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The three-equation k-L-a turbulence model [B. Morgan and M. Wickett, “Three-equation model
for the self-similar growth of Rayleigh—Taylor and Richtmyer—Meshkov instabilities,” Phys. Rev.
E 91 (2015)] is extended by the addition of a second length scale equation. It is shown that
the separation of turbulence transport and turbulence destruction length scales is necessary for
simultaneous prediction of the growth parameter and turbulence intensity of a Kelvin—Helmholtz
shear layer when model coefficients are constrained by similarity analysis. Constraints on model
coefficients are derived that satisfy an ansatz of self-similarity in the low-Atwood-number limit and
allow the determination of model coefficients necessary to recover expected experimental behavior.
The model is then applied in one-dimensional simulations of Rayleigh—Taylor, reshocked Richtmyer—
Meshkov, Kelvin—Helmholtz, and combined Rayleigh—Taylor/Kelvin—-Helmholtz instability mixing
layers to demonstrate that the expected growth rates are recovered numerically. Finally, it is shown
that model behavior in the case of combined instability is to predict a mixing width that is a linear

combination of Rayleigh-Taylor and Kelvin-Helmholtz mixing processes.

I. INTRODUCTION

Canonical Rayleigh-Taylor (RT) instability occurs
when two fluids of differing densities are subject to an
acceleration vector that opposes in direction the mean
density gradient [1, 2]. Richtmyer—Meshkov (RM) insta-
bility occurs when two fluids of differing densities are
subject to acceleration from a shock wave [3-5]. RT
and RM instability processes are of fundamental impor-
tance in a host of turbulent mixing applications includ-
ing supersonic combustion [6], astrophysical phenomena
[7], and inertial confinement fusion (ICF) [8]. Kelvin—
Helmholtz (KH) instability is a shear-driven instability
mechanism that occurs between two fluids with different
parallel components of velocity [9, 10]. In many physical
systems, including oceanic and atmospheric flows [11-14],
stratified mixing layers exist in the presence of free shear
flow, leading to a combined RT/KH mixing process. In
ICF applications, when a shock interacts with a material
interface obliquely, it is expected that the normal com-
ponent should generate RM instability while the parallel
component should generate KH instability [15, 16]. It is
therefore important in many engineering applications to
be able to accurately model the simultaneous effects of
buoyancy and shear.

While much experimental [17-29] and computational
[30-49] work exists studying RT, RM, and KH insta-
bilities in isolation, fewer studies have been performed
to investigate combined RT/KH or RM/KH instability.
Recent experimental studies by Akula and collaborators
[50-52] have investigated the dynamics of the combined
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RT/KH instability in a wind tunnel at Atwood num-
bers ranging from 0.04 to 0.73. Work has also been per-
formed recently at the National Ignition Facility (NIF)
[53] and on the OMEGA laser [54] to provide data on
shear-dominated RM/KH instability in the high energy
density physics (HEDP) regime. Olson et al. [55] have
additionally investigated the combined RT/KH instabil-
ity in the early nonlinear regime using large-eddy simu-
lation (LES).

As it is not always practical to run LES or direct
numerical simulations (DNS), there remains a need for
reduced-order modeling of turbulent mixing due to the
simultaneous effects of buoyancy and shear. Reynolds-
averaged Navier—Stokes (RANS) models, by construc-
tion, are best suited to the prediction of fully devel-
oped turbulence and, therefore, mixing layer growth in
the nonlinear regime. The k-L-a model has been pre-
viously shown to accurately predict canonical RT and
RM growth when model coefficients are set to satisfy an
ansatz of self-similarity [56].

The present work extends the k-L-a model to addition-
ally predict the growth of free shear flow. The approach
of Schwarzkopf et al. [57] to evolve two different length
scales characterizing turbulence transport and destruc-
tion separately is adopted. It will be demonstrated that
when model coeflicients are set according to the derived
constraints, self-similar solutions exist for the evolution of
RT and KH mixing layers, and when a second length scale
equation is used, it is possible to simultaneously match
the experimental growth parameter and turbulence in-
tensity of a free shear layer. While the Schwarzkopf
(or BHR 3.1) model solves model transport equations
for each component of the Reynolds stress tensor as well
as for the density-specific-volume covariance b, it will be
shown with the present model that these complexities are
not essential to match buoyancy- or shear-driven mixing



layer evolution.

This paper is organized as follows. First, in Section II,
the two-length-scale k-L-a model (henceforward referred
to as the k-2L-a model) is presented. In Section III,
similarity analysis is utilized to determine constraints on
model coefficients necessary to reproduce expected RT,
RM, and KH growth parameters. The model is applied in
quasi-one-dimensional (quasi-1D) simulations of canoni-
cal RT, RM, KH, and combined RT/KH mixing layers in
Section IV. Finally, in Section V, conclusions are drawn,
and recommendations are made concerning the direction
of future work.

II. MODEL EQUATIONS

The k-2L-a model is derived from the compressible
RANS equations for a multi-component, non-reactive
gas mixture. In the present work, an overbar denotes
Reynolds averaging, and a tilde denotes mass-weighted
(Favre) averaging. An arbitrary scalar, f, is decomposed
as

f=F+f=Ff+f", (1)

where the Favre average is related to the Reynolds aver-
age through the density, p, according to

f=

S
~

(2)

|

The Reynolds stress tensor, mass-flux velocity vector,
and density—specific-volume covariance are defined, re-
spectively, in terms of the velocity vector, u;, and the
specific volume, v = 1/p, by

Py = —puuf, (3a)
a; = —ull (3b)
b=—pv. (3¢)

Equations (4)—(11) below summarize the k-2L-a
model, where ¢ is time, x; is the spatial dimension vec-
tor, g; is the gravitational acceleration vector, p is the
static pressure, e is the specific internal energy, Y,, is the
scalar mass fraction of component «, k is the turbulence
kinetic energy, L; is the turbulent transport length scale,
Ly is the turbulent destruction length scale, and p; is
the eddy viscosity. The covariance b is closed in Eq. (14)
using component partial densities, p,, and volume frac-
tions, V. The model coefficients Cy,, Cq, Cp, Cp, Cr1,
Crat, Crad, Nay Ney Ni, Not, Npg, Ny, and Cge, will be
set through similarity analysis. The model equations are

-r _ _= 4

Di = P on, (4)
_ D)N/a 0 e 8}7(1 5)
P Dt - 6:51- Ny 6:51- ’
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(10)

(11)

(16)

The k-2 L-a model differs from the k-L-a model [56] pri-
marily through the use of separate length scale Eqgs. (9)

and (10).

The turbulent transport length scale L; is

used to define the eddy viscosity in Eq. (13) while the
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destruction length scale L4 is used to compute dissipa-
tion terms in Egs. (8) and (11). Additionally, the k-
2L-a model includes production terms in Egs. (9) and
(10) for shear flow and which were previously neglected
in the k-L-a model. The k-2L-a model differs from the
Schwarzkopf model in that the k-2L-a model utilizes al-
gebraic closures for 7;; and b. Other terms, including
source terms in the a; and L equations and the turbulent
transport of internal energy, also appear differently in
the present model compared to the Schwarzkopf model.
However, as discussed in the next Section, it is the setting
of model coeflicients to satisfy self-similarity constraints,
rather than the particular form of the model equations,
that enables the k-2L-a model to accurately predict RT
and KH growth. Similar constraints can be derived for
virtually any model that separates turbulent destruction
and transport processes by solving two separate trans-
port equations for turbulence length scale L, turbulence
dissipation rate e, or any composite field Z = Czk™e"
for some constant C'z and arbitrary exponents m and n.
The present work focuses on the two-length-scale form of
the k-L-a model, but a similar approach to self-similarity
could be utilized for other Reynolds-averaged models.

IITI. SIMILARITY ANALYSIS

As done previously for the k-L-a model [56], an ansatz
of self-similarity is used to determine values for the
model coefficients listed in the previous Section. Self-
similarity analysis for buoyancy-driven instability follows
very closely that for the k-L-a model and shall only be
summarized here. Details of this analysis can be found
in Appendix A.

For simplicity of notation in this Section, the overbar
to indicate Reynolds-average quantities has been omit-
ted. Assumptions of incompressible flow and, where ap-
propriate, low Atwood number are additionally used.

As discussed in detail in Appendix A, a change of
variable is introduced in terms of the mixing layer half-
width, h(t), such that x = x/h. It is then assumed
that k, L;, and Ly are separable in space and time such
that & (x,t) = Ko(t)f(x), Lt (x,t) = Lw(t)\/ f(x), and

Laq (x:t) = Lao(t)\/f(x) for f(x) =1—x*

A. Constraints from buoyancy-driven instability

It follows from the self-similarity analysis of buoyancy-
driven instability that the diffusion coefficients must all
be related by

Ny =N,=Np=N,=2Np, =2Nr4. (17)

The ratio of the k dissipation coefficient, C'p, to the L
production coefficient, Cp1, is related through the RM
growth exponent, @, according to

Ch 2-30
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The decay exponent, n, of homogeneous isotropic turbu-

lence (HIT) is additionally related to this ratio according

to [56]

2C 2Cp/C

n= b _ 200/0n (19)
Cr1+Chp 1+CD/CL1

However, the constraints given by Egs. (18) and (19) are
not independent; only one may be used to fix the ratio
Cp/Cr1, while the other should be checked for consis-
tency.

The buoyancy production coefficient, Cpg, is con-
strained by the RT bubble growth parameter, a3, ac-
cording to

[C, Cr1
Ny,
The ratio C,,Cr1/Ny is constrained by the RT growth

parameter and ratio of kinetic energy, Ex, to the change

in potential energy, APE, according to
C.Cra APE

——— =8ap—. 21
Ni “Ex 21

Finally, the a dissipation coefficient, C,, is constrained

according to
/Cri Nk
C CLl
C,=0C X . 22
Y0, T (22)

B. Analysis for shear-driven instability

Consider the case of a quasi-1D shear layer such that
Uy is a linear function of the single spatial dimension, y,
and u, = 0. A change of variable is again introduced
in terms of the mixing layer half-width such that the
similarity variable is x = y/h(t). The mean velocity

profile is
U27 XZl
u(x) = U+ 8% (x+1), —1<x<1 (23
U17 Xg_lu

where AU = U2 - Ul.

1. Self-similarity of the Ly equation

For the quasi-1D shear flow described above, Eq. (9)
reduces to

DLt Lt aum
pﬁ:CLlpV2k+?CL2tTmya—y
0 [ u 8Lt)
T Y 24
8y<NLt Jy (24)
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where

Ouy

n (25)

Tey = Cde'u Mt

After applying the assumption of incompressibility and
substituting, Eq. (24) becomes

D
(LtOfl/ ) = C1V2Kof'?

Dt
LtO 1/2 aum
e —f" Cr2tCaevCrLio f/2Ko
0 dy
C LtOfV (9 1/2

Assuming that the transport length scale grows self-
similarly according to L.o(t) = Sh(t), Eq. (26) is further
transformed to

ﬁ2CL2th€’UCH (AU)2 . &ﬁ2

L = 2K, |C
t0 o|Cr1+ 1 Ko Ny,
ﬁ2CL2theUC;,L (AU)Q 2CM 2 2
2K0 OL1+ 4 KO — NLtB X,
(27)

where a dot indicates differentiation with respect to time.
In order to satisfy the self-similarity ansatz, it is neces-
sary that the right-hand-side terms proportional to x?2
vanish, i.e., if

4Cr1 Nt

2 = , 28
B CM (8 - NLt CL2t Cdevq)) ( )
where the turbulence intensity is
K
t= 0 (29)
(AU)

For a free shear layer, ® is expected to be a constant
[18]. Substituting Eq. (28) into Eq. (27) reduces the L
transport equation to

L= 0 (1- AL ) BTG (a0)
2. Self-similarity of the Ly equation
For quasi-1D shear flow, Eq. (10) reduces to
Ph —CLlp\/_+ CL?dT;Ey aaum
() 2
LLNL-JRNL-740721-DRAFT 4

Utilizing the incompressibility assumption and substitut-
ing into Eq. (31) gives

(LtOL_(tis — Ld0> X2 + Lgo = Cr1vV2Ky (1 — X2)
Lao

2C124CenC,
1 P7C120Cae,C e 2K0d 7 (1)

Cu 2 LdO
—_r 2K 2y —1) .
TPV o x*—1)

Collecting terms, rearranging, and substltutlng Eq. (30)

(32)

gives
7 BQCLQdOdevC;L(I) LdO O,u 2 LdO
Lao = /2K [ Oy 4+ 2 E2d0de0Tp® 0 S go 240
do o< L1+ 1 T NLdB Iw )’
(33)
and
. B2Cr24CaevCp® Lag  2C,, 5 Lao
Lao = V2K, [ C @ Zdo _ ZSp g2 vd0
“ 0( n 4 Ly Npa Ly
4 — NpiCr2:Cgev® Lao
C 1-— 2K, 34
- “( 8~ NuCrarCuand V210 T, BV

which must be satisfied simultaneously. It follows that
Nrt = Npq. Applying this constraint to Eq. (34) reduces
it to Eq. (33). After further algebraic manipulation to
eliminate the spatial dependence, the relationship

Lao _ 8= NriCrat Caen ®
Ly  8—=NriCr2qCiev ®

must be satisfied.

An implication of Eq. (35) is that the self-similarity
ansatz requires the ratio between the two length scales
to be constant for canonical KH instability. However, in
the general case, ® is not necessarily constant and neither
will be the ratio Lgo/ L. The behavior of Lgg/ Lo under
combined instability conditions will be investigated in
Section IV. Here, only the case of a canonical KH mixing
layer is considered. Substituting Eq. (35) into Eq. (32)
gives

(35)

4= N Crot Cgep ®
8 = NrqCraq Caev ®

Lao =Cra <1 - > 2Ky. (36)

3. Self-similarity of the mean momentum equation

For the incompressible shear layer described by Eq.
(23) with no body force, Eq. (6) reduces to
OTuy

Du,
Dt~ oy (37)

After evaluating derivatives and substituting, Eq. (37)

reduces to
h=2Cer C., /2K . (38)

Utilizing Eq. (30) to substitute for /2K, reduces Eq. (38)
to the constraint

Cdev =

. 39
2 NLt ( )
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4. Self-similarity of the k equation
For quasi-1D shear flow, Eq. (8) reduces to
Ht 8]{3
— — | —pC
(Nk 6y) P

Substituting and utilizing the incompressibility assump-
tion to drop factors of p leads to

(2k)%/2
Lq

Dk 0
th_ay

Oug
+ Ty 8—1; . (40)

D 0 [CuLufv2K, 0
Di (Kof) = oy [Ta—y (Kof)

L (2K9)*?

CDiLdO f
AU?

+ CaewCrLior/2Ko ( — ) o)
Cupry o L ConCy ] [3Cs
[Nkﬁ + CDLdO 3 B N, B°=Cri |1

This equation is satisfied if

8 —Crat®
oy <1 L2t >

16— Oy @
which requires the constraint Ny = 2Np;. Substituting
this constraint into Eq. (42) gives a single expression,
which can be rearranged to obtain

Cri\ ~_1
=4(44+— ]
Crad ( + CD)

16 CpriNpe

= _ZL Lt 4
N 6= Crd’ )

O
2Cp

(44)

Equivalently, Eq. (44) can be rearranged to solve for the
steady-state turbulence intensity
-1 _ 2C124Cp +Cr1
8 (4 Cp+C Ll) ’

(45)

which is a function of C'24 but not of Crs;. Additionally,
if the ratio Cp/Cp, is fixed by the RM growth exponent
according to Eq. (18), then Cpa4 is the only free model
coefficient in Eq. (45).

5. Kelvin—Helmholtz growth parameter

For a spatially evolving shear layer, the nondimen-
sional growth parameter, d, is defined as

dh
0= —. 46
T (46)
Thus, for a temporally evolving shear layer,
. dh dx
h=——=46U., 47
dx dt (47)

LLNL-JRNL-740721-DRAFT

As @ is expected to be constant, Ky = 0 for free shear
flow. Then, after expanding derivatives, collecting terms,
and utilizing Eq. (39), Eq. (41) reduces to

_ 8 - CL2t@
16 — Cra®

Lo
+Cp
P Lao

- Cdevcuq)ﬁ2 X2 —0.

- (42)

)

where U, = (U; 4+ Us)/2 is the convective velocity [58].
Recognizing that h = Lo/, Eq. (30) is used to derive
the constraint

_ L C Oy (AN
Cror =160 1 — 1282 22— [ - 48
L2t Nk (5) ) ( )
where
Uy — Uy
= 49
Us + U, ( )

is the shear analogue of the Atwood number. Equiva-
lently, Eq. (48) can be rearranged to solve for

)

201, C,
i -1
A

8 :
\/Nk (16 — Cpa: @)

which implies Cro; < 16@~! for this quantity to be real-
valued.

As Eq. (50) illustrates, the expected growth parameter
is a function of Cpo; but not of Croq. Moreover, if the
ratio C'r1C,, /Ny is fixed by RT self-similarity constraints
according to Eq. (21), then Cpa; is the only free model
coefficient in Eq. (50). This highlights the main bene-
fit of a two-length-scale model over a single-length-scale
model. In a single-length-scale model, Cro; = Cr24, and
it 1s not possible to decouple the turbulence intensity from
the growth rate for a quasi-1D shear layer. However, as
demonstrated by Eqs. (45) and (50), the two-length-scale
model allows one to choose model coefficients that can
independently set the turbulence intensity and growth
parameter of a free shear layer.

(50)
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TABLE I. Summary of model coefficients and the experimental values that constrain them.

Ex —1
Qp APE [% 0]

% Cu Ca CB C’D Cd ev

Cr1 Crea Crat Na Ne Np Npg Npe Ny

0.06 0.50 0.25 0.035 0.08]0.204 0.339 0.857 0.354 16.67 0.283 0.272 -22.96 0.060 0.060 0.060 0.030 0.030 0.060

C. Summary of constraints

Equations (17), (18), (20)-(22), (39), (44), and (48)
provide 12 constraints on 14 model coefficients. Note that
Cy and Cp may be regarded as scaling coeflicients on
the turbulence transport and destruction length scales,
respectively. Therefore, these values are chosen here
to be consistent with the k-L-a model [56] such that
Cuv/2 = 0.288 and Cp2%/2 = 1. The same set of ex-
perimental values as for the k-L-a model are used to set
the RT growth parameter o, = 0.06 [21, 59], the RT
energetics ratio Ex /APE = 0.5 [23, 59], and the RM
growth exponent 6 = 0.25 [21, 60]. This choice of 6 re-
sults in an HIT decay exponent n =~ 1.11. Additionally,
the KH turbulence intensity ® ' = 0.035 and growth pa-
rameter /A = 0.08 are set according to free shear layer
experimental measurements by Bell and Mehta [18, 29].

Table I summarizes the complete set of model coeffi-
cients as well as the experimental values used to constrain
them. For this choice of model coefficients, Croy < 0
while Croq > 0. This follows directly from the self-
similarity analysis; as illustrated by Eq. (50), a negative
value of Cpo; guarantees a real-valued KH growth pa-
rameter. If, instead, Cpro; = ClLagq (as is the case in a
single-length-scale model) then for the choice of exper-
imental values, Eq. (50) predicts 6/A4 ~ 0.72, which is
approximately nine times greater than desired.

The similarity analysis presented in this Section has
relied upon assumptions of incompressibility and low At-
wood number. Therefore, it may be expected that model
accuracy should degrade for higher Mach and Atwood
number flows. The k-L-a model, however, has been pre-
viously demonstrated to give reasonable agreement with
experiment in shocked flows up to Mach 1.98 at Atwood
numbers up to 0.67 [56]. Since the k-2L-a model reduces
to the single-length-scale model for flows without shear,
it is expected that the two-length-scale model should be
similarly valid in applications to moderately compress-
ible mixing layers. No assumptions have been made in
the similarity analysis regarding the strength of shear-
ing. As discussed in more detail in Section IV, while
stress limiting may be beneficial for numerical stability
in simulations with strong shearing, there is no apparent
analytical reason why the model should not be valid for
arbitrarily strong or weak shearing.

In the next Section, the two-length-scale model is ap-
plied to one-dimensional simulations of RT, RM, KH,
and combined RT/KH instability. It will be shown that
when model coefficients are set according to the self-
similarity constraints derived in this Section, the antici-

LLNL-JRNL-740721-DRAFT

pated growth parameters are recovered.

IV. NUMERICAL RESULTS

The k-2L-a model is applied here to the simulation
of several one-dimensional RT, RM, KH, and combined
RT/KH test problems. The model is implemented in
the ARES code, which is a second-order arbitrary La-
grangian/Eulerian (ALE) hydrodynamics code developed
at Lawrence Livermore National Laboratory (LLNL)
[61]. Simulations of buoyancy-driven instability are con-
sidered first to confirm that the k-2L-a model is able to
reproduce the same level of agreement previously demon-
strated for the k-L-a model. Simulations of shear-driven
KH instability and combined RT /KH instability are then
performed to confirm that the k-2L-a model is able to
simultaneously match the expected turbulence intensity
and growth parameter.

A. Rayleigh—Taylor mixing

First consider a one-dimensional hydrostatic RT mix-
ing layer between two ideal, monatomic gases subject to
constant acceleration at Atwood number, A = 0.05. This
problem is set up in a domain of size 1 cm with 1600 uni-
formly spaced computational zones. Turbulence length
scales are initialized to zero everywhere except for the
two zones bordering the interface at y = 0, where Ly =
Li = Mg = 4.0 x 107% em. Turbulence kinetic energy
is initialized to zero everywhere except the two interface
zones, where k is initialized to 1.0 cm?/s?.

In Fig. 1 (a), the mixing layer width, the turbulence ki-
netic energy, and the turbulence length scales are plotted
for simulations using the k-L-a and the k-2L-a models.
By plotting these quantities against Agt?, they increase
linearly, which implies a quadratic growth aAgt?. The
results from the k-2L-a model follow the results of the k-
L-a model exactly. Additionally, in the k-2L-a model,
the transport length scale is equal to the destruction
length scale; this agrees with the relationship predicted
by Eq. (A9). Figure 1 (b) illustrates that for both the
k-L-a and k-2L-a models, the realized growth parame-
ter oy asymptotes to the expected value 0.06, which was
used to set the model coefficients.

Figure 2 shows the normalized profiles of species mass
fraction (Yz), turbulence kinetic energy (k), mass-flux
velocity (ay), and density—specific-volume covariance (b)
obtained from the k-L-a and k-2L-a models. These re-

Submitted to Physical Review E
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FIG. 1. Mixing layer growth in a one-dimensional RT mixing layer. (a) Mixing layer half-width, turbulence kinetic energy, and
turbulence length scales are plotted as a function of time squared for both the k-L-a and k-2L-a models. (b) The RT growth
parameter, o = h/ (149252)7 is plotted as a function of nondimensional time for both the k-L-a and k-2L-a models.
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FIG. 2. Normalized self-similar profiles in a one-dimensional RT mixing layer at A = 0.05: (a) heavy species mass fraction Y4,
(b) turbulence kinetic energy k, (¢) mass-flux velocity ay, and (d) density—specific-volume covariance b profiles, for the k-L-a
and k-2L-a models compared with LES results [48].
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FIG. 3. Normalized self-similar profiles of turbulence length
scales in a one-dimensional RT mixing layer are compared
between the k-L-a and k-2L-a models.

sults are compared against the expected self-similar pro-
files as well as results from LES [48]. It is evident that
the k-2L-a results agree quite closely with the expected
self-similar profiles and with the k-L-a model. These pro-
files are also in reasonably close agreement with the LES
data.

Figure 3 compares the self-similar profiles of turbulence
length scales obtained with the k-L-a and k-2L-a models.
Again, the two models agree well with each other and
with the expected self-similar profile. Indeed, Ly/L; =1
across the entire mixing layer in the k-2L-a model, in
accordance with the earlier observation in Fig. 1 and
with the results of the similarity analysis in Appendix
A. For a pure RT mixing layer, there is no difference
between the results of the k-L-a and the k-2L-a models.

B. Richtmyer—Meshkov mixing

The k-2L-a model is next applied to simulation of the
Mach 1.5 air/SFg shock tube experiment (A =~ 0.67) by
Vetter and Sturtevant [19]. The shockwave is driven from
air into SFg, is reflected from the endwall, and eventu-
ally shocks the fluid interface for a second time (usually
referred to as reshock). In this particular experiment, a
rarefaction wave additionally interacts with the mixing
layer shortly after the second shock.

Simulation results are found to be well converged with
2560 zones in the 60.0 cm SF¢ test section, 3840 zones of
shocked air (157 cm), and 80 zones of ambient air (6.0
cm). An initially diffuse interface of width hg = 0.11 cm
is assumed, and the initial conditions are

1
Ysrs(y,0) = 5 [1 + tanh (hﬁ)] ,

0
La(y,0) = Li(y,0) = 4 Ao Ysry (v) [1 — Ysr, (y)]
k(y,0) = 4ko Ysr, (y) [1 — Ysr (y)] - (51)
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FIG. 4. Mixing width as a function of time for the Vetter
and Sturtevant shock tube experiment [19]. Symbols indicate
experimental data, while the solid line indicates simulation
results with the k-2L-a model.

The initial length scales and turbulence kinetic energy
are initialized with a smooth profile, where Ao = 0.0225
em and kg = 1.0x1075 ecm?/pus?.

As illustrated in Fig. 4, the mixing layer width (de-
fined as the distance between the 1% and 99% Ysp, con-
tours) compares quite favorably with experiment. The
decrease of the mixing width around 3.3 ms corresponds
to compression from the reflected shock, while the in-
flection around 4.5 ms corresponds to interaction of the
mixing layer with the rarefaction wave. Such features are
observed in both LES [46, 62, 63] as well as RANS sim-
ulations [29, 57, 64, 65] of reshocked RM mixing layers.
Morgan and Wickett previously demonstrated a similar
level of agreement between simulation and experiment
for the k-L-a model [56]. As expected, the k-2L-a model
performs comparably to the k-L-a model in simulations
of pure buoyancy-driven RT and RM instability.

In the next Section, the k-2L-a model is applied to sim-
ulations of shear-driven instability for which it demon-
strates an improvement over the k-L-a model.

C. Kelvin—Helmholtz mixing

To illustrate the ability of the k-2L-a model to more
accurately simulate the evolution of KH mixing layers,
the predictions of the k-L-a model and k-2L-a model
are compared in quasi-1D simulations of the KH mix-
ing layer investigated experimentally by Bell and Mehta
[18]. These simulations are run with 960 uniformly-
spaced computational zones on a domain extending from
y = —48.0 cm to y = 48.0 cm. Turbulence length scales
are initialized to zero everywhere except for the two zones
bordering the interface at y = 0, where Ly = L; =
Ao = 0.44 cm. Turbulence kinetic energy is additionally
initialized to zero everywhere except for the two interface
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FIG. 5. Self-similar profiles and mixing layer evolution of a KH shear layer simulated with the k-L-a model for several choices
of ®': (a) self-similar velocity profile, (b) steady-state turbulence kinetic energy profile, (c) mixing layer half-width as a
function of time, and (d) mixing layer growth parameter as a function of time. For all k-L-a results, Cr2: = Cr24, where CLaqg
is determined by Eq. (44) except for the Baseline KLA results, in which Cra;: = Cr2q = 0.0. Experimental data is taken from

Bell and Mehta [18].

zones, where k is initialized to 0.01 (AU)?. The initial
velocity profile is chosen to match the Bell and Mehta
experiment [18] such that u, = Uy = 900 cm/s for y < 0
and u, = Uy = 1500 cm/s for y > 0, corresponding to
A =0.25.

Figure 5 plots self-similar profiles and mixing layer
growth parameters obtained from simulations using the
single-length-scale k-L-a model. The Baseline KLA re-
sults illustrate the evolution of the mixing layer pre-
dicted when Cpo; = Crog = 0. In this case, the peak
turbulence intensity [Fig. 5(b)] is significantly under-
predicted with respect to experiment, while the mixing
layer growth parameter is over-predicted [Fig. 5(d)]. By
including the L/k term in the L equation, an additional
degree-of-freedom is obtained, and it becomes possible
to calibrate the model to reproduce a desired turbulence
intensity, ®~!, as described by Eq. (44). Figure 5(b) il-
lustrates that when Cp o4 is chosen to satisfy Eq. (44), the
maximum value of k/(AU)? matches the expected 1.
However, as Fig. 5(d) illustrates, as the single-length-
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scale model requires Cro; = Cr a4, it is not possible with
this model to change the turbulence intensity without si-
multaneously increasing the mixing layer growth param-
eter; this is the conclusion reached earlier with Eq. (50).
As the turbulence intensity is increased to better match
the experimental value, discrepancy in the mixing layer
growth parameter increases commensurately.

Figure 6 illustrates the principal improvement of the
two-length-scale k-2L-a model over the single-length-
scale k-L-a model. In this figure (to be compared directly
with Fig. 5), self-similar profiles and mixing layer growth
parameters are obtained for a number of simulations us-
ing the k-2L-a model. For each of the simulations, the
turbulence intensity ®~! is fixed at 0.035, and Cra is
varied independently from Cpa4 according to Eq. (48) to
reproduce a desired mixing layer growth parameter. As
Fig. 6(b) illustrates, the expected turbulence intensity is
recovered for each case, allowing for calibration to experi-
ment. The degree-of-freedom added by the decoupling of
turbulence destruction and transport length scales allows
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for the independent calibration of the growth parame-
ter. As illustrated in Fig. 6(d), after an initial transient
period, the k-2L-a model recovers the expected growth
parameter for each choice of §/A; agreement is obtained
with experiment for §/ A = 0.08. Appendix B describes a
stress-limiter modification to the k-2L-a model that may
be used to constrain the turbulence time scales, L;/ V2k
and Lg/ V2k, according to realizability conditions in a
manner similar to the approach by Durbin [66]. Figure 7
illustrates that when such an approach is applied in simu-
lation of the KH mixing layers under consideration, both
the amplitude of growth rate overshoot and the duration
of the transient period are reduced.

For each of the cases illustrated in Fig. 6, the ratio
of the turbulence length scales across the mixing layer is
plotted in Fig. 8. As predicted by Eq. (35), for each case
the ratio Lg4/L: is constant across the mixing layer. In
contrast to the unity ratio obtained across an RT mixing
layer, the ratio across a KH mixing layer is greater than
one for each of the cases considered; this should be the
case whenever Cro; < 0 and Cpog > 0. In this regard, the
results of Fig. 8 can be quite surprising if one incorrectly
assumes Ly to be representative of the dissipative Kol-
mogorov length scale. In fact, Lq o k3/2 /€, which gener-
ally is representative of energy-containing length scales.
(This potential confusion is why Lg is referred to as the
destruction length scale in the present work, rather than
the dissipation length scale.) It can therefore be difficult
to ascribe physical significance to the difference between
Ly and L;. Nevertheless, the utility of the two-length-
scale model is that it provides a mechanism for separating
two length scales that are present among a continuum of
scales in fully-developed turbulent mixing layers.

Although the similarity analysis presented in the pre-
vious Section relied on an assumption of low Atwood
number, in order to probe the limits of model applica-
bility, the k-2L-a model is now applied to the simula-
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tion of a variable-density KH mixing layer. In this case,
in addition to having different velocities, the two fluid
streams are also identified as separate fluid species with
different densities. Density ratios pi/ps = 1/7, 1, and 7
are considered, which correspond to similar mixing layers
investigated experimentally by Brown and Roshko [17].
Although these simulations are computed without the
effect of gravitational acceleration, these density ratios
correspond to Atwood numbers 0.75, 0.0, and —0.75, re-
spectively. The velocity ratio is set at Uy /Uy = 1//7,
which corresponds to A & 0.45.

Results of the variable-density KH mixing layer simu-
lations are illustrated in Fig. 9. For each of the simula-
tions, model coefficients are set according to the values
in Table I, for an expected ®~! = 0.035 and §/.A = 0.08.
A significant Atwood number effect is apparent in the
skewed mass fraction and turbulence kinetic energy pro-
files. Similar skewed profiles were previously observed
for moderate-to-large Atwood number RT mixing layers
[56]. Additionally, k/(AU)? peaks roughly 14% higher
than expected, and the mixing layer growth parameter
reaches a value about 10% lower than expected for both
of the variable density cases. In the experimental work
by Brown and Roshko [17], growth parameters of ap-
proximately 0.054, 0.081, and 0.095 were reported for
the p1/p2 =7, 1, and 1/7 cases, respectively.

Although the k-2L-a model does predict some impact
on the growth parameter due to variable density effects,
the predicted impact is not as significant as the varia-
tions reported by Brown and Roshko, and the effect is
the same for both the A = 0.75 and —0.75 cases. In the
absence of gravity, there is no apparent mechanism in the
model equations that could capture such an asymmetric
effect as reported by Brown and Roshko. It is therefore
uncertain if the variable-density impact on KH growth
rate observed by Brown and Roshko is a physical process
not accounted for by the k-2L-a model or if it might be
the result of some gravitational effect or transient behav-
ior present in the experimental system that is not present
in the current simulations. Further research, likely to in-
clude high-fidelity simulation of variable-density KH mix-
ing, would be necessary to answer this question. For the
present purposes, the results of Fig. 9 demonstrate that
the k-2L-a model may be applied to the simulation of
high-Atwood-number, variable-density KH mixing with
little departure from the anticipated level of turbulence
intensity and mixing layer growth parameter.

D. Combined Rayleigh—Taylor/Kelvin—Helmholtz
mixing

The k-2L-a model, with model coefficients given in
Table I, is now applied to the simulation of combined
RT/KH instability. In the case of combined RT/KH in-
stability, the relative strength of buoyancy to shear effects
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is given by the Richardson number [52]
Ri:—gap/aygzjg“lz. (52)
@u/oy) " (AU)

To investigate model behavior across a range of
Richardson numbers, a quasi-1D mixing layer is simu-
lated at A = 0.05 and A = 0.5 for varying intensity
of gravitational acceleration. Figure 10 illustrates the
Richardson number time-evolution for simulations with
acceleration g = GG g, for a constant multiplier G on Earth
gravity, g. (980.7 cm/s?). For these simulations, several
decades are explored ranging between Ri ~ 2 x 10~° and
3. These simulations allow an exploration of behavior
ranging between KH- and RT-dominated instability.

As discussed previously, in the low-Atwood-number
limit the half-width of a self-similar RT mixing layer is
expected to grow according to h = ap Agt?. Similarly, the
half-width of a self-similar KH mixing layer is expected to
grow according to Eq. (47), h = éU.t = (6/A) (AU/2) 1.
If the combined RT/KH mixing layer width is a linear
combination of the expected RT and KH mixing layer
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widths, then for the combined RT/KH mixing layer [50]

5 0 AU
h=ay,Agt —i—A 5 t. (53)
If the mixing layer growth can be expressed by Eq. (53),
then it is straightforward to derive

; 2

Z—Z = (%) +8apRi. (54)

for the nondimensional mixing layer growth rate as a
function of Richardson number.

Figure 11 illustrates the mixing layer evolution as a
function of time and Richardson number for each of the
six cases shown in Fig. 10. First, in Fig. 11(a), the mix-
ing layer half-width is plotted as a function of time. As
the gravitational multiplier G is increased from 1 to 100,
the evolution of h changes from a nearly linear function to
what appears to be a quadratic function; such behavior
is consistent with expectations of simulations in the KH
and RT limits, respectively. Figure 11(b) shows the tur-
bulence intensity, ® ', as a function of time for each of
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the six cases. The expected KH value 0.035 is plotted for
reference. It is clear that for all six cases, ® ! is increas-
ing with time, as expected for an RT mixing layer. In the
case of the lowest gravitational acceleration, however, the
value does not rise much above the KH value 0.035, indi-
cating that the G =1 case stays mostly in the KH limit.
Figure 11(c) shows the nondimensionalized mixing layer
growth rate, h/AU as a function of time; the expected
KH value (6/A)/2 = 0.04 is also plotted for reference.
This plot clearly indicates that the lowest acceleration
case has a nearly constant growth rate close to the KH
limit, while the higher acceleration cases demonstrate lin-
early increasing growth rates, as expected of mixing in
the RT limit. Finally, in Fig. 11(d), nondimensionalized
mixing layer growth rates are plotted as a function of
Richardson number for the six cases. All six cases col-
lapse along a common trajectory. Moreover, the relation-
ship given in Eq. (54) is over-plotted in gray and appears
to describe the behavior well, which implies that the real-
ized growth rate predicted by the k-2 L-a model is, in fact,
a linear combination of the RT and KH growth rates.
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Dashed lines in this plot indicate expected growth rates
for RT and KH mixing layers in isolation. By observing
where the simulations deviate from these reference lines,
the space can be divided into KH-dominated mixing for
Ri £ 0.01, RT-dominated mixing for Ri 2 0.25, and
transitional mixing for 0.01 < Ri < 0.25. These ranges
are in reasonable agreement with experimental results
by Akula et al. [52], who observe the transition point to
RT-dominated mixing occurring for Ri = 0.17-0.56.

Finally, Fig. 12 shows the ratio of length scales Ly/L,
across the combined RT/KH mixing layer at four differ-
ent times for G = 10. In contrast to the flat profiles
observed for canonical RT and KH mixing layers, the
profile for combined RT/KH mixing demonstrates some
curvature. Additionally, as the mixing layer evolves in
time, the magnitude of the ratio is decreasing. Such be-
havior is consistent with the ratio transitioning from a
value associated with KH-dominated mixing to a value
of unity associated with RT-dominated mixing.

V. SUMMARY AND CONCLUSIONS

In the present work, the k-L-a model [48] has been
extended by the addition of a second length scale equa-
tion similar to Schwarzkopf et al [57]. This enhancement
has been shown to greatly improve prediction of shear-
driven mixing without negative impact on the prediction
of buoyancy-driven mixing. Constraints on model coefli-
cients are derived which are necessary to satisfy an ansatz
of self-similarity and to reproduce important experimen-
tal RT, RM, and KH growth parameters. Through ap-
plication of the k-2L-a model to quasi-1D simulations of
canonical buoyancy- and shear-driven mixing layers, it
was demonstrated that, when model coefficients are spec-
ified according to constraints derived from self-similarity
analysis, the expected growth parameters are recovered
and good agreement is obtained in comparisons with ex-
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perimental and LES data. Moreover, it was shown that
in the absence of a second length scale equation, when
model coefficients are set according to self-similarity con-
straints, it is not possible for the k-L-a model to simul-
taneously match desired KH turbulence intensity and
growth parameters. Finally, by applying the model to
simulations of combined RT/KH mixing, it was demon-
strated that the mixing layer growth predicted by the
model is a linear combination of the individual RT and
KH growth, resulting in a simple relationship for the
growth rate as a function of Richardson number. This
relationship divides the combined RT/KH mixing evo-
lution into KH-dominated mixing for Ri < 0.01, RT-
dominated mixing for Ri 2 0.25, and transitional mixing
for 0.01 < Ri < 0.25.

Although the present work has focused on simple, one-
dimensional validation problems to calibrate and eval-
uate the two-length-scale model, further work remains
to assess model predictions in more complicated mul-
tidimensional problems. Simulation of complex prob-
lems like the shock-shear experiments at the NIF and
the OMEGA laser [53, 54] will require robust model pre-
dictions that remains to be demonstrated in more than
one dimension. However, as the present work has shown,
when the k-2L-a model is applied to problems of com-
bined buoyancy- and shear-driven instability, the model
is designed to reproduce expected growth parameters in
the limits of both RT and KH mixing. Therefore, it is
reasonable to expect sensible behavior when applied to
more complicated problems.
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Appendix A: Self-similarity analysis for buoyancy-
and shock-driven instability

This Appendix provides a derivation of self-similarity
constraints for the k-2L-a model for canonical RT and
RM mixing. It is included here for completeness; how-
ever, it should be noted that the constraints obtained
herein do not significantly differ from those obtained for
the single-length-scale k-L-a model [56]. Indeed, as the
analysis in this Appendix will show, when self-similarity
constraints are applied for canonical RT and RM mixing,
the k-2L-a model reduces to the single-length-scale k-L-a
model.
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1. Self-similarity of the L; equation

To begin, a change of variable is introduced in terms of
the mixing layer half-width, h(t). Let x = x/h. Tt is as-
sumed that k, L;, and Ly are separable in space and time
such that k (x,t) = Ko(t)f(x), Lt (x,t) = Lto(t)\/ f(X),
and Lq (X, t) = Lao(t)y/f(x) with f(x) =1 —x*. Ap-

plying the simplifying assumptions and substituting into
Eq. (9) gives

DB (Lt0f1/2) *% [ Lo fv 2Ko (Lt0f1/2):|
+ CL1f1/2\/2K0.

The self-similarity ansatz is applied by assuming that

(A1)

Lio(t) = Bh(t). Equation (A1) is then transformed fur-
ther to
' O
Ly =v/2Ko ( Cr1 —
Npt

2K, < 5—;&2 - Om) ()

In order to eliminate the spatial dependence on the right-
hand side, 28% = Cp1N,/C,. Substituting this con-
straint into Eq. (A2) gives

(A2)

Cr1

Lio(t) = —— V2K (A3)

2. Self-similarity of the L; equation

Applying the simplifying assumptions and substituting
into Eq. (10) gives

ll))t (Ld fl/Q) =9z { ELiofv 2Ko (Ldofl/z)}
+ CLlfl/%/zKo.

Applying the self-similarity ansatz further transforms

Eq. (A4) to

(A4)

. L . . C, L
(LtoL—d;J - LdO) X2 + Lao = /2Ky (CLI - N—ZIL_d;JBQ)
i i
Cu Lao o
2K, | 20— ==
0 < N Ltoﬂ CLl) X
(A5)

To satisfy the self-similarity ansatz requires

. C, L
Lao = /2Ky (CLI - —Mﬁﬁ) ;

A6
Nrg Lo (46)
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L L
L= — [y = /2K, o Cu Lao B2—Cri). (A7)
Lo Nra Lio

Substituting Eq. (A3) into Eq. (A7) yields the constraint

Nt = Nra. (A8)
Eliminating the spatial dependence requires
Lo  Nra
Tw N 1, (A9)
and Eq. (A5) reduces to
Laott) = S V3K, (A10)

3. Self-similarity of the a equation

Consider an RT-unstable configuration of two fluids in
hydrostatic equilibrium with gravitational acceleration.
Equation (11) transforms to

Da 0 [ Oa 2
P Dr —%<E %) —Cppgb
Ld (‘:)CL'.

2
—p Ca a — g (All)
Assume that the mean density profile is given in terms
of the density of the heavy fluid, py, and the density of
the light fluid, py. Then, the self-similar density profile
is
x
p=rpo(1+A2), (A12)
where po indicates the density at © = 0, and A is the
conventional Atwood number:

PH + PrL

po= DLEPL ng g PEE

(A13)
pH +PL

Substituting into Eq. (14) gives the self-similar form

A2

b=—Ff. Al4
L (A14)
Also assume the self-similar form

= —CB \/2K0f (A15)

Substituting Eqs. (A12)—(A15) into Eq. (A11) yields
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Ko n CriNr: (2Ko)
V2Ky No Ly
[ Ko (3CL1NLt

V2K, N,

after collecting terms and rearranging. For the self-
similarity ansatz to be satisfied, the x? terms must go
to zero, which requires N, = 2Np,. Applying this condi-
tion and introducing the change of variable V) = /2K
reduces Eq. (A16) to

_CBA9+ (Ca - 3

- CLl) (QLKo) — CpAg + (Ca B ) 2—K01 X' =0
t0

i) 2Ko
Cp) L

(A16)

© 3Cp) Ly

4. Self-similarity of the k equation

Considering the RT-unstable problem in hydrostatic
equilibrium, Eq. (8) may be transformed to

Dk 0 (CuLwfv2Ko 0k
Dt oz Ny, ox

A
+908m\/2K0f—CD

(2k)3/?

- (A18)

After substituting for k, expanding the material deriva-

_ 153 Cr1
Vo = CpAg — Lo (C‘l - 3Cp + o ) (A17) tive, and collecting terms, Eq. (A18) is reduced to
|
_ CpN5, (2K)? 2K,)*/?
lK0+ L2§VLt( Lo) —OBAQ\/E‘FCD( LO) _
k t0 do
. 3CNL,  Cri\ (2Ko)*? 2K,)"/?

For the self-similarity ansatz to be satisfied, the x? terms
must go to zero, which requires Ny = 2Np;. Apply-
ing this condition and introducing the change of variable
Vo = V2K, reduces Eq. (A19) to

: V2 C
VOZCBAg—L—O(cD+£>. (A20)

t0 4

In order to simultaneously satisfy Eqs. (A17) and (A20)
requires

(A21)

5. Richtmyer—Meshkov growth exponent

Experimental observations are now utilized to provide
further constraints. In an RM configuration, after the
shock has passed, the acceleration term in Eq. (A20)
vanishes. Substitution of Eq. (A10) into Eq. (A20) gives

2 . 2 [/ C 1
—Ldoz—ﬁ(—u_).

A22
Cr1 Ly \Cr1 4 (A22)
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Integrating this equation for Lgo requires initial values of
Lao(0) and Lgo(0). Anticipating the result, substituting
a solution of the form

Lao(0)
0L40(0)

Lao(t) = Lao(0) l t+1 (A23)

and its derivatives into Eq. (A22) gives an expression
which may be rearranged to provide a constraint on the
ratio Cp/Cr; in terms of the RM growth exponent 6:

Cp 2-36
— = . A24
Cr1 44 ( )

6. Rayleigh—Taylor growth parameter

In an RT configuration, the acceleration term in
Eq. (A20) cannot be neglected. Substituting a solu-
tion of the form Lgy = BAgt? into Eq. (A10) gives
Vo = (4/CL1) BAgt. Substituting the trial solutions into
Eq. (A20) provides a relationship between the RT con-
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stant B and the model coefficients,
CpCr1

B= P
s(1+282)

(A25)

For small Atwood number the bubble height should
grow according to h(t) = apgAt?, so that

h(t) = Ld;(t) _ /C;}VC;Ll - (1 fsg_fl) Agt?,
top (14+252)
k

The kinetic energy generated within an RT mixing
layer is

Cp = (A26)

h
Ex :/ pK(x,t)dx
h

:KO/_; (po—l—%w) [1—(%)1 cl:c3
:Ko/_hpo {1—(%) ]+%<x—%>dx.

(A27)

By symmetry, the integral over odd powers of z will van-
ish, leaving Ex = (4/3)h(t)poKo(t). As Ko/Lgo is con-
stant, Ko /h should also be constant, which allows further
reduction:

Koi K() QOszgNk

Ko _pgflo 2w AgNk A28
h ﬂ Lo CLl CM ( )

8 N, )
Er =— A h=. A29
L ¥emven ayApog (A29)

The gravitational potential energy within an RT mixing
layer can also be derived by assuming a material interface
at x = 0 and integrating over a distance 2d,

d
PE = —g/ p(x)xda
—d

= L ou—p) P+ L (o —pr)h®.  (A30)

2 6
As only the change in potential energy over the mixing
layer is relevant, consider the term proportional to h,
APE = (g/6) (prr — pr,) h%. Thus, the fraction of poten-
tial energy converted to kinetic energy is

+
EK %Cmcu abApH2pL9h2 o 8Nk0&b
4 (pa —pr) h? CriCy

(A31)
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7. Self-Similarity of the scalar equation

Conservation of species mass fraction in one dimension
is expressed by

g_g(qm/ﬁa_y)v (A32)
Dt ox Ny ox

where the species subscript on the mass fraction has been
dropped for simplicity. It is assumed that the self-similar
solution for the light fluid is Y (z,t) = 0.5[1 — z/h(t)]
with derivatives

Y zh oY 1
P 0 er T ahe (A33)
It is additionally useful to write
T 2
V2R, 1) = V2 Ko\ 1 - (7)
2 . T\ 2
= & Lo(t)\/1- (5) . (A34)

Substituting Eqs. (A33) and (A34) into Eq. (A32) gives

- .Ih . 20# LtoLt()I
2h2 CpaNy R3O

(A35)

Finally, using L,y = Sh and Lo = Bh and substituting
into Eq. (A35) gives

B zh  Np xh

T Ny B (A36)

This equation can only be satisfied if Ny = 2Np;.

8. Self-Similarity of the internal energy equation

Applying the simplifying assumptions and substituting
into Eq. (7) gives

De 6<CMLt\/2k ae> (2k)%?
A e .

Dt Oz N, ox d ( )
It is assumed that the self-similar solution takes form
e(z,t) = eg+ ey f(x,t). After some algebra and substitu-

tion,

e1Cr1 Vo &= Nt e1Cra Vo (1
LtO Ne LtO
3

Vo 1.2
+CDL,50(1 X).

_ 3X2)
(A38)

To satisfy the self-similarity ansatz, the spatial depen-
dence must drop out. Considering first the terms without
spatial dependence gives

N CriVt %
Ny e COnlo | o Vo

=0 A39
N, Ly Ly (A39)
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which can be rearranged to give
(A40)

Utilizing Eq. (A40) provides an expression for the x
terms,

e1Cr1 Vo _

2Nr e1Crai Vo
Ly ’

Ne LtO

(A41)

which can only be satisified if N, = 2Np;.

Appendix B: Stress-limiter modification

The inclusion of the L;/k and Lg/k terms in Egs. (9)
and (10) can lead to numerical instability and sensitivity
to intial conditions when £ is at or near zero. Division
by small value can potentially be avoided, if these terms
are expanded and re-written in terms of the turbulence
transport and destruction time scales, T; and Ty:

DLt e OLy
=Cr10V2 -
1PV 2k + ox; (NLt 8xi)
_ ~ 2 ou;
+Cr2:P | 2CaevCL Ty L Sij — - Li0ij | 7— (B1)
3 8Ij
DLd pe OLg
7 _ o Pt
p Llp\/_+ 8IEZ (NLd 8171 )
4O (2C s Cu Tl Bis — 2Lty ) 24
L2dp dev“pud ddat9ig 3 dOij 8$j )
(B2)

where

e =CupkTy, (B3)
and the limited time scales are
T, = min [ —= ! (B4)
t = 9 ——— )
V2E 30,./25, 8,
Ly 1
Ty = min , — (B5)
V2E 30,./25, 8,

By formulating the eddy viscosity in this way, real-
izability is enforced by invoking the constraint that the
eigenvalues, A, of the strain-rate tensor must satisfy [66]

[~ = 2
|/\a|§ SWS”/2 y Z%max/\aggk.

As discussed in Section IIT C, however, L, is expected
to be strictly greater than L;. It may therefore be in-
sufficient to limit 7} alone. Instead, both T; and Ty are
limited by the time scale associated with the mean strain.
As discussed in Section IV C, when limiting is applied in
this manner, it reduces growth rate overshoot and dura-
tion of transience in simulations with strong shear.
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