection with the original non-local
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model formulation more easily. This case corresponds to
the limit ¢ = —oc0 and —hy /g — mg — dm1 = mq — my.
Thus, the expansions (108), (109), (110) and (113) only
include diagrams that do not present (9,K)/x bonds.
On the other hand, the contributions to the coefficients
of the segments on the interfaces now become (—1)", with
n being the number of U—type bonds of the diagram seg-
ment, regardless of whether or not it lies on the liquid-gas
interface or substrate. This diagrammatic representation
presents the same problems as mentioned above for the
finite-g case. However, we can rationalise them using the
identities

/w dsquzl(s, s0) K (s, 1) = (130)

-1
/ dso (5(5 —s0)+ anK(s, so)> lBnOK(sO,r),
P K K
and

/ldsng_l(s,so)K(so,r) = (131)

~1
- /dso (5(5 —sp) — lBnK(s,so)> lBnOK(sO,r),
Vi K K

where 0, K (s,s0) = n(s)-VsK(s,so) and 9,,K (so,r) =
n(sg) Vs, K(so,r). These identities arise from Eq. (29)
or, alternatively, from the equivalence of the single-
and double-layer potentials Egs. (22) and (25) for given
Dirichlet boundary conditions; see Eqs. (23) and (26).
By using the fundamental relations [[OO~! = § for the
inverse operators (6 + 9K /k)~! we obtain

-1
(5(5 —8g) = %BnK(s, so)) =d(s —sp) (132)

1 1
:F/d51 (6(5 —s1)+ E(%K(S,SQ) E&HK(sl,so),
which formally can be represented as

1 ~1

(6(5 —sp) + -0, K (s, so)> =d(s —sp)
K

1 1 1
:FE(?"K(S,SO) + /dle&lK(s,sl)Eaan(sl,so) 4o,

it is straightforward to recognize that Egs. (130) and
(131) can be represented diagrammatically as

(133)



where the bonds carrying arrows linking both interfaces
are (0, K)/k functions, and the arrow indicates the po-
sition where the normal derivative is applied. Note that
the right-hand sides of these equations correspond to an
expansion in powers of (kR)™!, as 0,K/k ~ (kR)™!
On the other hand, the leading-order contributions are
consistent with the renormalized bonds obtained previ-
ously [Consider the limit ¢ — —oo in Eqgs. (121), (125)
and (129).] On using Eqgs. (134) and (135), we obtain the
following alternative representation of the binding poten-

tial:
2
=3 (Pape ot (T an, ).
n=1 mo

(136)
which is now similar to the structure of the original non-
local treatment. For example, the leading-order contri-
bution, viz.,

ol= -

_|_

N
HY

+ + +---, (137)
whilst
s
ey
+m + (138)
and
Q) = —/ZY; + ZS
ZTY
+m+ °, (139)
and so on. Each diagram has segments on each inter-

face connected via (OK)/k—type bonds that link the
wall and the gas-liquid interface. The leftmost seg-
ment can only contain U—type bonds (independent of
the surface on which it lies). Otherwise, they only have
0K /k bonds. The coefficient associated with each dia-
gram is now (—1)*™%° with | being the total number
of U—Dbonds in the leftmost segment, m is the total num-
ber of (0,K)/k—type bonds on the substrate (not on
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the liquid-gas interface), and o is the number of (0K)/x
bonds between the wall and the gas-liquid interface that
emerge from the substrate and point to the gas-liquid
interface.

Similarly, the order-parameter profile has an alterna-
tive diagrammatic expansion:

Y

5m5

(140)

The diagrams start with a (left) segment either on the
substrate or on the liquid-gas interface, which only can
have U—type bonds. After that, there are (9, K')/k—type
bonds connecting the wall and the gas-liquid interface,
followed by segments on the corresponding interface that
can only have (0,K)/k—bonds. Finally, there is a
K—type bond connecting one interface to the position
r. Now the sign in front of each diagram is (—1)*+m+o",
with [ being the number of U—type bonds on the left-
most segment, m is the number of (9, K)/k—type bonds
on the substrate, and o’ is the number of 9,, K/« bonds
that emerge from the liquid-gas interface and point to
the substrate.

E. Flat substrates

In the previous sections we pointed out that the deco-
rated diagrams constitute the novel features of the new
formulation of the non-local model. In order to better ap-
preciate these aspects, we consider the binding potential
for the case of a flat substrate. The exact binding poten-
tial admits a curvature expansion, but even at leading
order it differs slightly from the binding potential func-
tional of the original formulation. We start by consider-
ing the diagrams contained in Q}. From the results of
the previous sections we have that

:_z+i+
N

N

(141)



where the flatness of the substrate has enormously sim-
plified the diagrammatic structure. This simplification is
due to the vanishing of a large class of wetting diagrams,
and can be summarized by the following reduction lem-

Lemma 1
i - X (142)

Lemma 2
:Z - —cosa(s)I (143)

where a(s) is the angle formed by the normal vector and
the vertical direction.

Lemma 3
OO HOHtO— = 0, (144)
{}a—‘-bii-b;;-bii— = 0. (145)

In addition to these rules, we recall that the decorated
diagrams contribute higher-order corrections in the cur-
vature expansion. In particular, a wetting diagram with
a chain of n U-type bonds on the fluid interface belongs
to O (R’Q")7 whilst instead a chain of m arrow diagrams
along the substrate belongs to O (R~"), where R is a
typical radius of curvature. Therefore, at the leading or-
der of a curvature expansion only the first two addends
survive in Eq. (141). Then, thanks to Lemmas 1 and 2,
we can further simplify the leading term and we are left

with
Qf ~ (1+ (cosa)y) S

[, ds cos a(s)emrHE)
fl dse—n#rl(s) ’

(146)

where

(147)

(cos )y,

with £(s) being the vertical distance from s to the sub-
strate. Already at leading order we can appreciate the
novel features of the this exact formulation. Indeed, in
the original formulation the expansion (141) starts with
the same diagram entering in (146) but with a factor 2
in front. The factor 1 + cosa(s) strongly depends on
the local orientation of the interface with respect to the
planar wall, and it is clear that the two formulations co-
incide only for parallel interfaces. However, for interfa-
cial configurations that have a minimum height ¢ with
respect to the substrate, the weighted average (147) is
near to unity. More precisely, a saddle-point calculation
shows that (cosa)y ~ 1 — (H/k), where H is the mean
curvature at the interfacial position nearest to the the
substrate.
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It then is straightforward to prove, using the above
lemmas, that the next-to-leading diagrams appearing in
(146) are of the form

with a prefactor —1 and (—1)", respectively, at the order
O(R™™) and O (R™%"), respectively.

These considerations apply also for the remaining
classes of diagrams; in particular for Q3 we have

(148)
where the n'® diagram belongs to O (Rl_"). Again, by

using the previous lemmas, the leading term of Qi can
be written as

altia

where (cosa)y ~ 1 — (H/2k) by a saddle-point calcula-
tion.

The effect of the reduction is less effective for the class
Q3, for which the segments are located on the fluid in-
terface. However, again a saddle-point calculation shows
that, up to O(R™!) terms,

v va

recovering the original formulation of the mnon-local
model. However, we should stress that this is a highly
non-local formulation in the sense that the total binding
potential between the wall and the gas-liquid interface is
obtained. However, if we would like to to characterize
the influence of the substrate locally on a portion of the
liquid-gas interface, we have to resort to the new non-
local model presented in this Paper. In particular, the
functionals 2} and Q3 are local, so their contribution to
the binding potential arises from

—I+X+O(Rl),
_K+O(Rl)

(149)

(150)

(151)

where now the integration on the liquid-gas interface is
restricted to the portion of the gas-liquid interface in
which the binding potential is evaluated. A new feature,
absent in the original formulation, emerges due to a cou-
pling between the interface position and its orientation.
However, as in the original formulation, the 27 functional
is highly non-local and has the following representation:

= —/dSld52€7ﬁ[z(Sl)+z(s2)]g(.%'lg,Z), (153)
1 4



where 15 is the projection of sy — s1 onto the substrate
plane, and S is the effective two-body interaction between
the interfacial area elements located around s; and ss.
As the corresponding interaction S = S(z12,/) in the
original non-local model [39, 42, 43], S depends on the
the interfacial heights via £ = [((s1) + £(s2)]/2, which
can be analysed by using the same renormalization-group
(RG) flow equations derived in Refs. [39, 42, 43]. More

specifically,

eQnZ

- n(s2)~V2/c( x§2+(2é)2) (154)

Ag(x12,£)::

where V3 is the 3D gradient acting on the liquid-gas
interfacial position ro = (s2,4(s2)). For large ¢, a saddle-
point calculation shows that

S(z12,0) = —

RS2 -5 = —cosaS(x12,¢) (155)
27l

where a5 is the angle formed by the normal vector and
the vertical direction at the liquid-gas interface position
ro. Thus, as S, the two-body interaction S has a Gaus-
sian form, with the non-local length {np = /(l)/k pre-
cisely as identified in the original formulation [42, 43].
However, our improved formulation introduces as a new
feature the coupling of the two-body interaction to the
surface orientation through the factor cosas. A detailed
comparison of the RG flows of this effective two-body
repulsion within the original and present, exact, formu-
lations in the context of critical wetting will be discussed
elsewhere.

F. Summary and remarks

In this section we have applied the boundary integral
diagrammatic method to determine the binding poten-
tial functional and order-parameter configuration when
a wetting layer intrudes between the bulk phase and the
wall. Our results are decorated versions of those appear-
ing in the original formulation and, in particular, con-
tain U—type kernels on the fluid interface, whilst on the
substrate they show U—type and x~ (9, K)—type bonds.
The effect of the new diagrams can be readily understood
for small curvature, where the pertinent multiply embed-
ded convolutions can be re-summed, leading to renormal-
ized diagrams involving the orientation of the surface. In
this way, the full non-locality is replaced by a weaker ver-
sion, which can be used to build a more readily usable
effective binding potential functional.

As expected, the new formulation reveals curvature
corrections to the original formulation that are reliable
when the substrate and fluid interfacial configurations
are parallel or concentric, as in the case of spherical and
cylindrical symmetry. Strictly speaking, when the inter-
faces are non-parallel the present improved formulation
must be used — the analysis of filling transitions for flu-
ids adsorbed in wedge geometries is a natural place for
investigating this.
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When the surface order parameter at the wall is fixed
(i.e., Dirichlet boundary conditions), and the system is at
the location of the critical wetting transition (mj; = mg),
as pertinent to the critical isotherm, the only diagram
of relevance remaining is 3. This term is strongly non-
local, and has a structure very similar to that appearing
in the original non-local formulation. Once again, this
highlights the influence of an effective two-body Gaussian
interfacial interaction controlled by a non-local length
Envr = /(l)/k that is missing entirely from the origi-
nal local effective Hamiltonian treatments of the critical
wetting phase transition.

VI. CONCLUSIONS

In this paper we have presented a rigorous derivation
of the non-local effective interfacial Hamiltonian model
for interfaces and wetting in systems possessing short-
ranged forces. The present derivation, which is based
on a boundary integral formulation, improves on the one
given originally, because the boundary conditions at the
interface and wall are now handled exactly rather than
approximately. The first point to emphasise is that this
systematic analysis can indeed be done at all — at least
using a simple DP potential, and the crossing criterion
definition of the interface position (to which we shall re-
turn, later).

This new analysis can also be expressed diagrammati-
cally; a glossary of the elementary diagrams from which
all other diagrams follow is given in App. C, together
with their algebraic expressions. As with the original
formulation each diagram containing a line that spans
the liquid wetting layer, thus connecting the liquid-gas
interface and wall, can be thought of as an interaction
between these surfaces mediated by a bulk-like correla-
tion. Amongst other things, this rigorous formulation
allows us to consider, in a systematic fashion, the nature
of the curvature corrections appearing in the appropriate
free energy. More specifically, we applied the boundary
integral method to three situations with the following
conclusions:

e The wall-single phase interface. First we con-
sidered a non-planar wall-liquid interface, where
a wetting layer is absent. We showed that the
leading-order curvature corrections to the surface
tension term involve the local mean and Gaussian
curvatures, in the spirit of the Helfrich free en-
ergy, with bending and saddle-splay rigidity coef-
ficients, respectively, the values of which are iden-
tified. However, the curvature expansion does not
truncate at this, or indeed any, order, and the free
energy does not conform to the morphological ther-
modynamics hypothesis [58].

e The free liquid-gas interface. Extending this anal-
ysis to the free (but constrained) liquid-gas inter-
face we showed that the curvature corrections can



be expressed more precisely as an interfacial self-
interaction, the form of which is identical to that
proposed in Ref. [57] using less rigorous methods.
Indeed, the order-parameter profiles are also iden-
tical, lending strong support to the approximate
methods used previously to discuss non-locality.

e The binding potential functional. For the case
in which a wetting layer is present we have de-
rived a generalised diagrammatic representation of
the binding potential and order parameter, which
contains decorated versions of those diagrams ap-
pearing in the original formulation. These gener-
ate, in addition to curvature corrections, a cou-
pling between the interfacial orientation and posi-
tion, which is missing entirely in the original theory.
Indeed, strictly speaking, even for small curvatures
the diagrams do not converge to those of the orig-
inal formulation, unless the interfacial configura-
tions are nearly parallel to the substrate. However,
when the new formulation of the non-local model is
applied to a flat substrate, we find features that are
very similar to the original version of the non-local
model. In particular, the contributions 2} and Q3
to the binding potential functional are local, whilst
the Q% contribution remains non-local and can be
expressed as a two-body Gaussian interfacial self-
interaction, mediated by the substrate, having a
lateral range given by the same non-local length-

\/f/k. Thus, the criticism of what

is missing in local interfacial Hamiltonian descrip-
tions of critical wetting in Refs. [11, 12], including
the size of the critical regime and also the paradox-
ical prediction of possible fluctuation-induced first
order transitions [62, 63], remains unchanged; see
Refs. [42, 43]. Nevertheless, it would be interesting
to include the coupling of orientation and position
into renormalization group and simulation studies
of the non-local model.

scale &y =

Having formulated the problem exactly for the DP
potential, it is possible to make extensions to more
general potentials perturbatively, by using a Feynman-
Hellman theorem similar to the approximate analysis of
Ref. [41]. For the wall-liquid and free liquid-gas inter-
face, this would generate further curvature corrections
to the free energy, although this will not alter the dia-
grammatic structure only altering the values of the co-
efficients. However, in applications to the wetting film,
the binding potential will now contain decorated versions
of the x diagram identified in Ref. [41]. To identify the
curvature corrections to this term, further re-summation
of the diagrammatic series is required, similar to the dec-
orated diagrams in the DP model discussed here. Gen-
eralizations to heterogeneous walls are also technically
possible using the boundary integral approach.

Our rigorous and rather technical derivation of the
non-local model, is still subject to a number of criticisms.
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For example, we have assumed that the surface field hy
and enhancement g are not altered by the surface cur-
vature of a structured wall, which is very probably an
over simplification. And, of course, the continuum LGW
model (2) does not in any way account for volume exclu-
sion and local layering present when a high-density fluid
is adsorbed at a wall. There are also alternative defini-
tions of “the” interfacial position. For example, Fisher
and Jin discuss integral criteria, and show that these
alter the coeflicients appearing in the binding potential
function; see Refs. [47, 48]. Hopefully, the diagrammatic
structure of the binding potential functional is not al-
tered when using a different definition of the interfacial
position, although we should expect that the values of all
coefficients and curvature corrections are altered.

We should also mention that, of course, as soon as long-
ranged forces are present all results here change dramat-
ically [64]. For example, exponential terms are replaced
by algebraic terms in the binding potential. Addition-
ally, for Lennard-Jones forces the curvature expansion of
the interfacial free energy fails completely, due to non-
analytic logarithmic corrections.

However, there are deeper issues concerning the con-
nection between mesoscopic and microscopic descrip-
tions, which highlight some of the fundamental prob-
lems still open in the theory of interfacial phenomena
discussed here. For example within the crossing criterion,
for any potential ¢(m), there is no escape from having
a negative bending rigidity kg (the positive saddle-splay
rigidity plays no part since the principal radius of cur-
vature along the wedge is infinite). However the very
meaning of having a negative bending coefficient has been
questioned by Tarazona and co-workers [37], who have
argued that the continuum LGW Hamiltonian is already
too coarse grained to enable a direct determination of the
rigidity from a constrained minimization of the model.
At a microscopic level, they argue that there must be
a molecular top to the capillary-wave spectrum, which
leads to a positive rigidity. Whilst density functional
models may be consistent with this feature when we look
closely at the structure of the equilibrium density-density
correlation function, a constrained minimization of any
model functional will not suffice. Alternatively, they pro-
pose that the constrained minimization is replaced by a
weighted convolution, which smears the interface loca-
tion over a region comparable with the bulk correlation
length. This means, of course, that the interface posi-
tion no longer has a strict crossing-criterion interpreta-
tion. In fact, it has been shown that the crossing crite-
rion does not distinguish correctly bulk from interfacial
contributions present in the mean-field correlation func-
tion, and therefore cannot be used navely to determine
any wavevector dependent corrections to the surface ten-
sion [65]. These concerns must also be married with the
observation that the mean-field identification [47, 48] is,
strictly speaking, only valid in the limit of low temper-
atures (i.e., T — 0) where a saddle-point evaluation of
the partial trace suffices. Finite-temperature corrections



to the interfacial free energy, interfacial Hamiltonian and
binding potential must be present at some order. In-
deed, these corrections are already allowed for implicitly
when, in the application of the interfacial Hamiltonian,
the mean-field value of the surface tension is replaced by
its true thermodynamic value. These ideas, which are
still under development, of course mean that the deter-
mination of the binding potential functional for wetting
layers and the values, and indeed the signs, of the coef-
ficients of all curvature correction terms, are much more
difficult to determine.
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Appendix A: Perturbative solutions of the boundary
integral equations

In this appendix we illustrate how to solve the integral
equations which emerge in our analysis of the curvature
expansion. We start with the evaluation of the first terms
in the curvature expansion of the normal derivative ¢ for
a single phase in contact with a substrate . After sub-
stitution of the curvature expansions of the terms which
appear in (33) we find a recursive chain of equations for
the g,’s up to O(R~3):

/Rz dri qo [IC(M) - 55(11)] =k (% + mb>(A1)

[ e [k - S -

1 / dr W(r1 )AY(ry) (go + hi +gmp)  (A2)
]R2

and '

/R2 dry ¢ |:IC(T'J_) - gé(rj_)} =

3 [ e o nave (mave) - 22

0 </c<n> (V. AGrL)? + gwwx(m)ﬂw
where K(z) = rkexp(—kz)/(27z), W) = (1 +

kx)K(x)/2? and we have extended the integral to R?,
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ignoring exponentially decaying terms on xR. Note that
self-consistency means that only the leading terms of A
and y =r; -V Ay —2A%), which scale as R~! and R2,
respectively, should be used.

For a flat interface go(s) is translationally invariant
therefore it can be factorized from the integral, but since
Jgz dri K(r1) =1 we have that qo is given by Eq. (34).
However it will be useful to develop a further technique
to solve the above equation. We define a parallel Fourier
transform, in which only the fluctuating modes parallel
to the interface are considered. The kernel reads

(A4)

V)

2 ~
K(S _ S/) _ / d*q eiq.(sfs’) K(q),
R (27)

and with a simple complex integration, we get the inverse
Fourier transform

K
N

With these definitions the convolution equation for gq
becomes an algebraic equation for the Fourier modes

K(q) = /R ) dse =) K(s —¢) = (A5)

~ h1 (a)
ol = enfn (L) 2L )
g K(-q) - %
and transforming back to real space we find ¢ = —k(h1+

gmy)/(k — g). Let us consider now the equations for the
order O(R™1) and O(R~2). If the leading contributions
to At and x in powers of (kR)~! are used in Eqs. (A2)
and (A3), the integrations over r in their right-hand
sides can be performed in polar coordinates. After few
simple calculations we find

/¢ drsan [K(ra) - So(e,)| =
() ()

e ()~ Zae)| -

Khl + gmy (kl —k2)2

hi + gmy,
K—=g

H (A7)

and

8(k—g) K
_é /Rz dryggW(rL)Ay(ry) =
hi 4+ gmyp 2
m [H — KG}

—é /11&2 driqgW(rL)A(ry), (A8)

Note that the results of the integrations are expressed
in terms of the mean and Gaussian curvatures of the
interface, both evaluated at the origin. If we denote by



R1,2(s) the RHS of these equations, their formal solution
reads

(A9)

’q Ri2(q)
_ iq-s )
nal) = [ e 2

For our substrate kR > 1, so the integral is dominated
by the slow sector of Fourier modes. Hence it is reason-
able to expand the square root in powers of the small
parameter ¢/k, thus

d?’q e'as < 2 ) _
1+ Rl Q(q)
2 [ 2 I3 ;
/Rz (2m)* 1 -+ 262(1 = %)

g g i 1.2(5)
- Ryas) + - ViRia(s)
k—g ( 12(8) 262 K-—g

Q12(8) ~

+ 0 (viRl,z(s))> : (A10)

The same result is obtained if we make a Taylor expan-
sion of ¢1 2 around the origin and substitute in Eqgs. (A2)
and (A3). However, we note that V2 Ry 2 ~ Ry 2/R?, so
the derivative terms contribute to higher order curvature
terms, and thus they can be neglected. The solutions
are then given by the leading contributions of Eq. (A10),
which correspond to Eqgs. (41) and (42).

In a similar way, the perturbative scheme for the com-
putation of the normal derivatives ¢ for a free interface
are the following

(A1)

/ er_qgth(m_) = —KmMmyo
R2

/ dri ¢iK(r) = :l:mo/ dr i W(r)Al(r (A12)
R2 R2

and

/11&2 dri g K(r.) = % /R2 dr) gt {W(TL)Af(rL)Q
— K(ry) (VLAé(rL))ﬂ. (A13)

These have the solutions

qOi = —Kmyo (A14)
G = :I:mnokl 4;1@2 = +moH(s) (A15)
and
+ kmo (k1 — ko 2
¢ -2 (058)
- %[H(S)Q_KG(S)} (A16)

Finally, the curvature expansion of ¥ for the single
phase in contact with the substrate can be obtained from
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Eq. (23). After substitution of Eq. (31) and the curvature
expansions of ¢, the kernel K and the elementary area ds
into Eq. (23), we obtain the following equations:

_hitgmy o

p ;i

/ er_ \If()IC(T‘J_) =
Rz

q1

/ er_ \IfllC(T‘J_) = —— (A18)
R2 g

and

< [wmmwm“‘ K(r) <VLA¢<rL>>ﬂ<A19>

where Wy, ¥y and ¥y stand for the first terms in the
curvature expansion of ¥. The solutions of these integral
equations are:

Vo hitgmy

2% K—g (A20)
L7 (h1+gmb)< K )5 (A21)
2K K—g K—g) K

<) (A22)

Vi (htgm (1 g K\ (HY
2k Kk —g 2k—g (k—g)? K
1
2

Appendix B: Derivation of the liquid-gas interfacial
self-interaction Hamiltonian

In this appendix we derive (82). Consider two points
on the interface with s; as the origin and ss as in Fig.
2. We supposed that the surface £ can be approximated,
locally, as a paraboloid. Taking into account the right-
hand side of Eq. (A16), the interfacial free-energy func-
tional Eq. (67) can be written as

H[] ~ JAlg—%/ldsl /R dri K(ry) (ViALs,11))?

+ %/dsz/ dra W(rL )Al(s,r1)>, (B1)
RZ

where r is the projection of s, —s; on the tangent plane
Ts, to the interface at s;, and A/ is the vertical displace-
ment from 7g,

Al(sy,r)) =n(s1)(s2 —s1). (B2)

The last step is to convert the surface integrations in
integrals over the reference plane. In order to do that
we need the mapping between the charts {x;,x2} and
{s,r1}. The expressions of the mapping can be obtained



FIG. 2: Schematic illustration of the coordinates, vectors and
geometry appearing in the curvature expansion for a con-
strained interfacial configuration. Symbols described in text.

from sy —s7 = n(s1)Afl(s1,r1) + ry, supplemented by
(B2) and

1

ns) = - Vix1))?

where V represents the 2D gradient on the reference
plane coordinates.

(=Vi(xa),1), (B3)

0 (s1,r1)

9 (x| (B4)

-

We can show that the mapping Jacobian J = 1 if
quadratic terms on the gradients are neglected. In this
limit |r) | & |x21], the orthogonal displacement (B2) can
be replaced with the vertical displacement

Af(sl,rj_) ~ 5€(X1,X2) = K(Xg) — K(Xl) — X21'V€(X1),
(B5)
and taking the 2D gradient, V | Al ~ V{(x1) — VI(x1).
Finally,

Ay ~ Ay + 1 / dx (VI(x))?, (B6)

2

where A, is the area of the surface obtained from the
projection of the surface ¢ onto the reference plane. The
Hamiltonian (B1) becomes

H{f] ~ oAy + g / dx (Vi(x))?
/dxldXQ K:(Jilg)(Vf(Xl) - Vf(XQ))2 (B7)

+

QN9

/dxldXQ W(,Tlg)(f(}(g) - Z(Xl) - X12-V€(X1))2.
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The expressions in (B7) can be further simplified. First
we compute the squares, isolating the term proportional
to the difference in vertical displacement. New terms will
be created and for them we use the identities:

% / dxidxs K(212) (VE(x1) — VE(x2))” (BS)
_ / s K(12) [(V0(x1))? — Ve(x1)- V(x2)]

_ / dx (Vi(x))? / dx1dxs K(12) VO(x1)-V(x3),
and

/dxldXQ W(mlg)(xlg'VK(Xl))2 (Bg)

= [ dxadzia W) [, 0, 66x0))? + 38, (0,1 00)°

: / 1 3% Wi(a1s) / dx1 (Ve(x1))°

= / dx (VI(x))?. (B10)

There is also a term of the form

/dxldx2 |:K($12)V£(X1)V£(X2)

—W(mlg)(f(XQ) - f(Xl)) (Xgl'VK(Xl))] . (Bll)
Grouping the integral over x; we have

/dx1V€(x1)-/dxz [IC(:Clg)VE(xQ)

_W(I12)(£(X2) —6(X1))X21:|, (B12)

but since —W(x12)x21 = Vx,K(x12), the second inte-
grand can be written as a gradient of a scalar function

/dx1V€(x1)-/deVX2 [(e(xQ) —é(xl))’C(Iu)}

(B13)
and so it reduces to a boundary contribution, which we
can neglect. Collecting all the remaining terms we are
left with (82).

Appendix C: Wetting diagrams

In this appendix we collect the definitions for the vari-
ous wetting diagrams used in the main text. The follow-



ing diagrams:

—__ = / ds (C1)
—A___ = /dsH(s)/Ka (C2)
A __ = / ds H?(s)/K* (C3)
A__ = /dsKG(s)/f@Q (C4)

involve only local interfacial properties. The circle repre-
sents the area element, while H denotes the local mean
curvature and Kg(s) the Gaussian curvature. Empty
symbols as the one appearing in (53) and (54) stand for
the evaluation of the corresponding weight functions at
a specified point s on the surface.

The Ornstein-Zernike kernel of (15) is represented by
a thick black line with two white circles at the extrema.
For instance, if s belong to the surface ¢ and r to the
upper region we shall write

/&/ = /dsK(s,r),
‘
and similarly
/&_/ =K /dsKg(s) K(s,r).
¢

Then we have the “dashed” and “arrow” diagrams
My = —Oso —d(s—5)=U(s,s'), (CT)
1
/N/ - EanK(Sv SI) ) (08)

where in the latter diagram the arrow points to the po-
sition where the normal derivative is taken, as in the
following example

1
/d51dSQU(S7Sl)_an]K(Sl,Sg) =0=@g. (C9)
Vi K

(C5)

(C6)

The arrow diagram can also span between two interfaces;
for example:

:/dsw/ng l(9WK(Sg751/,). (C10)
¥ e P

The algebraic expressions for all other diagrams can
be reconstructed in terms of these elementary building
blocks.

Appendix D: Binding potential for planar, spherical
and cylindrical interfacial configurations.

In this App. we will review the known form for pla-
nar, spherical and cylindrical interfacial configurations,
and how they are reproduced from the non-local repre-
sentations of the binding potential we have discussed in
Section V.
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1. Planar interfaces

We first consider the simplest case of a planar wall
(¢ = 0) and a planar interface of constant thickness,
¢(x) = (. In this case, Fu[¢)] = owi Ay and H[{] =
oA, where Ay = A,y = A is the interfacial area, and
owl = (k/2)(h1 + gmp)?/[g(g — k)] and 0 = km3 are the
surface tensions defined for the planar wall-liquid and
liquid-gas interfaces, respectively. On the other hand,
the binding potential is [40, 41, 60)

W[f,’t/)] — 9Ky (hl —l—gmo) et
1

A K — g — g%:e—QNf
hl +gm0 2 e—QNf
+K
K—g 1— ﬁ_ﬁe—Qtd
g—K
g+ K 9 e—QNf
+g—/§"$ Ol_ﬁ_“e—me (Dl)

g—K

The basic diagrams to obtain the decorated version of
the original non-local model are

ol weh

(D2)
and

_ _ - =0
(D3)

We note that these diagrams do not depend on the posi-
tion associated to the empty circle, so any diagram can
be split into the contribution of its bonds. For example

N - (DOH(ZO)H(D)

(D4)

with

= —A (D5)

—

Due to the expression (D3), the non-vanishing diagrams
are those of the original non-local model. In particular,
Egs. (108), (109) and (110) reduce to

2
g _ 2g Ae—ﬁ@
g—kK g—kK
g—kK g—kK
2 2
Qli g o g A—QR{D
SRRVEE “=e) AT

which are consistent with the expressions in Refs. [41,
60], although our notation differs slightly from the used
one in these references. The higher-order terms in the

Q = (D6)

(D7)




functional can also be easily evaluated:

Qr = Ql g+"€672l~cl n D9
n 1
g—kK
n—1
artl = 0?2 <—g i Zew) (D10)
n—1
M = O (g—i——ﬁe_z'd) (D11)
g—K

If we substitute these expressions into Eq. (107), we re-
obtain Eq. (D1) after a trivial resummation. Finally, the
expressions obtained in Ref. [40] for fixed boundary con-
ditions on the wall are reobtained by taking the limit
g — —oo and —hy/g — mog — dmy1 = my — mg in our
equations, where m; is the order parameter on the wall.

Now we turn to the new formulation for the non-local
model we have introduced in this paper for fixed bound-
ary conditions on the wall. The basic diagrams for this
formulation are

e ol

The expressions for Q1, Q2 and Q) are obtained from
Egs. (137), (138) and (139) as

(D12)

ol = ’i - Z =Ae " (D13)
———

0 = - S Z = Ae= 2t (D14)

Q= — ZS = Ae~ 2%t (D15)

and for higher-order contributions we get that

Qp = Qe 2nm st (D16)

Q:ll"rl — Q%S—Q(n—l)ﬁf (Dl?)

Qp, o= Qpe 2 (D18)

Substitution of these expressions into Eq. (136) leads to
the following expression

WE’ = —(2n—1)k
E41/}] = ; <2/~;m05m16 (2n—1)rt

+ (K(6m1)? + K(mo)?) e”“”"‘) (D19)

which can be resummed as

WL, 9] 2kmgdmie "

A 1 —e—2nt

+ (H(6m1)2 + m(mo)z) %) (D20)

which is Eq. (D1) in the limit of fixed boundary condi-
tions on the wall.
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2. Spherical interfaces

A similar calculation can be performed for the problem
of wetting around a sphere. We suppose that the sphere
is of radius R and consider an interfacial configuration
corresponding to a concentrical sphere of radius R + /.
In this case, Fyu[¢] is given by [60]

(D21)

where 0, is the surface tension for the planar wall-liquid
interface, and the area of the sphere is A,,; = 47 R?. Note
that the mean curvature and the Gaussian curvature on
the sphere are H = —1/R and K¢ = 1/R?, respectively.
Thus Eq. (D21) satisfies Eq. (44) for large R. It is in-
structive to reobtain Eq. (D21) from the diagrammatic
expansion Eq. (55). The relevant diagrams for this cal-
culation are

—e 2R (D22)

1 —2K
= ——= (1= (1+~rR)e ") (D23)

= 47R? (D24)

which are independent of the position of the open circle,
as in the planar case. So, again each diagram is just the
product of its bonds. In order to sum the contributions
of the diagrams, we note that each diagram is a chain-like
sequence of U and 0K /k bonds, with coefficients given
by Eq. (52). We first sum the diagrams without 0K/k
bonds. Their total contribution Sy to F,; is

—[ g
So = owiAw E [
n=0 k=9

1
14_%672;{1%

()]

= owiAwl (D25)

Now, we consider the diagrams with only one K /x bond.
Their total contribution S; to F,,; can be written as

S = ouidu <§: {L (_eM)]m>

K —
77,1:0 g

(K - g) [—% (1-(1+ mR)e‘g"R)}
(% - E (-e%R)r> (D26)

n2:1

X

X

k—g



which can be written as

g (1=
S1 = owiAw= m
_m ( — (1 + KJR)C_QHR)

D27
1+KL79672KR ( )

For diagrams with m > 1 0K /k bonds, their contribution
S, to F can be obtained similarly as

1— e—QNR
Sm = leAwlgl(_i_ieQ,{)R

——L (1 - (14 rR)e2E)\"
< (K_g)Rl(_i_ —(6 QKR) )> (D28)

K—g

So, Fuu[¢] has the expression

oo

leAwl
w - Sm T g _o.p
F l[w] — 1+ 6 —2kR
X 1+g(1—e’2“R) X
K
1 (1 (1+NR)6 2“R)
k—g)R 1 Se 2rR
NGO LA = (D29)

(1+/1R)e*2'iR
1+ (I{ g)R( 1+%79672*‘R )
which after some algebra reduces to the Eq. (D21).
Similarly, H[¢] has the following expression

oAy

Hl] = 1 _ o—2x(R+0)

(D30)
where o is the surface tension for the planar liquid-gas
interface, with area A;; = 47(R+¢)?. The diagrammatic
expansion Eq. (78) can be evaluated explicitly [57], where
now the basic diagrams are

_ _e—2n(R+€) (D31)
(D32)
= 4n(R+()? (D33)

leading after resummation to Eq. (D30).
We turn to the evaluation of W[l 1], which has the
following expression

— kL
We, ] = 26mo <_ by + grmo > VA Age
1

I
g—Kk— 5 _ gtk E o —2r!
g—kK—R

Lotr g Kmg Arge™>
g— Kk — % 1 — e—2k(R+0) 1 — gtr— R e—2rl

—K— 3

iy hi+gmo\>  Awe 2
g—li—% 1_9+”_%e—2n£
=

(D34)
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This expression reduces to Eq. (D1) for R — oo, and
it is consistent with those reported in Refs. [40, 60] if
the exponential term exp(—2x(R + ¢)) in Eq. (D34) is
neglected.

As in the planar case, we will reproduce this result
within the non-local model. We will first consider the
decorated version of the original non-local model. In this
formalism, the basic diagrams for this model are the fol-
lowing

dm(R+0)?

(D35)
= 47 R?

(D36)

- (1 + }%) (1—e 2y emnt (D37)

1— 67211R

1+% et (D38)
_ 2R (D39)
— o 26(R+0) (D40)
= —— (1= (1+ R ) (D41)

OCOECEOE

Note that, as for the planar case, the diagrams do not
depend on the position associated to the open circle, so
a general diagram can be obtained as a product of its
bonds contributions. In order to resum all the contribu-
tions to Q, Q7. , and Q7! we have to sum the con-
tributions of all posible segments either on the wall or
on the liquid-gas interface in a similar manner as we did
for the evaluation of F,,;. The resummation of all the
contributions of the segments of consecutive (U) bonds
on the liquid-gas interface is

1

Iy = 1 _ o—2r(R+0)

(D42)
On the other hand, the analogous expression for a seg-
ment of consecutive bonds on the wall depends on its
position in the diagram. If the segment is on an extreme
of the full diagram, its contribution is

g 1

:g—/-@——l—eQ’””R (D43)

Bank



Otherwise, the contribution of the segment is

With these results, Egs.
to

(108), (109) and (110) reduce

— kL
1 g ¢ (
Oy =8rR(R+ ) (g A > 1— e—zn(R+kP45)
1 _ 6—2HR
2 2
Qi =4n(R+Y) (W)
9 1 87252
X <1 + - % 1_ e_zﬁR> 1_ g—28 R+£)\D46)

1 2 g 2 —2nt
Q; =4rR <g—/€—%) 1 — e—26(R+0)

(DAT)

For higher order contributions

_ e*Ql{R
— e~ 2K(R+L)

As in the planar case, the resummation of the series
Eq. (136) leads to Eq. (D34).

In order to check the new formulation for the non-local
model for fixed boundary conditions on the wall, we will
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make use of the diagrams

(g

x (2 - (1 + %) (1- e—%R)) (D51)
_ E
([ teg) o)
- K(R-i-f)
(1 — (1 + k(R + 0))e~2 R+f>) (D53)

The total contribution of the segments of the diagrams
on the liquid-gas interface now depends on its positions.
The leftmost one is composed by U bonds, and it has a
contribution I, given by Eq. (D42). Otherwise, the seg-
ments are composed by 0K /k bonds, with a contribution

1
(1 + (R+é)) (1 — e 2elitt))

Similarly, the segments of the diagrams on the wall on
the left extreme of the diagram contribute as

1
L
)y = 1 — ¢—2KR

I, = (D54)

(D55)

which is the limit of Eq. (D43) when g — —oo, and oth-
erwise as

1

I 2 _

s 2— (1+ &) (1-

Thus, the expressions from Eqs. (137), (138) and (139)
for Q1, Q2 and Q1 can be resummed as

p=rc) (D56)

—rl
1 e
1— e—QNR
2 _ 2 —2Kl
87252
Q) = 4nR? (D59)

1 — e—2r(R+L)

and for higher-order contributions we get that
1 — e—26R n—1
n _ Ol 14
2= KW) ¢ } (D60)

Q= 2 1 —e 20k —2k0 "
n = 1 m & (D61)

1— e—QHR

n—1
n 01 14
Q=1 [(W) e } (D62)



which coincide with the expressions Egs. (D45)-(D50) in
the limit g — —o0.

3. Cylindrical interfaces

Finally, we will consider the problem of wetting around
a cylinder of radius R and length L (large enough to
neglect border effects), where the liquid-gas interfacial
configuration is a concentrical cylinder of radius R + £.
In this case, Fy[t)] is given by

Kl(I{R)
Ko(HR)

K Kl (I{R)
L= K—g (1 B Ko(NR))
where 0, is the surface tension for the planar wall-liquid
interface, A,,; = 2w RL is the area of the cylinder and K
and K7 are the modified Bessel functions of the second

kind and order 0 and 1, respectively. For large xR, this
expression can be approximated as

_ g 1
]:wl[z/]] - leAwl [1 - (H—g) ﬁ

which satisfies Eq. (44) since the mean curvature and the
Gaussian curvature on the cylinder are H = —1/2R and
Kg = 0, respectively. Eq. (D63) can be obtained in a
similar way as in the spherical case from the diagram-
matic expansion Eq. (55), where the relevant diagrams
are

‘le[d}] - leAwl

(D63)

D64)

= 2kRIH(kR)Ko(kR) —1  (D65)
@ = 2kRL(kR)Ko(KkR)

= 1—-2kRIy(kR)K1(kR)  (D66)
Q — 27RL (D67)

where Iy and I; are the modified Bessel function of the
first kind and order 0 and 1, respectively. Note that as in
the planar and spherical cases, they are independent of
the position of the open circle. Thus, as in these previous
cases the contribution of each diagram is the product of
its bonds.

Similarly, H[¢] has the following expression

B oAy
-~ 26RKo(k(R+0))Io(k(R+ 1))

H[/] (D68)
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where ¢ is the surface tension for the planar liquid-gas
interface, with area A;; = 2n(R + ¢)L. For large kR,
Eq. (D68) yields

H{ ~ oAy, (1 - S(TlR)Q)

in agreement with Eq. (68). The diagrammatic expansion
Eq. (78) can be also evaluated explicitly in this case,
where now the basic diagrams are

(D69)

2k(R+0)Io(k(R+0))Ko(k(R+ 1)) — 1

(D70)

27(R+ ()L (D71)

After resummation of Eq. (78), we recover Eq. (D68).
Finally the binding potential W/, 1] has the following
expression

Wity = (%) l2f<¢m0 (_@)

Y <h1 +gmo)2 1 <K0(/1(R+€))>

K Kl KR
g g KOEHRg KO(KR)
Iy(kR) kI (kR)
2 lolkfT) kI
TR TR (R T ) (1 9 To(rF0) (b72)

where A is defined as

A = Io(k(R + £))Ko(kR) <1 - SEEZZD

— Ko(k(R + 0)Io(kR) <1 + Sﬁﬁﬁ%) (D73)

The modified Bessel functions can be approximated
asymptotically for large values of their arguments as

i (5oo)
o)~ 1)~ gz (1+0(3)) om

Thus, Eq. (D72) reduces for large KR to

hi + gm0> VA Arge "t

WL, ] = 26mo <_

_ gtk —2ke
g—K 1—&te—2n
g+K o .Algefz'd
-|—g — Hlimol ~oTr —ont
g—K
hy+gmo\°  Awe 25
" ( g—*K 1 — Zre—2nt (D75)



up to corrections of order of (kR)~! and (k(R + £))~!.
This expression is consistent with the expression reported
in Ref. [60], and it reduces to Eq. (D1) for R — oc.

This result can be also obtained within the non-local
model. We will first consider the decorated version of
the original non-local model. In this formalism, the basic
diagrams model are the following

@ = 21(R+ ()L (D76)
@ = 27RL (D77)
@ = 2k(R+0)Io(kR)Ko(k(R+¢)) (DT78)
@ = 25RI(KR)Ko(K(R + 1)) (D79)
‘ = 25RIy(kR)Ko(kR) (D80)
@ = 26(R + 0)Io(k(R + ) Ko(k(R + (D81)
‘ = 2kRI(kR)Ko(kR) — 1 (D82)

Again these diagrams do not depend on the position as-
sociated to the open circle. We proceed as in the spheri-
cal case to obtain the expressions of Q7, Q" | and Q2+,
The resummation of all the contributions of the segments

of consecutive (U) bonds on the liquid-gas interface is

1

= S R Ol (r(B+ 0) Ko (r(E £ 1))

(D83)

On the other hand, segments on the wall contribute as

1 1
I = (D84)
P x K1(kR)
— Em 2kRIy(kR)Ko(kR)

if the segment is at any of the extremes of the diagram,
and otherwise

K Il(I{R)
2o [ enem ! (D85)
W _ s Ei(sR) | 25RIy(KR)Ko(kR)

g Ko(kR)
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With these results, Eqs. (108), (109) and (110) reduce
to

2L 1
Ol = D86
' kKo (kR)Io(k(R+0)) \ 1 — gﬁ%:g )

2 wL Iy(kR)
N R R L (R 1 0) (IO(H(R T /@)))

1 + K Il(NR)
g Io(kR)
N e (D87)

g Ko(kR)
- 7L Ko(k(R+ 1))
£ = kKo(kR)Io(k(R + 1)) ( Ko(kR) )
2

1

1 _ K K] (NR)
g Ko(kR)

(D88)

For higher order contributions

<Io(f€R)Ko(f€(R + f)))
In(k(R+{))Ko(kR)

ar =

K I](NR) n—1
G
K K] (HR)

g Ko(kR)

In(k(R+{))Ko(kR)
L+ T

1 _ K Kl(KR)
g Ko(kR)

(D8Y)

n+1l _ 2
Qn - Q1

n—1

X (D90)

Qn

eyt
n+1l — QQ

In(k(R+{))Ko(kR)

K Il(K,R)
L+ 5 eR
K Kl(KR)

g Ko(kR)

(D91)

which lead to Eq. (D72) after resummation of the series
Eq. (136).

For the new formulation of the non-local model for
fixed boundary conditions on the wall, we consider the
diagrams

=2k(R+ ) (kR)Ko(k(R + 0)) (D92)

= —2kRIy(kR)K; 1 (k(R+ 1))

(D93)

=26(R+ 0L (k(R+0)Ko(k(R+ 1)) — 1

(D94)



The contributions of segments on the liquid-gas interface
are given by Eq. (D83) if the segment is on the left ex-
treme, and otherwise by

1
26(R+ O Io(k(R+ ) K1 (k(R+ 1))

I = (D95)

Similarly, the segments of the diagrams on the wall on
the left extreme of the diagram contribute as

1
2kRIy(kR)Ko(KkR)

Iy, = (D96)

and otherwise as

1

SRRL(RR) Ko (R 1 0)) (D97)

()% =

The expressions from Eqgs. (137), (138) and (139) for 1,
02 and Qf are

2L
= kKo(kR)Io(k(R+ 1)) (D98)
2 L Iy(kR)
= R R (R 1)) ( W(R10) )D

wL R—i—é
- kKo(kR)Io(k(R + () ( Ko(kR) él
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and for higher order contributions

w1 (To(RR)Eo(k(R+0))

= (Iz(n(R+Oé ) Ko(kR) (D101)

1 s (T (SREo(s(R + 0))

= (I (w(R + e))K()(nR)) (D102)
Io(sR)Ko(s(R + 1))

e = 0 (IO(H(R+€))K0(HR)) (D103)

which correspond to Eqgs. (D86)-(D91) in the limit g —
—00.
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