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Abstract

Delay-coordinate mapping is an effective and widely used technique for reconstructing and an-
alyzing the dynamics of a nonlinear system based on time-series outputs. The efficacy of delay-
coordinate mapping has long been supported by Takens’ embedding theorem, which guarantees
that delay-coordinate maps use the time-series output to provide a reconstruction of the hidden
state space that is a one-to-one embedding of the system’s attractor. While this topological guar-
antee ensures that distinct points in the reconstruction correspond to distinct points in the original
state space, it does not characterize the quality of this embedding or illuminate how the specific
parameters affect the reconstruction. In this paper, we extend Takens’ result by establishing con-
ditions under which delay-coordinate mapping is guaranteed to provide a stable embedding of a
system’s attractor. Beyond only preserving the attractor topology, a stable embedding preserves
the attractor geometry by ensuring that distances between points in the state space are approxi-
mately preserved. In particular, we find that delay-coordinate mapping stably embeds an attractor
of a dynamical system if the stable rank of the system is large enough to be proportional to the
dimension of the attractor. The stable rank reflects the relation between the sampling interval and
the number of delays in delay-coordinate mapping. Our theoretical findings give guidance to choos-
ing system parameters, echoing the trade-off between irrelevancy and redundancy that has been
heuristically investigated in the literature. Our initial result is stated for attractors that are smooth

submanifolds of Euclidean space, with extensions provided for the case of strange attractors.
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I. INTRODUCTION

A. Motivation and Contribution

Modern science is ingrained with the premise that repeated observations of a dynamic
phenomenon can help us understand its underlying mechanisms and predict its future be-
havior. While this idea dates back to ancient times with the observation of sunspots [1],
today we model the behavior of a wide variety of measured phenomena from the life, phys-
ical, and social sciences [2-11] as observations arising from complex dynamical systems.
Understanding and predicting a time series is often approached by postulating a structured
model for a hidden dynamical system that drives the data generation. Linear statistical
models were used in early work [12] and are now reflected in standard tools such as the
autoregressive-moving-average model and the Kalman filter (e.g., [13]). More recently, the
field of nonlinear time-series analysis models time-series data as observations of the state
of a (possibly high-dimensional) deterministic nonlinear dynamical system [11]. While the
underlying dynamical system may exhibit chaotic behavior, it is often postulated as being

governed by an attractor that is a low-dimensional geometric subset of the state space.

Due to the low-dimensional behavior in the underlying state space, it is reasonable to pos-
tulate that temporal dependencies in time-series observations can provide some insight into
the structure of the hidden dynamical system. This leads to a fundamental question: How
much information about a hidden dynamical system is available in time-series measurements
of the system state? The seminal Takens’ embedding theorem [14, 15] asserts that (under
very general conditions) it is possible to use the time-series data to reconstruct a state-space
that is a topologically-equivalent image of the attractor through a simple procedure known
as the delay-coordinate map. Indeed, many algorithms for tasks such as time-series predic-
tion and dimensionality estimation take inspiration and justification from this fundamental
guarantee [16-24]. While the topological guarantee of Takens’ theorem provides that the
delay-coordinate map is one-to-one (i.e., distinct points in the reconstruction correspond
to distinct points in the original state space), it does not speak to the overall quality of
the reconstruction or how this quality is affected by specific details such as the algorithm

parameters, the measurement function, or the system characteristics.

Many fields of data science also rely on capturing low-dimensional structure from high-



dimensional data, and recent advances have shown the value of guaranteeing geometric
stability of an embedding as a measure of quality for subsequent inference. In such a stable
embedding, the embedding approximately preserves the distance between any two points
in the data set of interest, which has proven to be valuable for robustness to imperfections
in many forms (i.e., noise, numerical imprecision, etc.). In computer science, the Johnson-
Lindenstrauss lemma constructs stable embeddings for finite point clouds using random
linear projections [25]. In compressive sensing [26, 27|, the Restricted Isometry Property
(RIP) condition captures the notion of a stable embedding for sparse signal families, ensuring
that signal reconstruction from random linear measurements is robust to noise and stable
with respect to model nonidealities [28]. For dimensionality reduction with signal families
belonging to low-dimensional manifolds and more general sets, various types of stable em-
beddings have been constructed using adaptive nonlinear techniques such as ISOMAP [29],
adaptive linear techniques [30, 31|, and nonadaptive linear techniques that again employ

randomness [32-35].

The main contribution of this paper is to extend the notion of Takens’ embedding the-
orem to stable embeddings, providing insight into the conditions for when time-series data
can (and cannot) be used to reconstruct a geometry-preserving image of the attractor. In
addition to providing the formal foundations to justify the numerical algorithms based on
delay-coordinate mapping, these results also give guidance to practitioners about how al-
gorithm and observation design choices affect the overall quality of the representation. In
particular, examination of our main theoretical findings gives guidance to choosing these
system parameters, echoing the trade-off between irrelevancy and redundancy that has been
heuristically investigated in the literature. For clarity and to gain as much insight as pos-
sible, our main result is first described for attractors that are smooth submanifolds of the
Euclidean space (similar to Takens’ original result) and then extended to the case of strange
attractors. The remainder of the Introduction will provide a simplified version of the main
result to give the flavor of the contribution from this paper, with the full technical results
given in Sections IIIC (smooth manifolds) and IITE (strange attractors). To streamline
readability as much as possible, the proofs and additional technical details are contained in

appendices for the interested reader.



B. Delay-Coordinate Maps and Takens’ Embedding Theorem

We consider z(-) as the trajectory of a dynamical system in the state space RY such
that z(t) € RY for ¢ € [0,00). While the system has continuous underlying dynamics, we
observe this system at a regular sampling interval T > 0. Given this sampling interval,
one may define the discrete dynamics in terms of the flow ¢r : RV — RY such that
x(t+T) = ¢r(x(t)). In words, ¢r(-) moves the system state into the future by 7. We
assume that during the times of interest the state trajectory is contained within a low-
dimensional attractor [11] A such that z(t) € A C RY for ¢t > 0. The attractor A is assumed
to be a bounded, boundary-less, and smooth submanifold of RY with dim(A) < N. The
flow operator restricted to this attractor is a diffeomorphism on A so that there exists a
smooth inverse ¢! (x(t)) = z(t — T).

In applications of interest we often cannot directly observe this system state but rather
receive indirect measurements via a scalar measurement function h : A — R. This function
generates a single scalar measurement at a regular sampling interval 7' > 0, producing
the resulting discrete time series {s;}ien = {h(z(iT))};, where each s; € R. The goal is
to “reconstruct” the hidden state trajectory x(-) given only {s;};. To approach this task,
consider the delay-coordinate map Fp o+ A — RM  defined for an integer number of delays

M through the relation

T Y R R s
Pty = | | < | M| |t |
seaa | A= MAT) || R )

Note that the delay-coordinate map is simply formed at a given time by stacking the last M
observed time-series values into a vector. Commonly, R is referred to as the reconstruction
space.

Takens’ embedding theorem [14, 15] asserts that it is indeed possible to reconstruct the
state space from the time-series data. With this setup, Takens’ result roughly states that if
M > 2dim(A), then the delay-coordinate map Fj, 7a/(-) resulting from almost every smooth
measurement function h(-) embeds the attractor A into the reconstruction space R (i.e.,
the delay-coordinate map forms a diffeomorphism for A). In other words, the topology of the

attractor A is preserved in the reconstruction space RM under the delay-coordinate map, and
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FIG. 1. (a) The state space trajectory of the Lorenz attractor in R®, demonstrating the character-
istic butterfly pattern. (b) The time series obtained by a measurement function that only keeps
the xz1-coordinate of the trajectory. (c) The delay-coordinate map points with M = 2, recreating

the butterfly pattern using only the time series.

therefore the trajectory in the reconstruction space Fj, 7.as(x(+)) is (in principle) equivalent to
the trajectory in the state space x(-). Figure 1 illustrates the concept of a delay-coordinate
map in the case of the widely-known Lorenz attractor. Despite this embedding guarantee
ensuring that no two points from the attractor map onto each other in the reconstruction,
the mapping could be unstable in the sense that close points may map to points that are far
away (and vice versa). While the simplified main result of this paper is presented for the
case of attractors that are smooth submanifolds, the extensions presented in Section I E

include strange attractors such as the Lorenz attractor.

C. Simplified Main Result

To quantify the quality of the embedding in the reconstruction space, we seek the stronger
guarantee that the delay-coordinate map Fj, 7 a(+) is a stable embedding of the attractor A.
By stable embedding, we mean that Fj, 1 /(-) must act as a near-isometry on A, in the sense

that
2
| Firar(s) = Fura)l _
M|z —yll3 -

Vr,y €A x#y (2)

€ >

for some isometry constants 0 < ¢ < €, < oo. Said another way, if ¢ =~ ¢,, the stable
embedding condition of (2) guarantees that the delay-coordinate map preserves the geometry
of the attractor (rather than merely its topology) by ensuring that pairwise distances between
points on the attractor are approximately preserved in the reconstruction space. Since

x(-) C A, the same would hold for the trajectory and its image, thereby guaranteeing the
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quality of the trajectory embedding in the reconstruction space RM.

The main result of this paper is to determine the conditions on the attractor A, mea-
surement function h(-), number of delays M, and sampling interval T" such that Fj, 7.a/(-) is
a stable embedding of A. This is a more ambitious objective than Takens’ embedding the-
orem (leading naturally to more restrictive conditions), but with the benefit of quantifying
the quality of the embedding and relating that quality to the problem-specific parameters.
Roughly speaking, our main result shows that Fj 1 () stably embeds A (in the sense of

(2)) for most measurement functions h, provided that the following condition is satisfied:

1(A) T
Ryrar(A) > dim(A) log (%> .

rch(A)

Here, dim(A) and vol(A) are the dimension and volume of the attractor A C RY, and rch(A)
is an attribute of A that captures its geometric regularity. To quantify the notion of “most”
measurement, functions, our result is probabilistic and holds with high probability over
measurement functions drawn from a rich probability model H. The stable rank Ry 1 (A)
of A quantifies the ability of the random measurement functions to observe the system
attractor. Both reach and stable rank are well-studied concepts, and will be discussed

(along with the detailed probability model H) in full technical detail later.

Typically, if a dynamical system is fairly “predictable”, then Ry 7 a(A) grows propor-
tionally with M as the number of delays grows. In this case, the delay-coordinate map
stably embeds A when the number of delays scales linearly with the dimension of the at-
tractor as in Takens’ original theorem. On the other hand, if the dynamical system is highly
unpredictable, then it is likely that Ry 7 (A) plateaus rapidly with increasing M and it
will be more difficult to stably embed this system through delay-coordinate mapping even
with very long delay vectors. In Section III, the main contribution of this paper precisely
quantifies these conditions governing the quality of the embedding from the delay-coordinate
map. As we also discuss, these conditions have a natural interpretation in the context of

classical empirical methods for choosing T" and M.
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II. BACKGROUND AND RELATED WORK
A. Takens’ Embedding Theorem

To expound on the overview in Section I B, we turn our attention to a detailed technical
statement of Takens’ theorem [14] showing that the delay-coordinate map Fj, ra(-) embeds

the attractor A (and, of course, the trajectory z(-) C A).

Theorem II.1. (Takens’ embedding theorem [14]) Let A C RY be a smooth, bounded,
and boundary-less submanifold of RY , and let M > 2dim(A) be an integer. For pairs (¢r,h)
where the flow ¢r : A — A is a diffeomorphism on A and where h : RY — R is a smooth
measurement function, it is a generic property that the delay-coordinate map Fy 1 (-) is an

embedding (i.e., diffeomorphism) of A C RY into the reconstruction space RM.

In this theorem, “generic” means that the set of pairs (¢, h) for which Fj, 7 (+) yields an
embedding is open and dense in the set of all mappings. This topological notion of genericity
was later extended to an “almost every” probabilistic argument by Sauer et al. [15]. In fact,
the probe space framework developed in [15] was the inspiration for our analysis which
involves drawing h randomly from a subspace of measurement functions (see Section IIT A).
We also note that by relaxing the manifold assumption, Takens’ theorem has also been
generalized to cover embedding of fractal sets such as strange attractors [15] (formed by
chaotic dynamical systems [11]) and embeddings of forced systems [36].

Note that, under Takens’ theorem, Fj 7 (A) C RM is diffeomorphic to A € RY, so
that the topology of the attractor A and the flow on this attractor are preserved under
delay-coordinate mapping. In particular, we may trace Fj ra(x(-)) with its samples and
“reconstruct” the trajectory in the (often inaccessible) state space using only the time-
series data. In fact, several important characterizations of dynamical systems are pre-
served under delay-coordinate mapping and can be computed directly in the reconstruc-
tion space, including the number/types of fixed points/orbits, the dimension of attractor
(i.e., dim(Fy rp(A)) = dim(A)), and the Lyapunov exponents [11, 37]. Justified by these
properties, the reconstruction space representation formed by the delay-coordinate map has
been used for many practical time-series processing algorithms [38], including tasks such as
prediction [11, 39], noise reduction [40], chaos synchronization and control [41-43], system

identification [44], and detection of causality in complex networks [45].
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While Takens’ original theorem proves that the delay-coordinate map is theoretically
equivalent to the attractor in the hidden state space, it may map close points far apart and far
points close together. This warping, though topologically equivalent, means that even small
changes in the reconstruction space representation (e.g., due to noise, etc.) can amount to
arbitrarily large changes in the corresponding points in the state-space. One might ask: Are
there any conditions where the delay-coordinate map is guaranteed to bound the errors due
to noise? Will changes to the delay-coordinate map parameters (e.g., increasing the number
of delays, decreasing the sampling interval), the system, or the measurement function affect
the quality of the reconstruction or its tolerance to noise? Takens’ original theorem does

not address these issues, motivating our study of geometrically stable embeddings.

B. Related Work

Prior work by Casdagli et al. [16] begins to methodically address the issue of noise in
delay embeddings by studying the effects of the sampling interval T" and number of delays
M on asymptotic quantities defined to capture the effects of noise on the delay-coordinate
map. We note that, when the image of an attractor is warped or folded (and thus, not a
stable embedding), noise sensitivity can be a problem as the conditional probability of the
state given a noisy observation of the delay vector may be poorly localized. In addition,
the conditional variance of h(z((i + 1)7")) (the next value in the time series) may increase,
which reduces the ability to predict the time series.

While some approaches have been developed to perform noise reduction in the recon-
struction space [46], more generally, one finds a rich literature on methods of choosing the
optimal 7" and/or M that account for noise by examining quantities that can typically be
interpreted as having some dependence on the distortion of the attractor. To illustrate the
concept (without claiming to be an exhaustive review), methods have been proposed to
choose parameters by examining how they change the neighborhood relationships between
points (e.g., the introduction of “false nearest neighbors”) [47-49], geometric quantities (e.g.,
space filling) intended to separate trajectories [50, 51], test statistics proposed for determin-
ing whether the result is a valid embedding of the input [52], and statistics related to the
predictive power of the time series (e.g., mutual information) [17, 19]. The work in [20]

recommends the mean orbital period (approximated from the oscillations of the time se-
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ries) as a reliable choice for the window length (i.e., T M), noting that most methods for
choosing embedding parameters are based on empirical arguments, use arbitrary criteria,
and ultimately do not guarantee good reconstructions. While not primarily introducing a
method to choose parameters per se, our results are some of the first to provide a theoretical
basis for proposed methods by explicitly illustrating the impact of parameter choices (and
other problem-specific details) on a natural measure for assessing reconstruction quality:

geometric stability.

Our approach to guaranteeing the stability of delay-coordinate mapping relies heavily on
recent advances in the fields of compressive sensing and geometric functional analysis. As
mentioned previously, a central condition in compressive sensing is the RIP, which requires
a linear measurement operator to provide a stable embedding of the sparse signal family. Of
particular interest in compressive sensing are randomized linear measurement operators. In
particular, when the measurement operators are constructed randomly (e.g., as a random
matrix populated with independent and identically distributed Gaussian entries), the RIP
can be satisfied with high probability [53]. The basic compressed sensing results have been
extended to various classes of structured randomized measurement functions [32, 54-56] as
well as other low-dimensional models [57] such as smooth manifolds [33-35]. The present
work is especially indebted to recent developments in geometric functional analysis which
appeared first in [55] to establish the RIP for a class of structured random matrices. It
is also worth noting the recent work [58], in which sparse recovery tools are used to help

identify a dynamical system in spite of large erasures in the available data.

A study of stable delay-coordinate mapping for linear dynamical systems and with mea-
surement functions that are deterministic and linear has previously appeared in [59]. The
current result is a significant extension of this previous work by allowing general nonlinear
systems and measurement functions that are both randomized and nonlinear. However, the
main result in the present work has a similar flavor to [59], as both papers highlight cases
where the embedding quality plateaus and cannot be improved by increasing the number of

delays M.
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C. Differential Geometry

Because we will consider attractors A that are submanifolds of RY | it is helpful to review
the differential geometry concepts that characterize A and play a major role in the present
results. The reader may also refer to [60] for a more comprehensive introduction.

To any point * € A we can assign a tangent subspace T,A C RN comprised of the
directions of all curves on A that are tangent to x. The linear subspace T,A has dimension

dim(A) in RY, and the union of all tangent subspaces is called the tangent bundle of A:

TA := U{x} x T, A.

TEA
Consider a smooth map ¢ : A — A. The derivative of this map at x € A is the linear

operator Di(x) : T, — Ty, that satisfies

lim [[¢) (z + (7)) = ¢ () = [DY(x)] (v(7))]l, = 0, (4)

for every smooth curve « : [=1,1] — A that passes through = with v(0) = z. The normal
subspace N A is the (N — dim(A))-dimensional orthogonal complement of T, A with respect

to RY. The normal bundle of A is the union of all normal subspaces:

NA = J{z} x N,A.

zeA
For r > 0, we also let N"A denote the open normal bundle of A of radius r comprised of
all normal vectors of length less than r. For example, when A is the unit circle in R? and
r € (0,1), N'A may be identified with an annulus of width 2r (around the circle).

A geodesic curve on A is a smooth curve that minimizes the ¢y distance between every
pair of nearby points that it connects [60]. The geodesic distance between a pair of points on
A is the length of the shortest geodesic curve that connects them. The /5 distance between
points never exceeds their geodesic distance. Throughout, we assume that A is regular in

the sense that, for some geodesic reqularity geo(A) € [1,00), we have
|2 =yll2 < da(z,y) < geo(A)[[z —yl2,  Vr,y €A, ()

where dy(z,y) stands for the geodesic distance between z,y € A. For a circle, geo(A) = 7.
The reach measures the regularity of a manifold and is closely related to its condition

number [33, 53, 61].
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Definition II.1. (Reach of a manifold [62]) Let A be a bounded and smooth submanifold
of RN, The reach of A (denoted with rch(A)) is the largest number r > 0 having the following

property: The open normal bundle about A of radius r is embedded in RN for all r < rch(A).

In perhaps the simplest example, the reach of a circle with radius p is simply p. Reach
controls both local and global properties of a manifold. Its role is summarized in two key
relationships. First, the curvature of any unit-speed geodesic curve on A is bounded by
1/rch(A). Second, at long geodesic distances, reach controls how close the manifold may
curve back upon itself. For example, supposing z,y € A with du(x,y) > rch(A), it must
hold that ||z — y||2 > rch(A)/2. See [33] for more details.

III. MAIN RESULT

We are now prepared to give a precise setup and statement of the result that was sum-

marized in Section I C, along with additional interpretation and discussion.

A. Measurement Apparatus

We first set up our framework for choosing a measurement function A(-) that is used to
observe the trajectory z(-). In general we seek a result in which the choice of measure-
ment function is not specific and arbitrary measurement functions chosen according to some
probability measure will work with overwhelming probability. To do this, inspired by an
approach developed in [15], we limit the measurement function to some subset H of the
space of all smooth functions. To establish this subset, we fix a finite collection of P mea-
surement basis functions h, : A — R, p € {1,2,..., P}. For any coefficient vector a € R”,
we define a measurement function h, : A — R that is a corresponding linear combination

of the measurement basis functions:
ha(-) = alplhy(-). (6)

We limit our attention to the class H of measurement functions formed by arbitrary linear

combinations of this set of basis functions:
H={ha(-) : a € RP} = span [{hp(-)}le] : (7)

12



Note that while the sum in (6) is linear, each basis function can be nonlinear, resulting in a

rich and flexible set of potential measurement functions. For two concrete examples,

e 7{ is the class of all linear functions on RY when h,(-) = (-,¢,) for p € {1,2,..., P}
with P = N. Here, e, € R is the p-th canonical vector in RY (i.e., e,[p] = 1 and

ep[n] = 0 when n # p).

o H is the set of all N-variate polynomials of degree K if {h,(-)}]_, is the set of all

monomials of degree K with P = (K]J\F,N )

Our main theorem will depend on certain properties of the measurement basis functions

that are revealed by defining the map H : A — R?, where
H(z) == | hi(z) hy(x) --- hp(;p)] e R”, Vo € A. (8)

The superscript * indicates the transpose of a matrix or vector. We will require that the mea-
surement basis functions are sufficiently well behaved in that the following three assumptions

on H are met:

Al. H(:) is a bi-Lipschitz map on A, in the sense that ly||z — y|ls < ||H(z) — H(y)||2 <

ugl|z — yl|2 for every pair z,y € A, and for some Iy, uy € (0, 00);

A2. H(-) is a diffeomorphism between A and H(A), resulting in H(A) C RY being a
bounded, boundary-less, and smooth submanifold of RY with dim(H(A)) = dim(A);

and

A3. the nonzero singular values of DH (x) belong to some interval [Nmin, Jmax] C (0, 00),

where DH(-) is the derivative of H (see Section II1C).

Under the above assumptions on the basis functions, the flow ¢r : A — A in the state

space naturally induces a flow ¢g 1 : H(A) — H(A) (in R”) specified as

(

H(z) "3 6ur(H() = Hér(z), VoA (9)

As with the flow ¢7(-), the induced flow ¢p 1 (-) is a diffeomorphism (but on H(A) rather
than A).
Let Fh, r(-) denote the delay-coordinate map formed with a measurement function

ha(-) € H, and let Fj, 7(-) denote the delay-coordinate map associated with the p-th

13



basis function h,(-). For z € A, we will find it useful to collect the components of the
delay-coordinate map due to the different measurement basis functions and write them as

columns of a matrix such that:
X = | Fanirar(@) Frazar(@) - Faprar(e) | € R, (10)
Using (6), we can confirm the following useful identity:
Frn,rm(v) = Xgrmo, Vo € A, a € RY. (11)

The introduction of ¢ 7(-) above allows us to rewrite Xz 7 € RM*F (see (10)) as

Xurm = [H(x) H (o7 (x)) - H (¢ (2)) r (see (8))

= [ H() oglp(H@) - o4 (HE) |- (see (9) (12)
We also define the “trajectory attractor” as
( [ 7 3\
H{(x)
AH,T,M =< ¢H7T ( (x)) LT E A - RMP. (13)
|| ot (H () J

Taken together, (11) and (12) show that the reconstruction vectors produced by the delay-
coordinate map Fj,, () can be viewed as linear operator (which depends on «) acting on
points in the trajectory attractor. The reach of the trajectory attractor will play a role in

our main result.

B. Stable Rank

Lastly, our main result depends on a certain quantity that summarizes the quality of
the measurement apparatus for a given dynamical system. To that end, drawing from the

scientific computing literature [63], we first define the stable rank of a matrix A € RM*P as

A2
R(A) = e

(14)

where ||A||r and || A|| are the Frobenius and spectral norms of A, respectively. It is straight-

forward to confirm that

1 <R(A) = 2;10'(_%42)2 < rank(A), (15)
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where 01(A) > 09(A) > --- > 0 are the singular values of A. In a sense, stable rank R(-) is
a more robust alternative to the standard rank in that it is less sensitive to small changes
in the spectrum. Supposing that P > M, two extreme cases are worth noting here. First,
if the rows of A are orthonormal, then R(A) = M. In this case, the rows of A are equal in
length and have “diverse” directions. Second, if the rows of A are identical, then R(A) = 1.

The star of this show will in fact be the stable rank of the attractor A, which we define
to be

Rurm(A) = i yei}%lfx#y R(Xgrm —Yurm), (16)

where Xp 7 € RM*P is defined in (11) (see also (12)), and Y7 s is defined analogously

with y in place of x. If P > M, then (15) dictates that
Rurm(A) € 1, M]. (17)

For example, when H(A) is a subset of an r-dimensional subspace (say with r < M), then
(16) dictates that Rg7a(A) < r < M. On the other hand, if the rows of Xy — Yurm
have similar lengths and diverse directions (for every z,y € A), then Ry 7 (A) might be
close to M. As we see next, the larger Ry ra(A), the better.

C. Main Result

We are now in position to state the main result of this work.

Theorem III.1. (Stable Takens’ embedding theorem) Let A C RY be a smooth,
bounded, and boundary-less submanifold of RN . For a fized sampling interval T > 0, assume
that ¢r(-) is a diffeomorphism on A and that the singular values of the derivative of ¢r(-)
belong to the interval [Omin, Omax] C (0,00). For an integer P, fix the measurement basis
functions h, : A — R for p € {1,2,..., P} and let H be the linear span of {h,(-)},. The
random coefficient vector o € RY is assumed to have entries that are i.i.d. zero-mean and
unit-variance subgaussian random variables with subgaussian norm 6. A random wvariable
Z is subgaussian if its subgaussian norm ||Z|y, is finite, where || Z||y, = sup,s, (E|Z|p)%.
Qualitatively speaking, the tail of (the distribution of) a subgaussian random wvariable is
similar to that of a Gaussian random variable, hence the name [64]. In particular, Gaussian

random variables are subgaussian.
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Consider the map H : A — RY constructed in (8), and suppose that H(-) satisfies the
assumptions A1-A8 listed in Section IIIA. Let Ryr(A) denote the stable-rank of A as
defined in (16). For arbitrary isometry constant § € (0,1) and failure probability p € (0,1),
suppose that

1
—2M dim(A) 2 dim(A) _1

. — 1 1 A dim(A)

Ruzar (A) > Coymax |62 dim(A) log | Nmaxy/dim(A) (Umm ) ;’(:)h ((AEITM)

—2dim(A) _
— min _762 _ 1
e W(dlm(A))76 210g (_) (18)
p
where Cy is a constant that depends only on 6, and make the mild assumption that

. S
vol ( A)ﬁ - 1 Ur;z)]gdlm(m 1 2 dim(A)
rch (Amrar) ™ D dim(A) —2dim(4) ’

Omax -1

(19)

with Agry C RMP defined in (13) and W(-) denoting the Lambert W-function. See Ap-
pendiz A or [65, §4.13] for the exact definition of the Lambert W-function. Very roughly, the
exponential term involving the Lambert W-function in (18) scales like dim(A)log(dim(A)).
This assumption requires the volume of A mot to be too small. Similar assumptions have
appeared in earlier works (e.g., [33]).

Then, except with a probability of at most p (over the choice of ), the delay-coordinate
map Fy, v () stably embeds A in the sense that

o — 1 | et (2) = Fr s (W)l Tpnn — 1
1_5 l2 A —9 Omax ayd, oyl 2 < (1 5 2 A 2 min
B T )
50)

for every pair x,y € A with x # y.

The proof of this result is found in Appendix A. In (20), regarding the behavior of the
terms involving oyax and o, (the largest and smallest singular values of the derivative
of ¢r(+)), we note that these terms are close to 1 if the singular values cluster near 1. In
particular,

oM _ 1

MMeEon ¢

D. Observations and Interpretation

Several remarks are in order to help shape our understanding of Theorem III.1.
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Remark 111.1. (Comparison with Takens’ theorem) Let us fix the measurement basis
functions {h,(-)}. Note that the distribution of the random coefficient vector a € R” in The-
orem III.1 induces a distribution on the space of measurement functions, H = span[{h,(-)}].
Qualitatively speaking, Theorem III.1 establishes that, except on a subset with an exponen-
tially small measure, every function in H forms a delay-coordinate map that stably embeds
A, if Ryrm(A) is proportional to dim(A) with a proportionality constant that depends
chiefly on the geometry of A and the flow ¢r(-).

In contrast, Takens’ original theorem (Theorem II.1) established that generic choices of
the flow ¢r and measurement function h will yield an embedding so long as that M >
2dim(A). The refinement of Takens’ theorem by Sauer et al. [15] established that, for a
fixed flow ¢r and a random choice of A from a certain probe space, one will obtain an
embedding with probability one. This result also required that M > 2dim(A) but placed
certain restrictions on the periodicities of the orbits of ¢ on A.

Thus, Theorem III.1 provides a stronger embedding guarantee than the topological and
probabilistic Takens” theorems, but it does so with a nonzero failure probability and it is
contingent on a condition involving the stable rank Ry 1 a(A). If this condition can be
satisfied for a given attractor A, flow ¢, and space of measurement functions H, it may

require choosing the number of delays M larger than 2 dim(A).

Remark 111.2. (Stable rank) The requirement on the stable rank of A in (18) merits
special attention. Let us fix the measurement basis functions (and consequently the map
H(-)). The condition in (18) must be satisfied to stably embed A, which may require the
user to sufficiently increase Ry 7. (A) by adjusting the sampling interval 7" and the number
of delays M. In fact, (18) helps justify certain design rules that are commonly employed in
constructing delay-coordinate mappings.

Suppose for the moment that an oracle could inform the user of Ry 7 (A) for a given
pair (T, M) and let us examine the behavior of the stable rank under these variables. If
P < M, then Ryza(A) is upper bounded by P. However, if P > M, recall from (17)
that Ryram(A) € [1,M]. If Rurm(A) ~ M, the user could eventually enforce (18) by
increasing M (thereby stably embedding A). But how can the user enforce Ry 7 (A) =~ M
by adjusting T'? From (16), Ry 7a(A) ~ M means that the rows of X 73— Ya s € RM*P
are nearly orthonormal for every pair ,y € A (see the discussion in Section IIIB). Roughly

speaking, the following considerations are relevant:
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e For the rows of Xp 1 — Yurar (see (12)) to have nearly the same length, 7" must be
substantially smaller (in magnitude) than the Lyapunov exponents of the flow ¢ ()

on A so that

lour(H ()= ogp(HW)l2 = [ H(z)—H(y)ll2,  Vz,y €A, me{0,1,...,M—1},

(21)
by the invariance of Lyapunov exponents under the diffeomorphism H(-) [11, Section
11.2]. Note that when T is comparable to the Lyapunov exponents (in magnitude),
then the rows of Xp 1 — Yu . might differ considerably in length, and Ry 7 ar(A)
is likely to be small (leading to a poor embedding of A).

This aspect of our theoretical result mirrors the well-recognized phenomenon of #rrel-
evancy [16, 19, 20]. Indeed, when T is comparable to the Lyapunov exponents (in
magnitude), entries of the delay vector Fy_ rar(x(t)) € RM are likely to be “causally
independent.” In this case, the trajectory Fj,, 7. (z(-)) € RM in the reconstruction
space will be unnecessarily more complex than the original trajectory x(-) C R¥ in

the state space.

e For the rows of Xy — Yurm to be nearly orthogonal for every z,y € A, the
trajectories of the flow ¢ 7 (-) on H(A) should be “diverse” in that they should “visit”
different dimensions as time progresses. Adjusting T here might help push the rows
of Xyrm — Yurm to become nearly orthogonal. However, when 71" is very small, the
rows of Xy ry — Yy rm (for a pair z,y € A) are similar in direction and length, and

consequently Ry 7 a(A) is likely to be small (resulting in a poor embedding).

Similarly, this aspect of our theoretical result mirrors a known phenomenon called
redundancy [16, 19, 20]. Indeed, when T is very small, the adjacent entries of a
delay vector Fj,, ra(z(t)) € RM are likely to be highly similar (or “correlated”) and
the information contained in Fj, ra(x(t)) is largely redundant. In this case, the
trajectory Fy, rar(z(-)) C RM in the reconstruction space will be stretched out along

the identity line (regardless of the geometry of the attractor A C RY).

To summarize the main points, if 7" is chosen too large or too small, then Ry 7 (A) will
rapidly plateau when the user increases M. Thus, our theoretical findings echo the (mainly

heuristically-investigated) trade-off between irrelevancy and redundancy in the literature,
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suggesting the user may improve the embedding quality if a sampling interval in this ideal

intermediate range can be found.

Remark 111.3. (Choice of T" and M) The discussion in Remark II1.2 raises the following

question:

e Can the user experimentally find the right range for 7" and M without prior knowledge

of the quantities involved in (18)?

To answer this question, we first point out that a similar issue has arisen in the past with
choosing the number of delays M for Takens’ original theorem. As a practical method for
setting this parameter [11], the community has observed that dim(A) is preserved under
delay-coordinate mapping effectively as long as M > 2dim(A) and there is no noise. This
observation suggests the following procedure for estimating dim(A) and consequently esti-
mating the required number of delays M in Takens’ theorem. For fixed T" and every M
within a fixed range { M, ..., My}, the user constructs a sequence of delay-coordinate maps
for many example test observations from the system. For each M, the user applies the
Grassberger-Procaccia algorithm [66] to estimate dim(F}, 7a(A)) and searches for a range
of values of M where the graph of dim(F), 7.a(A)) (versus M) plateaus. This plateau is
an estimate for dim(A), and a reasonable choice of M immediately follows. When noise is
present, this plateau may disappear at large values of M as well, resulting in a “sweet spot”
in the graph where M = O(2dim(A)) and dim(F, 7 p(A)) = dim(A).

Returning to the present problem, a similar approach can be used. If (18) indeed holds,
then (with high probability) the delay-coordinate map with parameters 7" and M stably
embeds A into the reconstruction space R™ and the volume of A is preserved. In general,
(2) implies that

dim (A) dim(A)

(€M) ™5 vol(A) < vol (Fy, rar(A)) < (€M) "2 vol(A). (22)

This claim is proved similar to those in Appendix B. This observation implies a variant of
the algorithm described above where volume is used in place of dimension to find the correct

range of 7" and M, which we detail in Table I.

Remark 111.4. (Quality of embedding) Let us again fix the basis functions (and thus
H(-)), and suppose that (18) holds for a given isometry constant § € (0,1) and failure
probability p € (0,1). Then the quality of embedding in (20) clearly depends on
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TABLE 1. Prescription to find the proper range of the sampling interval T and the number of

delays M in delay-coordinate mapping.

How to choose T and M in delay-coordinate mapping

1. Given a time-series {s; }; and a scalar measurement function h(-), compute the delay
vectors {Fp (2 (iT))}i € RM for every pair (T, M) in the window [Tinin, Tmax] X
[Mmin : Mmax]'

2. For each pair (T, M), empirically compute the dimension dr s and volume Vr s
. Vo, v
of the surface formed by the delay vectors {Fj, 7 (x(¢71"))}s, and plot Tarirar fo

various pairs (7, M) in the above window.

3. Find the range of (T, M) for which the graph is nearly constant. This provides

the recommended range for 7" and M in delay-coordinate mapping of the system

under study.

e the bi-Lipschitz constants of H(-) (i.e., lg,ug);
e the spectrum of the derivative of the flow ¢7(-) (through oin, Omax); and
e the geodesic regularity of the attractor A (i.e., geo(A)).

Large values of 7—5, gmax and geo(A) in (20) all result in a poor embedding guarantee for A

(i.e., a large disparity between the upper and lower bounds in (20)). In particular, when the

dynamical system is highly unpredictable (e.g., has a large Lyapunov exponent), then Zms

min

is likely to be very large and the embedding guarantee (and, indeed, the embedding itself)
is likely to be poor. In a nutshell, stably embedding unpredictable systems (e.g., chaotic
systems) is often difficult.

Remark I11.5. (Orbits and other pathologies) The flow ¢7(+) has an orbit with period n
if ¢%.(x) = ¢pr(x) = x for some z € A. As noted in Remark III.1, the probabilistic statement
of Takens’ theorem by Sauer et al. [15] placed certain restrictions on the periodicities of the
orbits of ¢r. Indeed, the existence of orbits also typically deteriorates the stable rank of a

system. As an extreme example, consider an orbit of period one, otherwise known as a fized
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point: ¢p(x) = x for some x € A. Using (16), we may easily verify that Ry (A) =1 for
any choice of basis functions and any number of delays M. That is, the stable rank of A
does not increase at all when the user increases M. In view of (18), this leads to a very poor
embedding of the attractor A. We note that orbits of period one are explicitly forbidden by
Sauer et al. [15] and implicitly forbidden in Theorem II.1 through the genericity of ¢r.

E. Extensions to Strange Attractors

While our discussion thus far has focused on attractors that comprise smooth subman-
ifolds of R", many dissipative dynamical systems (e.g., chaotic systems) converge onto at-
tractors that are not smooth submanifolds of the Euclidean space. In this section, we discuss
what changes when considering the stable embedding of more general (e.g., strange) attrac-
tors. In what follows, we continue to assume that the state lies on the attractor A so that

for every time ¢, z(t) € A.

1. Global enveloping manifolds

The easiest scenario arises when there exists a global enveloping manifold M that sub-
sumes the attractor A. Roughly speaking, we say that Ml C R" is a global enveloping man-
ifold of an attractor A C R™ if A C M and at every point z € A, T,A = T,M (see [67, 6]
for a more precise definition). Here, T,M denotes the conventional tangent space of M at
x (recall Section ITC), and T,A denotes a generalized tangent space of A at x, defined as

follows.

Definition 111.1. (Generalized tangent space [68]) Consider an attractor A C RY and
a point x € A. The generalized tangent space of A at x, denoted T, A, is the smallest linear
space containing all unit vectors of the form (z; — y;)/||zi — vill2 generated by sequences {y;}

and {z;} in A with y; — = and z; — x.

In scenarios where there does exist a global enveloping manifold M for A, Theorem III.1
can be naturally extended to provide conditions for the stable embedding of M (and thus
A). In order to prove this result, one merely replaces A with M throughout the statement
and the proof of Theorem III.1; consequently, all of the geometric quantities that appear in

the resulting bound—dimension, volume, reach, and so on—will refer to M instead of A. As
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noted in Remark I11.4, when the dynamical system is highly unpredictable (e.g., has a large
Lyapunov exponent), then 2=2= is likely to be very large and the embedding guarantee (and,
indeed, the embedding itself) is likely to be poor. In such a case, Remark A.1 may have some
value. However, because it may be unreasonable to assume that the enveloping manifold
is invariant under the flow (i.e., that ¢r(M) = M), one may relax this assumption in the
statement and proof of the theorem; all that is needed is that ¢r acts as a diffeomorphism
between M and ¢ (M) (or, more precisely, between M and each of ¢* (M), ..., ¢, (M)),
and that the assumptions on H listed in Section III A hold not only on M but also on each
of ¢7' (M), ..., 7" (M).

2. More general attractors

Alas, a counter-example in [68] shows that not all subsets of Euclidean space, and thus
potentially not all attractors of dynamical systems, can have a global enveloping manifold.
When the attractor A does not have a global enveloping manifold, we require a few additional
definitions that will endow the attractor with certain geometric properties that make it

amenable for our analysis. We first describe these properties in terms of a general subset

B c RV.

Definition 111.2. (Box-counting dimension [15]) Consider a set B C RY. Suppose RY
18 divided into cubes of size ( by a grid based at points whose coordinates are (-multiples of
the integers. Let N'(C) be the number of boxes or cubes of size ( that intersect B. Then the

boz-counting dimension of B, denoted by boxdim(B), is defined as

boxdim(B) := %1_{1(1] —%.

Definition 111.3. (Covering regularity) We say that the set B has covering reqularity

cov(B) (depending on some mazimum size () if for every ¢ < (o,
N(C) < COV(B)C_bOXdim(B),
where N() is the number of boxes or cubes of size { that intersect B (see Definition II1.2).

One can think of the covering regularity cov(B) as a proxy for the volume of B because

Cboxdim(IB%

volume is proportional to N(() ) in the limit of small ¢ when B is a submanifold.
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Definition 111.4. (Tangent covering regularity) We say that the set B has tangent cover-
ing reqularity tancov(B) (depending on some mazximum size (o) if for every a € B, whenever
|z — all2, [|ly — all2 < ¢ < (o for some z,y € B, we can find a v € T,B such that

Ty

— < tancov(B)(.
= yll2

2

()

Here tancov(B) can be thought of as a measure the curvature of B.

Definition 111.5. (Tangent dimension) We define the tangent dimension tandim(B) of the
set B as
tandim(B) := sup dim (T,B),
z€B

where T,B refers to the generalized tangent space of B at x (see Definition I11.1).

As noted in [68], the tangent dimension bounds the box-counting dimension from above:
for any set B, tandim(B) > boxdim(B). In what follows, we shall ignore the dependence of
the regularity quantities on their maximal resolution (.

With these properties thus defined, we present our result for the stable embedding of a
general (including strange) attractor. The following theorem makes a series of assumptions
not on the attractor A itself, but rather on the trajectory attractor Ag .y C RMP defined
in (13). We discuss these conditions further after presenting the main result, which is proved

in Appendix C.

Theorem 111.2. (Stable Takens’ embedding theorem for strange attractors) Let A C
RY be an attractor. For a fived sampling interval T > 0, assume that ¢7(-) is a flow on A.
For an integer P, fix the measurement basis functions h, : A - R forp e {1,2,..., P} and
let H be the linear span of {h,(-)},. The random coefficient vector o € RY is assumed to
have entries that are i.1.d. zero-mean and unit-variance subgaussian random variables with
subgaussian norm 6.

Consider the map H : A — RP constructed in (8), and suppose that H(-) satisfies as-
sumption A1 listed in Section IIITA. Let Agry C RMP be the associated trajectory attrac-
tor defined in (13). Suppose Aprar has box-counting dimension boxdim(Ag7ar), tangent
dimension tandim(A g 7 ar), covering reqularity cov(Ap ra) > 1, and tangent covering regu-

larity tancov(Ag ) > \/%. Finally, let Ry (A) denote the stable-rank of A as defined
in (16).
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For arbitrary isometry constant 6 € (0,1) and failure probability p € (0,1), suppose that
Rurm (A) >

Cpmax |52 tandim (A g 7/) log (\/ M P tancov(A g 7 ) (COV(AH7T7M))1/bOXdim(AH’T’M)) ,

— min S C—
e W(tandlm(AH,T,M)) , 5_2 log (1) ] (23>
p

where Cy is a constant that depends only on 6. Then except with a probability of at most p

(over the choice of o),

| Fho e (%) = Frosronr ()5 <

o 1 (677 (@) = H (6" )|,
holds for all x,y € A with x # y.

Moreover, if (24) holds for all z,y € A with x # y and if there exist quantities geo(A),

1-6<

146 (24)

Omin, Omax Such that for all x,y € A andm=1,2,... , M — 1,

geo(A) "o |z — ylly < [|lo7™ (@) — 07" W), < geo(A)aiy llz =yl (25)

it follows that

DM — 1| Fhrs(®) = Frrar (W)l T — 1

1 — 812, geo(A)2Tmax e = 2 < (1+6)u? geo(A)? i~
ool 1 = T e e 5
(26)

holds for all x,y € A with x # y.

Much like our original Theorem III.1, Theorem III.2 guarantees a stable embedding of
an attractor with high probability, under the condition that the stable rank Ry 7 (A) is
sufficiently large. However, whereas the right hand side of (18) involves mostly properties
of the attractor A itself, the right hand side of (23) references properties of the trajectory
attractor Ay p s instead. Indeed, a key step in the proof is bounding the covering number of
the set of all normalized secants of the trajectory attractor. In the proof of Theorem III.1,
we used Lemma A.1 to relate properties of Ay to those of A. In the case of strange
attractors, we leave this connection as an open question.

Perhaps interestingly, Theorem III.2 does not require any assumptions regarding ¢, or
H being a diffeomorphism, nor any assumptions on the singular values of their derivatives.

Such properties do likely affect the quality of the embedding. In the proof of Theorem III.1,
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we used these properties both in Lemma A.1 (to relate properties of Ay 1 s to those of A)
and to guarantee that a condition equivalent to (25) holds. However, the original proof of
the condition equivalent to (25) required an argument involving geodesic distance, which
is not appropriate for a strange attractor. Here, we pull out (25) as its own assumption,
which could conceivably hold even for a strange attractor. Thus, in (25), the quantities
ge0(A), Omin, Omax do not necessarily refer to the geodesic regularity of the attractor A or
the singular values of the derivative of ¢r(-). However, for (25) to hold, these parameters

would likely play similar roles to those that they played in Theorem III.1.

IV. EXAMPLES

In this section, we present two examples that support the theoretical findings in Section
ITI C, emphasizing the relationship between the stable rank of a system and the number of

delays in delay-coordinate mapping.

A. Moment Curve

We begin with an example where we can analytically calculate (or bound) the quantities
of interest. Strictly speaking, Theorem III.1 applies to subsets of R and not to A ¢ C¥
as in this example. However, study of the “real” moment curve (formed from the real part
of v(+)) is far more tedious, and is therefore not pursued here for the sake of the clarity.
In fact, we strongly suspect that Lemma 15 in [33] and consequently Theorem III.1 can be
extended (with minor changes) to account for complex attractors.

For an integer N, let A be the moment curve in C. That is,

1

6127rt

A={yt) :t>0}CcCY, )= : . (27)

pl2m(N-1)t

Note that A is a closed curve because v(n) = v(0), for every integer n. For a fixed T' > 0,
we endow A with a linear dynamical system with flow ¢7(-). This linear flow, which we

identify with an N x N matrix, is specified as
¢r = diag [y(T)] € CV*, (28)
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where diag[a] returns the diagonal matrix formed from the entries of vector a. For any ¢ > 0,
observe that ¢7(v(t)) = ¢ry(t) = v(t + T'); that is A = () is parametrized by time.

Let H be the space of all linear functionals on C¥, so that every scalar measurement
function may be characterized as hq(-) = (-,a) for some a € CV. In the language of
Theorem III.1, we set P = N and take H(-) to be the identity operator (and, in particular,
H(A) = A). Assume also that the entries of o are independent Gaussian random variables
with zero mean and unit variance (the variance of a complex random variable is the sum of
the variances of its real and imaginary parts).

We next compute the relevant geometric quantities. Since A is a curve, dim(A) = 1, and

vol(A) is simply its length:

(1)

vol(A) = length(+(-)) = /0 dt

- n? /01 dt (see (27))

_ W\/guv _1)NEN —1). (29)

Next, we turn to the geodesic regularity of the moment curve which involves comparing
geodesic and Euclidean distances between an arbitrary pair of points on A. Using (29) (and
the implicit observation therein that () has constant “speed”), we deduce that the geodesic

distance between y(t1),v(t2) € A is given by

dp (7(t1),7(t2)) = [t1 — ta|length (y(+))

In Appendix E, we calculate the Euclidean distance ||y(t1)—7(t2)||2 and estimate the geodesic

regularity of the moment curve by comparing the two metrics.

Lemma IV.1. (Geodesic regularity) For an integer N, let A be the moment curve in CV

(see (27)). Then, the geodesic reqularity of A (see 5) is bounded as

27
geo(A) < —3(1 —5)

Above, 1 > 0 is a (small) absolute constant, and N,, is a sufficiently large integer (which

N(N—1), VYN >N,. (31)

is subject to change in every appearance).
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In other words, the geodesic regularity of A is poor, geo(A) = O(N?) which, in light of
(20), suggests that delay-coordinate mapping might poorly embed this system (when the
dimension of the state space N is large). The guarantees in Theorem III.1 appear to be
conservative here as our simulations indicate later in this section.

Next, to compute the reach, we borrow from Lemma 1 in [33]:
BV'N <r1ch(A) < VN, VN > N,. (32)

Here, 5y < 1 is independent of N, and N, is a sufficiently large integer (note that the
discrepancy in the definition of moment curve here and in [33] is inconsequential). That is,
fortuitously, the reach of the moment curve is relatively large. Next, we turn to the stable

rank of this system. The estimate below is obtained in Appendix F.

Lemma IV.2. For an integer N, let A be the moment curve in CV (see (27)). ForT € (0, 5],
equip A with the linear flow ¢r(-) specified in (28). Then, the stable rank of A (as defined
in (16)) satisfies
M
20 + Frsmgery 108 (¢/ tan (%))

< RH,T,M(A) < M, VN > Nm, (33)

where Ny, is a sufficiently large integer.

Roughly speaking, as long as % ST < ﬁ, the stable rank of our system is large
(Rurm(A) = M). (Note that M < N is necessary for this claim to hold.) Since the
stable rank of any system is bounded by the number of delays M (see (17)), this result is
nearly ideal.

Let us now empirically compute the stable rank of this system (see (16)) for variable
number of delays M and with N = 250 and 7' = 1/(N + &), where ¢ is chosen randomly
from a standard normal distribution. The outcome appears in Figure 2(a). To see the
connection between the stable rank and the quality of embedding, we plot in Figure 2(b)
the isometry constants ¢, < €, (recall (2)) versus the number of delays M. To produce the
plot, we generated 100 independent copies of h,(-) and computed the isometry constants
according to (2). The curve shows the mean isometry constants (over 100 repetitions). As

M increases, the stable rank increases (improves) and the isometry constants tighten (the

quality of embedding improves); this matches Theorem III.1.
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FIG. 2. Stable rank and quality of delay-coordinate mapping for the linear system described in
Section IV A. (a) Stable rank versus M (number of delays) with sampling interval T' ~ 1/250. Note
that the stable rank of the system gradually improves with increasing M. (b) Quality of embedding
through delay-coordinate mapping as measured by the isometry constants ¢; < €, versus M with
T ~ 1/250 (see (2)). Note that, like the stable rank, the quality of embedding gradually improves

with increasing M.

B. Nonlinear Schrodinger System

As a case study involving a nonlinear system, we consider a sequence of points on a
trajectory generated by a certain partial differential equation, the Nonlinear Schrédinger

(NLS) equation:

1
ug(z,t) + éuzz(z, t) + |u(z, t))*u(z,t) = 0.

Here, t denotes the continuous time variable and z denotes the continuous space variable; u;
denotes the partial derivative of u with respect to ¢t and u,, denotes the second order partial
derivative of u with respect to z; and we adopt the boundary conditions u — 0 as z — +o0.
Adapting the construction provided in [69, Chapter 19], we sample N = 800 points between
2z = —30 and 2z = 30 at each time to generate data in C. Data is generated with a time
step of 0.02 seconds. The evolution of the trajectory over time is shown in Figure 3, which
plots the magnitude of the entries of each data vector. The three different plots correspond

to three different integer values of a parameter S which is used in the initial conditions

u(z,0) = Ssech(z + zg)eim.
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FIG. 3. Magnitude of trajectory vectors for the Nonlinear Schrédinger system, with (from left to

right) S =1, S =2, and S = 3-soliton solutions displayed.

The resulting solutions are known as the S-soliton solutions (with S = 1,2, 3) and have an
initial center position zy = 23.5 and a drift over time due to the group velocity parameter
Q=m.

We begin by presenting a specific example involving the S = 2-soliton solution. Fig-
ure 4(a) plots a random projection of the data vectors from CV to R®, and Figure 4(b)
shows the pairwise distances ||z — y||? between all pairs x,5 € CV on the trajectory. This
projection, which is useful for obtaining a generic visualization of the trajectory, is computed
by constructing a real-valued 3 x N matrix = populated with independent zero-mean and
unit-variance Gaussian random variables. For each data vector z € C, we compute Zz and
preserve the real part of the resulting vector. Here, we consider only the final ~ 5 seconds
of the data; the initial ~ 10 seconds are used for populating delay coordinate vectors when
needed.

In this example, we set T = 0.06 seconds and M = 160. To construct the class H of
measurement functions, we consider a set of P = 50 nonlinear radial basis functions (RBFs),
each defined by a center v, € C" randomly chosen from a ball with radius comparable to the
data set. The resulting measurement basis functions take the form h,(z) = e le=vl*/20
where ¢ is a scaling parameter chosen to be comparable to the norm of a typical data vector.

Figure 4(c) shows a random projection of the resulting delay coordinate vectors Fj,,, 7 as(2),
where the entries of o are independent Gaussian random variables with zero mean and
unit variance. Figure 4(d) shows the pairwise distances ||Fy, 7. (2) — Fh, 7.0 (y)|3 be-
tween all points in the reconstruction space. Figure 5(a) shows a scatter plot com-
paring the original distances [z — y||3 between points on the trajectory to the corre-

sponding distances ||Fy, 7ar(z) — Fu,7m(y)||3 in the reconstruction space RM. The
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FIG. 4. Embedding demonstration for the Nonlinear Schrédinger system, S = 2-soliton solution
with nonlinear RBF measurement functions. (a) Visualization of data vectors x € CN on the
original trajectory, projected via a random linear map to R3. Color (shading) is used to indicate
the time (in seconds) corresponding to each data vector x. (b) Pairwise distances ||z —yl||3 between
all pairs z,y € CN on the original trajectory. (c) Visualization of the resulting delay coordinate
vectors Fy,, 7(x), projected via a random linear map to R3. Again, color (shading) is used to
indicate the time (in seconds) corresponding to each original data vector x. (d) Pairwise distances

| Eno rns (2) — Fh, 701 (y)||3 between all points in the reconstruction space.

dashed lines have slopes equal to the minimum and maximum observed values of the
ratio || Fh, 7.00(x) — Fny 70 (W) |3/ |7 — yl|3 over all pairs z,y € C on the trajectory. Under
a highly stable embedding (and in particular if the left and right hand sides of (20) were
comparable to one another), the two lines in Figure 5(a) would have slopes comparable
to one another. In this experiment, the ratio of the larger slope to the smaller slope is

approximately 8.80. Up to some degree of approximation, small pairwise distances remain
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FIG. 5. Pairwise distance preservation in the various stages of a delay coordinate embedding,

S = 2-soliton solution with nonlinear RBF measurement functions.

small, and large pairwise distances remain large.

We can unpack the factors that affect the degree of tightness in this embedding. The
careful reader of Appendix A and especially (A29) will note that the variability of the
ratio ||Fh, rm(2) — Fu, 7 (y)|13/]lxz — yl3 is affected, in turn, by the variability of the
ratios |H(z) — H(y)||3/||x — y||3 (see assumption A.1 in Section IITA as well as (A27)),
1 Xarm — Yarmllz/llz — yll3 (see (A28)), and ||Fh, rai(z) — Fho e )3/ 1 Xm0 —
Yuru|% (see (A23)). Figures 5(b), (c), and (d) show scatter plots corresponding to these
three sets of pairwise distances, respectively. Variability in ||H(z) — H(y)||3/||z — y||3 can be
caused by a large ratio between uy and ly; the ratio of the slopes in Figure 5(b) is approxi-
mately 6.35. Variability in || Xy 7m — Yarum| 3/ ||z — yl|3 is affected not only by uy and ly,
but also by Gumin, Omax, and geo(A). The ratio of the slopes in Figure 5(c) is approximately
8.05. Variability in ||F, 7.a(%) — Fh, rr (W) 3/ | X r0r — Yarras||% is affected by the stable
rank Ry 7 a(A), which in this example is approximately 5.66. The ratio of the slopes in

Figure 5(d) is approximately 2.14. The tests below further reveal the causes and effects of
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changing the parameters we have discussed here.

To further our study, we also experiment with the S = 1-soliton and S = 3-soliton
solutions, and we test additional classes H of measurement functions. In addition to the
RBF kernel already considered, we also take H to be the space of all linear functionals on
C", as in Section IV A. We also consider a set of nonlinear monomials of maximum degree
K in N variables. Any such monomial can be written as h,(z) = z[1]% x z[2]?2 x - - - x [ N]P¥
for some {3, }, with Y 5, < K. We use a set of P = 200 randomly-picked monomials with
maximum degree K = 3.

With a fixed value of T' = 0.06 seconds, Figure 6(a) plots, as a function of M, the ratio of
the largest and smallest isometry constants corresponding to || Xurn — Yarm|%/|lz —
y||3. (In the previous example, this corresponded to the ratio of the slopes in Fig-
ure 5(c), which was approximately 8.05.) Figure 6(b) shows the corresponding plot for
| Fh7nr () — Fro s )3/ X e r0r — Yarasl|%, and Figure 6(c) shows the corresponding
plot for ||Fy, ra(x) — Fu, 70 (y)]3/]|2 — yl|3, reflecting the tightness of the overall embed-
ding. Figure 6(d) shows the stable rank Ry 7.a/(A) as a function of M. In these plots, we

see several general trends:

e The overall embedding is generally tightest for the S = 1-soliton solution and weakest
for the S = 3-soliton solution. As illustrated in Figure 3, the complexity of the
trajectories generally increases for larger values of S. For example, the trajectory
for S = 1 has constant speed, while the instantaneous speed of the trajectory when
S = 3 varies over a dynamic range of approximately 6.95. This variability affects
factors such as oy and oy, leading to more variability in || Xgrm — Yurml3/||z —
y||3 as shown in Figure 6(a). There is relatively little effect of S on ||Fh, 7. (z) —

Fha,T,M<y)H§/HXH,T,M — YH,T,MH%’ as shown in Figure 6(b)

e The linear measurement functions generally result in the tightest embeddings; partly
this is due to the fact that [z = ug = 1 in the linear case. The nonlinear monomial
functions produce the loosest embeddings. However, the nonlinear RBF functions

perform nearly as well as the linear functions.

e In general, as M increases, the stable rank increases Ry ra(A), which reduces the

variability of || Fy, 7.0 (2) — Fn, 700 W3/ 1| X g 7.00 — Yarra||% and thus of the overall
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FIG. 6. Embedding demonstration for the Nonlinear Schrodinger system, including the S = 1,
S =2, and S = 3-soliton solutions and various linear and nonlinear measurement functions. With
T fixed to 0.06 seconds: (a) x —vy vs. Xgrm — Yar,m, (b) Xarnm — Yarm vs. Fh, mm(x) —
Fun,rm(y), (¢c) x —y vs. Fy, 7.m(x) — Fp 7.0 (y), (d) stable rank. With MT fixed to 9.6 seconds:

(e) x —y vs. Fy, 7.m(x) — Fh, 7.m(y), (f) stable rank.

embedding || Fy,, 7.0 (2)— Fh, .00 (y) |13/ |z —y||3. This is as expected in light of Theorem
III.1.

Finally, over a fixed total delay of 9.6 seconds, we experiment with a range of M values.
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In each case, we choose T' = 9.6/M. Results are shown in Figure 6(e),(f). These results show
that, over this total amount of time it is not necessary to sample densely in time; moderately
small values of M (around 40), corresponding to moderately large values of T' (around 0.24

seconds) lead to delay coordinate embeddings with a reasonable degree of tightness.

V. CONCLUSIONS AND OPEN PROBLEMS

The main result of this paper extends Takens’ celebrated embedding theorem to provide
conditions when a delay-coordinate map can provide a stable embedding of a dynamical
system attractor. Given the prevalence of these techniques in nonlinear time-series analysis,
this result provides a much needed theoretical justification of their numerical performance in
the presence of real-world imperfections such as noise and quantization. While the conditions
of this result are restrictive and it may not always be possible to meet them in practice, there
is significant value in knowing for which scenarios one can guarantee a given quality level of
the embedding. In fact, researchers have informally conjectured that instability issues may
limit the performance of numerical techniques based on delay-coordinate mapping without
the theoretical foundations to examine this issue formally (e.g., see the discussion regarding
Takens’ theorem in the Supporting Online Material of [70]). The examination of our results
has also led to new and insightful interpretations of classical (generally heuristic) techniques
for selecting parameters such as the sampling time and number of delays.

Building on these results, there appears to be no shortage of interesting directions for

future work. For example:

e Remark II1.3 and Table I provide a recipe for choosing the sampling interval 7" and
the number of delays M in delay-coordinate mapping. It is of interest to experimen-
tally validate this procedure and perhaps find alternatives with lower computational

complexity.

e An open question is whether it is possible to improve (increase) the stable rank of a
dynamical system (and hence improve the quality of delay-coordinate mapping) by
optimizing over the choice of scalar measurement functions. While we suspect that

answer is negative, a rigorous study of this topic does not currently exist.

e A remaining technical challenge is the role of rch(Ag 1) (reach of the “trajectory
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attractor”) in Theorem III.1 (also see (13)). We suspect that rch(Agr ) can be
expressed entirely in terms of rch(A) (and 7, M, and basis functions {h,}). Such
an expression will substantially simplify and clarify Theorem III.1 but has remained

elusive despite our efforts.

e While multivariate time-series have been occasionally discussed in the literature
(e.g., [T1]), as with our work, most treatments of delay-coordinate maps are restricted
to a single scalar measurement function. An open question is how the presence of
multiple measurement functions (producing diverse observations at each sampling

time step) would affect the stability of the attractor embedding.
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Appendix A: Proof of Theorem III.1 (Stable Takens’ Theorem)

We reserve the letters C, C, Cs, - -+ to represent universal positive constants. We adopt
the following (semi-)order: a < b means that there is an absolute constant C; such that
a < C1b. If, instead of being an absolute constant, C; = C1(0) depends on some parameter
0, we write a <y b. Of course, a = b and a 2y b are defined similarly. Occasionally, we will
use the convention that [a: b] = a,a+ 1,--- b for integers a < b.

Throughout the proof, the dependence on different quantities might be suppressed if there
is no ambiguity. Consider z € A and scalar measurement function ho(-) = > a[plh,(-) as
a linear combination of basis functions. Recall from (11) and (12) that the corresponding

delay vector can be written as
Frorm(z) = Xgrua,
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Xurm = [H(x) H(¢7'(2)) - H ((;S}MH(J;))] c RMxP, (A1)
and where ¢r : A — A is the flow on the attractor. For a fixed pair of points z,y € A,
consider the random variable

| Fne v () = Frrd (9|15 _ I Xrrma — Yzl

(A2)

HXH,T,M - YH,T,MH?;' ||XH,T,M - YH,T,MH?;' 7

and note that

- E [H(XH,T,M - YH,T,M) Oé||;] —1

| Xa7rm — YH,T,M”;

| Fne v () = Frord ()15

| Xarm — YH,T,MH;

where the second identity holds because the entries of o € RF are independent and have
unit-variance. This suggests that for all pairs of points in A, the ratio in (A2) might be close
to one. That is, we hope that the following quantity is small with overwhelming probability:

| Fhe vt (2) = Frra (9|15

| Xa7m — YH,T,MH?

sup —1

T,yeA

= sup [[|Zall; — E [||Zal3]] - (A3)
Ze3

Above, we conveniently set

X ~Y,
3= { BT CHEM .y e A} c RM*P, (A4)
”XH,T,M - YH,T,M”F

To control the supremum in (A3), we invoke a recent result by Krahmer et al.

Proposition A.1. [55, Theorem 3.1] For integers M and P, let 3 C RM*P be a collection
of matrices. Moreover, let o € RY be a random vector whose entries are independent zero-

mean, unit-variance random variables with subgaussian norm of 6. Set
dp(3) =sup | Z]lp,  da(3) =sup||Z],
Ze3 Ze3

where || - ||p and || - || stand for the Frobenius and spectral norms, respectively. Also let

Y2(3, ] - ||) be the Gaussian width of 3 with respect to the spectral metric, and define
Eyi=2 G- 1) - (e Gl - 1) +dr(3)) + dr(3)da(3),
B, == d5(3),
Es = dy(3) (2 (3, I - ) + dr(3)) -

Then, for arbitrary v > 0, it holds that

2
P |sup || Za|2 — E [|Za]?]| > Co(6) By +v| < 2exp [ —Cy(6) min | —, < | |,
Ze3 Es E3

where Cy(0) and C3(0) depend only on 6.
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Without dwelling too much on the concept of Gaussian width above, we recall the fol-

lowing well-known relation [72]:

22 (31l | / Vg @B Th9) ds (A5)

Above, #(3,] -, $) is the covering number of the set 3 with respect to the metric || - || and

at scale s > 0. That is, #(3,] - ||, s) is the smallest number of balls of radius s (and with
respect to the metric || - ||) needed to cover the set 3. In order to apply Proposition A.1 to
(A3), we must first calculate dp(3), d2(3), and #(3,] - ||, s) (with 3 as in (A4)). That, we
set out to do next. Observe that

|\ Xarm — Yarmlp

dr (3) = sup | Z||F = sup =1, (see (A4)) (A6)
vyer | Xaryv — Yurml g
\ X1 — Yol 1
d —su Z||l = s i - = . see (16 A7
2 (3) p H || . ;& ||XH,T,M . YH,T,MHF RH,T,M (A) ( ( )) ( )

Estimating the covering number of 3 is more involved. From the order between norms

|1l < |l |lF, first deduce that

# Bl s) <# G -llrs), Vs >0. (A8)

The covering number on the right hand side above is easier to control, as 3 Cc RM*F
is isometric to another (more malleable) object that we denote here with U(Ay 1) and

define next. Set

H(x)
rurym = Tarm(v) = vee (Xurum) = : eRMP. vVxeA, (A9)
H (67241(2))
Apra = {zgry : v €A} C RME (A10)

Then, let U(Ag 1) denote the set of all directions in Ay 1y, ie.,

U(Aurnm) = { THIM 7 YHTM o e A} c §MP-1, (A11)

||$H,T,M - yH,T,M”Q
where §M7~1 is the unit sphere in RM”. Recalling (A4), we observe that the pair (3, - ||)
is isometric to the pair (U(Agra), | - |l2). Thanks to this isometry, we may continue to
simplify (A8) by writing that
# 3l ls) <# 3o llres)
= # (U (Agza), [ - ll2r8) - (A12)
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Next, we estimate the covering number of U(Ag 7). Recall that the attractor A ¢ RY
is a well-behaved manifold and the flow ¢7(-) is a diffeomorphism on A. Not surprisingly,
then, Ay (defined in (A10)) too is a well-behaved manifold whose geometrical attributes
can be expressed in terms of those of A. This observation is formalized next and proved in

Appendix B.

Lemma A.1. Recall the attractor A C RN, and the flow ¢r : A — A, which by assumption is
a diffeomorphism on A. Let Dop(z) : T,A — Ty o)A be the derivative of the flow at x € A
(see Section II C). The linear map Dor(x) may be identified with a dim(A) x dim(A) matriz.
Assume that the singular values of this matriz belong to some interval [omin, Omax] C (0, 00).

Lastly, recall the properties of the map H(-) listed in Section III A.

Then, Ay C RMP ) as specified in (A10), is a bounded, boundary-less, and smooth
submanifold of RMP with dim (Ag 1) = dim(A) . Moreover,

dim(A) O_—2M dim(A) -1 0'_~2M dim(A) 1
Ninin Sdim(h) vol (A) < vol (AH,T,M) < ng:g{(A) mirl2 T vol (A) .
max - min -

The above lemma controls the geometric properties of U(Ap 7 a)—its dimension and
volume. By substituting these estimates into Lemma 15 of [33], we can in turn control the

covering number of U(A g 1) by writing that

U(AHTM H27 )

2dim( A
6.12 dlm AHTM)) ( HYT‘M)

<2

2
veh (Apr dlm(AHTM)> (invoke [33, Lemma 15])

2dim(A)
<9 6.12 dlm ) 2 dim(A)

nmax

(
( vol (A 7.r)
(=

5 2M dim(a 2
-1 1 (A

Tmin ) vol (4) . , (invoke Lemma A.1)
1 \rch(

—2dim(A dim(A)
min AH7T7M)

which holds for any s < , and under the mild assumption that the volume of A is sufficiently
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large:

vol (Ap 1) - dim(A) \/ T A vol (A)
v (A gy ) (A min Tt _ 1 reh (A )™

dlm AHTM
>
2 dlIIl AHTM

dim(A)
N ( dim (A) )

In light of (A12), we conclude that

2
S
min Aprm

i 2dim(A) oM dim(A 2
203018 <2 (6.12 dlm(A)) nQdim(A)amfn ®_1 ( vol (A) )
) ) = max —2dim(A) dim(A) ’
—1 \rch( )
and we denote the right hand side by

<é)4dim(m . (A13)

The above bound holds for every s < %, and as long as

—— >y . — Al4
rech (Aprar) —min | g2 dm®) 2,/dim (A) (A14)

max

. __ 1
vol (A)m - (UmZi\/I dim(A) 1) 2dim(4) 921
-1

With the covering number of 3 at hand, we now use (A5) to control the Gaussian width of
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SENED
s/o Viog BT T1.9)) ds

2d2(3)

— Viog (# (3, - II, ) ds (from (A7): s >2dy (3) = # (3.1 -1l,s) =1)

0

/V RHTM \/log (3,1 - II,s)) ds (see (AT))
4 dim(A /V RHTM(A) ds (see (A13))
4dim(A) (RHTM(A)>

e ([mssef )
1dim(A) (W) \//\/mlog (1+ A) ds

4 dim(A) (RH;W( A) ) Z ij,M(A)

Jlog <1+ AvRHéT,M(A)> (/Oa]og (1 + g) ds < 2alog (1 + g) ifa< b)
< 8\/ % log (AW) (log(1 + a) < 2log(a), Ya > 2) (A15)

and, by simplifying the last line,

2 (21
dim(A)
R (A)
—2M dim(A) m T
; (o -1 vol(A) T
1 A T _ A) . Al
J Og ( dlm( )nmax< U;?ndlm(A) _ 1 ) I'Ch(AHj’M) RHI,M( )) (See( 3)>
(A16)
For the fifth and tenth lines to hold, we must impose that
Ry rm(A) > 16max (1, A7?). (A17)
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For (A17) to hold, it actually suffices to assume that

Ruram(A) 21, (A18)

m 2> 1. (see (A13)) (A19)

min

1
—2M dim(A) 2dim(A) T
- O min -1 VOI(A) dm®
dim (A)Nmax ( —2dim(A) _ )

We note that (A19) is guaranteed to hold if (A14) (which appears in the theorem statement
as (19)) holds. Given the estimates of dp(3), d2(3), and v2(3, || -]|) (see (A6-AT7) and (A16)),
we are now in position to apply Proposition A.1 to 3 (specified in (A4)). For d,p € (0,1),

assume that

1
—2M dlIn(A) 2dim(A) #
— . N . —_ ]_ VOI(A) dim(A)
Ry (A) 2 672 dim(A)1 i (A) e [ 222 A A
H,T,M( ) ~ lm( ) 0g ( 1m( )77 ( ;?ﬂdlm(A) 1 > rCh(AH’T,M)
1
RH,T,M(A>> + (572 log <;) . (AQO)

Under this assumption, we obtain that

0y(3) = m <5 (o (%)) L (see (AT))

72 Bl -1) S0 (see (A16))

Subsequently, the quantities F;, Fs, and F3 in Proposition A.1 may be bounded as

E1§(5((5+1)+(5<10g(%)> 2§(5, (p<1

er)
By <6 (log (%))_ (G+1) <6 (log (%))_ |

We now recall (A3), substitute the above quantities into Proposition A.1 with an arbitrary

N[
N
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v > 0, and finally find that

P | sup
T, yeA

=P |:SZIéI§ ‘||Za||§ —-E [||Za||§“ > Cq(0)d + v} (see (A3))

| Foe v () = Fro e () |I5

-1
| Xarm — YH,T,MH%

> 02(9)5 + v

<P {szug) ‘|]Zoz||§ -E [HZozHg” > Cy(0)Ey + v} (see (A21))
S
v 0? .
< 2exp <—C’3(0) min {—, —2]) (see Proposition A.1)
E, B2
< 2exp (—Cz(f) log (1) min (v, v)) . (see (A21)) (A21)
p

By assigning v = § above, we conclude that
| Fha i (2) = Fuyrnr (0)113

P | sup 2
z,y€A HXH,T,M - YH,T,MHF

< 2exp (_02(20) log (%) min (5%, 5))

< C5(8)p, (0 <1) (A22)

-1

> C4(0)5

for C4(0) and C5(#) that depend only on . Equivalently, if we replace 2 in (A20) with =,

we can further simplify the above inequality to read

P | sup
z,yeA

for Cg(0) that depend only on #. Here, 24 hides the explicit dependence on 6 for convenience.

| Fnee v (2) = Fro et (9) |15

| X a0 — YH,T,MH?:

— 1| > 6| < Cs(0)p, (A23)

This proves the version of Theorem III.1 that appears in Remark A.1.
Fix z,y € A. We can in fact replace || Xy 1. — Y rm|| F above with a more approachable

quantity as follows. From (A1), recall that

M-—1
Xz = Yiradle = | H (677 (2)) — H (677 )|, - (A24)
m=0

which suggests that we should find a more convenient expression for each summand above.
Invoking the assumption in Theorem III.1 that the spectrum of D¢r(-) (the derivative of

the flow) belongs to some interval [oyin, Omax] € (0, 00), we may easily verify that

O-r:lg;bch (ZE, y) S dA (gb;m(‘r)? gb;m(y)) S Or;;ldl% (CL’, y) ) (A25>
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where dy (-, -) returns the geodesic distance between a pair of points on A (see Section I1C).
To relate the geodesic metric on A to the Euclidean metric in RY, we recall the regularity

condition (5), from which it follows that

geo(A) o lz = yll, < |loz™ (@) — 67" ()], < geo(A)oyin Iz — yll, - (A26)

Next, recalling the bi-Lipschitz property of H(-) in Section III A allows us to update the

above relation to read:

L geo(A) ol Nz —yll, < || H (677 (2) — H (677 () ||, < w geo(A)onin [l =yl

(A27)
From (A24), it then follows that
oM oM _1
1% geo(A) QﬁHiﬂ —yll3 < 1 Xura — Yaraly < uf geo(A)? 5 1 lz = yll3.
max min (A28)
In turn, (A23) now implies that
oM — 1 || Fhra(@) — Foort )5
(1 — 0)13, geo(A) 2 nax < e o 2 (A29)
" Umgx —1 HJJ - yH%
—oM
2M _
< (L4 8)ufy geo(A) 72—
Omin —

except with a probability of at most Cy(0)p. To reiterate, the above relation holds under
(A20) (with 24 rather than 2), and under the mild assumption that

. 1
vol (A)m N 1 O_;}i)]y dim(A) 1 2dim(4)

Omax

(A30)

As our last step, we now remove the stable rank from the right hand side of (A20). To

accomplish that, we focus on the requirement that
RH,T,M (A) 29 (572 dlm(A) lOg (RH,T,M (A)) . (A31)

The Lambert W-function W (-) [65, §4.13] is defined through the relation W (z)e"®) = 2.
Strictly speaking, the Lambert W-function is not a function, as it is multi-valued when
z < 0. In this case, W (z) denotes the preimage of W (2)e"V?) = 2. Then, it is not difficult

to verify that the requirement above is equivalent to
min W (=52
Rur (A) Zo € min ¥ (i) (A32)
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This allows us to rewrite (A20) as

R4H7T,M (A)

—2dim(A) 1

min

1
—2M dim(A) Zdim(A) L

: — 1 l A dim(A)

>p max |6 2 dim(A) log | Nmaxy/dim(A) <0mm > %
re HT.M

,6_ minW<‘di;f(A)) 7 6*2 lOg (%) ] ) (A33)

The proof of Theorem III.1 is now complete.

Remark A.1. (Poor geodesic regularity) If the geodesic regularity of the attractor is
poor (i.e., if geo(A) in (5) is large), also, if the singular values have a high ratio (as in a
chaotic system), then perhaps the following slightly weaker result is more useful. Theorem

[II.1 holds verbatim but with the following replacing (20):

I3 ~F :
|| ha,T,M(x) ho“T,M(y)HF < 1 _|_ 5, vx’y E A (A34)

1-0< —— <
Yoo |1 H (67™(@)) — H (2™ W) |,

Appendix B: Proof of Lemma A.1

Recall that A C RY is a bounded, boundary-less, and smooth manifold. Also, both
ér: A — Aand H : A — H(A) are diffeomorphisms. It follows that Ay 7 C RMP (defined
in (A10)) too is a bounded, boundary-less, and smooth manifold, and that dim(Ay 1) =
dim(A).

As for vol(Ag 1), we argue as follows. For x € A, let DH(z) : T,A — Ty H(A) be
the derivative of H(-) at x € A (see Section IIC). Each tangent space may be identified
with RY™A) and, consequently, DH () may be identified with a dim(A) x dim(A) matrix.
By assumption, the singular spectrum of D H () belongs to the interval [Nmin, fmax] C (0, 00)

(see Section IITA). Then, the volume element of A under H(-) deforms as

I gvol(z) < dvol (H(x)) < ndm®)dvol(x), Va € A. (B1)

max

Similarly, let Dop(z) : T, A — Ty A be the derivative of the flow at x € A. By assumption,
the singular spectrum of D¢(z) belongs to the interval [opmin, Omax] C (0,00). Then, the

volume element of A under ¢;'(-) deforms as

J_dim(A)dVOI(ZE) < dvol (qu_wl(l’)) < O-_dim(A)dvol(J?), Vo € A. (B2)

max min
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Predicated on the above observations, we have that

vol (Aszag) = / dvol (znra)  (see (A10))

reA

- S dvol (H (67" ()" (see (A9))

M—1
§/ niliiin(A) al;?gndimm)dvol (x) (see (B1),(B2))
IGA \ m=0
. —2M dim(4) _ 4
_ pdim(a) / min e dvol (2)
TEA min —1
—2M dim(A)
im Umin - 1

-1

min

A similar argument establishes that

min —2dim(A)
Omax —1

_ o2M dim(A) 1
vol (A g pag) > nlimd), | Zmax vol (A) .

Appendix C: Proof of Theorem II1.2 (Stable Takens’ Theorem for Strange Attrac-

tors)

The proof follows the same arguments as outlined in Appendix A. We define the set 3
as in (A4), and we aim to control the supremum in (A3) by invoking Proposition A.1. To
invoke this proposition, we must compute dp(3), d2(3), and v (3, - ||). As in (A6), we

have

dF (5) = 17
and as in (A7), we have
1
dy (3) =
2 R (A)



To bound 73 (3, - ||), we have

SEAED
< / Vieg BB Th9)ds  (see (A5))

2d2(3)
_ / Viog EG s ds  (from (AT): s > 2dy (3) = # (3, [ - | 5) = 1)

: / Vrarn® fog (# (3,1 .9)ds  (see (AT))

< /OVRH’T’M(A) \/log (# (U (Auza) | - |2y 8)) ds (see (A12)) (C1)

This allows us to focus on estimating the covering number of U (Ag 7). The following

lemma is proved in Appendix D.

Lemma C.1. Under the assumptions of Theorem II1.2, for all 0 < s < 2,

7 tandim(AHj’M)
) , (©2)

# (U Arran), || [l 8) < (%

where

A= \/24\/ M P tancov(A g 1) (COV(AH,T’M))1/b0Xdim(AH,T,M)'

Now, with (C2), we may further bound the right hand side of (C1). Omitting some

intermediate steps, we conclude that

7 tandim(AHyTvM)
% <3,||-||>5\/ Rl 108 (82 R (4) (©3)

as long as Ry (A) > 16A~2. (This is guaranteed since A > 4.) Then, if we assume that

1
RH,T,M(A) Zg (5—27 tandim(AHmM) IOg (AQ RH,T,M (A)) + (5_2 10g (;) s <C4)

we can guarantee that the following inequalities hold:

dy(3) = m <5 (log (%»_ (C5)

[SIE

and

72 (3, [+ 1D <o 0 (C6)
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Subsequently, the quantities Fy, Fy, and E5 may be bounded as in (A21) (with < replaced
by <y throughout), and finally applying Proposition A.1 with v = ¢ yields

| Fne v (2) = Frord (9) |15

-1
| X a0 — YH,T,MH?:

>0

< C7(0)p, (C7)

z,yEA

P [sup

for C7(f) that depends only on 6. This gives one conclusion (analogous to Remark A.1),
which may be of some value: with probability at least 1 — p, (24) holds for all z,y € A with
x #y.

We may further strengthen this conclusion by following the remaining steps in Ap-
pendix A. If we suppose that (25) holds, then we can use the bi-Lipschitz property of
H(-) in Section IIT A to conclude (A27), (A28), and thus (26).

Finally, as in Appendix A, we can remove the stable rank from the right hand side of (C4)
using the Lambert W-function to obtain (23).

Appendix D: Proof of Lemma C.1

To bound the covering number of U (Ay 1), we start by defining the sets of long and
short chords as

a—>b
Ui — {— s a,beU(Aprnm), |la—D0lz > 7}’
la — b2

Us = {ﬁ a,b € U(Aprar), lla—bls < 7},
where v > 0 is a parameter to be set below. Noting that U (Ag 1) = Ué U U,j, it suffices
to bound the covering numbers of Ui and UJ separately.

We first bound the covering number of Ué. Let K’ denote a (%, I| - ||2)-cover of Ay .
To each point in K’ (which has distance % or less from Ap 7 ), we may associate its closest
point that belongs to Ag . Gathering these points, we obtain a new covering we will
denote by K such that #K < #K', K C Agra, and K is a (%, || - ||2)—COV61" of Agr.

Now, for an arbitrary ﬁ € Ui, we have |la — b||2 > 7 by the definition of Ué. Also,

by the covering construction above, there exist points a’, b’ € K such that

S S
la—a'll< 77 and o—b< 2.
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Now, consider the Euclidean distance between ” b”2 and W Following the proof tech-
niques of Lemma 4.1 in [34], we have
‘ a—>b a —v ‘ a—b a —v N a —v a -
la=0lla " =¥ll2lly ™ [[le =bll2 [la—="0ll2fly ~ |Illa—=Dbl2 [la" =¥,
—a)—(b—=V "=Vl —|la—0b
_la=d) = (=8, _[lla’ =¥l llla / 2] I — ¥,
la — bl la = blj2fla” = 0'][
o —a’) = (0 =B,  [lla" = ¥ll2 — [la — bll2|
B la — o] la — o]
< Ma—=a) ==V,  lla—d)— -V,
- la — bl la — bl
< ollla—dlly + b= Vl,)
- la — bl
< 27_1§ = s,

where the triangle and inverse triangle inequality were used several times. Since the choice

of eU, ! was arbitrary, it follows that the set

a —b
{||a'—b'||2 La.be K}

is an (s, ]| -||2)-cover of UL. Therefore, # (UL, |- ||2,s) < (#K)* < (#K')?, where it remains

la bll

to bound #K'. Recalling the definitions of box-counting dimension and covering regularity,

we know that Ay 1 can be covered with cubes such that
NAgrm,C) <cov(Apgra) boxdim(Am,7.n)

where we use N (A1, C) to denote the number of boxes or cubes of size ¢ that intersect

Agru C RMP  To construct a covering with Euclidean balls of radius r, one can begin

\/% and inscribe each of these cubes in a ball of

radius 7. Thus, there exists a (%, || - ||2)-cover K’ of Az with

#K/ S N(AH,T,Mu

— boxdim(A g, 7, )
) (D1)

s ) < cov(A )( s
AMP MU /M P

Finally,

) —2 bOXdim(AHyTYM)

# (U} - ll2es) < K'Y < (cov(nra)” (w%

We now bound the covering number of UJ. The idea is to use the generalized tangent

vectors of Ay s to form a cover of Uj. For every d € K, let S; denote the unit sphere in
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the generalized tangent space of Ay at d, TgA g par. Let Cg denote a (3, | - Hz)—cover for

Sy, and consider the finite set

C:= UCd

deK

Observe that

) — boxdim(A g 1,ar) 4) dim(TgAm,7,0m))

sup (1 + -
deK S

Vs ) —boxdim(Ax,7,0) (1 N é) tandim(A g, 7,0)
4 MP S

)

< cov(Anrnm) (

where the second line uses #K < #K', (D1), and a well-known bound on the covering
number of the Euclidean ball (see, e.g., [64, Lemma 1]). The third line holds by the definition

of the tangent dimension tandim(Ag 1 ).

Now, for an arbitrary ﬁ € Uz, we have |la —b|ls < 7 by the definition of U. Pick
d € K such that ||d — all; < %. Using the triangle inequality, it follows that ||d — bl <
v(1+s/4). Thus, both a and b are within a distance of v(1+ s/4) from d. By the definition

of tangent covering regularity, it follows that there exists v € TqA g s such that

a—>b
HU - m”z < tanCOV(AH”ﬂM)’Y(l + 8/4)

To achieve an (s, || - [|2)-cover for U?, we must keep the right-hand side of the above smaller

than s. Since s < 2, this is guaranteed by choosing

S

7=(s) = 3tancov(Ag )

With this choice of 7, we have that C is an (s, [| - [|2)-cover for Uz,

49



Adding the covering numbers for Ui and U; completes the proof: for 0 < s < 2,

# (U (AH,T,M) ) H ’ H27 S)
2 boxdim (A
)) (12\/ tancov (Aprnm) ) (hait.ar)

S (COV(A}LT’M

+ cov(Ay

boxdim (A
(12\/ tancov (Agrar) ) HM) (
M

4) tandim(AHj’M)
1+ -
S

< (COV AHTM

2 tandim(A
(12\/ tancov AHTM)) )

+COV AHTM

S

tandim(A .
(12\/ tancov (Aprm ) H.T,0M) (6) tandim(A g, 7, 0r)

6 tandim(AH,T,M)

\/121 /M P tancov(AHﬁT,M) (COV(AH,T,M))l/ boxdim(Aw,1,m) <6> tandim(A g 1, pr)
< 2

S

S

7 tandim(AHyTyM)

\/24\/Wtancov(AH7T7M) (COV(AH,T,M))I/bOXdim(AH’T’M)

S

where the second inequality follows because tandim(A g7 ar) > boxdim(Ag 1), because

s < 2, and because we assume tancov(Ag ) > \/%. The third inequality follows from
multiplying the two summands from the second inequality, both of which are greater than
or equal to 2. The fourth inequality follows because we assume tancov(Ag ) > \/% and

COV(AHI’M) > 1.
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Appendix E: Proof of Lemma IV.1

We begin by calculating the Euclidean distances on A. For t1,t5 € [0, 1), note that

Iv(t1) = (t2)ll3

N-1

. . 2
6127rnt1 o 6127rnt2
2

(]

(see (27))

[e=]

n=

N-1

4) " sin® (mn(t — b))

n=0
_ (QN _ 1) (1 _ Dirichleth_l(tl — tg))

(trigonometric identity)

2N —1
(E1)
Above, for integer N, Dirichlety(+) is the Dirichlet kernel of width ~ %, that is
i N't
Dirichlet () = SN g (E2)
sin (7t)

We recall an elementary property of the Dirichlet kernel.

Lemma E.1. [33, Lemma 13] For an integer N', let Dirichletn:(-) be the Dirichlet kernel as
defined in (E2). Then, it holds that

| Dirichlety: (t)] < b, Z <t <3

N’ B TN't)?
(1 ~ ) + 6317t < &,

YN’ > N,,. (E3)

for (small) universal constants By, 53 > 0. Here, N,, = N,,(53) is a sufficiently large integer.

In light of this lemma, we may compare the geodesic and Euclidean distances between

v(t1),v(t2) € A by writing that

_ da (1(t1). ()’
= ) =@

<2 NV o1 (t — ta)’ 30) and (E1
S 5 NIV - )1_Dirichlet2N_1(t1—t2) (see (30) and (EL))
2N—-1

o1



and, consequently,

_ da (1t (12))°
= () = (w1

(N2
27TZN(N 1) g=at [ty — ta] > 55
-3 (t1—1522)2 Ity —to] < 2
| CEND@ =) g 2 > oN1
)
1 2
LN R ol as
T3 B 1 2
| Zer -t S
272 1 1
< %N(N — 1) max . GNP
B PN,
272 .
= WN(N - 1), (when N is large enough: N > N,,) (E4)
— b1

Above, N,, is a sufficiently large integer. This completes the proof of Lemma IV.1.

Appendix F: Proof of Lemma IV.2
From (16), observe that

- NGira — Gorul
Rpra(A) = inf IG: ! ”g, (F1)
tt>0 |Gy — Gy ||

Girv — Gyrm

= [0 =) A=) =A(E = T) -+ At = (M = T) = (¢ = (M = DT) |

c (CNXM

where we have dropped H from the notation since H(-) is the identity operator throughout

Section IV A. Let us first compute the Frobenius norm in (F1). Note that

1Geapr — Geamlly = Z Iy (t = mT) = (' = mT)|f3,

and, consequently,

N—-1
|Grras — Gl = 4M Z sin? (mn(t —t')) . (see (E1)) (F2)

n=0
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Computing the spectral norm in (F1) requires a more elaborate argument. Using (27), we

may verify that

G — Guran = diag [y(£) — ()] | 4(0) 4(=T) -+ y(=MT) |, (F3)

. /

-~

HeCNxM

from which it immediately follows that

1Grzas = G| < Hlv(E) = (1)l [1H 1]

= hax sin (mn(t — 1) IH].  (see (27)) (F4)

Next, we bound the spectral norm of the Vandermonde matrix H e CNxM_ 1y particular,
itT = % and M < N, then H simply consists of the first M columns of the (unnormalized)
N x N Fourier matrix. Consequently, Hﬁ | =+VN.

In general, we bound the spectral norm of H as follows. After some algebraic manipula-

(CMXM

tion, one recognizes that the corresponding Grammian matrix G € is both Hermitian

and Toeplitz, and that (the magnitude of) its entries are specified as

Gm, m']| = Hﬁzﬁz} [, ]

= |Dirichlety ((m — m/)T)|, Vm,m' € [0: M —1]. (F5)
Above, Dirichlety(-) stands for the Dirichlet kernel of width ~ £ (see (E2)). Using the
Gershgorin disc theorem, it then follows that
N M—1 M—1
IH|* <> |Dirichlety(mT)| = N + Y |Dirichlety (mT)] , (F6)
m=0 m=1
Assuming that MT < 1, we may use the bound sin(7Nt) < 1 to further simplify (F6) as
_ M—1
IH|* =N+ |Dirichlety (mT)|
m=1
1
<N+2 —_— E2
SN2 YD o (e (R2)

ml'<;

and, consequently,

~ 2 2 2 1
|H|? <N+ ——r + = /T2 —dt (sin(rt) is increasing on [0,1/2])

sin(xT) | T ), sin(rt)
vt 2 ()
S S O ) B
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After substituting the estimate above back into (F4), we obtain that

IGrra — Gorul)?

< in2 t— ) || H|?
< Jhax sin (mn(t — 1)) || H||

< jJax sin? (7n(t — t')) (N + (QWT) log (e/ tan <§)>) : (F7)

With the estimates in (F2) and (F7) in hand, we finally find that

|Gronr — Go ||

Rurm(A) = t}tngo ||Gt7T’M Gt;T’MH2 (see (F1))
> i N LS sin (;rn(t —t')) AM N
T t'>0 maxne[O‘N,l] sin® (mn(t —t')) N + sm(7rT log (¢/tan (ZL))
o N Zn o sin? (7nt) M (F8)

1<} max,cjoy—1 sin® (wnt) L + m log (e/ tan (ZF)) "

We are now left with the task of controlling the infimum in the last line above. For a fixed

t € [—3, 3], observe that

¥ L ) sin (Wﬂt)
Maxy,c[o:N—1] Sin % (7nt)

Dirichlet,y_,(#)
:2N_1 1- 2N7iN1

N max,eo.n-1] sin? (mnt)

1— Dirichletoy_1(®)
IN—1

min |1, (7rNt)2]

(trigonometric identity)

]_ 1 - B17 t > %
S I ST —
min [1, (T Nt)] W — Bst?, |t < 5




and, consequently,

% 27]:[:_01 sin? (7nt)

MAaXy,e[0:N—1] sin? (7nt)

.
1— B, t] > 532
> 2
=) v g )
L (rNt)? < 2N—1
(
1— B, t > 2
> A | | 2N—1
1 B 2
(40 7r213§f27 |t| < 2N—1
: 1 B3
> 1-— — —
—mm{ S 772]\/2]
>min (1 -0 1
min |1 — —
= 1 80
1
= — ~ 0.23 F9
807 (51 ) ( )

where 1, 83 > 0 are (small) absolute constants and, in particular, 5; ~ 0.23. The fourth
and last two lines above hold for sufficiently large N: N > N,, = N,,(f;3). The above
estimate is independent of ¢ and, by substituting in (F8), leads us to

1 M
R A)> — '
v (A) 801+ m log (e/tan (%))

This completes the proof of Lemma IV.2.
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