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We examine a rapidly solidifying binary alloy under directional solidification with non-equilibrium
interfacial thermodynamics viz. the segregation coefficient and the liquidus slope are speed depen-
dent and attachment-kinetic effects are present. Both of these effects alone give rise to (steady)
cellular instabilities, mode S, and a pulsatile instability, mode P . We examine how weak imposed
boundary-layer flow of magnitude |V| affects these instabilities. For small |V|, mode S becomes a
travelling wave and the flow stabilizes (destabilizes) the interface for small (large) surface energies.
For small |V|, mode P has a critical wavenumber that shifts from zero to non-zero giving spatial
structure. The flow promotes this instability and the frequencies of the complex conjugate pairs
each increase (decrease) with flow for large (small) wavenumbers. These results are obtained by
regular perturbation theory in powers of V far from the point where the neutral curves cross, but
requires a modified expansion in powers of V1/3 near the crossing. A uniform composite expansion
is then obtained valid for all small |V|.

I. INTRODUCTION

Additive manufacturing (AM), or three-dimensional
(3D) printing, has undergone tremendous progress
throughout the past three decades and offers substan-
tial advantages over existing manufacturing methods.
The layer-by-layer production capabilities offered by AM
can be used to print complex parts of various geome-
tries while minimizing manufacturing time and material
wastage. AM is currently capable of printing a consid-
erable range of products [see, e.g., 1], including metallic
parts [2], aero-engine components [3], protective coatings
[4], electronics [5], natural structural materials [6], tissues
[7, 8], hydrogel-based materials for implantable medical
devices [9] and implants and prosthesis [10]. However,
parts produced by AM are susceptible to a range of unde-
sirable effects such as distortion, compositional changes,
lack of fusion defects [1], high surface roughness, layer
delamination and warping [11], and denudation [12], de-
pending on the geometry of the molten pool, temperature
distribution and thermo-physical effects.
One of these effects involves the onset of flow within

the melt pool as a consequence of high temperature gradi-
ents near the heat source. The resulting sharp gradients
in surface tension induce Marangoni convection within
the melt pool as depicted in Fig. 1 [11, 13]. Liquid to
the rear of the heat source solidifies rapidly and the mi-
crostructure of the grown solid is determined by processes
at the solid-liquid interface. It is the purpose of this pa-
per to investigate the influence of flow on the morpho-
logical stability of a rapidly solidified binary alloy. Dise-
quilibrium effects, including solute trapping and kinetic
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undercooling, become significant at rapid solidification
rates and we investigate their roles within a thermody-
namically consistent model of directional solidification in
disequilibrium.

Such a configuration enables one to examine the con-
ditions under which to expect instabilities at the solidifi-
cation front under the presence of flow, given physical es-
timates for the magnitude of flow induced by Marangoni
convection within the melt pool in a practical physical or
engineering situation, and how these instabilities change
when physical or material properties are varied, as well
as conditions under which all instabilities are suppressed
completely. Such estimates provide a starting point that
may aid in gauging the choice of physical paremeters or
material properties to avoid undersirable effects in prac-
tical scenarios.

The morphological stability of a binary alloy in ther-
modynamic equilibrium without flow has been first ex-
amined by Mullins & Sekerka [14]. Many generalisa-
tions have been provided by Coriell & McFadden [15]
and an absolute stability limit exists such that the insta-
bility disappears for large enough surface energy. The
effect of boundary-layer flow on the stability of a di-
rectionally solidified binary alloy under thermodynamic
equilibrium has been investigated by Forth & Wheeler
[16] in the limit of large Schmidt number and large
Reynolds number. Hobbs & Metzener [17] conducted
a long-wavelength analysis of the problem and found
that imposed boundary-layer flow favours traveling waves
through a destabilizing mechanism.

When the interface is no longer at thermodynamic
equlibrium, as is the case at large solidification rates,
phase transitions are no longer governed by the phase dia-
gram. Departures from equilibrium have been formulated
within thermodynamically consistent generalisations by
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FIG. 1. Schematic of the solidification of a liquid melt pool
in one form of additive manufacturing.

[18–23] to include effects that occur at high solidification
rates, such as the effects of solute trapping and kinetic
undercooling. These generalizations have been used in
a model without flow to find that oscillatory instabilities
may occur in disequilibrium, in addition to the previously
observed cellular modes found at interfacial equilibrium
Coriell & Sekerka [24]. The state diagram has been set
out for both the cellular and the oscillatory modes by
Merchant & Davis [25], and an absolute stability limit
involving attachment kinetics has been found for the os-
cillatory mode.
We investigate the influence of boundary-layer flow,

indicated in Fig. 1, on the stability of the liquid-solid
interface in directional solidification in a rapid solidifica-
tion environment by performing an asymptotic analysis
for weak flow. In contrast to the scenario at interfacial
equilibrium, two branches of instability (steady S and
periodic P modes) are present here and a singular per-
turbation problem arises near the crossing point. We
use matched asymptotic expansions to analyze perturba-
tions to both branches and find that there is a symmetry
breaking singularity where the two branches couple.
We begin by setting out the theoretical framework and

formulating the linear stability theory in Sec. II. The
stability of the interface under no flow is discussed in
Sec. III. We investigate the effect of flow by performing
regular asymptotic analyses for the steady and oscillatory
branches in Sec. IV, followed by a singular perturbation
analysis near the singular point in Sec. IVB. We form
a uniformly-valid composite solution in Sec. IVC and
revert to physical scalings in Sec. IVD. We finish with a
discussion of the results and concluding remarks in Sec.
V.

II. FORMULATION

We consider the rapid directional solidification of a bi-
nary alloy of local solute concentration Cl in the liquid,
Cs in the solid, pulled at speed V in the negative z-
direction through heat exchangers located at z̃ = ±L̃.
For simplicity, it is assumed that L̃ → ∞, and the po-
sition of the resulting solid-liquid interface is given by
z̃ = h̃ in the local coordinate system of Fig. 1.
In the non-equilibrium model set forth in [18, 21–

23], departure from equilibrium gives rise to a non-
equilibrium local interfacial temperature TI and local so-
lute concentration Cs in the solid. Both of these are
deviations from the equilibrium phase diagram. The lo-
cal solute concentration in the solid is related to that of
the liquid through

C̃s = C̃lk̃(Ṽn), (1)

where k is the non-equilibrium segregation coefficient,
which depends on the local interface speed Vn. The seg-
regation coefficient is close to the equilibrium value kE
at low solidification rates and approaches unity at rates
high enough that solute is completely trapped into the
solid. A model proposed by Jackson et al. [19] and Aziz
[20] describes this variation by

k̃(Ṽn) =
kE + β0Ṽn

1 + β0Ṽn

, (2)

where β0 is a constant. Dimensional variables are de-
noted by tildes.
The arguments of Boettinger & Perepezko [21] and

Boettinger & Coriell [22] for a planar interface, modi-
fied by the Gibbs-Thomson effect for curved interfaces,
yield that the response function for interfacial tempera-
ture, including the effects of capillary undercooling and
kinetic undercooling, is given by

T̃I = TM

(

1 + 2H̃
γ

Lν

)

+m(Ṽn)Cl −
mE

kE − 1

Ṽn

V0
, (3)

[see, e.g., 25, 26] where TM is the equilibrium melting
temperature of the pure material, H is the mean curva-
ture, γ is the surface energy, Lν is the latent heat per
unit volume, mE is the equilibrium slope of the liquidus,
kE is the equilibrium-segregation coefficient, V0 is the up-
per bound for the rate at which crystallization can occur,
and the change in liquidus slope due to non-equilibrium
segregation is given by

m̃(Ṽn) = mE

{

1− 1

kE − 1

(

kE − k(Ṽn)·

·
[

1− ln
k(Ṽn)

kE

])}

. (4)

For a non-planar, three-dimensional surface,

2H̃ =
h̃x̃x̃

(

1 + h̃2
ỹ

)

− 2h̃x̃h̃ỹh̃x̃ỹ + h̃ỹỹ

(

1 + h̃2
x̃

)

(

1 + h̃2
ỹ + h̃2

x̃

)3/2
. (5)

The solidification rate for non-planar growth is modified
to

Ṽn =
V + h̃t̃

(

1 + |∇̃h̃|2
)1/2

. (6)
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A. Basic state and non-dimensionalisation

For ease of presentation, we adopt the approximations
of Merchant & Davis [25] for the thermal and solutal
problems, namely, that the diffusivity of solute is negli-
gible in the solid phase, that the diffusivity of solute in
the liquid phase is much smaller than the thermal diffu-
sivities of both phases, that the thermal conductivities of
both phases are equal and that latent heat production at
the interface can be neglected. The latter assumptions
have the advantage that they allow for the freezing of
the temperature. For the liquid, we assume that it is in-
compressible, that the effect of gravity is negligible and
that there is no change in the density of the material as
it changes phase.
In a coordinate system moving with the front at speed

V , conservation of temperature, solute, momentum and
mass in the liquid (z̃ > h̃) are summarised by

0 = ∇̃2T̃l, (7)

∂C̃l

∂t̃
− V

∂C̃l

∂z̃
+ ũ ·∇C̃l = Dl∇̃2C̃l, (8)

ρl

(

∂ũ

∂t̃
− V

∂ũ

∂z̃
+ ũ · ∇̃ũ

)

= −∇̃p̃+ µ∇̃2
ũ, (9)

∇̃ · ũ = 0, (10)

For the solid (z̃ < h̃),

0 = ∇̃2T̃s, (11)

Far field boundary conditions on the flow field and solute
concentration are

ũ → U∞ex as z̃ → ∞, (12)

C̃ → C∞ as z̃ → ∞. (13)

The remaining boundary conditions at the interface in-
volve the local solutal balance

(C̃l − C̃s)Ṽn = −Dl
∂C̃l

∂ñ
, z̃ = h̃(x̃, ỹ, t̃), (14)

where ñ = (−∂h̃/∂x̃, ∂h̃/∂ỹ, 1)/
√

1 + |∇̃h̃|2 is the unit

normal vector, and the local conservation of mass and
no-slip condition

ũ = 0, z̃ = h̃(x̃, ỹ, t̃). (15)

We shall adopt spatial and temporal scalings based on
solute diffusion and scale the velocity and pressure fields
by the far-field flow and viscous pressure scaling so that

x̃ =
Dl

V
x, t̃ =

Dl

V 2
t,

ũ = u/U∞, p̃ =
µV U∞

Dl
p. (16a − d)

We scale the temperature and solutal field by

Tl =
T̃l − T0

GDl/V
, Ts =

T̃s − T0

GDl/V
,

Cl =
C̃l − C∞/kE

C∞(kE − 1)/kE
, (17a − c)

where G is the imposed temperature gradient and T0 is
a reference equilibrium freezing temperature of the sub-
stance. The dimensionless equations become

0 = ∇2Tl, (18)

∂Cl

∂t
− ∂Cl

∂z
+ Vu ·∇Cl = ∇2Cl, (19)

R
(

∂u

∂t
− ∂u

∂z
+ Vu ·∇u

)

= −∇p+∇2
u, (20)

∇ · u = 0, (21)

for the liquid (z < h),

0 = ∇2Ts, (22)

for the solid (z < h),

u → ex as z → ∞, (23)

C → 1 as z → ∞. (24)

in the far field and

Cs = Clk(Vn) (25)

(Cl − Cs)Vn = −(−Clxhx − Clyhy + Clz)·
· (1 + |∇h|2)−1/2 (26)

Tl = Ts = MCl −
M

(1− kE)2
(kE − k(Vn)) ·

·
(

1− ln
k(Vn)

kE

)

(1 + (kE − 1)Cl)

+ 2HMΓ−MUVn (27)

at the interface z = h, where

k(Vn) =
kE + βVn

1 + βVn
, (28)

Vn =
1 + ht

(1 + |∇h|2)1/2 , (29)
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FIG. 2. The neutral stability curve under no flow. The steady
branch is shown as a solid curve and the oscillatory branch
is shown as a dashed curve. Parameters used: kE = 0.2,
β = 0.1, U = 0.01, Γ = 1, R = 1, V = 0.

and

2H =
hxx

(

1 + h2
y

)

− 2hxhyhxy + hyy

(

1 + h2
x

)

(

1 + h2
y + h2

x

)3/2
. (30)

We note that in rapidly evolving systems, the segregation
coefficient (28) – a bounded function of Vn – varies non-
linearly in Vn, which in turn varies nonlinearly, in gen-
eral, with the kinetic undercooling. However, the degree
of undercoolings that are commonly encountered even in
rapidly evolving systems warrant a linear dependence for
undercooling, (27), to be sufficient [26].
Seven dimensionless parameters appear in the above.

They are the morphological number M, the disequilib-
rium parameter β, the attachment-kinetics parameter U ,
the equilibrium segregation coefficient kE , which is the
limiting value of the speed-dependent segregation coeffi-
cient k(Vn), the dimensionless surface energy Γ, the ex-
ternal flow parameter V and the inverse Schmidt number
R. Explicit formulas for them are given by

M =
mE(kE − 1)C∞V

DlGkE
, β = β0V, (31a, b)

U =
V kE

(kE − 1)2C∞V0
, V = U∞/V, (32a, b)

Γ =
TMγV kE

LνDlmE(kE − 1)C∞

, R =
ρlDl

µ
. (33a, b)

This system possesses a steady-state solution, for
which the interface is planar, given by

T = z +Mγ, Cl0 = 1− δe−z, (34a, b)

h0 = v0 = w0 = p0 = 0, u0 = 1− e−zR, (35a, b)

FIG. 3. Neutral stability curves in rescaled variables (C ,V ).
Pulling speed versus far field solutal concentration for both
the leading-order steady (black, solid curve) and oscillatory
(blue, solid curve) branches and their perturbations due to
weak flow (black, dashed and blue, dashed curves). Parame-
ters used: B = 0.3,N = 0.05, kE = 0.8,R = 1,V = 1.

where

γ = − kE
(kE − 1)2

ln
(

k̄/kE
)

+
β

(1− kE)(β + kE)
−U , (36)

k̄ =
kE + β

1 + β
, δ =

kE
β + kE

. (37a, b)

B. Linear stability analysis

We investigate the stability of the planar-interface so-
lution using linear perturbation theory and search for
normal-mode solutions with growth rate σ and wave-
vector α = (α1, α2) by writing X = X0(z) + ǫX̂(x, t),

where X̂(x, t) = X1(z) exp(σt + i(α1x + α2y)) for X =
(u, v, w, p, Cl), and h = ǫη̂(x, t) = ǫη exp(σt + i(α1x +
α2y)). The stability of the system is determined by the
sign of q, where σ = q+ iω, and q, ω ∈ R, with stability if
q < 0 for all wavenumbers and instability otherwise. The
instability is steady if ω = 0 and oscillatory if ω 6= 0.
Eliminating pressure and horizontal velocity yields a

fourth-order differential equation,

(

σ − d

dz
+ iα1Vu0 −

1

R

(

d2

dz2
− α2

1 − α2
2

))

·

·
(

d2

dz2
− α2

1 − α2
2

)

w1 = iα1Vu′

0w1, (38)

for the vertical component of velocity, with interfacial
boundary conditions

w1 = 0, w′

1 = iα1Rηu′

0, z = 0 (39a, b)
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and far field conditions

w1 → 0, w′

1 → 0 as z → ∞. (40a, b)

Here, the prime denotes differentiation with respect to z.
It suffices to consider this fourth-order system to deter-
mine the flow field and so our perturbation problem can
be formulated in terms of w1, Cl1 and η1 only.
The perturbed solutal field satisfies

C′′

l1 − (α2
1 + α2

2)Cl1 = Vw1C
′

l0 + iα1Vu0Cl1+

+ σCl1 − C′

l1, (41)

in z > 0 with the far-field condition

Cl1 → 0 as z → ∞, (42)

and interfacial conditions

−(ηC′′

l0 + C′

l1) =

(

1− k̄β

(1 + β)

)

σηCl0

+ (1− k̄)(ηC′

l0 + Cl1), (43)

at z = 0, originating from a perturbation to the local
solute conservation condition (26), and

0 = (kE − 1)

[

(β + 1)η +M
(

− ηC′

l0 − Cl1+

+ (β + 1)η
(

Γ
(

α2
1 + α2

2

)

+ σU
)

)

]

+

M ln
(

k̄/kE
)

[

σβη
(

(1 − kE)Cl0 − 1
)

+

+ (β + 1)2(ηC′

l0 + Cl1)k̄

]

/(β + 1), (44)

at z = 0, originating from a perturbation to the inter-
facial temperature condition (27). The latter condition
determines the position of the perturbed interface. This
system of perturbation equations is a differential eigen-
value problem for (Cl1, w1, η), which admits nontrivial
solutions only for certain eigenvalues σ.
Setting V = 0 turns off the external flow and recovers

the result of Merchant & Davis [25]. In this case, the
characteristic equation can be obtained in closed form.
We display plots of relevant results for comparison in
Sec. III.

III. ZERO FLOW

In the absence of flow, the linear stability problem gives
rise to the following characteristic equation

M−1 = m0 ≡ Γs

β + 1

(

(β + kE)− βσ+

− 2 (β + kE) (β + kE + σ)

(β + 1)λ1 + β + 2kE − 1

)

FIG. 4. Values of the second-order contributions m2 for
the steady mode for varying disequilibrium parameters β =
0.01, 0.02, 0.05, 0.1. Parameters used: kE = 0.5, U = 0.1, Γ =
1,R = 1.

+ σ(Us − U)− α2Γ, (45)

obtained by Merchant & Davis [25], where

λ1 =
√

4α2 + 4σ + 1, (46)

Γs =
kE

(

(1− kE) + (β + kE) log
(

β+kE

βkE+kE

))

(1− kE) (β + kE) 2
, (47)

and

Us =
βkE

(β + 1) (β + kE) 2
. (48)

Γs and Us are the critical values of Γ and U , respectively,
beyond which all disturbances are stabilized under no
flow.
At marginal stability, we have σ = iω0, ω0 ∈ R (we

reserve the subscript 0 to denote quantities involving no
flow). There are two possible scenarios. The first is one
in which ω0 = 0, which corresponds to the steady in-
stability giving mode S. The second is one in which
ω0 6= 0, which corresponds to the oscillatory instabil-
ity giving mode P . The values of ω0 are obtainable by
requiring that ℑ(m0) = 0, which we expect on physical
grounds. The values of ω0 can be seen graphically against
α1 for the mode P in Fig. 8. The neutral curves for the
S and P branches, as well as the regions of instability,
are depicted in Fig. 2. The neutral curve for the P in-
stability consists of two branches with complex conjugate
frequencies.
By non-dimensionalizing with respect to capillary

scales rather than diffusion scales, as in [25], it is possible
to isolate the dimensionless pulling speed and far field so-
lute concentration as independently controllable parame-
ters. Such a rescaling is of benefit from the experimental
perspective, where these two parameters, specifically, are
controllable. To scale length and time against the capil-
lary scales l ∼ (γTM/(LνG)1/2, t ∼ γTM/(LνGDl), we



6

FIG. 5. Plots of m0 (solid) and m0 + V2m2 (dashed) against
α1 for mode S, where β = 0.01, kE = 0.5, U = 0.1, Γ = 1,
R = 1, V = 0.5. Only the steady branch appears at leading-
order.

use the following rescaling specified by Merchant & Davis
[25]:

M = V C , Γ = V /C , β = BV , (48 a− c)

U = V N /C , α = A /V , σ = S /V 2. (49 a− c)

The resulting neutral stability curves can be obtained
implicitly and are shown in Fig. 3. The marginal di-
mensionless pulling speed versus the concentration is dis-
played for both the leading-order steady and oscillatory
branches.
The following behaviour has been reported by Mer-

chant & Davis [25] absent flow. When C is fixed, say C =
8, and V increases from 0 to a critical value V ≈ 0.3, the
solid-liquid interface remains planar. Steady cells appear
as V increases past its critical value. The cells deepen
and their wavelength decreases as V is increased further,
until a cellular-dendritic transition, not explained by lin-
ear theory, occurs. As V increases further, the cells re-
turn and then finally disappear at a critical V ≈ 2. The
solid-liquid interface becomes planar within a window of
stability. As V increases further past a critical value
V ≈ 3, the pulsatile mode becomes unstable, producing
solute bands periodic in the direction of solidification.
These disappear and the interface regains stability once
V reaches a critical value of V ≈ 5. Nonlinear effects be-
come important for intermediate values of V within this
range. For higher values of C , both steady and pulsatile
modes of instability co-exist within a region of intersec-
tion.

IV. ASYMPTOTICS FOR WEAK FLOW

In this section, we analyze the asymptotic behaviour
of the solid-liquid interface for both branches for weak
flows V ≪ 1. For clarity, we present only the results of
our analysis in this section, and refer the reader to the
Appendices for detailed derivations.

FIG. 6. Frequencies ω0 (solid, thick) and ω0 + Vω1 (dashed)
against α1 for mode S for various disequilibrium parameters
β = 0, 0.025, 0.05. Parameters used: kE = 0.5, U = 0.1,
Γ = 1, R = 1.

A singular perturbation problem arises in scenarios in
which both steady and oscillatory branches appear, as
a result of the occurance of the singular point on the
neutral curve, at which the two oscillatory branches meet
the steady branch giving rise to a multiple eigenvalue. We
treat this by developing matched asymptotic expansions
involving regular perturbations in an outer region, away
from the singular point, and singular perturbations in an
inner region, close to the singular point.

A. Regular perturbations

We proceed by expanding in the external-flow-
parameter V as follows

Cl1 = Cl10 + VCl11 + V2Cl12 + · · · , (50)

w1 = w10 + Vw11 + V2w12 + · · · . (51)

We are interested in marginal stability, which occurs
when q = 0. The value of M for which this occurs can
be expanded in V as

M−1 = m0 + Vm1 + V2m2 + · · · . (52)

The resulting instability may have either ω0 = 0 or ω0 6=
0 and we write

ω = ω0 + Vω1 + Vω2 + · · · . (53)

At zeroth-order (V = 0), there are situations in which
only mode S appears, situations in which only mode P
appears, and situations in which both modes S and P
appear.
We find that the coefficient m1 in (52) vanishes for

mode S. As expected on physical grounds, the direction
of flow, given by the sign of V , should not influence the
onset of the leading-order steady branch of the instability.
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(a)

(b)

FIG. 7. Perturbations to the neutral curves for the leading-
order (a) steady (dashed, black) and (b) oscillatory (dashed,
blue) branches. The unperturbed neutral curve is overlaid
for the steady (solid, black) and oscillatory (solid, blue)
branches. Both the steady and the oscillatory branches ap-
pear at leading-order. There are two oscillatory branches and
they lead to distinct inverse morphological numbers at higher
order. Parameters used: β = 0.1 kE = 0.5, U = 0.1, Γ = 1,
R = 1, V = 0.5.

The influence of flow on mode S can be determined by
examining second-order corrections in V .
Despite m1 = 0 for mode S, there is a nonzero contri-

bution ω1 6= 0. The frequency ω1 is shown in Fig. 6 in a
situation in which only the mode S appears, and in Fig.
8 in a situation in which both modes S and P appear.

Thus, for S,

M−1 = m0 + V2m2 + · · · , (54)

and for P ,

M−1 = m0 + Vm1 + · · · . (55)

Following the details presented in Appendix A, we find

(a)

(b)

FIG. 8. (a) Perturbations to the frequencies for the leading-
order (a) steady (dashed, black) and (b) oscillatory (dashed,
blue) branches. The unperturbed frequencies ω0 are over-
laid for the steady (solid, black) and oscillatory (solid, blue)
branches. Parameters used: β = 0.1 kE = 0.5, U = 0.1,
Γ = 1, R = 1, V = 0.5.

for mode P , ω0 6= 0 that

m1 =
L (β + kE) + (1 − kE)

η(β + 1) (1− kE)

4
∑

j=1

ℜ(P1j), (56)

as given in (A35), where the P1j are specified in Appendix
A, and for mode S, ω0 = 0,

m2 =
L (β + kE) + (1− kE)

η(β + 1) (1− kE)

7
∑

j=1

ℜ(J21j), (57)

as given in (A47), where the constants J21j are given in
Appendix C.
The perturbations m2 for mode S are diplayed in Fig.

4, and plots of the perturbations m1 and the resulting
M−1 = m0 + Vm1 are shown in Fig. 7. There are two
oscillatory branches at leading order, yielding complex
conjugate roots ±iω0. These two branches correspond to
a single M−1 at leading order. At higher order, these
two branches split. Both of these are displayed in Fig. 7.
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(a)

(b)

FIG. 9. Singular perturbation results (dotted curves) near the
singular root for the inverse morphological number in (a) and
frequency in (b) against the wavenumber. Zeroth order results
(no flow) are overlain as solid curves (the steady branch is
shown using thin solid curves, and the oscillatory branch is
shown using thick solid curves). Parameters used: β = 0.1
kE = 0.5, U = 0.1, Γ = 1, R = 1, V = 0.5.

Note that only the upper branch determines the insta-
bility boundary, however, the other branch may lead to
higher growth rates and we choose to display both of the
branches for this reason. The corresponding frequency
perturbation ω1 and ω0 + Vω1 are shown in Fig. 8 for
both the leading-order oscillatory and steady branches
in the scenario in which both of them appear at leading-
order.
Close to the crossing point, the regular perturbation

expansions diverge as seen in Figs. 7 and 8. This signals a
need for a singular perturbation analysis near this point,
which we perform in Sec. IVB.

B. Singular perturbations

Of interest for the current section is the point at which
the two branches meet. This is a junction of three
branches: S and P (complex conjugates). We have seen
in the previous section that a regular perturbation expan-
sion fails in the vicinity of this singular root. In order to

(a)

(b)

FIG. 10. The composite solution (dashed), uniformly valid
for all wavenumbers, for the inverse morphological number
in (a) and frequency in (b), against the wavenumber. Zeroth
order results (no flow) are shown in as solid curves (the steady
branch is shown using thin solid curves, and the oscillatory
branch is shown using thick solid curves). Parameters used:
β = 0.1 kE = 0.5, U = 0.1, Γ = 1, R = 1, V = 0.5.

resolve for the behaviour near this multiple root, we pose
an asymptotic expansion in the parameter V1/3, of the
form

w1 = w̃10 + V1/3w̃10 + V2/3w̃12 + · · · , (58)

Cl1 = C̃l10 + V1/3C̃l10 + V2/3C̃l12 + · · · . (59)

We are again interested in marginal stability, which oc-
curs when q = 0 and this time expand the value of M−1

for which this occurs as

M−1 = m̃0 + V2/3m̃2 + V4/3m̃4 + · · · , (60)

and the imaginary part of σ as

ω = V1/3ω̃1 + Vω̃3 + V5/3ω̃5 + · · · . (61)

Taking V → 0 leads to σ = 0, which is the value of
σ at the singular root, as expected. We seek an inner
expansion near the singular root, which occurs at some
wavenumber α1 = α10. The appropriate inner scaling for
the wavenumber is

α1 = α10 + α11V2/3, (62)
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which follows from the square-root dependence of the two
oscillatory frequencies on the wavenumber in the vicinity
of the singular root at leading-order.
It is necessary to consider expansions up to third-order

in V1/3 to obtain leading-order information on the influ-
ence of flow. We lay out our analysis order by order, in
Appendix B.
We find, at first order in V1/3, that the wavenumber

α10 satisfies

βΓs

β + 1
+ (U − Us) =

4Γs (β + kE)

(β + 1)2
√

4α2
10 + 1

·

·
(

Ω1(α10)

[Ω2(α10)]
2 − 1

4

)

, (63)

where

Ω1(α10) = (β+2)β2+(β+3)βkE−(β+1)2α2
10+k2E , (64)

and

Ω2(α10) = β + 2kE − 1 + (β + 1)
√

4α2
10 + 1. (65)

This relation ensures that α1 = α10 corresponds to the
multiple root. Using it, one may obtain an asymptotic
expression for α10 in the form

α10 =

√
kE√

2kE + 1
β1/2+

−
(

2k3E + 7k2E − 1
)

2
√
kE (2kE + 1)

5/2
β3/2 +O(β2), (66)

for β small in the limit U = 0. We find, at second order
in V1/3, that m̃2 satisfies

m̃2 =− 2Γα10α11+

− (L(kE + β) + 1− kE)

(β + 1) (kE − 1) η
ℜ
(

J̃2,1,1

)

, (67)

which depends on ω̃1, and J̃2,1,1 are constants that are
given in Appendix C. We determine ω̃1 by examining the
third order in V1/3 and find that ω̃1 solves the cubic

γ1ω̃
3
1 + γ2α11ω̃1 + γ3 = 0, (68)

where γ1, . . . , γ3 are given in Appendix B. With ω̃1

known, m̃2 is determined from (67).

The resulting singular perturbations for the inverse
morphological number and frequency near the singular
root are shown in Fig. 9. The topology of the neu-
tral curves changes near the singular root. The low
wavenumber steady branch joins with one of the oscil-
latory branches and the high-wavenumber steady branch
joins with the other oscillatory branch. The regions of
stability and instability become disjoint.

FIG. 11. Cut-off wavenumber αc for the onset of instability
with flow (dashed) and without flow for mode S (solid) and
mode P (dotted). Parameters used: kE = 0.5, β = 0.1,
U = 0.1, R = 1, V = 0.5.

C. Composite solution

As the contributions of flow to the leading-order os-
cillatory branch appear at O(V), the inner solution (67)
is sufficient to determine a uniformly valid solution for
the leading-order oscillatory branch. However, this is
not the case for the leading-order steady branch, where
the leading-order effects of flow appear at O(V2). It is
therefore necessary to derive higher-order terms in the
singular expansion for the inverse morphological number
in this region.
As shown in Appendix B, the form of m̃4 is given by

m̃4 = ρ1ω̃
4
1 + ρ2α11ω̃

2
1 + ρ3ω̃1 + ρ4α

2
11 + ρ5ω̃3ω̃1, (69)

where ρ1, . . . , ρ5 are numerical constants that depend on
α10 and the physical parameters. This expression for m̃4

depends on ω̃3, which we determine in Appendix B by
considering the next highest order and obtain the equa-
tion

(ρ6ω̃
2
1 + ρ7α11)ω̃3 + ρ8ω̃

5
1 + ρ9α11ω̃

3
1+

+ρ10ω̃
2
1 + ρ11α

2
11ω̃1 + ρ12α11 = 0, (70)

for ω̃3 by requiring the morphological number to be real,
giving that m̃5 = 0, and noting that α1 = α10 corre-
sponds to the singular point that eliminates ω̃5. Here,
ρ6, . . . , ρ12 are numerical constants that depend on the
parameters. Given the form of ω̃3 from (70), m̃4 is fully
determined via (69). This determines the inverse mor-
phological number to the required order in the inner re-
gion for a smooth composite solution to be formed.
An additive composite solution is formed for M−1 and

ω by matching the inner solutions (60) and (61) with the
leading-order outer solutions M−1 ∼ m0 + V2m2, σ ∼
Vω1, for the steady branch, and M−1 ∼ m0 + Vm1, σ ∼
ω0 + Vω1, for the oscillatory branch. Fig. 10 shows the
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(a)

(b)

(c)

FIG. 12. (a) Maximal M−1

m for mode S and the associated
(b) frequency ωm and (c) wavenumber αm as a function of
Γ with flow (dashed) and without flow (solid) for kE = 0.7,
β = 1, U = 0.2, R = 1.

composite solution against the results without flow. The
singularity at the junction of the three branches is well
resolved and the solution is uniformly valid throughout
the domain.

FIG. 13. Frequency ω0+Vω1 as a function of V for the steady
(solid) and two oscillatory (dashed) branches for α = 0.06,
kE = 0.5, β = 0.1, U = 0.1, Γ = 1, R = 1.

D. Physical Scalings

We revert back to the natural scalings (48 a − c) and
(49 a−c), which use surface energy to scale the quantities,
and discuss the effect of flow on the resulting neutral
curves. An advantage of the natural scalings is that they
give neutral curves that appear similar to the dimensional
ones.
We obtain the neutral stability curves implicitly via the

transformations (48 a − c)–(49 a − c) and display them
graphically in Fig. 3. The neutral curves without the
presence of flow are overlain in the figure, for compar-
ison. Displayed are the marginal dimensionless pulling
speed versus the concentration for both the leading-order
steady and oscillatory branches. The presence of flow en-
larges the region of instability in favour of the leading-
order oscillatory branch. The minimal value of C for
which oscillatory instabilities occur is smaller once per-
turbed by the presence of flow. On the other hand, the
range of values of C for which leading-order steady in-
stabilities occur reduces under the presence of flow. In
this way, the presence of flow eliminates instabilities for
low enough concentrations.

V. DISCUSSION AND CONCLUSIONS

We have analyzed the effects of weak flow on the di-
rectional solidification of a binary alloy with an interface
that departs from thermodynamic equilibrium. In partic-
ular, with no flow the linearized instabilities of the front
display two modes [25]. On their neutral curves there is
a steady, cellular mode S and a time-periodic mode P ,
and we study how these are changed by the imposition
of a weak shear flow of boundary layer type. Perturba-
tion methods are used for flow magnitude |V| ≪ 1. The
mode S is steady for V = 0 with maximizing wavenum-
ber αm, and cut-off wavenumber αc of unit order. In Fig.
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(a)

(b)

FIG. 14. (a) Cut-off wavenumber αc and (b) associated fre-
quency ωc for mode P as a function of U with (dashed) and
without (solid) flow for kE = 0.7, β = 1, Γ = 2, R = 1.

2, αm ≈ 0.35 and αc ≈ 0.58, and the angular frequency
ω = 0. The critical morphological number is given by
M−1

c ≈ 0.074. The neutral curve in natural coodinates
is also shown in Fig. 3.

The imposition of flow delays the instability as seen in
Figs. 3 and 5. The instability exists for Γ < Γs, the abso-
lute stability boundary, and Γs increases with increasing
V . Both αm and αc decrease with V for moderate Γ, as
seen in Fig. 5. The previously steady mode now travels
due to V as shown in Fig. 13, where ω is linear in V and
negative for small α and the maximizing ωm is negative
for small Γ as seen in Fig. 12b, meaning that the wave
travels into the shear consistent with dendrites growing
into oncoming flow, an effect of the concentration of so-
lute being asymmetric fore and aft (Jeong et al. [27]).
Here, ω > 0 for large α and ωm > 0 for large Γ as seen
in Fig. 12b.

The mode P has αm = 0 for V = 0 as shown in Fig.
2, so that the mode is pulsatile with no spatial structure,
but αm 6= 0 when V 6= 0 as seen in Fig. 10a, where
αm ≈ 0.03. The mode appears as a complex conjugate
pair for V 6= 0 but each frequency increases with flow

for large α as shown in Fig. 13, the corrections again
linear in V . The frequencies decrease with flow for small
α as seen in Fig. 10b. The mode exists for kinetics
parameter U < Us, a second absolute stability boundary.
Flow promotes instability P as shown in Fig. 3.
The cutoff wavenumber for the onset of instability

smoothly transitions from one branch of instability to
the other as seen in Fig. 11. Fig. 3 illustrates the effect
of flow on modes S and P together. Mode P is destabi-
lized and mode S is stabilized at the nose of the neutral
stability curve. Waves appear for both modes in the pres-
ence of flow. Experiments [28–31] on metallic systems in
rapid solidification display bands, microstructures that
have alternate layers of dendrites/cells and structure-free
material periodic in the pulling direction. Merchant and
Davis [25] show that these bands are always located in
the sector of (C ,V ) space, see Fig. 3, common to both
the S and P instabilities. With flow, this sector moves
downwards and to the left (right) for high (low) val-
ues of the naturally scaled attachment kinetics param-
eter N , (3.5 a), meaning that banding would occur at
lower pulling speeds and lower (higher) concentrations
than without flow. Even more importantly, with flow
the mode S, dendrites/cells, now travel, and the mode P
now has a non-zero critical wave number inducing spatial
structure in the P mode. Thus, banding morphologies
are intrinsically altered by the presence of flow.
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Appendix A: Regular perturbations

1. Zeroth order

The zeroth-order perturbed vertical velocity and solu-
tal fields satisfy

α2w10(z)
(

α2 + iω0R
)

+ w
(4)
10 (z) +Rw

(3)
10 (z) =

Rα2w′

10(z) + w′′

10(z)
(

2α2 + iω0R
)

, (A1)

Cl10(z)
(

α2 + iω0

)

= C′′

l10(z) + C′

l10(z), (A2)

and are subject to the boundary conditions

w10(0) = 0, w′

10(0) = iηα1R, (A3a, b)

w10(z), w
′

10(z), Cl10(z) → 0 as z → ∞, (A4a − c)

δη (β + kE + iσ0) = (1 + β)C′

l10(0)+ (A5)
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+(1 − kE)Cl10(0), (A6)

iβδησ0L = (L (β + kE) + 1− kE) (Cl10(0) + δη)+

+ (β + 1)η (kE − 1)
(

α2Γ +m0 + iσ0U
)

, (A7)

where

L = log [(β + kE)/(βkE + kE)] . (A8)

This zeroth-order problem (in V) has been examined by
[25]. An explicit solution for m0 exists and is given by
(45).
To proceed with higher order terms, it will be of use

to note the form of the zeroth-order perturbed vertical
velocity and solutal concentration fields, which are given
by

w10(z) = A1e
−(R+λ2)z/2 +A2e

−αz, (A9)

Cl10 = A3e
−(λ1+1)z/2, (A10)

where

A1 = −A2 =
−2iηα1R

−2α+ λ2 +R , (A11)

A3 = − 2δη (β + kE + iσ0)

(β + 1)λ1 + β + 2kE − 1
, (A12)

λ2 =
√

4α2 +R2 + 4iω0R. (A13)

2. First order

The first-order perturbed vertical velocity w11 and so-
lutal field Cl11 satisfy the forced equations

− α2
(

α2 + iσ0R
)

w11(z) + α2Rw′

11(z)

+
(

2α2 + iσ0R
)

w′′

11(z)−Rw11
(3)(z)− w11

(4)(z)

= −iR
(

k1e
−zR

(

α2 +R2
)

− α2 (k1 + σ1)
)

w10(z)

− iR
(

σ1 + k1 − k1e
−zR

)

w′′

10(z) (A14)

and

−
(

α2 + iσ0

)

Cl11(z) + C′

l11(z) + C′′

l11(z) =

i
(

σ1 + k1 − k1e
−zR

)

Cl10(z) + δe−zw10(z), (A15)

along with the boundary conditions

w11(0) = 0, w′

11(0) = 0, (A16a, b)

w11(z), w
′

11(z), Cl11(z),→ 0 as z → ∞, (A17a − c)

(1 + β)C′

l11(0) + (1− kE)Cl11(0) = iησ1δ (A18)

where m1 is determined by

iβδησ1L = Cl11(0) (L (β + kE)− kE + 1)

+ (β + 1)η (kE − 1) (m1 + iσ1U) , (A19)

and ω1 is chosen to make ℑ(m1) = 0.
The solutions w11 and Cl11 are of the form

w11(z) = L11e
−αz + L12e

−z(3R+λ2)/2

+ (L13 + L23z)e
−z(R+λ2)/2 + L14e

−z(α+R), (A20)

Cl11(z) = P11e
−z(α+1) + P12e

−z(λ2+R+2)/2

+ P13e
−z(λ1+2R+1)/2

+ (P14 + P24z)e
−(λ1+1)z/2. (A21)

The constants are given by

L12 =2−1A1α1 (−iλ2 + 2σ0 + iR) (6α2

+ 4R2 + λ2 (4R+ iσ0) + 7iσ0R)−1, (A22)

L23 =(−iA1R2 (α1 + σ1) (λ2 + 2iσ0 +R))(R·
(4α2 +R2 + 4iσ0R) + λ2R(R+ 2iσ0))

−1, (A23)

P12 =2A1δ(λ2(R + 1) + 2iσ0(R− 1)

+R(R+ 1))−1, (A24)

L14 =iA2α1R((α− iσ0) (2α+R))−1, (A25)

P11 =A2δ(α− iσ0)
−1, (A26)

P13 =− iA3α1(R(λ1 +R))−1, (A27)

P24 =− iA3 (α1 + σ1)λ
−1
1 , (A28)

L11 =(2L12R+ 2L14R− 2L23)(−2α+ λ2 (A29)

+R)−1 − L14, (A30)

L13 =(−2L12R− 2L14R+ 2L23)(−2α+ λ2

+R)−1 − L12, (A31)

P14 =− P13 +
[

− 2iδησ1 + 2(β + 1)P24

− 2P11γ1 + P12γ2 − 2(β + 1)P13R
]

·

·
[

(β + 1)λ1 + β + 2kE − 1
]−1

, (A32)

where

γ1 = α(β + 1) + (β + kE), (A33)

γ2 = − (β + 1)(λ2 +R)− 2(β + kE). (A34)

Noting that Cl11(z) is pure imaginary if ω0 = 0, we
deduce from the real part of (A19) that m1 = 0. If
ω0 6= 0, then we deduce from (A19) that m1 is given by

m1 =
L (β + kE) + (1 − kE)

η(β + 1) (1− kE)

4
∑

j=1

ℜ(P1j). (A35)

3. Second order

It is necessary to examine second-order asymptotics
to determine the influence of flow on the leading-order
steady branch.
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The governing equations for the perturbed vertical ve-
locity and solutal fields, w12 and Cl12, are given by the
forced differential equations

w12
(4)(z) +Rw12

(3)(z)−
(

2α2 + iσ0R
)

w′′

12(z)

−α2Rw′

12(z) +
(

α4 + iα2σ0R
)

w12(z) =

= H112e
−z(α+2R) +H113e

−z(α+R)

+H111e
−z(λ2+5R)/2

+ (H114 + zH124)e
−z(λ2+3R)/2

+ (H115 + zH125)e
−z(λ2+R)/2, (A36)

C′′

l12(z) + C′

l12(z)− (α2 + iσ0)Cl12(z) =

= H211e
−z(α+R+1) +H212e

−(α+1)z

+H213e
−z(λ2+3R+2)/2

+ (zH227 +H217)e
−(λ1+1)z/2

+ (zH224 +H214)e
−z(λ2+R+2)/2

+H215e
−z(λ1+4R+1)/2

+ (zH226 +H216)e
−z(λ1+2R+1)/2. (A37)

The forcing terms involve lower-order solutions and can
be succintly given in terms of the following constants

H111 =
1

2
α1R2L12(−3iλ2 + 2σ0 − 3iR),

H112 =− 2iαα1R2L14,

H113 =iR2(L14(α1 + σ1)(2α+R) + α1RL11),

H114 =
1

2
iR
(

λ2(3R(α1 + σ1)L12 − α1RL13

+ 2α1L23) +R((α1 + σ1)(5R+ 2iσ0)L12

+ α1(R− 2iσ0)L13 + 2α1L23)

)

,

H115 =
1

2
iR2 (λ2 + 2iσ0 +R) (L13 (α1 + σ1)

+A1σ2)− iRL23 (α1 + σ1) (λ2 +R) ,

H124 =
1

2
α1R2L23(−iλ2 + 2σ0 + iR),

H125 =
1

2
iR2L23(α1 + σ1)(λ2 + 2iσ0 +R),

H211 =δL14 − iα1P11,

H212 =δL11 + iP11(α1 + σ1),

H213 =δL12 − iα1P12,

H214 =δL13 + iP12(α1 + σ1),

H215 =− iα1P13, H224 = δL23,

H216 =i(P13(α1 + σ1)− α1P14),

H217 =i(P14(α1 + σ1) +A3σ2),

H226 =− iα1P24, H227 = iP24(α1 + σ1). (A38)

The corresponding boundary conditions are

w12(0) = 0, w′

12(0) = 0, (A39a, b)

w12(z), w
′

12(z), cl12(z) → 0, as z → ∞, (A40a − c)

(1− kE) cl12(0) + (β + 1)c′l12(0)− iδησ2 = 0. (A41)

The solutions are given by

w12(z) = J111e
−z(α+R) + J112e

−z(α+2R)

+ J113e
−z(λ2+5R)/2 + J116e

−αz

+ (J114 + zJ124)e
−z(λ2+3R)/2

+
(

J115 + zJ125 + z2J135
)

e−z(λ2+R)/2, (A42)

C12(z) = J211e
−(α+1)z + J212e

−z(α+R+1)

+ J213e
−z(λ1+4R+1)/2

+ J214e
−z(λ2+3R+2)/2

+ (zJ225 + J215)e
−

1

2
z(λ2+R+2)

+ (zJ226 + J216)e
−

1

2
z(λ1+2R+1)

+
(

J217 + zJ227 + z2J237
)

e−(λ1+1)z/2. (A43)

We note that both of these satisfy the required decay
conditions despite the polynomial terms, owing to the
sign of the exponential decay constants. The remaining
constants are given by

J111 =H113(R2α(2α+R))−1,

J112 =H112(4R2(α +R) (3α+ 2R))−1,

J113 =H111(R2
(

20α2 + 31R2 + 23Rλ2

)

)−1,

J124 =H124(R2
(

6α2 + 4R2 + 4Rλ2

)

)−1,

J114 =
[

H114

(

2R
(

6α2 + 4R2
)

+ 8λ2R2
)

+H124

(

20α2 + 19Rλ2 + 21R2
)

]

·

·
[

2R3
(

6α2 + 4R2 + 4Rλ2

)

2
]−1

,

J125 =
[

(

−2R
(

4α2 +R2
)

− 2R2λ2

)

H115

+
(

−6λ2R− 2
(

8α2 + 3R2
))

H125

]

·

·
[

R2
(

4α2 +R2 +Rλ2

)

2
]−1

,

J135 =−H125(R
(

4α2 +R2
)

+R2λ2)
−1,

J211 =H212α
−1,

J212 =H211(α+R2 + 2αR+R)−1,

J213 =H215(2R (λ1 + 2R))−1,

J214 =2H213(λ2(3R+ 1) +R(5R+ 3))−1,

J215 =4H224(λ2 + (R+ 1))(λ2 +R)−2(R+ 1)−2

+ 2H214(λ2 +R)−1(R+ 1)−1,

J225 =2H224(λ2 +R)−1(R+ 1)−1,

J237 =− 2−1H227λ
−1
1
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J216 =H216(R (λ1 +R))−1

+H226 (λ1 + 2R) (R2 (λ1 +R)
2
)−1,

J226 =H226(R (λ1 +R))−1,

J227 =−H217λ
−1
1 −H227λ

−2
1 , (A44)

and

J115 =
[

− 2RJ111 − 4RJ112 + 2J124 + 2J125

(2α− 5R− λ2)J113 + (2α− 3R− λ2)J114

]

·

· (−2α+ λ2 +R)−1,

J116 =
[

(2α+R− λ2)J111 + (2α+ 3R− λ2)J112

+ 4RJ113 + 2RJ114 − 2J124 − 2J125

]

·

· (−2α+ λ2 +R)−1,

J217 =
[

(1− kE) (J213 + J216)− (β + kE) (2J211

+ 2J212 + J213 + 2J214 + 2J215 + J216)

+ (β + 1)
(

− 2αJ211 − 2(α+R)J212

− (λ1 + 4R)J213 − (λ2 + 3R)J214

− (λ2 +R)J215 − (λ1 + 2R)J216 + 2J225

+ 2J226 + 2J227

)

− 2iδησ2

]

·

· ((β + 1)λ1 + β + 2kE − 1)−1, (A45)

For brevity, we have set ω0 = 0, corresponding to the
leading-order steady branch.
The second-order correction m2 is determined by

iβδησ2L = Cl12(0) (L (β + kE) + 1− kE)

− η(β + 1) (1− kE) (m2 + iσ2U) , (A46)

once the solutal field Cl12 is known and the value of σ2

is determined by requiring that ℑ(m2) = 0. This gives

m2 =
L (β + kE) + (1− kE)

η(β + 1) (1− kE)

7
∑

j=1

ℜ(J21j), (A47)

thus determining the influence of weak flow on the steady
branch.

Appendix B: Singular perturbations

1. Zeroth order in V1/3

The governing equations for the perturbed vertical
velocity and solutal fields correspond to those of the
zeroth-order regular expansion in Sec. A 1, in which it
is taken that ω0 = 0 and α = α1 = α10. The solu-
tion for the two fields is given by (A10), where the con-
stants A1, A2, A3, λ1, λ2 are modified in that ω0 = 0 and

α = α1 = α10. The zeroth-order contribution to the
inverse morphological number may be simplified to

m̃0 =− α2
10Γ +

δ(1 − kE) + L (β + kE)

(β + 1) (1− kE)
·

·
(

1− 2 (β + kE)

(β + 1)λ1 + β + 2kE − 1

)

. (B1)

2. First order in V1/3

At first-order in V1/3, the governing equations reduce
to

w̃11
(4)(z) +Rw̃11

(3)(z)− 2α2
10w̃

′′

11(z)− α2
10Rw̃′

11(z)

+ α4
10w̃11(z) = −iα2

10Rω̃1w̃10(z) + iRω̃1w̃
′′

10(z), (B2)

c̃′′l11(z) + c̃′l11(z)− α2
10c̃l11(z) = iω̃1c̃l10(z), (B3)

and are subject to the boundary conditions

w̃11(0) = 0, w̃′

11(0) = 0, (B4a, b)

w̃11(z), w̃
′

11(z), c̃l11(z) → 0 as z → ∞, (B5a − c)

(β + 1)c̃′l11(0) + (1− kE) c̃l11(0)− iδηω̃1 = 0, (B6)

iβδηLω̃1 = c̃l11(0) (L (β + kE) + (1− kE)) (B7)

+ (β + 1) (kE − 1) iηU ω̃1. (B8)

This is a forced system of differential equations, where
the forcing term is given in terms of the zeroth-order
solutions. Its solution is given by

w̃11 = L̃1,2e
−α10z +

(

zL̃2,1 + L̃1,1

)

e−
1

2
z(λ̃2+R), (B9)

c̃l11 =
(

zP̃2,1 + P̃1,1

)

e−
1

2
z(λ̃1+1), (B10)

where

L̃1,1 =− L̃1,2 = − 2iRÃ1ω̃1
(

λ̃2 − 2α10 +R
)

λ̃2

, (B11)

L̃2,1 =− iRÃ1ω̃1/λ̃2, (B12)

P̃1,1 =− 2iω̃1
(β + 1)Ã3/λ̃1 + δη

(β + 1)λ̃1 + β + 2kE − 1
, (B13)

P̃2,1 =− iÃ3ω̃1/λ̃1, (B14)

and

λ̃1 =
√

4α2
10 + 1, λ̃2 =

√

4α2
10 +R2. (B15a, b)
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We find the first-order restriction on the inverse morpho-
logical number is given by

iU ω̃1 =
P̃1,1 (L (β + kE) + (1− kE))− iβδηLω̃1

(β + 1) (1− kE) η
.

(B16)

Noting that Ã3 is real, and hence that P̃1,1 is pure imag-
inary, it must be that all of the terms above are purely
imaginary. This ensures that the first-order contribution
to the inverse morphological number is real, which we
expect on physical grounds. This relation gives that ei-
ther ω̃1 = 0, which we exclude as it corresponds to the
regular expansion away from the singular root, or that
the wavenumber α10 satisfies the relation (63).
Higher orders need to be considered to restrict ω̃1. We

will find that examining the third-order in V1/3 is suffi-
cient.

3. Second order in V1/3

The governing equations at O(V2/3) are

w̃12
(4)(z)+Rw̃12

(3)(z)− 2α2
10w̃

′′

12(z)− α2
10Rw̃′

12(z)

+α4
10w̃12(z) = −α2

10w̃10(z) (4α10α11 + iRω̃2)

+ 2α11α10Rw̃′

10(z) + 4α11α10w̃
′′

10(z)

+ iRω̃2w̃
′′

10(z)− iα2
10Rω̃1w̃11(z)

+ iRω̃1w̃
′′

11(z), (B17)

for the vertical velocity, and

c̃′′l12(z) + c̃′l12(z)− α2
10c̃l12(z) = iω̃1c̃l11(z)

+ (2α10α11 + iω̃2) c̃l10(z), (B18)

for the solutal field. The boundary conditions reduce to

w̃12(0) = 0, w̃′

12(0) = iηα11R, (B19a, b)

w̃12(z), w̃
′

12(z), c̃l12(z) → 0, as z → ∞, (B20a − c)

(β + 1)c̃′l12(0) + (1− kE) c̃l12(0) = iδηω̃2, (B21)

c̃l12(0) (L(kE + β) + 1− kE) /η = iβδLω̃2

− (β + 1) (kE − 1) (m̃2 + iU ω̃2 + 2Γα10α11) . (B22)

The solution is given by

w̃12(z) =
(

z2J̃1,3,1 + zJ̃1,2,1 + J̃1,1,1

)

e−z(λ̃2+R)/2

+
(

zJ̃1,2,2 + J̃1,1,2

)

e−α10z ,

c̃l12(z) =
(

z2J̃2,3,1 + zJ̃2,2,1 + J̃2,1,1

)

e−z(λ̃1+1)/2,

(B23)

where

J̃1,2,1 =− 2
[

λ̃2RH̃1,1,1 + (2λ̃2 +R)H̃1,2,1

]

·

·
[

λ̃2
2R2(λ̃2 +R)

]−1

,

J̃1,2,2 =2−1H̃1,1,2α
−2
10 R−1,

J̃2,2,1 =− H̃2,1,1λ̃
−1
1 − H̃2,2,1λ̃

−2
1 ,

J̃2,3,1 =− 2−1H̃2,2,1λ̃
−1
1 ,

J̃1,3,1 =− H̃1,2,1(Rλ̃2(R+ λ̃2))
−1,

J̃1,1,1 =− J̃1,1,2 = 2(J̃1,2,1 + J̃1,2,2 − iηα11R)·
· (λ̃2 − 2α10 +R)−1,

J̃2,1,1 =2
[

(β + 1)J̃2,2,1 − iδηω̃2

]

·

·
[

(β + 1)λ̃1 + β + 2kE − 1
]−1

, (B24)

and

H̃1,1,1 =R(λ̃2 +R)
[

2α10α11Ã1 + i(Rω̃1L̃1,1

+RÃ1ω̃2 − 2ω̃1L̃2,1)
]

/2,

H̃1,2,1 =iR2ω̃1L̃2,1(λ̃2 +R)/2,

H̃1,1,2 =− 2α10R(α10α11Ã2 + iω̃1L̃2,2),

H̃2,1,1 =2α10α11Ã3 + i(ω̃1P̃1,1 + Ã3ω̃2),

H̃2,2,1 =iω̃1P̃2,1, (B25)

from which we deduce that

m̃2 = −2Γα10α11 − iU ω̃2 −
[

J̃2,1,1(L(kE + β) + 1

− kE)− iβδηLω̃2

][

(β + 1) (kE − 1) η
]−1

, (B26)

Requiring m̃2 to be real, we find that m̃2 satisfies (67)
and ω̃2 solves

βδLηω̃2 − U(β + 1) (kE − 1) ηω̃2 =

ℑ(J̃2,1,1) (L(kE + β) + 1− kE) . (B27)

Since m̃2 depends on ω̃1 through ℜ
(

J̃2,1,1

)

, we note that

we have insufficient information to compute the value of
m̃2, as no information about ω̃1 is revealed up to the
current order in V1/3. It is necessary to examine the
next higher order for this.

4. Third order in V1/3

The governing equations at third-order in V1/3 are

w̃13
(4)(z) +Rw̃13

(3)(z)− 2α2
10w̃

′′

13(z)− α2
10Rw̃′

13(z)

+ α4
10w̃13(z) = iRω̃1w̃

′′

12(z)− iα2
10Rω̃1w̃12(z)

+ (4α10α11 + iRω̃2) w̃
′′

11(z) + 2α11α10Rw̃′

11(z)
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− α2
10w̃11(z) (4α10α11 + iRω̃2) + iRw̃′′

10(z)·

·
(

α10(1− e−zR) + ω̃3

)

+ i
(

(α2
10 +R2)e−zR

− (2α11ω̃1 + α10 (α10 + σ3))
)

α10Rw̃10(z), (B28)

for the velocity field and

c̃′′l13(z) + c̃′l13(z)− α2
10c̃l13(z) = δe−zw̃10(z) (B29)

+ ic̃l10(z)
(

ω̃3 + α10

(

1− e−zR
))

+ (2α10α11 + iω̃2) c̃l11(z) + iω̃1c̃l12(z), (B30)

for the solutal field. The boundary conditions reduce to

w̃13(0) = 0, w̃′

13(0) = 0,

w̃13(z), w̃
′

13(z), c̃l13(z) → 0 as z → ∞

(1− kE) c̃l13(0) + (β + 1)c̃′l13(0)− iδηω̃3 = 0, (B31)

c̃l13(0) (L(kE + β) + 1− kE) /η = iβδLω̃3

+ (β + 1) (1− kE) (m̃3 + iU ω̃3) . (B32)

The solution is forced by the solutions corresponding to
the three lower orders and is given by

w13(z) = χ̃1,1,1e
−

1

2
z(λ̃2+3R) + χ̃1,1,2e

−z(α10+R)

+
(

z3χ̃1,4,3 + z2χ̃1,3,3 + zχ̃1,2,3 + χ̃1,1,3

)

e−
1

2
z(λ̃2+R)

+
(

z2χ̃1,3,4 + zχ̃1,2,4 + χ̃1,1,4

)

e−α10z, (B33)

cl13(z) = χ̃2,1,1e
−

1

2
z(λ̃1+2R+1)

+
(

z3χ̃2,4,4 + z2χ̃2,3,4 + zχ̃2,2,4 + χ̃2,1,4

)

e−
1

2
z(λ̃1+1)

+ χ̃2,1,2e
−

1

2
z(λ̃2+R+2) + χ̃2,1,3e

−(α10+1)z , (B34)

where,

χ̃1,1,1 =R̃1,1,1(2R2(2Rλ̃2 + 3α2
10 + 2R2))−1,

χ̃1,1,2 =R̃1,1,2(α10R2 (2α10 +R))−1,

χ̃1,2,3 = 2R̃1,1,3((λ̃2 +R)Rλ̃2)
−1 − 2R̃1,2,3(2λ̃2 +R)·

· ((λ̃2 +R)R2λ̃2
2)

−1 − 4R̃1,3,3(2λ̃2 +R)·
· (2λ̃2

2 + λ̃2R+R2)(R3λ̃3
2(λ̃2 +R)2)−1,

χ̃1,3,3 =− 2R̃1,3,3(R + 2λ̃2)(R2λ̃2
2(R+ λ̃2))

−1

− R̃1,2,3(Rλ̃2(R+ λ̃2))
−1,

χ̃1,4,3 =− 2R̃1,3,3(3Rλ̃2(R+ λ̃2))
−1,

χ̃1,2,4 =(2α10RR̃1,1,4 + (3R− 4α10)R̃1,2,4)·
· (4α3

10R2)−1,

χ̃1,3,4 =R̃1,2,4(4α
2
10R)−1, χ̃2,1,3 = R̃2,1,2α

−1
10 ,

χ̃2,1,1 =R̃2,1,3(R(λ̃1 +R))−1,

χ̃2,1,2 =2R̃2,1,1((R+ 1)(λ̃2 +R))−1,

χ̃2,2,4 =− (4α2
10R̃2,1,4 + λ̃1R̃2,2,4 + R̃2,1,4

+ 2R̃2,3,4)λ̃
−3/2
1 ,

χ̃2,3,4 =− 2−1R̃2,2,4λ̃
−1
1 − R̃2,3,4λ̃

−2
1 ,

χ̃2,4,4 =− 3−1R̃2,3,4λ̃
−2
1 , (B35)

and

χ̃1,1,3 =(2χ̃1,2,3 + 2χ̃1,2,4 − 2Rχ̃1,1,1 − 2Rχ̃1,1,2)·
· (λ̃2 − 2α10 +R)−1 − χ̃1,1,1,

χ̃1,1,4 =(2Rχ̃1,1,1 + 2Rχ̃1,1,2 − 2χ̃1,2,3 − 2χ̃1,2,4)·
· (λ̃2 − 2α10 +R)−1 − χ̃1,1,2,

χ̃2,1,4 =− χ̃2,1,1 +
[

((β + 1)(α10 + 1) + kE − 1)χ̃2,1,3

+
(

(β + 1)(λ̃2 +R+ 2)/2 + kE − 1
)

χ̃2,1,2

+ (β + 1)Rχ̃2,1,1 − (β + 1)χ̃2,2,4 + iδηω̃3

]

·

· (1− kE − (β + 1)(λ̃1 + 1)/2)−1, (B36)

and

R̃1,1,1 = − 1

2
iα10R2Ã1(λ̃2 −R),

R̃1,1,2 = iα10R3Ã2,

R̃1,1,3 =
1

2
R(λ̃2 +R)

[

iRω̃1J̃1,1,1 − 2iω̃1J̃1,2,1

+ (2α10α11 + iRω̃2) L̃1,1

]

+ 2iRω̃1J̃1,3,1

− L̃2,1

(

R(2α10α11 + iRω̃2) + λ̃2(4α10α11

+ iRω̃2)
)

+
1

2
iRÃ1

(

α10(R2 − 4α11ω̃1)

+Rλ̃2 (ω̃3 + α10) +R2ω̃3

)

,

R̃1,2,3 =
1

2
R(λ̃2 +R)

[

iRω̃1J̃1,2,1 − 4iω̃1J̃1,3,1

+ (2α10α11 + iRω̃2)L̃2,1

]

,

R̃1,3,3 =
1

2
iR2ω̃1(λ̃2 +R)J̃1,3,1,

R̃1,1,4 = − 2iα10Rω̃1J̃1,2,2 + 2iRω̃1J̃1,3,2

+ 2α10L̃2,2(R(α11 − iω̃2)− 4α10α11)

− 2α11α
2
10RL̃1,2 − 2iα11α10RÃ2ω̃1,

R̃1,2,4 = − 2α11α
2
10RL̃2,2 − 4iα10Rω̃1J̃1,3,2,

R̃2,1,1 = δÃ1, R̃2,1,2 = δÃ2, R̃2,1,3 = −iα10Ã3,

R̃2,1,4 = iω̃1J̃2,1,1 + P̃1,1 (2α10α11 + iω̃2)

+ iÃ3 (ω̃3 + α10) ,

R̃2,2,4 = iω̃1J̃2,2,1 + P̃2,1 (2α10α11 + iω̃2) ,

R̃2,3,4 = iω̃1J̃2,3,1. (B37)

From this, we deduce the relation

m̃3 = − iβδLω̃3

(β + 1) (1− kE)
− iU ω̃3
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+
L (β + kE) + 1− kE
(β + 1) (1− kE) η

4
∑

n=1

χ̃2,1,n. (B38)

for m̃3. Requiring that ℑ(m̃3) = 0, as expected on phys-
ical grounds, yields a condition for ω̃1 (the prefactor of
ω̃3 vanishes by definition of the wavenumber α10 specific
to the singular root). Specifically, we obtain the cubic
equation (68) for ω̃1. The coefficients γj for j = 1, 2, 3
that appear in (68) are given by

γ1 = β (8kE + 3)
(

2k2E + kE + 1
)

k−3
E (2kE + 1)

−1

− (2kE + 1)k−2
E +O(β2,U),

γ2 = − 2β1/2(2kE + 1)1/2k
−3/2
E +O(β2,U),

γ3 = βR(2kER+ 2kE +R+ 1)−1 +O(β2,U). (B39)

5. Fourth order in V1/3

The governing equations become

w̃14
(4)(z) +Rw̃14

(3)(z)− 2α2
10w̃

′′

14(z)− α2
10Rw̃′

14(z)

+ α4
10w̃14(z) = iRω̃1w̃

′′

13(z)− iα2
10Rω̃1w̃13(z)

+
(

2α2
11 + iRω̃4

)

w̃′′

10(z) + α2
11Rw̃′

10(z)

− α10

(

2iα11Rω̃2 + iα10Rω̃4 + 6α10α
2
11

)

w̃10(z)

+ iR
(

ω̃3 + α10 − α10e
−zR

)

w̃′′

11(z) + iα10R((α2
10

+R2)e−zR − (2α11ω̃1 + α10(ω̃3 + α10)))w̃11(z)

+ 2α11α10Rw̃′

12(z) + (4α10α11 + iRω̃2) w̃
′′

12(z)

− α2
10 (4α10α11 + iRω̃2) w̃12(z), (B40)

and

c̃′′l14(z) + c̃′l14(z)− α2
10c̃l14(z) = iω̃1c̃l13(z)

+ (2α10α11 + iω̃2) c̃l12(z)

+ i
(

ω̃3 + α10 − α10e
−zR

)

c̃l11(z)

+
(

α2
11 + iω̃4

)

c̃l10(z) + δe−zw̃11(z), (B41)

subject to

w̃14(0) = 0, w̃′

14(0) = 0,

w̃14(z), w̃
′

14(z), c̃l14(z) → 0 as z → ∞,

(1− kE) c̃l14(0) + (β + 1)c̃′l14(0)− iδηω̃4 = 0, (B42)

c̃l14(0) (L(kE + β) + 1− kE) /η = iβδLω̃4

+ (β + 1) (1− kE)
(

m̃4 + α2
11Γ + iU ω̃4

)

. (B43)

The solution is of the form

w̃14(z) =

5
∑

n=1

φ̃1,n,1z
n−1e−

1

2
z(λ̃2+R)+

+
2
∑

n=1

φ̃1,n,2z
n−1e−

1

2
z(λ̃2+3R)

+
4
∑

n=1

φ̃1,n,3z
n−1e−α10z+

+
2
∑

n=1

φ̃1,n,4z
n−1e−z(α10+R), (B44)

c̃l14(z) =
5
∑

n=1

φ̃2,n,1z
n−1e−

1

2
z(λ̃1+1)

+
2
∑

n=1

φ̃2,n,2z
n−1e−

1

2
z(λ̃1+2R+1)

+
2
∑

n=1

φ̃2,n,3z
n−1e−

1

2
z(λ̃2+R+2)

+
2
∑

n=1

φ̃2,n,4z
n−1e−(α10+1)z , (B45)

where the coefficients φ̃i,j,k are given in Appendix C.
Equation (B43) restricts the morphological number to
satisfy

m̃4 = −Γα2
11 +

(β + kE)
2Γs

(β + 1)ηkE

4
∑

j=1

φ̃2,1,j , (B46)

which depends on ω3 through φ̃2,1,j . Precisely, the form
of m̃4 is given by

m̃4 = ρ1ω̃
4
1 + ρ2α11ω̃

2
1 + ρ3ω̃1 + ρ4α

2
11 + ρ5ω̃3ω̃1, (B47)

where ρ1, . . . , ρ5 are numerical constants that depend on
α10 and the physical parameters. To determine ω̃3, it is
necessary to consider the next highest order.

6. Fifth order in V1/3

The governing equations at O(V1/3) are

w̃
(4)
15 (z) +Rw̃

(3)
15 (z)− 2α2

10w̃
′′

15(z)− α2
10Rw̃′

15(z)

+ α4
10w̃15(z) = iRω̃1

(

w̃′′

14(z)− α2
10w̃14(z)

)

+ (4α10α11 + iRω̃2) (w̃
′′

13(z)− α2
10w̃13(z))

+ 2α11α10Rw̃′

13(z) + iR
(

ω̃3 + α10 − α10e
−zR

)

·
· (w̃′′

12(z)− α2
10w̃12(z)) + α2

11Rw̃′

11(z)

− iα10R
(

2α11ω̃1 −R2e−zR
)

w̃12(z)

+
(

2α2
11 + iRω̃4

)

w̃′′

11(z)− α10(2iα11Rω̃2

+ iα10Rω̃4 + 6α10α
2
11)w̃11(z) + iR(ω̃5

+ α11 − α11e
−zR)(w̃′′

10(z)− 3α2
10w̃10(z))

+ iR(2α2
10ω̃5 − 2α11α10ω̃3 − α2

11ω̃1
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+ α11R2e−zR)w̃10(z), (B48)

c̃l15
′′(z) + c̃′l15(z)− α2

10c̃l15(z) = iω̃1c̃l14(z)

+ (2α10α11 + iω̃2) c̃l13(z) + i(ω̃3 + α10

− α10e
−zR)c̃l12(z) +

(

α2
11 + iω̃4

)

c̃l11(z)

+ i
(

ω̃5 + α11 − α11e
−zR

)

c̃l10(z)

+ δe−zw̃12(z), (B49)

subject to

w̃15(0) = 0, w̃′

15(0) = 0,

w̃15(z), w̃
′

15(z), c̃l15(z) → 0 as z → ∞,

(1− kE) c̃l15(0) + (β + 1)c̃′l15(0)− iδηω̃5 = 0, (B50)

c̃l15(0) (L(kE + β) + 1− kE) /η = iβδLω̃5

+ (β + 1) (1− kE) (m̃5 + iU ω̃5) . (B51)

The solution is of the form

w̃15(z) =

6
∑

n=1

θ̃1,n,1z
n−1e−

1

2
z(λ̃2+R)

+

6
∑

n=3

θ̃1,n,2z
n−1e−

1

2
z(λ̃2+3R)

+

5
∑

n=1

θ̃1,n,3z
n−1e−α10z

+

3
∑

n=1

θ̃1,n,4z
n−1e−z(α10+R), (B52)

c̃l15(z) =
6
∑

n=1

θ̃2,n,1z
n−1e−

1

2
z(λ̃1+1)

+
3
∑

n=1

θ̃2,n,2z
n−1e−

1

2
z(λ̃1+2R+1)

+
3
∑

n=1

θ̃2,n,3z
n−1e−

1

2
z(λ̃2+R+2)

+
3
∑

n=1

θ̃2,n,4z
n−1e−(α10+1)z , (B53)

where the coefficients θ̃i,j,k are given in Appendix C. The
relation (B51) gives that ω̃3 must satisfy

m̃5 =
(β + kE)

2
Γs

(β + 1)ηkE

4
∑

j=1

θ̃2,1,j

+
iβδLω̃5

(β + 1) (kE − 1)
− iU ω̃5. (B54)

Requiring the morphological number to be real yields
that m̃5 = 0 and noting that α1 = α10 corresponds to
the triple root eliminates ω̃5. The equation for ω̃3 then
reduces to the form (70), where ρ6, . . . , ρ12 are numeri-
cal constants that depend on the parameters. With ω̃5

known, the relation (B47) is sufficient to determine m̃4,
and hence the inverse morphological number is known to
the required order in the inner region.

Appendix C

The coefficients φ̃i,j,k are given by

φ̃1,2,1 =R−4λ̃−4
3

[

2R2λ̃2
3(4α

2
10 − 3λ̃3)g̃1,2,3 + 16Rλ̃3·

· (−λ̃2
3 −R2λ̃3 + α2

10R2)g̃1,3,3 + 24(−40α4
10λ̃3

+ 15α2
10λ̃

2
3 − 5λ̃3

3 − 4α4
10

(

4α2
10 + 3R2

)

)g̃1,4,3

− 2R3λ̃3
3g̃1,1,3

]

,

φ̃1,3,1 =R−3λ̃−3
3

[

12(8α2
10λ̃3 − 3λ̃2

3 − 2α2
10(8α

2
10 +R2))·

· g̃1,4,3 −R2λ̃2
3g̃1,2,3 + 2Rλ̃3(4α

2
10 − 3λ̃3)g̃1,3,3

]

,

φ̃1,4,1 =
[

g̃1,4,3(24α
2
10 − 18λ̃3)− 2Rλ̃3g̃1,3,3

]

(3R2λ̃2
3)

−1,

φ̃1,5,1 =− g̃1,4,3(2Rλ̃3)
−1,

φ̃1,1,2 =2g̃1,1,1(R2(λ̃2 +R)(3λ̃2 + 5R))−1

+ 2g̃1,2,1

(

19Rλ̃2 + 20α2
10 + 21R2

)

·

· (R3(λ̃2 +R)2(3λ̃2 + 5R)2)−1,

φ̃1,2,2 =2g̃1,2,1(R2(λ̃2 +R)(3λ̃2 + 5R))−1,

φ̃1,2,3 =(16α2
10 + 7R2 − 16α10R)g̃1,3,4(4α

4
10R3)−1

+
[

2α10Rg̃1,1,4 − 4α10g̃1,2,4 + 3Rg̃1,2,4

]

·

· (4α3
10R2)−1,

φ̃1,3,3 =(α10Rg̃1,2,4 − 4α10g̃1,3,4 + 3Rg̃1,3,4)(4α
3
10R2)−1,

φ̃1,4,3 =g̃1,3,4(6α
2
10R)−1,

φ̃1,1,4 =g̃1,1,2(α10R2 (2α10 +R))−1 + (6α10R+ 6α2
10

+R2)g̃1,2,2(α
2
10R3 (2α10 +R) 2)−1,

φ̃1,2,4 =g̃1,2,2(α10R2 (2α10 +R))−1,

φ̃2,2,1 =− (4α2
10g̃2,1,4 + λ̃1g̃2,2,4 + g̃2,1,4 + 2g̃2,3,4)λ̃1

−3

− 6g̃2,4,4λ̃
−4
1 ,

φ̃2,3,1 =− (4α2
10g̃2,2,4 + 2λ̃1g̃2,3,4 + g̃2,2,4 + 6g̃2,4,4)·

· (2λ̃1
3)−1,

φ̃2,4,1 =− 3−1g̃2,3,4λ̃
−1
1 − g̃2,4,4λ̃

−2
1 ,

φ̃2,5,1 =− 4−1g̃2,4,4λ̃
−1
1 ,

φ̃2,1,2 =g̃2,1,1R−1(λ̃1 +R)−1 + g̃2,2,1(λ̃1 + 2R)·
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· R−2(λ̃1 +R)−2,

φ̃2,2,2 =g̃2,2,1R−1(λ̃1 +R)
−1

,

φ̃2,1,3 =2g̃2,1,2(R+ 1)−1(λ̃2 +R)−1 + 4g̃2,2,2(λ̃2

+R+ 1)(R+ 1)−2(λ̃2 +R)−2,

φ̃2,2,3 =2g̃2,2,2(R+ 1)−1(λ̃2 +R)−1,

φ̃2,1,4 =(α10g̃2,1,3 + 2α10g̃2,2,3 + g̃2,2,3)α
−2
10 ,

φ̃2,2,4 =g̃2,2,3α
−1
10 , (C1)

and

φ̃1,1,1 =2
(

Σ4
n=1φ̃1,2,n −Rφ̃1,1,2 −Rφ̃1,1,4

)

·

· (λ̃2 − 2α10 +R)−1 − φ̃1,1,2, (C2)

φ̃1,1,3 = − 2
(

Σ4
n=1φ̃1,2,n −Rφ̃1,1,2 −Rφ̃1,1,4

)

·

· (λ̃2 − 2α10 +R)−1 − φ̃1,1,4, (C3)

φ̃2,1,1 =
[

− 2(β + 1)
(

Σ4
n=1φ̃2,2,n − (α10 + 1)φ̃2,1,4

)

+ 2 (kE − 1)Σ4
n=2φ̃2,1,n + (β + 1)φ̃2,1,2(λ̃1

+ 2R+ 1) + (β + 1)φ̃2,1,3(λ̃2 +R+ 2)+

+ 2iδηω̃4

] [

2(1− kE)− (β + 1)(λ̃1 + 1)
]−1

.

(C4)

The g̃i,j,k are given by

g̃1,1,1 =iα10RL̃2,1(λ̃2 +R)− iα10R2L̃1,1(λ̃2 −R)/2

+ iR2ω̃1χ̃1,1,1(3λ̃2 + 5R)/2,

g̃1,2,1 =− iα10R2L̃2,1(λ̃2 −R)/2,

g̃1,1,2 =iα10R3L̃1,2 + 2iα2
10RL̃2,2

+ iR2ω̃1 (2α10 +R) χ̃1,1,2,

g̃1,2,2 =iα10R3L̃2,2,

g̃1,1,3 =α10α11RJ̃1,1,1(λ̃2 +R)− 2α10α11J̃1,2,1(2λ̃2

+R) + 8α10α11J̃1,3,1 +
1

2
iR2ω̃1χ̃1,1,3(λ̃2

+R)− iRω̃1χ̃1,2,3(λ̃2 +R) + 2iRω̃1χ̃1,3,3

+ α2
11Ã1(R

(

λ̃2 +R
)

− 8α2
10)/2 + iRL̃1,1·

· (α10

(

R2 − 4α11ω̃1

)

+Rλ̃2 (ω̃3 + α10)

+R2ω̃3)/2− iRL̃2,1 (ω̃3 + α10)
(

λ̃2 +R
)

,

g̃1,2,3 =α10α11RJ̃1,2,1(λ̃2 +R)− 4α10α11J̃1,3,1(2λ̃2

+R) +
1

2
iR2ω̃1χ̃1,2,3(λ̃2 +R) + 6iRω̃1χ̃1,4,3

− 2iRω̃1χ̃1,3,3(λ̃2 +R) + iRL̃2,1(α10(R2

− 4α11ω̃1) +Rλ̃2(ω̃3 + α10) +R2ω̃3)/2,

g̃1,3,3 =RJ̃1,3,1(λ̃2 +R)(2α10α11 + iRω̃2)/2 + iR2·
· ω̃1χ̃1,3,3(λ̃2 +R)/2− 3iRω̃1χ̃1,4,3(λ̃2 +R),

g̃1,4,3 =iR2ω̃1χ̃1,4,3(λ̃2 +R)/2,

g̃1,1,4 =− 2α11α
2
10RJ̃1,1,2 + 2α11α10 (R− 4α10) J̃1,2,2

+ 8α11α10J̃1,3,2 − 2iα11α10Rω̃1L̃1,2

− 2iα10RL̃2,2 (ω̃3 + α10)− 2iα10Rω̃1χ̃1,2,4

+ 2iRω̃1χ̃1,3,4 − α10α
2
11Ã2 (4α10 +R) ,

g̃1,2,4 =− 2α11α
2
10RJ̃1,2,2 + 4α11α10 (R− 4α10) J̃1,3,2

− 2iα11α10Rω̃1L̃2,2 − 4iα10Rω̃1χ̃1,3,4

+ 6iRω̃1χ̃1,4,4,

g̃1,3,4 =− 2α11α
2
10RJ̃1,3,2 − 6iα10Rω̃1χ̃1,4,4,

g̃2,1,1 =iω̃1χ̃2,1,1 − iα10P̃1,1,

g̃2,2,1 =− iα10P̃2,1,

g̃2,1,2 =δL̃1,1 + iω̃1χ̃2,1,2,

g̃2,2,2 =δL̃2,1,

g̃2,1,3 =δL̃1,2 + iω̃1χ̃2,1,3,

g̃2,2,3 =δL̃2,2,

g̃2,1,4 =J̃2,1,1 (2α10α11 + iω̃2) + iP̃1,1 (ω̃3 + α10)

+ iω̃1χ̃2,1,4 + Ã3α
2
11,

g̃2,2,4 =J̃2,2,1 (2α10α11 + iω̃2) + iP̃2,1 (ω̃3 + α10)

+ iω̃1χ̃2,2,4,

g̃2,3,4 =J̃2,3,1 (2α10α11 + iω̃2) + iω̃1χ̃2,3,4,

g̃2,4,4 =iω̃1χ̃2,4,4 (C5)

The coefficients θ̃i,j,k are given by

θ̃1,2,1 =

[

− 16R2(4α2
10 +R2)f̃1,3,3(24α

4
10λ̃3 − 13α2

10λ̃
2
3

+ 3λ̃3
3 − 16α6

10)− 24Rf̃1,4,3(−32α6
10λ̃3

+ 46α4
10λ̃

2
3 − 15α2

10λ̃
3
3 + 5λ̃4

3 + 24α6
10(4α

2
10

+R2))− 8R4(4α2
10 +R2)2f̃1,1,3(−4α2

10λ̃3

+ λ̃2
3 + 4α4

10)− 48f̃1,5,3(−384α6
10λ̃3 + 252α4

10λ̃
2
3

− 50α2
10λ̃

3
3 + 15λ̃4

3 + 16α4
10(15α

2
10R2 + 60α4

10

+R4))− 4R3λ̃3(4α
2
10 +R2)f̃1,2,3(−10α2

10λ̃3

+ 3λ̃2
3 + 8α4

10)

]

(R5λ̃5
3)

−1, (C6)

θ̃1,3,1 =

[

4R2(4α2
10 +R2)f̃1,3,3(10α

2
10λ̃3 − 3λ̃2

3 − 8α4
10)

− 12Rf̃1,4,3(8α
4
10λ̃3 − 7α2

10λ̃
2
3 + 3λ̃3

3 + 4α4
10·

· (4α2
10 +R2))− 48f̃1,5,3(40α

4
10λ̃3 − 15α2

10λ̃
2
3

+ 5λ̃3
3 + 4α4

10(4α
2
10 + 3R2))− 2R3λ̃3(4α

2
10

+R2)f̃1,2,3(Rλ̃2 + 2α2
10 +R2)

]

(R4λ̃4
3)

−1,

(C7)

θ̃1,4,1 =

[

− 4R2(4α2
10 +R2)f̃1,3,3(Rλ̃2 + 2α2

10 +R2)

− 48f̃1,5,3(3λ̃
2
3 − 8α2

10λ̃3 + 2α2
10(8α

2
10 +R2))
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− 6Rλ̃3f̃1,4,3(3λ̃3 − 4α2
10)

]

(3R3λ̃3
3)

−1, (C8)

θ̃1,5,1 =− (Rf̃1,4,3λ̃3 + 4f̃1,5,3(3R(λ̃2 +R) + 8α2
10))·

· (2R2λ̃2
3)

−1, (C9)

θ̃1,6,1 =− 2f̃1,5,3(5Rλ̃3)
−1, (C10)

θ̃1,1,2 =f̃1,1,1(2R2(2Rλ̃2 + 3α2
10 + 2R2))−1

+ f̃1,2,1(19Rλ̃2 + 20α2
10 + 21R2)(8R3(2Rλ̃2

+ 3α2
10 + 2R2)2)−1 + f̃1,3,1(258α

2
10Rλ̃2

+ 255R3λ̃2 + 744α2
10R2 + 152α4

10 + 257R4)·
· (8R4(2Rλ̃2 + 3α2

10 + 2R2)3)−1, (C11)

θ̃1,2,2 =f̃1,2,1(2R2(2Rλ̃2 + 3α2
10 + 2R2))−1 + f̃1,3,1·

· (19Rλ̃2 + 20α2
10 + 21R2)(4R3(2Rλ̃2

+ 3α2
10 + 2R2)2)−1, (C12)

θ̃1,3,2 =f̃1,3,1(2R2(2Rλ̃2 + 3α2
10 + 2R2))−1, (C13)

θ̃1,2,3 =(2α10Rf̃1,1,4 − 4α10f̃1,2,4 + 3Rf̃1,2,4)·
· (4α3

10R2)−1 + f̃1,3,4(16α
2
10 + 7R2

− 16α10R)(4α4
10R3)−1 + 3f̃1,4,4(80α

2
10R

− 48α10R2 − 64α3
10 + 15R3)/(8α5

10R4), (C14)

θ̃1,3,3 =3f̃1,4,4(16α
2
10 − 16α10R+ 7R2)(8α4

10R3)−1

+ (α10Rf̃1,2,4 + 3Rf̃1,3,4 − 4α10f̃1,3,4)·
· (4α3

10R2)−1, (C15)

θ̃1,4,3 =(2α10Rf̃1,3,4 − 12α10f̃1,4,4 + 9Rf̃1,4,4)·
· (12α3

10R2)−1, (C16)

θ̃1,5,3 =f̃1,4,4(8α
2
10R)−1, (C17)

θ̃1,1,4 =f̃1,1,2(α10R2(2α10 +R))−1 + (6α10R+ 6α2
10

+R2)f̃1,2,2(α
2
10R3 (2α10 +R)

2
)−1 + 2(R4+

9α10R3 + 33α2
10R2 + 50α3

10R+ 28α4
10)·

· f̃1,3,2(α3
10R4 (2α10 +R)

3
)−1, (C18)

θ̃1,2,4 =f̃1,2,2(α10R2(2α10 +R))−1 + 2f̃1,3,2(6α10R
+ 6α2

10 +R2)(α2
10R3(2α10 +R)2)−1, (C19)

θ̃1,3,4 =f̃1,3,2(α10R2 (2α10 +R))−1, (C20)

θ̃2,2,1 =− f̃2,1,4λ̃
−1
1 − f̃2,2,4λ̃

−2
1 − 6f̃2,4,4λ̃

−4
1

− 2f̃2,3,4λ̃
−3
1 − 24f̃2,5,4λ̃

−5
1 , (C21)

θ̃2,3,1 =− f̃2,2,42λ̃
−1
1 − f̃2,3,4λ̃

−2
1 − 12f̃2,5,4λ̃

−4
1

− 3f̃2,4,4λ̃
−3
1 , (C22)

θ̃2,4,1 =− f̃2,3,43λ̃
−1
1 − f̃2,4,4λ̃

−2
1 − 4f̃2,5,4λ̃

−3
1 , (C23)

θ̃2,5,1 =− f̃2,4,44λ̃
−1
1 − f̃2,5,4λ̃

−2
1 , (C24)

θ̃2,6,1 =− f̃2,5,45λ̃
−2
1 , (C25)

θ̃2,1,2 =2f̃2,3,1(3Rλ̃1 + 4α2
10 + 3R2 + 1)·

· (R3(λ̃1 +R)3)−1 + f̃2,2,1(λ̃1 + 2R)(R2·
· (λ̃1 +R)2)−1 + f̃2,1,1(R(λ̃1 +R))−1, (C26)

θ̃2,2,2 =2f̃2,3,1(λ̃1 + 2R)(R2(λ̃1 +R)2)−1

+ f̃2,2,1(R(λ̃1 +R))−1, (C27)

θ̃2,3,2 =f̃2,3,1(R(λ̃1 +R))−1, (C28)

θ̃2,1,3 =8f̃2,3,2(3(R+ 1)(λ̃2 +R) + 8α2
10 + 2)·

· ((R+ 1)3(λ̃2 +R)3)−1 + 2f̃2,1,2·
· ((R+ 1)(λ̃2 +R))−1 + 4f̃2,2,2(λ̃2

+R+ 1)((R+ 1)2(λ̃2 +R)2)−1, (C29)

θ̃2,2,3 =2f̃2,2,2((R+ 1)(λ̃2 +R))−1 + 8f̃2,3,2(λ̃2

+R+ 1)((R+ 1)2(λ̃2 +R)2)−1, (C30)

θ̃2,3,3 =2f̃2,3,2((R+ 1)(λ̃2 +R))−1, (C31)

θ̃2,1,4 =f̃2,1,3α
−1
10 + (α−2

10 + 2α−1
10 )f̃2,2,3

+ 2f̃2,3,3(4α
2
10 + 3α10 + 1)α−3

10 , (C32)

θ̃2,2,4 =f̃2,2,3α
−1
10 + f̃2,3,3(4α10 + 2)α−2

10 , (C33)

θ̃2,3,4 =f̃2,3,3α
−1
10 , (C34)

and

θ̃1,1,1 =2
(

Σ4
n=1θ̃1,2,n −Rθ̃1,1,2 −Rθ̃1,1,4

)

·

· (λ̃2 − 2α10 +R)−1 − θ̃1,1,2, (C35)

θ̃1,1,3 =− 2
(

Σ4
n=1θ̃1,2,n −Rθ̃1,1,2 −Rθ̃1,1,4

)

·

· (λ̃2 − 2α10 +R)−1 − θ̃1,1,4, (C36)

θ̃2,1,1 =

[

2(β + 1)
(

− Σ4
n=1θ̃2,2,n + (α10 + 1) θ̃2,1,4

+Rθ̃2,1,2

)

+ 2(kE − 1)(θ̃2,1,3 + θ̃2,1,4)

+ (β + 1)θ̃2,1,3(λ̃2 +R+ 2) + 2iδηω̃5

]

·

·
[

2(1− kE)− (β + 1)(λ̃1 + 1)
]−1

− θ̃2,1,2, (C37)

where

f̃1,1,1 =− iα10R2J̃1,1,1(λ̃2 −R)/2− 2iα10RJ̃1,3,1

+ iα10RJ̃1,2,1(λ̃2 +R) +Rχ̃1,1,1(λ̃2·
· (10α10α11 + 3iRω̃2)/2 +R(14α10α11

+ 5iRω̃2)) +
1

2
iR2ω̃1φ̃1,1,2(3λ̃2 + 5R)

− iRω̃1φ̃1,2,2(λ̃2 + 3R) + iα11RÃ1(R·
· (R− λ̃2) + 4α2

10)/2, (C38)

f̃1,2,1 =− iα10R2J̃1,2,1(λ̃2 −R)/2 + 2iα10RJ̃1,3,1·
· (λ̃2 +R) + iR2ω̃1φ̃1,2,2(3λ̃2 + 5R)/2, (C39)

f̃1,3,1 =− iα10R2J̃1,3,1(λ̃2 −R)/2, (C40)

f̃1,1,2 =iα10R3J̃1,1,2 + 2iα2
10RJ̃1,2,2 − 2iα10RJ̃1,3,2

+ iR2ω̃1 (2α10 +R) φ̃1,1,4 +Rχ̃1,1,2(2α10α11·
· (3α10 +R) + iRω̃2(2α10 +R))− 2iRω̃1·
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· (α10 +R)φ̃1,2,4 + iα11RÃ2(2α
2
10 +R2),

(C41)

f̃1,2,2 =iα10R3J̃1,2,2 + 4iα2
10RJ̃1,3,2

+ iR2ω̃1 (2α10 +R) φ̃1,2,4, (C42)

f̃1,3,2 =iα10R3J̃1,3,2, (C43)

f̃1,1,3 =iRJ̃1,1,1(α10(R2 − 4α11ω̃1) +Rλ̃2(ω̃3 + α10)+

R2ω̃3)/2− iRJ̃1,2,1(ω̃3 + α10)(λ̃2 +R)

+ 2iRJ̃1,3,1(ω̃3 + α10) + L̃1,1(R(λ̃2 +R)(α2
11

+ iRω̃4)− 4iα10α11Rω̃2 − 8α2
10α

2
11)/2

+ L̃2,1(λ̃2(−2α2
11 − iRω̃4) +R(−α2

11 − iRω̃4))

+Rχ̃1,1,3(λ̃2 +R)(2α10α11 + iRω̃2)/2

+ χ̃1,3,3(8α10α11 + 2iRω̃2) + χ̃1,2,3(−R(2α10α11

+ iRω̃2)− λ̃2(4α10α11 + iRω̃2)) + iRÃ1(Rλ̃2·
· (ω̃5 + α11)/2−R2ω̃5α11(2α11ω̃1 + 4α10(ω̃3

+ α10)−R2)) + iR2ω̃1φ̃1,1,1(λ̃2 +R)/2

− iRω̃1φ̃1,2,1(λ̃2 +R) + 2iRω̃1φ̃1,3,1, (C44)

f̃1,2,3 =iRJ̃1,2,1(α10(R2 − 4α11ω̃1) +Rλ̃2(ω̃3 + α10)

+R2ω̃3)/2 + L̃2,1(R(λ̃2 +R)(α2
11 + iRω̃4)

− 4iα10α11Rω̃2 − 8α2
10α

2
11)/2 +Rχ̃1,2,3·

· (λ̃2 +R)(2α10α11 + iRω̃2)/2− 2iRJ̃1,3,1·
· (ω̃3 + α10)(λ̃2 +R) + χ̃1,3,3(−2λ̃2(4α10α11

+ iRω̃2)− 2R(2α10α11 + iRω̃2)) + χ̃1,4,3·

· (24α10α11 + 6iRω̃2) +
1

2
iR2ω̃1φ̃1,2,1(λ̃2 +R)

− 2iRω̃1φ̃1,3,1(λ̃2 +R) + 6iRω̃1φ̃1,4,1, (C45)

f̃1,3,3 =iRJ̃1,3,1(α10(R2 − 4α11ω̃1) +Rλ̃2(ω̃3 + α10)

+R2ω̃3)/2 +Rχ̃1,3,3(λ̃2 +R)(2α10α11

+ iRω̃2)/2 + χ̃1,4,3(−3λ̃2(4α10α11 + iRω̃2)

− 3R(2α10α11 + iRω̃2)) + iR2ω̃1φ̃1,3,1(λ̃2

+R)/2− 3iRω̃1φ̃1,4,1(λ̃2 +R)

+ 12iRω̃1φ̃1,5,1, (C46)

f̃1,4,3 =R(λ̃2 +R)
(

χ̃1,4,3(2α10α11 + iRω̃2)

+ iRω̃1φ̃1,4,1 − 8iω̃1φ̃1,5,1

)

/2, (C47)

f̃1,5,3 =
1

2
iR2ω̃1φ̃1,5,1(λ̃2 +R), (C48)

f̃1,1,4 =− 2iα11α10Rω̃1J̃1,1,2 + 2iR(ω̃3 + α10)·
· (J̃1,3,2 − α10J̃1,2,2)− α11α10L̃1,2(4α10α11

+R(α11 + 2iω̃2))− 2iα10Rω̃1φ̃1,2,3 + L̃2,2·
· (−2iα10Rω̃4 + α2

11R− 4α10α
2
11)− 2α11α

2
10·

· Rχ̃1,1,4 + χ̃1,3,4(8α10α11 + 2iRω̃2)− iα11R·
· Ã2(α11ω̃1 + 2α10(ω̃3 + α10)) + 2α10χ̃1,2,4·
· (R(α11 − iω̃2)− 4α10α11) + 2iRω̃1φ̃1,3,3,

(C49)

f̃1,2,4 =− 2iα11α10Rω̃1J̃1,2,2 − 4iα10RJ̃1,3,2(ω̃3

+ α10)− α10α11L̃2,2(4α10α11 +R(α11

+ 2iω̃2)) + 6iRω̃1φ̃1,4,3,+4α10χ̃1,3,4(R(α11

− iω̃2)− 4α10α11)− 2α11α
2
10Rχ̃1,2,4 + χ̃1,4,4·

· (24α10α11 + 6iRω̃2)− 4iα10Rω̃1φ̃1,3,3 (C50)

f̃1,3,4 =− 2iα11α10Rω̃1J̃1,3,2 + 6α10χ̃1,4,4(−4α10α11

+R(α11 − iω̃2))− 6iα10Rω̃1φ̃1,4,3

− 2α11α
2
10Rχ̃1,3,4, (C51)

f̃1,4,4 =− 2α2
10α11Rχ̃1,4,4, (C52)

f̃2,1,1 =− iα10J̃2,1,1 + χ̃2,1,1 (2α10α11 + iω̃2)

+ iω̃1φ̃2,1,2 − iα11Ã3, (C53)

f̃2,2,1 =iω̃1φ̃2,2,2 − iα10J̃2,2,1, (C54)

f̃2,3,1 =− iα10J̃2,3,1, (C55)

f̃2,1,2 =δJ̃1,1,1 + χ̃2,1,2 (2α10α11 + iω̃2)

+ iω̃1φ̃2,1,3, (C56)

f̃2,2,2 =δJ̃1,2,1 + iω̃1φ̃2,2,3, (C57)

f̃2,3,2 =δJ̃1,3,1, (C58)

f̃2,1,3 =δJ̃1,1,2 + χ̃2,1,3 (2α10α11 + iω̃2)

+ iω̃1φ̃2,1,4, (C59)

f̃2,2,3 =δJ̃1,2,2 + iω̃1φ̃2,2,4, (C60)

f̃2,3,3 =δJ̃1,3,2, (C61)

f̃2,1,4 =iJ̃2,1,1 (ω̃3 + α10) + P̃1,1

(

α2
11 + iω̃4

)

+ χ̃2,1,4 (2α10α11 + iω̃2) + iω̃1φ̃2,1,1

+ iÃ3 (ω̃5 + α11) , (C62)

f̃2,2,4 =iJ̃2,2,1 (ω̃3 + α10) + P̃2,1

(

α2
11 + iω̃4

)

+ χ̃2,2,4 (2α10α11 + iω̃2) + iω̃1φ̃2,2,1, (C63)

f̃2,3,4 =iJ̃2,3,1 (ω̃3 + α10) + χ̃2,3,4 (2α10α11 + iω̃2)

+ iω̃1φ̃2,3,1, (C64)

f̃2,4,4 =χ̃2,4,4 (2α10α11 + iω̃2) + iω̃1φ̃2,4,1, (C65)

f̃2,5,4 =iω̃1φ̃2,5,1. (C66)

[1] T. Mukherjee, J. S. Zuback, A. De, and T. DebRoy, Sci.
Rep. 6 (2016), 19717.

[2] W. K. C. Yung, B. Sun, Z. Meng, J. Huang, Y. Jin, H. S.

Choy, Z. Cai, G. Li, C. L. Ho, J. Yang, and W. Y. Wong,
Sci. Rep. 6 (2016), 10.1038/srep39584, 39584.

[3] D. C. Hofmann, S. Roberts, R. Otis, J. Kolodziejska,



22

R. P. Dillon, J.-O. Suh, A. A. Shapiro, Z.-K. Liu, and
J.-P. Borgonia, Sci. Rep. 4 (2014), 5357.

[4] I. Gibson, D. Rosen, and B. Stucker, Additive Manu-

facturing Technologies: 3D Printing, Rapid Prototyping

and Direct Digital Manufacturing (Springer, New York,,
2015).

[5] Y. Zheng, Z. He, Y. Gao, and J. Liu, Sci. Rep. 3 (2013),
1786.

[6] U. G. K. Wegst., H. Bai, E. Saiz, A. P. Tomsia, and
R. O. Ritchie, Nature Materials. 14, 23 (2015).

[7] S. V. Murphy and A. Atala, Nature Biotechnol. 8, 773
(2014).

[8] J. S. Miller, K. R. Stevens, M. T. Yang, B. M. Baker,
D.-H. T. Nguyen, D. M. Cohen, E. Toro, A. A. Chen,
P. A. Galie, X. Yu, R. Chaturvedi, S. N. Bhatia, and
C. S. Chen, Nature Mater. 11, 768 (2012).

[9] S. Y. Chin, Y. C. Poh, A.-C. Kohler, J. T. Comp-
ton, L. L. Hsu., K. M. Lau., S. Kim, B. W. Lee.,
F. Y. Lee, and S. K. Sia, Science Robotics 2 (2017),
10.1126/scirobotics.aah6451.

[10] Y. He, G. Xue, and J. Fu, Sci. Rep. 4 (2014), 6973.
[11] W. J. Sames, F. A. List, S. Pannala,

R. R. Dehoff, and S. S. Babu, Interna-
tional Materials Reviews 61, 315 (2016),
http://dx.doi.org/10.1080/09506608.2015.1116649.

[12] M. J. Matthews, G. Guss, S. A. Khairallah, A. M.
Rubenchik, P. J. Depond, and W. E. King, Acta Ma-
terialia 114, 33 (2016).

[13] S. A. Khairallah, A. T. Anderson, A. Rubenchik, and
W. E. King, Acta Materialia. 108, 36 (2016).

[14] W. W. Mullins and R. F. Sekerka, J. Appl. Phys. 35, 444
(1964).

[15] S. R. Coriell and G. B. McFadden, in Handbook of Crys-

tal Growth, Vol. 1, edited by D. T. J. Hurle (Elsevier,
Amsterdam, 1993) pp. 785–858.

[16] S. A. Forth and A. A. Wheeler, J. Fluid Mech. 202, 339
(1989).

[17] A. Hobbs and P. Metzener, J. Cryst. Growth 112, 539
(1991).

[18] J. C. Baker and J. W. Cahn, in Solidification (Am. Soc.
Metals, Metals Park, Ohio, 1971) pp. 23–58.

[19] K. Jackson, G. Gilmer, and H. Leamy, in Laser and Elec-

tron Beam Processing of Materials, edited by C. White
and P. Peercy (Academic Press, 1980) pp. 104–110.

[20] M. J. Aziz, J. Appl. Phys. 53, 1158 (1982).
[21] W. J. Boettinger and J. H. Perepezko, in Rapid Solidified

Crystalline Alloys, edited by S. K. Das, B. H. Kear, and
C. M. Adam (Proceedings of a TMS-AIME Northeast
Regional Meeting, Metallurgical Soc of AIME, 1985).

[22] W. J. Boettinger and S. R. Coriell, in Rapid Solidifica-

tion Materials and Technologies, edited by P. R. Sahm,
H. Jones, and C. M. Adam (NATO ASI Series, Series E:
Applied Sciences, 1986).

[23] W. Kurz and D. J. Fisher, Fundamentals of Solidification

(Trans. Tech. Publ., 1989).
[24] S. R. Coriell and R. F. Sekerka, J. Cryst. Growth 61, 499

(1983).
[25] G. J. Merchant and S. H. Davis, Acta metall, mater. 38,

2683 (1990).
[26] S. H. Davis, Theory of Solidification (Cambridge Univer-

sity Press, 2001).
[27] J.-H. Jeong, N. Goldenfeld, and J. A. Dantzig, Phys.

Rev. E. 64, 041602 (2001).
[28] W. J. Boettinger, D. Shechtman, R. J. Schaefer, and

F. S. Biancaniello, Metall. Trans. A 15, 55 (1984).
[29] M. Gremaud, M. Carrard, and W. Kurz, Acta metall,

mater. 38, 2587 (1990).
[30] M. Gremaud, M. Carrard, and W. Kurz, Acta metall,

mater. 39, 1431 (1991).
[31] W. Kurz and R. Trivedi, Acta metall, mater. 38, 1

(1990).


