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The generation of droplets at low Reynolds numbers is driven by non-linear dynamics that give rise
to complex patterns concerning both the droplet-to-droplet spacing and the individual droplet sizes.
Here we demonstrate an experimental system in which a time-varying energy landscape provides a
periodic magnetic force that generates an array of droplets from an immiscible mixture of ferrofluid
and silicone oil. The resulting droplet patterns are periodic, owing to the nature of the magnetic
force, yet the droplet spacing and size can vary greatly by tuning a single bias pressure applied
on the ferrofluid phase; for a given cycle period of the magnetic force, droplets can be generated
either at integer multiples (1, 2, etc.), or at rational fractions (3/2, 5/3, 5/2, etc.) of this period
with mono- or multidisperse droplet sizes. We develop a discrete-time dynamical systems model
not only to reproduce the phenotypes of the observed patterns but also provide a framework for
understanding systems driven by such periodic energy landscapes.

Discrete-time dynamical systems have been used to
study physical phenomena such as population dynamics
of predator-prey behavior [I], 2], spatial ecological pat-
terns [3], control theory [4] and chaotic electronic circuits
[5]. These systems often deal with recursive mathemat-
ical relations and use iterative maps to describe behav-
iors such as convergence to stable points, limit cycles and
chaos [6H8].

In fluidic systems, droplet generation can be thought
of as a discrete event, corresponding to the moment
when a droplet breaks free from the bulk phase, mak-
ing droplet generation well positioned to be studied as a
discrete-time dynamical system. Indeed, droplet or bub-
ble dynamics have been described using discrete-time ap-
proaches including not only the generation of droplets in
dripping faucets [9] or bubbles in microchannels [10] but
also the circulation of droplets in microfluidic networks
[11L 12]. These descriptions are important given the sig-
nificance of droplet generation either for technological
purposes [I3HIG], or fundamental physical understand-
ing. With regards to the latter, there is a conceptual con-
nection between discrete-time dynamical systems and the
study of droplet pattern generation, which relates the size
of the droplets to their spacings, often revealing asymme-
tries even at low Reynolds numbers under laminar flow
[I7H19]. Such patterns further enable self-organization
phenomena where generated droplets are driven into or-
dered structures |20, 21].

Unlike microchannel configurations for droplet gener-
ation [22] that induce shearing between the two phases
through T-junctions [I7, 18] 23] or flow focusing [24H26],
where the timescales of droplet generation arise from bal-
ance between viscous and capillary forces, in this work,
we report a novel microfluidic system with an intrin-
sic driving frequency determined by the time-varying
magnetic energy landscape with a two-phase immisci-
ble mixture of water-based ferrofluid (FF) and silicone
oil. The magnetic energy landscape generates an oscil-

latory force that produces the droplet arrays whose pat-
terns depend on the energy of breakup, the oscillation
frequency and a bias flow-rate. The same concept of mag-
netic energy landscapes has previously been utilized to
synchronously manipulate water-based FF droplets and,
through droplet-to-droplet interactions, perform physical
logic operations [27]. In this letter, we use this platform
to demonstrate control over periodic droplet patterns,
characterized by different droplet-to-droplet spacing and
droplet sizes, and develop a discrete-time dynamical sys-
tem model to explain the dynamics driving the formation
of these patterns.

Ezxperimental methods — We supply the FF through an
inlet tubing (diameter diype = 300 pwm) that is placed at
a distance d = 50—200 pm from a substrate covered with
a 3 — 5 mm thick film of silicone oil (Fig. , side view,
and Section I in Appendix). The FF reservoir is held at a
height h¢s from the substrate, that creates a differential
pressure AP = pr¢ g hgp, where prr = 1.28 g/cm? is the
density of the FF and g = 9.81 m/s? is the acceleration
of gravity. Due to this pressure, AP, there is flow of bulk
FF with a rate Q.

The droplets are generated through the interaction of
the bulk FF with soft-magnetic (permalloy) tracks (char-
acteristic length ~ 1 mm) on the substrate via expo-
sure to two magnetic fields. The first magnetic field,
| B, |= 250 G, is perpendicular to the substrate, has
a fixed magnitude and polarizes the bulk FF in a uni-
form manner. The second magnetic field, | By, |=40 G,
is in the plane of the substrate, is rotating with a ra-
dial frequency w and polarizes the tracks. As a result,
these magnetic fields create a dynamic, spatiotemporal
magnetic energy landscape, where the FF will be driven
towards the minimization of its potential energy. To ac-
complish this, the lower end of the bulk is subject to a

magnetic force F',,q, that extracts sub-millimeter diam-
eter droplets (Fig. , side view). For this study, we
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FIG. 1: (a) Schematic of the droplet generator. Top view:
Periodic tracks of ‘T’ and ‘I’ permalloy bars (gray) with FF
droplets (black) propagating under magnetic fields, B ., B 4y.
The numbers “1-4” on the bars correspond to the locations
that the droplets occupy as B, obtains the angular orien-
tations “1-4” [27]. Side view: Droplet array generated from

?_n)wg (red)
from the coupling of the droplet magnetization M (white)
with the magnetic field of the bar Bpg, (blue). The letters ‘N’
and ‘S’ denote polarizations. (b) Top-view sequential snap-
shots of generated droplets propagating on winding tracks of
‘T’ and ‘I’ bars. Red dashed circles indicate the inlet and
outlet. B. = 250 G, Bzy = 40 G at frequency f = 2 Hz.
Scale bar 5 mm.

reservoir with height, hyr, via a magnetic force

restrict ourselves to tracks that have shapes of ‘T’ and ‘I’
bars that ensure that they can be polarized effectively

by the B, and suffice not only to generate droplets
but also to propagate them along the tracks (Fig. [La,
top view). For a fixed position of the inlet tube, we
show both droplet generation and propagation along the
tracks of the substrate (Fig. , top view, and Video 1 in
Supplemental Material [28]). To avoid overcrowding the
substrate with droplets, we use outlet lines connected to
a negative pressure line that remove the droplets from
the substrate (Fig. , and Section I in Appendix).

Experimental observations — For given magnetic fields
and fixed positions of the inlet and outlet tubes, we ap-
ply pressures in the range AP = 0.5 — 8 kPa. We ob-
serve that the system is in a constant flow and pressure
regime (Section I in Appendix) and generates droplet ar-
rays converging to a steady-state pattern within 2-3 cy-
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FIG. 2: (a) Plot of Cy, the average number of cycles of ﬁzy
needed to generate a droplet, versus the hydrostatic pres-
sure AP. (b) Snapshots from the experiments of (a) with
droplet-to-droplet spacings corresponding to different Cy val-
ues. B, =250 G, Byy =40 G, f =2 Hz. Scale bar 2 mm.

cles of ?my After converging to a steady-state pattern,

we define Cy as the number of cycles of Bwy required
to generate a droplet. The parameter C, is constant
for arrays that have constant droplet-to-droplet spacing.

There is a minimum of one full cycle of B, required
to generate a single droplet (Cy = 1). For decreasing
AP, more cycles are required for the generation of a sin-
gle droplet (Cy > 1), resulting in droplet arrays that are
less tightly spaced (Fig. and Video 2 in Supplemen-
tal Material [28]). The parameter Cy is non-constant for
arrays that have non-constant spacings between consec-
utive droplets, while still preserving a periodic pattern;
for example there can be periodic alternation between
one and two cycles per droplet (i.e. Cy exhibits sequence
“.1-2-1-2..), resulting in an average of Cy = 3/2 (Fig.
2b). In these cases, the volumes of the droplets can also
be different.

Model — To explain the different droplet-to-droplet
spacing and individual droplet volumes in our gener-
ated arrays (Fig. [2b), we develop a theoretical model.
We write a tractable expression for the magnetostatic
energy of the droplet, which theoretically is defined as

_>
U=[-M-
the droplet, ?bar is the magnetic field generated by the
bars (Fig. ) and V is the volume of the droplet. To
simplify the complicated expression for U (Section III
in Appendix), we base our model on the following five
assumptions: First, we consider the droplet as a point

bardV, where M is the magnetization of

mass and write U = —M - By, V. Second, we assume
by - P . . . .
that M = M2 with V increasing linearly over time ¢
for a given flow rate @, allowing us _t)o write the magni-
tude of the magnetic moment 77 = MV as u(t) = MQt.
Third, we assume that B, varies as a sine wave over
time, consistent with the oscillatory nature of 5,,, and

write gbar = ByparZ where By,-(t) = Bysin(wt + ¢;

~—

with By > 0 being the maximum amplitude of B g,

€

the angular frequency, and ¢; the phase of 5,,. Fourth,
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FIG. 3: (a) Schematic for recursive model. Assuming that the droplet ‘i’ (red) is generated at time ¢ = 7; when gg@y is at ¢,
the next droplet ‘i4+1’ (blue) will be generated at ¢ = 7;4+1 and ¢;+1, when the energy of droplet ‘i4+1’ becomes U;+1 = Upreakup,
after a number of cycles Cy = 1,2,.. (black spiral), based on equation ‘ Ui+1 (black) is the total product of the normalized
magnetic moment g¢ (yellow) and normalized magnetic field f(¢, ¢;) = max(sin(2nt + ¢;), 0) (gray). (b) Plot of ¢i41 versus
¢: (solid black curve) based on the solution of equation for q=1.1. The dashed line indicates the y = x line and the red
lines indicate the convergence of initial random ¢ of transient-state droplets (white circles), to a ¢s of steady-state droplets
(black circle). The gray inset shows a zoomed-in graphical solution converging to ¢s. (c) Graphical solutions of ¢;4+1 versus ¢;
for ¢ = 1.1, 0.9, 0.864 corresponding to Cy = 1,3/2,5/3 with respective illustrations of sizes and spacings of droplets.

we assume that a droplet breaks up from the bulk when
its energy U is minimized to a threshold Uppcqiup Which
has no effective dependence on droplet volume based on
geometric calculations (Section V in Appendix). Addi-
tionally, for the rest of this work, we will refer to the
absolute value of the energy U. Fifth, we assume that
droplet breakup can occur only in the attractive phase of
the oscillation when sin(wt+ @) > 0 and By, (t) > 0. In
the repulsive phase, the droplet is pushed away from the
magnetized bar, which then reduces the applied magnetic
force on the droplet, preventing breakup from occurring.

Combining all five of these assumptions, we write down
the equation for the magnetostatic energy of the model
as:

Ut) = {BoMQtsin(wt +¢) , sin(wt+¢) >0 W

0 , sin(wt +¢) <0

Once a droplet is released, only the phase of ?ajy at
the previous breakup is needed to determine the time to
next breakup. This allows us to write equation as a
recursive formula; assuming that a droplet ‘i’ is generated
at time ¢ = 7; when B, is at angle ;, then the next
droplet ‘i4+-1” will be generated at time ¢ = 7,41 and ¢;41,
which occurs when the droplet magnetic energy is equal
to U(Tix1) = Uit1 = Ubreakup (Fig. ) Without loss of
generality, we reduce equation by setting BoMQ = ¢
(s71), w =27 (rad/sec) and Upyearup = 1, and write the
recursive expression as:

qTi1 F(Tig1, i) =1 (2)

Where F is the waveform of the magnetic field relevant
for breakup, and is given by F(¢, ;) = max(sin(2nt +
vi), 0) (Fig. , gray field magnitude curve). Next,
we solve equation to reproduce the phenotype of the
droplet arrays generated experimentally (Fig. ) For
given ¢ and angles ¢; in the range [0, 7], we find the
corresponding values of 7,4.1. We restrict our parameter
range for ¢; to an upper bound of 7 since no breakup can
occur from 7 to 2w. Then, we calculate both the angle
pi+1 based on equation ;11 = mods, (27741 + ;) and
the number of cycles Cy required to generate a droplet
‘i+1” based on Cy = quotient,, (277,41 + ¢;), therefore
generating phase maps for specific ¢ values that relate ¢;
to ;11 (Fig. Bb,c). For ¢ = 1.1, ¢; converges to a single
steady-state angle ¢, (Fig. ) resulting in monodis-
perse limit cycles of droplets with Cy = 1 (Fig. )
independent of the initial ¢y. In other cases, for ex-
ample at ¢ = 0.9 and ¢ = 0.864, ; periodically alter-
nates respectively between two and three steady-state
angles (Fig. [f) resulting in multidisperse limit cycles
of droplets with average Cy = 3/2 (Cyq = ..,2,1,..) and
Cqy =5/3 (Cy = ..,2,2,1,..) in qualitative agreement
with experiments (Fig. [2p).

To study the stability and pattern-space of the model,
we conduct a parameter sweep of ¢ in the range:
[0.15,1.5] (Fig. . The phase-stability map reveals
(steady-state) limit cycles of two types: the first con-
cerns monodisperse limit cycles with integer Cy values
(Fig. [4h; black lines for which ¢; = ¢;41), and the second
concerns multidisperse limit cycles with non-integer Cj
values (Fig. [4h; red lines). These multidisperse limit cy-
cles occur at discontinuous boundaries in the phase map
(qualitatively as in Fig. 7 Cy = 3/2, 5/3). In addition,
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FIG. 4: Simulation parameter sweep of equation . (a) Phase map where each row corresponds to a mapping from ¢; (x-axis)
to pi+1 (colorbar), for a given flow rate q. The black lines correspond to monodisperse limit cycles of droplets where phase
maps intersect the unity lines with positive slope at exactly one point. Red lines denote multidisperse limit cycles of droplets
for p; — ¢i+1 mapping. Low and high bounds in colorbar correspond to mapping limits given any initial ;. (b) Plot of droplet

volumes for discrete cycles of

2y as a function of flow rate (¢). White cells indicate cycles where no droplet was generated.

Cell shade indicates dimensionless droplet volume at a given cycle (colorbar). (c) Plot of Cy as a function of . Red dots

correspond to regions of multiple stead-state points as in (a).

for the explored parameter range, we find that given any
initial ¢; value, the subsequent ;4 is always narrowed
to a band of [0.509, 1.771] rad (Fig. [dh, colorbar).

Furthermore, to illustrate the richness in poten-
tial droplet spacing and volume patterns, we calculate
droplet volume over discrete cycle intervals at different
q values (Fig. [4p). The pattern-space includes monodis-
perse and multidisperse droplet sequences at Cy (Fig. )
values observed experimentally (Fig. 2k).

Comparison of experiment and model — To understand
the relationship between the droplet volume and pres-
sure, we study one configuration at an in-plane frequency
f =2 Hz, describe the measured physical quantities in
detail and test our analytic model by comparing to the
experimental results (Fig. [5)).

Decreasing pressure down from 8 kPa, we find mono-
tonically increasing Cy values (Fig. [5p). For a given Cy
value, average droplet volume decreases with decreasing
pressure. As Cj transitions from 1 to 2, 2 to 3/2 and
3/2 to 3, droplet volumes jump abruptly to higher val-
ues before decreasing again (Fig. ) We find that
the average minimal droplet volume for all integer Cy
is Vipin = 0.059ul (Fig. , dashed line). Plotting the
flow rate, Q = Viyopf/Ca, as function of AP gives a lin-
ear relationship with a slope of 26.2 % 1073 ul s~' kPa™!
(Fig. , R? = 0.997). The linearity of this relationship
confirms that the flow rate @ of the FF is determined by
the pressure difference AP as typically seen in Hagen-
Poiseville flow [29] where there is a balance between vis-
cous and pressure forces. Given this balance, the mag-

netic force from the bars, and the interfacial forces at
the exit of the inlet tube determine the breakup of the
supplied fluid volume to generate droplets with certain
volumes and spacings.

Given the experimentally determined Vj,;,, we can
reevaluate equation and compare theory to experi-
ment, by parameterizing ¢ = Q/V,in and setting w =
2 % 2m. We use the recursive equation (2) to numeri-
cally solve exact values of Cy (Fig. , gray line) and
the droplet volumes (Fig. [5p) for Vi, = 0.059 ul over a
range of q. With V,,,;,, as the single-parameter fit, we find
good qualitative agreement between experiment and the-
ory, particularly in the transitions between different Cj.
For Cy = 3/2, we find a difference in expected droplet
volumes suggesting that there may need to be important
corrections made to the By, waveform.

Conclusions — In summary, we have demonstrated an
experimental platform in which a periodic force generates
droplet arrays with complex patterns of droplet spacings
and sizes. We have developed a discrete-time dynami-
cal systems model to explain the observed patterns, and
found good agreement with experimental measurements.
In future efforts, we can extend our system to quantita-
tively describe generation of droplet patterns by explor-
ing the system’s rich parameter space including the inter-
facial tension, the magnitudes of the magnetic fields, the
frequency of the rotating magnetic field and by studying
the transient behavior of the system as well. Our theoret-
ical framework may be of broad interest due to its generic
nature and the ability to be applied to other droplet gen-
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FIG. 5: Experimental droplet generation. (a)Plot of Cj;, over
pressure AP. Colors serve as a legend for panels (b) and (c).
Dashed black line is the theoretical minimum of Cy given the
average minimum droplet volume (Vinin = 0.59ul). Gray line
is fit of Cy from the solution of equation given a single-
parameter fit using Vinin. (b) Droplet volumes as a function
of pressure. Large colored circles are average values for gener-
ated droplet volumes at a given pressure. Smaller colored dots
correspond to individual droplet volumes. Dashed horizontal
line is the average minimum droplet volume. Gray lines are
values of droplet volumes from model solutions given V,ip.
(c) Plot of Flow rate over AP with linear fit.

eration platforms driven acoustically, (di)electrically, or
magnetically, and in a more complex fashion with arbi-
trary forcing functions or multiple drive time scales. We
note that the phase space accessible in this class of prob-
lems is rich and will inspire new experimental platforms
replicating these results in other systems.
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Appendix

I. EXPERIMENTAL METHODS

Fabrication of fluidic chips — The ‘T’ and ‘I’ bars
are fabricated by etching permalloy foils that are epoxy-
bonded on glass substrates, using an protocol identical

to reference [27]. The ‘T’ and ‘I’ bars have millimeter-
size dimensions (Table ). The permalloy bars are coated
with teflon and the fluidic chips do not have a top cover.

I Dimensions of ‘T” and ‘I’ barsi
Vo d
h /
w, Ii
I, <
S <

andi (ym)
l1 1012.5
lo 1125
I3 1125
w 213.5
t 25
g 70

TABLE I: Table with nominal dimensions of ‘T’ and ‘I’ bars

Magnetic fields — The magnetic fields are generated
using the system of electromagnetic coils described in
reference [27]. The ratio between the magnitudes of the
magnetic fields is | B, | / | Bgy |> 5, thus ensuring that
the induced magnetization of the generated droplets is
along the z-axis (Fig. reffig:schematica). However, the
induced magnetization of the metallic bars is always in
the x-y plane as they are too thin (for example ¢/l; =
1/40) to support magnetization in the z-axis (Fig. 1a).

Two-phase mizture of fluids — The mixture consists
of two phases. The first phase is silicone oil (Sigma
Aldrich, CAS: 63148-62-9, kinematic viscosity 5 ¢St, den-
sity 0.913 kg/m?) which is pipetted on the surface of the
fluidic chip forming a film of thickness h,; = 3 — bmm
beneath the open air-oil interface. The second phase is
water-based ferrofluid (Ferrotec EMG 700, kinematic vis-
cosity 5 ¢St, density 1.28 kg/m?) which is dispensed on
the film using an inlet tubing (Fig. 1a).

Inlet tubing — The inlet tubing is made of teflon
(PTFE) with internal diameter 300 pm and length 1 m.
The first tip of the tubing is suspended at a height
d = 50 — 200 um above the permalloy bars. This height
d is always smaller than the thickness of the silicone oil
film on the substrate, that is d < h,;;, thus making this
tip completely immersed in the film. The second tip of
the tubing is connected to a ferrofluid reservoir whose top
surface is at a height h¢s = 10—80 cm above the permal-
loy bars. This height hys creates a pressure difference
AP generating flow that fills the tubing with ferrofluid
and - via the first tip - dispenses it into the substrate.
The pressure difference AP is adjusted by adjusting the
height hys of the ferrofluid reservoir. Furthermore, the
inlet tubing is threaded through a glass capillary with
internal diameter 500 pm, which is mounted on a three-
axis translational stage for adjusting the position of the
end of the inlet tubing relative to the permalloy bars.
The height of the oil (hyy) contributes an insignificant



reduction in pressure and is not considered here. It is
also important to note that the open geometry microflu-
idics ensures that once a droplet has broken from contin-
uous phase, droplets do not generate a significant back-
pressure as seen in narrow channel based microfluidic sys-
tems.

In our system, the relevant capillary forces are F,,p, ~
¥ diupe =~ 3N, where v is the interfacial tension between
the ferrofluid and the silicone oil, and the shearing forces
from the magnetic fields are F),qq ~ 10pN for droplets
with radius of roughly 250um [27], suggesting compa-
rable force scales for droplet breakup. However, both
the capillary and magnetic forces are small in compari-
son to the force exerted on the droplet by line pressure
(Fline = 50 — 500N). This estimation suggests a con-
stant flow and constant pressure regime.

Outlet tubing — The outlet tubing is made of teflon,
similar to the inlet tubing (Fig. 1la). At its lower end
that is in proximity to the substrate, it also contains a
blunt-tip pin made of stainless steel (23 gauge). The

magnetic field ?2 along the z-axis magnetizes the pin.
The magnetized pin attracts the ferrofluid droplets and
by also using an additional negative pressure difference
across the outlet tubing, the droplets that reach the out-
let tubing are removed from the substrate (Fig. 1, Fig.

and Fig. [A2).
Imaging — Droplet volume measurements are per-

formed by imaging the chip with a dSLR (Canon T3i,
Canon EF 100mm f/2.8L IS USM Macro Lens).

PTFE-Oil-Ferrofiuid Surface Energy. In order to es-
timate the volume of sessile droplets, by only imaging
from the top, we measured the contact angle between fer-
rofluid, PTFE in silicone oil. We measured 11 droplets
from the side, sessile on a PTFE surface, for an average
surface angle of § = 24.86 + 2.72 (Fig. [A3).

II. DATA ANALYSIS

Droplet Volume Measurement. For each measurement,
droplets are first generated and then all B-fields are
turned off, so that the droplets are in a sessile state on
the chip surface. The droplets are automatically tracked
using a custom image analysis code written in MAT-
LAB [27]. The code converts the frames of the videos
to grayscale values from 0 to 1. Due to the opacity of the
ferrofluid, a brightness threshold is easily selected to iden-
tify one contiguous droplet object. To extract the radii
of the droplets, circles are interpolated on the droplets.
For maximal droplet volumes of Vgyoprer =~ 0.12 ul, the
Bond number is Bo~ 0.25 (Ap = pss — poir = 0.2g/ml;
v =3 mN/m [30], therefore justifying the spherical cap
assumption in calculating the volumes of the droplets,
where Veap(r,0) = (773 /6)(1—cos0) (3sin0*+(1—cos0)?).
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FIG. Al: Schematic of droplet generator. Side view: The
inlet tube contains a FF column (black) with controllable hy-
drostatic pressure set by the height, hss. The droplets prop-
agate on the tracks covered with silicone oil with height hoi
and exit the substrate through an outlet tube (shown in inset)
connected to a negative pressure line.

Inlet Outlet
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FIG. A2: Top-view sequential snapshots of a experiment
where generated droplets propagate on winding tracks of ‘T’
and ‘I’ bars and are removed from the substrate through
the outlet. Red dashed circles indicate the inlet and out-
let. B, = 250 G, B; = 40 G at frequency f = 2 Hz. Scale
bar 5mm.

III. MODEL AND FITS

Computational Solution. MATLAB R2014a was used
to numerically solve the recursive equation . The re-
cursive process is as follows: after the i-th droplet is gen-
erated, time is reset to t = 0 and y; is propagated to the
subsequent iteration. We next solve for the time, 7,11,
that it takes for the energy to reach Upreqkup. To plot
phase maps, we solve the recursive equation for a range
of ¢ from 0 to 7 in increments of at least 0.001.

Model Simplification. The full expression of U is chal-

lenging to calculate because B, depends on the relative
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FIG. A3: A sessile ferrofluid droplet resting on a glass-PTFE
spun coat surface in 5cst silicone oil. Image taken from the
side. The droplet radius is approximately 300um.

position of the inlet tubing with respect to the tracks,

as well as the track’s materials and geometry. B, also
changes spatiotemporally with gradients of similar length

scale as the dimension of the tracks. In addition, M is af-

fected by ?bar while the volume and shape of the droplet
also change over time.

Simple Theoretical Derivation of Upper Phase Band
Limit. Though the model is nonlinear and we were not
able to find a close-formed solution for the stable points,
we have derived an expression for the upper bound of
wi+1 given any initial ¢;. The upper limit comes from
the fact that any droplet that does not breakup before
the maximum in the energy waveform, has to wait until
the next cycle to breakup. The theoretical upper limit
for the band is given by the solution to the equation:
0 = d/dz(tsin(wt)) = sin(wt) + wtcos(wt), which gives
Pupper = 2.0287... rad for w = 2.

Simple Theoretical Derivation of Cyq Lower Bound. To
find the bound of Cy4, we take sin(wriy1 + ;) — 1,
which gives a simple relationship of 7 = V,,,;,,/Q, giving
a lower limit of Cyy > Vininf /Q (Fig. 5a, black dashed
line). The agreement with the bound across the pressure
range confirms that Vj,;, is not significantly varying as
a function of Q.

Fitting. Linear fitting was done using the first-order
Polyfit function in Matlab. R? value was then calculated
as an estimator of linearity.

IV. INFLUENCE OF DROPLET SIZE ON
BREAKUP ENERGY

When a droplet of volume V' and surface area S breaks
from the column of fluid at the lower end of the inlet
tube (Fig. 1a), there is an increase AS of the area of the
ferrofluid-oil interface:

(A1)

AS = Spostfbreak:up - Sprefb'reakup

In equation (Al) the terms Spre—preakup and
Spost—breakup are the equilibrium areas of the ferrofluid-
oil interface before and after break-up respectively. Only
taking into account the two equilibrium states, the en-
ergy of breakup Upreqkup 1S proportional to the difference
between these areas for a given interfacial tension ~:

Ubreakup = ’YAS (AQ)

We estimate these areas Spre—preakup a0d Spost—breakup
using two geometric assumptions:

First, we assume that, before droplet breakup, the fluid
volume at the tip has the shape of a spherical cap defined
by the height of the cap h and the cap radius which is
equal to inner radius the inlet tube a. This assumption is
justified as the Bond number for this system is Bo ~ 0.25
(see section . Therefore, the cap has a surface area
S = m(a®+ h?) and a volume V = wh(3a? + h?)/6. Next,
we combine these two equations by substituting A and
through algebraic calculations we write:

S3 + [3a?m]S? + [-36V 1 — 4a®7®] =0 (A3)

The root of equation gives the surface area of the
spherical cap for given volume V' and inlet radius a, that
is Spre—breakup = S(Vva a)'

Second, we assume that, after droplet breakup, the
fluid volume that used to be a cap, is now a free droplet
with volume V' = 7d3/6 and surface area S = md? where
d is the droplet diameter. In addition, the newly formed
interface at the tip after the breakup has a flat circular
surface equal to the cross-section of the inlet tube with
radius a with area ma®. Therefore, we write the area of
the ferrofluid-oil interface after the droplet breakup as a
function of V' and a as:

Spost—breakup = 771/3(6‘/)2/3 + 7Ta2 (A4)
Next, we evaluate equation (A2) by taking

Spre—breakup as the root for equation (A3)) and evaluating
Spost—breakup {rom equation for a fixed radius of
inlet tube a = 150 pm (see section [I) and a range of
droplet volumes V' = 0.00 — 0.15ul (Fig. We observe
that in our experimental range of droplet volumes
V = 0.06 — 0.12ul the difference in surface area varies
within less than 3% (Fig[A4))

Due to the small variation in the surface area before
and after-break up within our experimental range, the
variation of breakup energy is also small. For a given v =
3mN/m, Vi = 0.06ul, and Vo = 0.12ul, we calculated
respectively from equations , Upreakup,1 =
40.3 nJ and Upreakup,2 = 41.3 nJ, which have a relative
difference of 2.4%, thus justifying our assumption that
the threshold for energy breakup can be assumed to be
constant.
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FIG. A4: Surface area difference between the oil-ferrofluid
interface pre- and post-breakup. Red dashed lines are the
bounds on droplet volumes observed experimentally.
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