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Large amplitude waves in magnetized plasmas, generated either by external pumps or internal
instabilities, can scatter via three-waves interactions. While three-wave scatterings is well-known in
collimated geometry, what happens when waves propagate at angles with one another in magnetized
plasmas remains largely unknown, mainly due to the analytical difficulty of this problem. In this
paper, we overcome this analytical difficulty and find a convenient formula for three-wave coupling
coefficient in cold, uniform, magnetized, and collisionless plasmas in the most general geometry. This
is achieved by systematically solving the fluid-Maxwell model to second order using a multiscale per-
turbative expansion. The general formula for the coupling coefficient becomes transparent when we
reformulate it as the scattering matrix element of a quantized Lagrangian. Using the quantized La-
grangian, it is possible to bypass the perturbative solution and directly obtain the nonlinear coupling
coefficient from the linear response of the plasma. To illustrate how to evaluate the cold coupling
coefficient, we give a set of examples where the participating waves are either quasi-transverse or
quasi-longitudinal. In these examples, we determine the angular dependence of three-wave scat-
tering, and demonstrate that backscattering is not necessarily the strongest scattering channel in
magnetized plasmas, in contrast to what happens in unmgnetized plasmas. Our approach gives a
more complete picture, beyond the simple collimated geometry, of how injected waves can decay in
magnetic confinement devices, as well as how lasers can be scattered in magnetized plasma targets.

I. INTRODUCTION

Coherent three-wave scattering is perhaps the simplest
and the most common type of nonlinear interaction in
plasmas. It happens, for example, in magnetic confine-
ment devices, where waves injected by antenna arrays
decay to other waves [1, 2]. In the case where the wave
is injected to drive current in a tokamak [3, 4], there is
a possibility that the lower hybrid current drive is af-
fected by unwanted decays near the tokamak periphery
[5, 6]. Even more importantly, three-wave scattering also
happens, for example, in laser implosion experiments [7],
where high intensity lasers interact with plasmas. Dur-
ing magnetized implosions, where the magnetic field is
imposed to enhance particle confinement [8-10], multi-
ple laser beams may scatter and reflect one another via
magnetic resonances. In fact, the magnetic resonances
can be utilized to mediate energy transfer between laser
beams to achieve pulse amplification [11], where three-
wave scattering plays an essential role.

Despite of its importance, coherent three-wave scat-
tering, well-studied in unmagnetized plasma [12, 13], re-
mains poorly understood when plasmas become magne-
tized. This situation is mostly due to the analytical dif-
ficulty when external magnetic field is present. Such dif-
ficulty deserves to be overcome in the midst of recent
developments in strong magnetic field technologies [14—
16]. Using these technologies, magnetic fields on the or-
der of mega-Gauss or even giga-Gauss can be produced.
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Such strong magnetic field makes electron gyrofrequency
comparable to the plasma frequency in laser implosion
experiments, in which the anisotropy introduced by the
magnetic field can play a prominent role. Since multiple
laser beams usually propagate at angles to one another
and with the magnetic field during laser-driven implo-
sions, understanding the angular dependence of three-
wave scattering in magnetized plasma becomes indispens-
able for making a knowledgeable choice of the experimen-
tal setups to optimize laser-plasma coupling.

By far, most theoretical work on laser scattering in
magnetized plasmas is focused on the simple collimated
geometry. In this simple geometry, three kinds of theo-
ries have been developed. The first kind is coupled mode
theory, which searches for normal modes of the nonlinear
equations [17, 18]. Although normal modes satisfy for-
mally simple equations, the complexity of the nonlinear
problem are hidden inside obscure coupling coefficients,
from which little physical meaning has been extracted.
The second kind is nonlinear current theory, which de-
scribes three-wave parametric interaction by adding a
nonlinear source term into the Maxwell’s equations. Us-
ing fluid models for nonlinear sources, parametric growth
rates have been obtained for extraordinary wave pump
[19-21], lower hybrid wave pump [22], as well as the right-
and left-circularly polarized wave pumps [23]. To capture
thermal effects, a simple treatment retains only thermal
corrections to the dielectric tensor [24]. A more complete
treatment also include thermal corrections to the cou-
pling tensor [25, 26]. However, beyond the simple colli-
mated geometry, such treatment becomes so cumbersome
that decades of efforts have been spent on just simplify-



ing the expressions [27-29], with very little extractable
physical results [30, 31]. Beside the coupled mode theory
and the nonlinear current theory, the third kind of the-
ory uses Lagrangian formulation. In this more systematic
approach, the interaction Lagrangian is obtained either
from the Low’s Lagrangian [32, 33], or the oscillation-
center Lagrangian [34] by expanding plasma response to
the third order. Even with such transparent formalism,
three-wave interactions in magnetized plasma, where the
waves are not collimated, remains to be analyzed system-
atically, in generality, and in detail.

In this paper, we overcome the analytical difficulty in
fluid theory and obtain angular dependence of three-wave
scattering in collisionless, cold, uniform, magnetized plas-
mas in the most general geometry. This is achieved by
systematically solving the fluid-Maxwell system to sec-
ond order in the perturbation series, where secular terms
are removed using a multiscale expansion. Using this
technique, we manage to obtain an expression for the
coupling coefficient that is not only explicit, but also con-
venient, from which illuminating physical results can be
extracted. Moreover, we show that the formula for the
coupling coefficient naturally arises as the scattering ma-
trix (S matrix) element of a quantized Lagrangian. This
refreshing perspective, emerging from detailed cold fluid
calculations, offers a high-level methodology, through
which three-wave coupling can be easily computed. The
cold fluid results are applicable when the wave lengths of
participating waves are much longer than both the Debye
length and the typical gyroradius. Within the applicable
range of the fluid model, our non-relativistic perturba-
tive treatment is valid when the amplitudes of waves are
not too large, so that the linear eigenmode structures are
preserved, and spectrum broadening is limited. Our cold
fluid results is useful for verification of numerical codes,
as well as development of reduced models.

This paper is organized as follows. In Sec. II, we solve
the fluid-Maxwell system to second order using a multi-
scale expansion. In Sec. III, we simplify the general equa-
tion in the simple case where there are only three linear
waves participating in the interaction. In Sec. IV, we
distill the classical theory into a quantized Lagrangian,
where the formula for three-wave coupling becomes trans-
parent. In Sec. V, we illustrate the general cold fluid re-
sults using a set of examples. Conclusion and discussion
are given in Sec. VI, and supplementary materials are
provided in the Appendixes.

II. PERTURBATIVE SOLUTION OF
FLUID-MAXWELL SYSTEM

In the fluid regime, where both the Debye length and
the typical gyroradius are much smaller than the short-
est wavelength, charged particles in the plasma respond
collectively to perturbations. In this regime, the plasma

system is well described by the fluid-Maxwell equations

Ons = —V - (ngvy), (1)

Opve = —vs - Vvy + 7%S(E +v, x B), 2)

OB =-V xE, (3)
1

OE =V xB-— . zs: €sNsVs. (4)

The continuity equation [Eq. (1)] describes the conser-
vation of particles of species s, whose density is ny and
average velocity is vs. The momentum equation [Eq. (2)]
governs how the velocity field v change due to both the
advection and the Lorentz force, where e; and mg are
the charge and mass of individual particles of species s.
Finally, the magnetic field B evolves according to the
Faraday’s law [Eq. (3)], and the electric field E evolves
according to the Maxwell-Ampere’s law [Eq. (4)], where
the current density is contributed by all charged species
in the system.

The fluid-Maxwell equations [Egs. (1)-(4)] are a sys-
tem of nonlinear hyperbolic partial differential equations.
Such a system of equations are in general difficult to
solve. Nevertheless, when fluctuation near equilibrium is
small, nonlinearities may be regarded as perturbations,
and the equations may be solved perturbatively. To see
when nonlinearities may be regarded as perturbations, we
can normalize equations such that all quantities become
dimensionless numbers. For example, we may normalize
time to the plasma frequency w,, and distance to the skin
depth ¢/w,. We may further normalize mass to electron
mass m,, charge to elementary charge e, density to un-
perturbed density nsg, and velocity to the speed of light
c¢. Finally, we can normalize electric field to mecw,/e
and normalize magnetic field to m.w,/e. With the above
normalizations, the fluid-Maxwell equation can be writ-
ten in dimensionless form. In this form, nonlinearities
are products of small numbers and are therefore even
smaller, provided that the perturbations are small.

In the absence of nonlinearities, the general solution to
the fluid-Maxwell system is a spectrum of linear waves
with constant amplitudes. Now imagine we can ramp up
nonlinearities adiabatically, then waves will start to scat-
ter one another. Due to weak scattering, amplitudes of
waves will evolve slowly in space and time. This physical
picture may be translated into a formal mathematical
procedure. Formally, to solve the fluid-Maxwell equa-
tions peturbatively, it is helpful to keep track of terms by
inserting an auxilliary small parameter A < 1 in the per-
turbation series, and let the adiabatic parameter A\ — 1
in the end, mimicking the adiabatic ramping up of non-
linearities. The electric field, magnetic field, density, and
velocity can be expanded using asymptotic series

E=Eq+)\E; + \’Ey +..., (
B=B;+\B; + By +..., (
Ns = Ngo + AMs1 + A2nga + ..., (7
Vs = Veo+ AVs1 + A2veo +..., (



where a self-consistent equilibrium is given by Eg = 0
and vso = 0, while the background magnetic field Bg
and density ngg are some constants. It is well-known that
if we only expand field amplitudes, the naive asymptotic
solution will contain secular terms for nonlinear prob-
lems. To remove the secular terms, we also need to do a
multiscale expansion [35] in both space and time

i i 1 i 1 i
1 1
t =t + Xt(l) + ﬁt@) +..., (10)

where z? is the i-th components of vector x. In the above
expansion, xéo) is the shortest spatial scale. In compari-

son, one unit of xél) is 1/ times longer that one unit of
95%0)7 and so on. Similarly, ¢ is the fastest time scale,

and one unit of ¢,y is 1/A" times longer that one unit of
t(0)- In the above multiscale expansion, different spatial
and temporal scales are regarded as independent

0\, = 515y, (11)
0ty =65 (12)

and by chain rule, the total spatial and temporal deriva-
tives are

8; =0 + 20 + 120 4 (13)
Oy = at(o) + Aat(l) + >\28t(2) +.... (14)

Using the multiscale expansion (11)-(12), together with
expansion in field amplitudes (5)-(8), secular terms can
be removed and the perturbative solution is well behaved.
In Appendix A, we demonstrate how the multiscale ex-
pansion can be successively applied to a hyperbolic sys-
tem of ordinary differential equations.

A. First order equations

Although the first order equations and their solutions
are well-known [36], here let us briefly review some im-
portant results, in order to introduce some new notations
that will be used in the next subsection. To obtain first
order equations, we expand fields, space, and time in
fluid-Maxwell equations, and collect all the O(X) terms

y0)B1 = =V (g) x Eq, (
Or0)Vs1 = %(El +vs1 x Bo), (16
(
(

at(O)nsl = _nsOv(O) *Vsi,
0) i 1 ;
ng)E{ = o Z esNs00k(0)Vs1-
S
Here, we have written the equations in the order that

we are going to use them. The electric field equation
(18) is obtained by substituting the Faraday’s law (3)

into the Maxwell-Ampere’s equation (4), and then mak-
ing the multiscale expansion. This procedure introduces
the zeroth order differential operator

O = (82, — 2V%))8; + 20V, (19)

This operator is the d’Alembert wave operator projected
in the transverse direction.

Since the first order equations are linear, the general
solution is a superposition of plane waves. Let us write
the electric field in the form

1 ny
Ei =3 3 eleit, (20)

keK;

where Eﬁl)(t(l),x(l);t(2)7x(2); ...) is the slowly varying
complex wave amplitude, and 0y = k- x(g) — wkt (o) is the
fast varying wave phase. The summation of wave vector
k is over a discrete spectrum K;. In order for E; € R3
to be a real vector, whenever k € K; is in the spectrum,
then —k must also be in the spectrum. Moreover, the
amplitude 51((1) must satisfy the reality condition E(_lll =

El((l)*. Therefore, it is natural to introduce notations

Z_x = 7y, (21)
a_kx = —0, (22)

for any complex vector z € C? and real scalar o € R that
are labeled by subscript k. For example, the complex
vector £_y = &, and the real scalar 0_x = —0i. Using
the above notations, the reality condition is conveniently
built into the symbols. In spectral expansion Eq. (20),
it is tempting to write the summation over discrete wave
vector k as an integral over some continuous spectrum.
However, such a treatment will be very cumbersome due
to double counting, because wave amplitude &, which
can vary on slow spatial and temporal scales, already
has an spectral width.

The first order magnetic field By, velocity field vy,
and density field ng; can be expressed in terms of the first
order electric field E;. Substituting expression (20) for
the electric field into the first order fluid-Maxwell equa-

tions (15)-(17), we immediately find
k x 5(1) .
Bi=y Y (23)
kEKl
v _ ies Z ]Fs,kgl((l) 6i0k (24)
sl 2ms Wk )
keK;
. (1)
1€sMs0 k-Fsxly ' o,
1 = : e, 2
sl 2mg Z wi ¢ (25)
keKy

Here, we introduce the forcing operator F; y : C3 — C3,

acting on any complex vector z € C? by
Fsxz:= ’yik[z +if8sxz X b — ,BSQ,k(z -b)b]. (26)

In the above definition, b is the unit vector in the
By direction, 7371{ =1/(1- Szk) is the magnetization



factor, Bsx := Qs/wi is the magnetization ratio, and
Qs = esBy/ms is the gyrofrequency of species s. It is
clear from Eq. (24) that the forcing operator Fy j is re-
lated to the linear electric susceptibility sk by

w2,

Xs,k = _L;Fs,ka (27)
Wi
where wgs = e2n4/egms is the plasma frequency of

species s. While the susceptibility x, k is typically used
in linear theories, the forcing operator F, x will be much
more convenient when we discuss nonlinear effects. Note
that in the limit By — 0, the forcing operator F, i — I
becomes the identity operator, and s becomes the cold
unmagnetized susceptibility.

The forcing operator I, i will be extremely useful later
on when we solve the second order equations. Therefore,
let us observe a number of important properties of this
operator. For brevity, we will suppress the subscript s, k,
with the implied understanding that all quantities have
the same subscript. First, the operator satisfies the vec-
tor identity

Fz =z +i8(Fz) x b. (28)

This identity guarantees that the velocity field v, given
by Eq. (24), satisfies the first order momentum equation
(16). Second, F is a self-adjoint operator with respect to
the inner product (w,z) := w'z,

wiFz = (Fw)'z, (29)

for all complex vectors z, w € C3. Using this property,
we can move F from acting on one vector to acting on
the other vector in an inner product pair. Third, it is a
straightforward calculation to show that

OF
F2=F—w— 30
Y ow (30)
where the dependence of F on w comes from 8 and v in
definition (26). Indeed, using its definition, F satisfies an
obvious identity

F(—w)

which can also be written as F_y = IFj.. Lastly, when two
frequencies wy and wy are involved, we have an nontrivial
quadratic identity

(B1 — B2)FiFy = B1F1 — BalFs, (32)

which can be shown by straightforward calculation. Us-
ing this identity, we can reduce higher powers of the forc-
ing operators to their linear combinations. Combining
with property Eq. (31), the above identity can generate
a number of other similar identities. Properties (28)-(32)
will enable important simplifications when we solve the
second order equations.

Having expressed other first order perturbations in
terms of E;, the electric field equation (18) constrains

= F(w), (31)

4

the relations between the wave amplitude Sl(‘l)7 the wave
frequency wy, and the wave vector k. Substituting the
expression (16) for vy into the electric field equation,
we obtain the first order electric field equation in the
momentum space

W2 + Pk x (k x ) Z%SFS ELL O (33)

which must be satisfied for individual wave vector k in
the spectrum. The above equation can be written in a

matrix form ]D)ké'l((l) = 0, where the dispersion tensor

ijo._ (2
Dy = (wic — s ok

k)Y + PR =Y wr Y (34)
S

The matrix equation has nontrivial solutions when the
wave vector k and wave frequency wy are such that the
linear dispersion relation detD(k,wy) = 0 is satisfied.
When the dispersion relation is indeed satisfied, solv-
ing the matrix equation gives wave polarizations. It is
well-known that in magnetized plasmas, the eignemodes
are two mostly electromagnetic waves and a number of
mostly electrostatic hybrid waves. In Appendix B, we
review the dispersion relations and wave polarizations
when waves propagate at arbitrary angles with respect
to the background magnetic field.

Finally, to introduce one more operator that will be
useful for solving the second order equations, let us cal-
culate the wave energy. The average energy carried by
linear waves can be found by summing up average energy
carried by fields and particles. For a single linear wave
with wave vector k, after averaging on ¢ (o) and xq) scale,
the wave energy

U =

5 <E2>(0)

— iogl({l)* .

1
2410 <B1> 0)+ ZnsOms §1>(0)

K&, (35)

where we introduce the normalized wave energy operator

w? OF x
Hy :=2I — P 5%
k Z Wk 8wk (36)
1 d(wie)
owk Owk

Here, ex = I+ > xs is the dielectric tensor, and we
have used the Eq. (27), which relates the forcing opera-
tor to the susceptibility. When evaluating (B?), we have
used expression (23) for By, followed by simplification
using the momentum space electric field equation (33).
This term is then combined with (v2,), calculated using
Eq. (24) for vs;. The final result is simplified using iden-
tity (30) for the forcing operator F, k. Now that we have
introduced the wave energy operator Hy, the momentum
space electric field equation (33) can be converted into a
form that is closely related to the wave energy

Owy

Hz] (1)j
3k 2

A(2ki655 — kibj — ko) ENT. (37)



This form of the first order electric field equation is
obtained by taking 9/0k; derivative on both side of
Eq. (33). Notice that although £ is labeled by k, it
does not explicitly depend on k. This alternative form of
the first order electric field equation will be useful when
we solve the second order equations.

B. Second order equations

To obtain the second order equations, we collect all the
O(A\?) terms in the asymptotic expansions. The resultant
second order equations are

Oy0)B2 = —0y1)B1 — V(1) x E1 — V(g) x Ea, (38)

Oy0)Vs2 = =0y (1)Vs1 — Vs1 - V(o) Vs1

es
+ (Vi x By + Fa - via x By ), (39)

S

37:(0)7132 = —37:(1)7151 - V(0) “(ns1ve)
—ns0(V(1) - Va1 + Vo) - Vs2), (40)
, 1 .
DE?)E% = —DE;)E{ @ Zes {nso&g(l)v;l
+0y0) (ns1vy) + nsoatm)viz] (41)

Again, the electric field equation (41) is obtained by sub-
stituting Faraday’s law into the Maxwell-Ampeére’s equa-
tion. In doing so, we introduce the first order differential
operator

05 == 2(0u0 ) — 0,03
+ (070" + oV ol”). (42)

This operator mixes fast and slow scales, and will gov-
ern how wave amplitudes vary on the slow scales due to
interactions that happen on the fast scale.

To solve the second order equations, notice that al-
though the second order equations are nonlinear in By,
vs1, and ng1, they are nevertheless linear in Es, By, v,
and ngo. Therefore, we may solve for the second order
perturbations from the linear equations, regarding non-
linearities in first order perturbations as source terms.
The general solution to such a system of linear equations
is again a superposition of plane waves. Let us write the
second order electric field

1 2)_i0
Ex=5 > g eilx. (43)
keKs

Similar to the first order expansion (20), in the above
expression, 51((2) (t(1), X(1); t(2),X(2); - - - ) is the second or-
der slowly varying complex wave amplitude, 6y is the
fast wave phase, and Ky is the spectrum of second order
fluctuations, which contains —k whenever k € K,. The
second order spectrum Ko is highly constrained and will
need to be determined from the second order electric field
equation, once the first order spectrum K is given.
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Before we can determine Ky and 51((2), we need to ex-
press Bo in terms of Es. Plugging in expressions for the
first order fluctuations Egs. (20) and (23) into the second
order Faraday’s law Eq. (38), the second order magnetic
field can be expressed as

1 kx&?D
By=- ) —k ¢ (44)
2 keK, “k
1 Vi x EY ke x &P
+ = Z ( W) Xk 't(;) k )ezgk.
2 Wi Wy
keK;

The first line has the same structure as By, except now
the summation is over the second order spectrum Kos.
The second line involves slow derivatives of the first or-
der amplitude El((l). These derivatives, still unknown at
this step, will be determined later from the second order
electric field equation.

Similarly, the second order velocity vso can be solved
from Eq. (39). One way of solving this equation is by first
taking the Fourier transform on () and xg) scale. Then
in the Fourier space, the resultant algebraic equation can
be readily solved using the property (28) of the forcing
operator. After taking the inverse Fourier transform, the
second order velocity can be expressed as

ies Z Fopby ot

Vs =
2m Wk

S keKs
F2, 9,16
€s s kYt (D% 40,
45
" 2ms k% wi ’ )
1
2
eS
T 4m2 Z

S q,q'€Ky

S S
Fsata (Lgq+Toq) ei0atifys
Wq + Wy

The first two lines of the above expression is in analogy
to the expression (44) for By. The third line comes from
beating of nonlinearities. In particular, the vg; x By
nonlinearity introduce a longitudinal beating

. (Fuqfi) x (o x ES)
LSy = —1 < (46)

WqWq'

In addition, the Euler derivative vs1 - V(gyvs1, which is
responsible for generating turbulence in neutral fluids,
gives rise to a turbulent beating

L (FaE)(a Fog€l))
Tq,q/ = . (47)
WqWq'

The third line in Eq. (45) may be simplified using the
quadratic property (32) of the forcing operator. This
simplification will be done later when we discuss interac-
tion of three waves in the next section.

Using similar method, we can find the expression for
the second order density ns. Although the expression for
nso is not indispensable for studying three-wave scatter-
ing, we present it here because it will become useful when



one studies four-wave or even higher order interactions.
The second order density can be expressed as

Ngo2 =

€sNso l Z Zk . ]Fs)k((:l((Q) eiek

3
2ms keKs Yic
1) (1)
Fy x+F? 1)k V(1) o k€
3 (e Eoai
keK; “k k

’ €i0q+i0q/ . (48)

_ €inso 3 (@+d) RS,
2 2
4m8 q,9’ €K, (wq + Wq)

The above three lines are in analogy to those for v in
Eq. (45). In the third line, the quadratic response

R = Fogra (g + Tha) + (1+ —2)C o (49)
Wq

where the longitudinal beating Lg , and the turbulent

beating Ty ,, are given by Egs. (46) and (47). The third

term, proportlonal to Cg o, comes from the divergence

of the nonlinear current Vioy- (ns1Vs1), which introduces

the current beating

(Fyaf$)(d - Foqr€)

WqWq'

s =
.9’

(50)

Notice here the inner product is with q’, in contrast to
turbulent beating T ./, in which the inner product is
with q instead. Thlb makes the physics of these two
types of beating fundamentally different.

Having expressed second order fluctuations in terms of
E->, we can obtain an equation that only involves electric
perturbations. Substituting expressions (24), (25), and
(45) into the second order electric field equation (41), we
can eliminate vs1, ng1, and vga. The resultant equation
can be simplified using the first order electric field equa-
tion (37), as well as property (30) of the forcing operator.
The second order electric field equation can then be put
into a rather simple and intuitive form

Z Dy 5(2) e 44 Z wkadt(l Sﬁl)emk
keKs kek,

> Sqaclt (51)
$,q,9" €Ky

The left-hand-side are modifications of the first order
spectrum, as consequences of three-wave scatterings on
the right-hand-side. In the above equation, the disper-
sion tensor Dy = D*, is defined by Eq. (34), the nor-
malized wave energy operator Hy = H*, is defined by

Eq. (36), and d?u) = d;(ll‘) is the advective derivative

&uk

dify) == Oy + 7k -V, (52)

which advects the wave envelope at the wave group ve-
locity vy = Owy/0k on the slow scale ¢y and x(;). In

Eq. (51), the three-wave scattering strength
83 = S R, +R; 3
a9, ( a qﬁq)’ (53)

where the quadratic response R, , is given by Eq. (49).
Notice that the scattering btrength Sg.q 18 proportional
to the density ngo. This is intuitive because three-wave
scattering cannot happen in vacuum. Hence, all three-
wave scatterings come from charged particle response,
which is additive and therefore proportional to the den-
sity. Also notice that Sq,q s proportional to the charge-
to-mass ratio. This is also intuitive because e;/m; is
the coefficient by which charged particles respond to the
electric field.

Let us observe a number of properties of the scatter-
ing strength Sg /. First, by construction, the scattering
strength is symmetric with respect to q, q’, namely,

Sa.a’ = Sq'.q- (54)
In addition, using notation (21) and (22), it is easy to see
that reality condition for Sq ¢ is
ngq’ - Ss—q -q’" (55)
Moreover, it turns out that the scattering strength Sg .,
satisfies the important identity
Sg—q = 0. (56)
This identity can be shown by straightforward calculation
using the limiting form F(w) — bb when w — 0. Iden-
tity (56) guarantees that no zero-frequency mode with
wk = 0 will arise in the second order electric field equa-
tion. Without this important identity, any change in the
wave amplitude would be faster then the zero-frequency
mode, a situation that would violate the multiscale as-
sumption. Fortunately, due to identity (56), the multi-
scale perturbative solution is well justified.

Now that we have obtained the second order electric
field equation (51), we can use it to constrain the spec-
trum Ko and the amplitude 51((2) In order to satisfy
(51), the coefficient of each Fourier exponent e« must
be matched on both sides of the equation. To match
the spectrum on the right-hand-side of Eq. (51), which is
generated by beating of first order perturbations, we can
take the second order spectrum to be

K = (K DK \ K, (57)

where the set KY := K; |J{0}. We define the direct sum
of two sets Gy, G2 C G, where G is an additive group, by
G1 P Gy :={g1 + 92191 € G1,92 € G2}. We can exclude
the zero vector 0 from the second order spectrum Ko
using property (56) of the scattering strength. We also
excluded vectors that are already contained in the first
order spectrum Ky, such that the matrix Dy is invertible



for all k € K. Since the matrix is invertible, the second
order amplitude 81(3) is determined by

&2 = iDy! qu o (58)

where q,q' € K; are such that k = q + q € Ko.
Here, the factor 1/2 has been removed using the sym-
metry property 285 ., = Sg ., + Sy We can put
the above abstract notatlons 1n more 1ntu1t1ve language
as follows. The first order spectrum contains all the
“on-shell” waves, which satisfy the dispersion relation
det D(k,wy) = 0 for all k € Ky. While the second order
spectrum Ky contains all the “off-shell” waves. These
“off-shell” quasi-modes do not satisfy the linear disper-
sion relation, and their amplitude is driven by the beating
of two “on-shell” waves.

To illustrate the abstract notations introduced above,
let us consider the simplest example where the spec-
trum K; contains only one “on-shell” wave, namely,
K; = {k,—k}. In this case, the second order spectrum
Ko = {2k, —2k} contains the second harmonic. Match-
ing the Fourier exponents, the “on-shell” equation is

wiHidf ;) £ = 0. (59)

The other “on-shell” equation is the complex conjugate
of the above equation. Since Hy enters the wave energy
(35), this matrix is positive definite and therefore non-
degenrate. Hence, the above equation can be written as
dt(1 8 = 0, which says that the wave amplitude is a
constant of advection. Next, matching coefficients of the
other Fourier exponent, we obtain the “off-shell” equa-
tion for the second harmonic is

Doy = iy Sk (60)

After inverting the matrix Doy, this equation gives the
amplitude of the second harmonic in terms of the am-
plitude of the first harmonic. Moreover, since the com-
plex amplitude 52(12{) also encodes the phase information,
the above equation also tells how the second harmonic is
phase-locked with the fundamental.

III. SCATTERING OF THREE RESONANT
ON-SHELL WAVES

In this section, we illustrate the general theory de-
veloped in Sec. IT with the simplest nontrivial example
where the spectrum contains exactly three resonant “on
shell” waves. Without loss of generality, suppose the
three waves satisfies the resonance conditions

ki = ko + kg3, (61)
Wk, = Wk, + Wk, (62)

where all w’s are positive. The above resonance condition
can also be written more compactly as Oy, = 0k, + Ok,-

In this case, the spectrum K; = {ki, ko, ks, (k = —k)}.
Using Eq. (57), we find the second order spectrum Ky =
{Zkl, 2k2, 21{37 ki + kg, ko — k3, ks + kl, (k — 7k)} No-
tice that resonant waves, such as k; = ks + kg, are
not contained in the second order spectrum Ko. In this
way, we avoid the ambiguous partition between 5 , and
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the first order amplitude 519 are accounted for by its
slow derivatives.

Using the electric field equation (51), we can ex-
tract the “off-shell” equations by matching coeflicients
of Fourier exponents. There are twelve “off-shell” equa-
tions, appearing in six conjugate pairs. Among these,
three pairs govern the production of second harmonics
2kq, 2ko, and 2ks. For example,

t(1)5 In other words, all perturbative corrections to

2 . s
Dok, Exp =Y S v (63)

The other three pairs of equations governs to production
of “off-shell” beatings. For example,

Z Si. k- (64)

Dy 1 EX ey =

Similarly, we have equations governing the ks — k3 and
ks + k; quasi-modes. Since the dispersion tensor Dq for
any “off-shell” quasi-mode is non-degenerate, the second
order amplitudes 51((2) can be found by simply inverting
the above matrix equations, which gives the second order
amplitudes in terms of the first order amplitudes.
Similarly, we can extract the “on-shell” equations from
the second order electric field equation (51). There are
six “on-shell” equations, three of which are complex con-
jugation of the following three “on-shell” equations

UJlHldtgl - Z ngg, (65)
woHod &y = Z SHES (66)
wyHgd &5 = Z Si s (67)

Here we have suppressed subscripts and superscripts
whenever sensible, and denoted —j by j for the compact-
ness of notations. In the above equations, the left-hand-
side are passive advections of wave envelopes at group
velocities, while the right-hand-side governs redistribu-
tion of wave action due to three-wave scatterings.

A. Action conservation of on-shell equations

By the conservative nature of the redistribution pro-
cess, the “on-shell” equations (65)-(67) conserve the total
wave action U/w, as well as the total wave energy U. As
will be proven in the next paragraph, the local conserva-



tion laws of wave actions are

U U.

=L +d,—2 =0, (68)
w1 %)
U U.

d=2 —d,22 =0, (69)
w3 w2

where Uj, given by Eq. (35), is the energy of the linear
wave with wave vector k;. The first conservation law
(68) implies that the total number of wave quanta in the
incident wave and the scattered wave is a constant. This
is intuitive because, in the absence of damping, whenever
a quanta of the k; mode is annihilated, it is consumed to
create a quanta of the ko mode. Analogously, the second
conservation law (69) says that whenever a quanta of the
ko mode is created, a quanta of the ks mode must also be
created by the three-wave process (61). As a consequence
of wave action conservation, the total wave energy is also
conserved during resonant three-wave interaction

dtUl + dtUQ + dtUg = 0 (70)

This local energy conservation law can be obtained by
linearly combining Egs. (68) and (69), and use the fre-
quency resonance condition (62). The conservation of
wave energy is also intuitive, because in the absence of
damping and other waves, three-wave scattering can only
redistribute energy among the three waves.

The above conservation laws can be proven by noting
the following properties of the scattering strength Sg ..
First, using formula (53) for the scattering strength, to-
gether with the quadratic identity (32) of the forcing op-
erator I, we can obtain a simple expression for Sy

ewlwi T (E3-Fa&y)(Frks)+(Ea-F3E3)(F ko)
2mwsows w1
n (F35&3) (k1 -Fo&s)— (F1&5) (k3 -Faés)
w2
n (Fo&2) (k1 -F3&3)— (F1&2) (ko ']F353)} '
w3

So 3=

(71)

The expression for S;3 can be obtained easily from
Eq. (71) using the replacement rule 1 — 2,2 — 1,3 —
—3, where the minus sign is interpreted using notations
(21) and (22). Similarly, to obtain the expression for S; 3,
we can replace 1 — 3,2 — 1,3 — —2 in Eq. (71). Sec-
ond, having obtained expressions for Sz 3, S; 3, and S, 3,
we can use the self-adjoint property (29) of the forcing
operator to show, by straightforward calculations, that
the scattering strength for three resonant waves satisfies
the following identities

* * _
18335 & -Si3

— =0 72
% R 72)
E-S13 & -Sis
2515 SB (73)
w3 w3

Then the action conservation Egs. (68) and (69), as well
as the energy conservation Eq. (70), are immediate con-
sequences of the above identities.

One may be puzzled by the expression (71) for S 3.
After all, why Ss 3 is given by those six particular com-
binations of vectors Fq€q and Fqq’, weighted by inner
products £q-Fq&y and q-Fg &y, as well as signed fre-
quencies +1/w? At first glance, there seems to be no ob-
vious pattern. However, action conservation laws, given
by Egs. (72) and (73), clearly indicate that Sy 3, S; 3, and
S, 5 originate from a single term in the variational prin-
ciple. In Sec. IV, we will write down the Lagrangian that
generates the three “on-shell” equations (65)-(67). From
the Lagrangian, it will become obvious why Eq. (71)
looks the way it is.

B. Three-wave equations

When one is not concerned with the vector dependence
of the complex wave amplitude &, the “on-shell” equa-
tions (65)-(67) can be written as three scalar equations,
called the three-wave equations. To remove the vector
dependence, let us decompose £ = eyxex, where ey is
the complex unit vector satisfying ey - ex = 1. This
decomposition is not unique due to the U(1) symmetry
ex — e%ey and ey — e “gy. By requiring the scalar
amplitude i € R to be real valued, the symmetry group
of the above decomposition is reduced to the Zy symme-
try € =& —e. The convective derivative of the complex
wave amplitude

di& = exdiek + exdiex, (74)

can be decomposed into change due to the scalar ampli-
tude and the change due to the rotation of the complex
unit vector.

The left-hand-sides of the “on-shell” equations are
closely related to the energy of the linear waves. Denote
the dimensionless wave energy coefficient

1
Uk = ieLerk. (75)

Then the wave energy Eq. (35) can be written as Uy =
€ouxey/2. Notice that the energy coefficient ux > 0
is always real and positive, because the matrix Hy is
Hermitian and positive definite. Taking inner product
with e;, on both sides of the “on-shell” equations and
sum the result with its Hermitian conjugate, we obtain
urdi€x + %Ekdtuk = ZS[eLS;q, /wk + h.C.]/4. From this

. o 1/2 . .
expression, we see the combination skuk/ will be partic-

ularly convenient. Let us nondimensionalize the electric
field amplitude by electron mass
€€k 1/2
ax = ——uy . 76
K Mecwy < (76)
Then the “on-shell” equations can then be written
in terms of the normalized wave amplitude diax =

e/(4mecwku]1(/2) ZS(eLS;q, Jwk + h.c.). From this equa-
tion, we see only the real part of efS affects how the



amplitude change, while the imaginary part affects how
the direction e rotates on the complex unit sphere.

The right-hand-sides of the “on-shell” equations are
originated from a single scattering term. As can be seen
from identities (72) and (73), there exist some dimen-
sionless scattering strength ©°, such that

2 * * _ * _
€sWps 18585 s 1833 E5-S13 &5 -Sip
2mgC Wiwaws w? w3 wi

(77)
Using formula (71) for Ss 3, we see that the normalized
scattering strength can be written as the summation of
strengths of six scattering channels

0" = 9?,53 + 63 2311 93 12
+ 0733+ 0313+ 05: (78)
The normalized scattering strength due to each channel
is given by the simple formula

1
(__)s (Ckz . fs,j)(ei . fs,l)a (79)

il = w;
where f; ; := sy, e;. In general, the normalized scat-
tering strength ©° = O + i©®; contains both real and
imaginary parts. In Sec. IV, we will show that the nor-
malized scattering strength ©¢ is related to the reduced S
matrix element of the quantized theory, and the six scat-
tering channels correspond to the six ways of contracting
a single interaction vertex.

Having expressed both the left- and the right-hand-
side of the “on-shell” equations as scalars, we can now
write down the three-wave equations

I

dia; = ——azas, (80)
wy
T

dias = —asaz, (81)
w2
T

dta3 = —a1a9, (82)
w3

where T" is the coupling coefficient. Notice that due to
the residual Zy symmetry a; — —a;, the sign of I' is
insignificant, as long as Eq. (80) has the opposite sign

as Egs. (81) and (82). Combining Egs. (77)-(79), the
coupling coeflicient is given by
Zs w2 o7
r= 83
Z 4M U1UQU3)1/2 ( )
where u; is the wave energy coefficient, Z, := e,/e and

Mg := mgs/m, are the normalized charge and mass of
species s, respectively. As expected, only the real part
O7 of the normalized scattering strength affects the wave
amplitude. Also notice when density ngg — 0, coupling
due to species s vanishes as expected. The numerator
of the coupling coefficient measures how strong the three
waves are coupled by the scattering strength, and the de-
nominator measures how energetically expensive to ex-
cite the linear waves, as measured by the wave energy
coefficients.

It is instructive to count how many degrees of free-
dom does the three-wave coupling coefficient " contains.
For each wave, its 4-momentum is constrained by one
dispersion relation. Once the 4-momentum is fixed, the
wave polarization is determined by the dispersion tensor
up to the wave amplitude, which I" does not dependent.
Therefore, for each wave, there are three degrees of free-
dom. Now that the resonant conditions give another four
constrains, there are in total 3 x 3 —4 = 5 independent
variables. Hence, in the absence of additional symmetry,
the three-wave coupling coefficient I' is a function of five
independent variables in a given plasma.

Once the coupling coefficient is obtained in a given
situation, the nonlinear three-wave equations Egs. (80)-
(82) may be solved using a number of techniques. For the
homogeneous problem, where the spatial derivatives are
zero, the equations become a system of nonlinear ordi-
nary differential equations, and the general solution are
given by the Jacobi elliptic functions [37, 38]. Similarly,
in one dimension, the steady state problem, where the
time derivatives are zero, can also be solved in terms
of the Jacobi elliptic functions [39]. As a trivial exten-
sion, traveling wave solutions in one spatial dimension
can also be found [40-42], using the coordinate trans-
form £ = x — vt. In addition to these periodic solutions,
the nonlinear three-wave equations also has compact so-
lutions, such as the N-soliton solutions [43, 44]. More
general solutions may also be constructed using the in-
verse scattering method [45, 46]. In this paper, we will
not be concerned with solving the three-wave equations,
and only focus on calculating the coupling coefficient.

Without solving the three-wave equations, a number of
experimental observables can already be extracted from
the coupling coefficient. For example, I" can be related
to the growth rate of parametric instabilities. Consider
the parametric decay instability where a pump wave with
frequency w; decays into two waves with frequencies wo
and ws. Suppose the pump has constant amplitude aq,
and the decay waves have no spatial variation. Then
solving the linearized three-wave equations, we find as
and a3 grow exponentially with rate

\Fal\
v/ Wols

The experimentally observed linear growth rate will be
somewhat different than -y due to wave damping. Wave
damping, both collisional and collisionless, can be taken
into account by inserting a phenomenological damping
term va into the left-hand-side of the three-wave equa-
tions. Solving the linearized equations, the growth rate,
modified by wave damping, is

a2 +
7_\/V(Z;JF<I/22V3) 7V22V3’ (85)

Yo = (84)

where 15 and v3 are the phenomenological damping rates
of the two decay waves. In addition to wave damping, the
experimentally observed growth rate can also be modified



by frequency mismatch dw = w; — wy — w3. When the
frequency mismatch is much smaller than the spectral
width of waves, the three waves can still couple almost
resonantly. To find the growth rate in the presence of
small dw, promote amplitude a to be complex and change
variable a; := aje~"9“/2 for j = 2 and 3. This change of
variable is equivalent to modifying the damping rates to
Vy = vy + i6w/2 and vg* := vg — idw/2. Therefore, the
growth rate of parametric decay instability, modified by
both weak damping and small frequency mismatch is

“ Uy idwN2  vat
7,_\/734»(1/2 V; zw) 71/22113' (86)

The frequency mismatch dw not only introduces ampli-
tude modification, but also results in phase modification.
In the following discussions, we shall only be concerned
with the growth rate g as observable, ignoring wave
damping and frequency mismatch.

IV. LAGRANGIAN OF THREE-WAVE
INTERACTION

Now that we know how the coupling coefficient can be
related to experimental observables, let us unveil why its
formula looks the ways it is. Recall in the previous sec-
tion, we show that the three-wave scattering strengths
Sq,q satisfies the action conservation laws. Motivated
by these conservation laws, here in this section, we show
that the three “on-shell” equations (65)-(67) can be de-
rived from a classical three-wave Lagrangian. More im-
portantly, we will show that all terms in the classical in-
teraction Lagrangian arise from a single term after quan-
tizing the Lagrangian.

To write down the Lagrangian, it is more convenient to
use the gauge field A* instead of the electric or magnetic
fields. Since we will later quantize the Lagrangian, it
is convenient to use the temporal gauge A° = 0. In
temporals gauge, the electric field is related to the vector
potential by

Ak = é7 (87)
Wk
which, in the natural units 7 = ¢ = 1, has the dimension
of energy M. Similarly, we can dimensionalize the wave
energy operator H by

Ak = wka, (88)

which then has the dimension of energy M as it should.

Having defined the necessary operators, we can now
write down the classical three-wave action for the three
“on-shell” equations

S, = /d4x(1)(£co + Ler), (89)

where the integrations over space and time are on the
slow scales (1) and t(;). Abbreviating the subscripts k;

10

as j, the Lagrangian of freely advecting wave envelopes

3
Lo =) A} -ihjdy1)A, (90)

j=1

where the complex amplitude Aj;(z(1),(1)) is a function
of the slow spatial and temporal scales, and the advective
derivative dy(y is defined by Eq. (52). It is easy to show
that L. gives rise to a real-valued action S.q after inte-
grating by part. The second term in the classical action
[Eq. (89)] is the three-wave interaction Lagrangian

Lo = —i(E —E), (91)

which is obviously real-valued. Using Eq. (77), the three
waves interact through the coupling

2
€sWps

E= A A5A5Y

S

s 2
QmSc@ ’ (92)

where ©° is the normalized scattering strength [Eq. (78)],
and the A’s are the scalar amplitudes of the three waves.
Clearly, the coupling = has mass dimension M*, and
hence the action S.; is dimensionless in the natural unit
as expected. Now that we have written down the La-
grangian, we can find the classical equations of motion
by taking variations with respect to A1, Ao, and Ag, or
equivalently, their independent complex conjugates. Us-
ing the self-adjointness [Eq. (29)] of the forcing operator,
it is straightforward to verify that the three “on-shell”
equations (65)-(67) are the resultant equations.

The classical three-wave Lagrangian L. = L.9+L.; has
U(1) symmetries, which lead to the action conservation
laws. For example, the Lagrangian is invariant under the
following global U(1) transformation

Ay — A4, (93)
A2 — eiaAg, (94)
A3 — A3, (95)

where « is an arbitrary real constant. Under the above
transformation, the infinitesimal variation of the La-
grangian is zero 6L, = 0, while the infinitesimal variation
0A1 =iaAq, §Ay = iaAg, and A3 = 0, giving rise to a
Noether’s current. In fact, we have an even stronger sym-
metry 6= = 0 for any «. Therefore this U(1) symmetry
leads to the identity

5=, o=

SA; % SA;

Al =0, (96)

which is exactly the action conservation law Eq. (72).
Using similar arguments, other action conservation laws
can be derived from other global U(1) symmetries.

The large number of terms contained in the classical
Lagrangian can be reduced when we quantized the La-
grangian, in which the gauge field becomes real valued.
Before introducing the quantized Lagrangian, it is helpful



to review the second quantization notations. For simplic-
ity, we will omit the subscripts for the slow spatial and
temporal variables x (1) and (), with the implied under-
standing that all spatial and temporal dependences are
on the full scales. Let us promote the gauge field A to
quantized operator

A = / d?’iki (ekdke_““” +eja] e“”) (97)

(27)3 2wy ke ’
where kx := wit — k - x is the Minkowski inner product,
ey is the unit polarization vector, and the summation
over branches of the dispersion relation is implied. The
annihilation operator ax and the creation operator d;r(
satisfies the canonical commutation relations for bosons,
where the nontrivial commutator is

lap, af] = (2m)6®) (p — k). (98)

Using the standard normalization, the single boson state
k) == 2wy |0), (99)
where |0) is the vacuum state. Then we have the follow-

ing Wick contraction

1 _
Alk) = epe ", (100)

Let us also promote the displacement operator for species
s to act on the operator A by

dSk 1 (Fs’kekd
(27)3 /2w
(101)

where the minus sign in front of the second term comes
from notation Eq. (22). Taking time derivative of the dis-
placement operator, 8t(f[sA) is the velocity operator for
species s, which is proportional to the current operator.

Now we are ready to write down the quantized La-
grangian, which contains a kinetic term and a single
three-wave coupling term

F*. ef
—3 KUk At g
o~ ik s a]‘f(ezkx) ’
Wk Wk

f[SA::i

2
L£=ANAdA — Z psﬁA)i(aiAj)at(f[sA)j,

(102)
Here, the ¢ and j indices in the second term are the spa-
tial indices, and summation over repeated indices is as-
sumed. The first term Ly closely resembles the kinetic
term of quantum electrodynamics (QED), with the Dirac
spinor replaced by the gauge field, and the Dirac gamma
matrices replaced by the A energy matrix. The second
term Lj is the three-wave interaction Lagrangian, which
is nonvanishing only if the background density of some
species s is nonzero. Notice that the three-wave interac-
tion is nonrenormalizable, which is not unexpected in an
effective field theory.

To make sense of the quantized Lagrangian, we recog-
nize that the displacement I3 A is proportional to the po-
larization density P, and the velocity 9;(II;A) is propor-
tional to the current density J. Therefore, the three-wave
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interaction Lagrangian is of the form £; oc P*(9;A;)J7,
where the polarization and current density are deter-
mined by linear response. Although one may not have
guessed this form of the interaction Lagrangian, it makes
the following intuitive sense: in the absence of the third
wave, the electromagnetic field interacts with the particle
fields through A ;J7 in the temporal gauge; now when the
third wave is present, it modulates the medium through
which the electromagnetic field advects, giving rise to the
P'(9;A;)J7 interaction. In this interaction term, there
is no reason why a particular wave should only be re-
sponsible for P, A, or J. Therefore, the three waves can
switch their roles, and the total interaction is given by
linear superpositions of all possible permutations.

To see how the quantized Lagrangian, with the linear
superposition principle built in, gives rise to the classi-
cal Lagrangian, let us compute the S matrix element of
three-wave decay k; — ko + k3. The S matrix element

(ko ks|iLly|ky) = iMe'Fatho=kie o (103)
where the reduced matrix element ¢/M can be represented
using Feynman diagrams

3

+ b permutations. (104)

2

Since there are three external boson lines, each connect-
ing to one of the three vertices, there are in total 3! = 6
Feynman diagrams. In the above Feynman diagram, in-
teraction vertex to which 1 is connected to is the usual
QED vertex, whereas vertices 2 and 3 appear only when
there are background particle fields [47]. The arrow be-
tween vertices 1 and 3 indicates the direction of momen-
tum flow, and also labels which vertex does the 9; deriva-
tive acts on. The above Feynman diagram corresponds
to the particular Wick contraction

es ps 1
5 e | (11, A), (9,A0) 90 (11, A) k1)
2
EsWps
=5 205 (105)

Summing with the other five Feynman diagrams, the re-
duced S matrix element in the quantum theory is related
to the normalized scattering strength in the classical the-
ory by the simple relation

M= Z2mc

From the Lagrangian perspective, the classical three-
wave coupling is related to the quantized interaction
through the S matrix

(106)

2 = A1 A3 A5 (ko kaliL[ky)e' 1 —Rah)r o (107)



Using the above relation, we immediately recovers the
classical three-wave coupling by computing the S ma-
trix element using the quantized Lagrangian. Alterna-
tively, one may simply regard Lagrangian Eq. (102) as
a classical Lagrangian, and substitute Eq. (97) as the
spectral expansion of the gauge field. Then after inte-
grating over spacetime, [d*zexpli(ki — ko — k3)z] =
(2m)26™ (ky — ky — k3) will select out the six resonate
terms from the interaction Lagrangian.

Now that we understand how the classical theory
and the quantized theory are connected, we may postu-
late that the three-wave coupling always arises from the
P{(9;A;)J7 term in the effective Lagrangian, regardless
of the plasma model that is used to calculate the linear
response. In the cold fluid model, the linear response is
expressed in terms of the forcing operator F. By modi-
fying this operator to include thermal or even quantum
effects, and plugging it into the formalism we have devel-
oped, the three-wave scattering strength may be evalu-
ated immediately. Having obtained the normalized scat-
tering strength, as well as the wave energy coefficients in
that particular plasma model, one can then compute the
three-wave coupling coeflicient using Eq. (83). We have
thus conjectured a prescription for computing three-wave
coupling, without the need for going through the pertur-
bative solution of the equations. The coupling coefficient
then enters the three-wave equation, which governs the
evolution of the envelopes of the three waves.

V. SCATTERING OF QUASI-TRANSVERSE
AND QUASI-LONGITUDINAL WAVES

In this section, we use two sets of examples to demon-
strate how to evaluate the three-wave coupling coeffi-
cient. The coupling coefficient Eq. (83) can be read-
ily evaluated in cold fluid model using wave energy
coefficient Eq. (75) and normalized scattering strength
Eq. (79). When using these formulas in the most gen-
eral geometry (Fig. 1), we need to ensure that the reso-
nant conditions Eqgs. (61) and (62) are satisfied by three
otherwise arbitrary “on-shell” waves. The evaluation
becomes particularly easy when waves are either quasi-
transverse (7') or quasi-longitudinal (L). In these situ-
ations, the wave dispersion relations are simplified, and
hence matching resonance conditions becomes an easy
task. Moreover, for both T and L waves, the wave polar-
ization vector are at special angles with the wave vector,
so that the expressions for the wave energy and scatter-
ing strength can be further simplified. Although T and
L waves can couple with other waves that have both elec-
trostatic and electromagnetic components, we will only
give examples where all three participating waves are ei-
ther T or L waves.

In general, there are four different three-wave triplets:
{r, 1,7}, {T,T,L}, {T,L,L}, and {L,L,L}. However,
only two of these triplets can couple resonantly. From
Appendix B, we know the T waves are electromag-
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Wi, kl

FIG. 1. The most general geometry of three-wave scattering
in an uniform plasma with a constant magnetic field. The
three wave vectors k; = ko + ks are in the same plane, and
are at angles 0’s with respect to the magnetic field.

netic waves with w > wy, |Qe|, while the L waves are
electrostatic waves with w — w,, for some resonance
Wy ~ wp, |Qe|. Since the frequency of a T wave is much
higher than the frequency of an L wave, only the following
two types of interactions can match frequency resonance

T=T+1L,
L=L+L.

(108)
(109)

A typical scenario for the TTL interaction is the scatter-
ing of lasers. For example, an incident lasers is scattered
inelastically by some plasma waves and thereafter prop-
agates in some other direction with shifted frequency.
Similarly, a typically scenario for the LLL interaction is
the decay of a plasma wave launched by some antenna ar-
ray. In what follows, we will consider these two scenarios
in detail. We will first reproduce well-known results for
collimated TTL interaction, and then present previously
unknown results in more general geometry.

A. T =T+ L scattering

Consider the decay of a pump laser (wq) into a scat-
tered laser (w2) and a plasma wave (w3). Since the fre-
quency wi 2 > ), the magnetization ratio ;2 ~ 0 and
the magnetization factor ;2 ~ 1 for any species. Conse-
quently, the forcing operator F; o ~ I are approximately
the identity operator, and the lasers are therefore trans-
verse electromagnetic waves. As for the plasma wave,
using the quasi-longitudinal approximation ez ~ ks, the
inner products is purely real

k3 . f:,& ~ kg, . Fsﬁ3k3 = 752,3(1 — 63,3 COS2 6‘3), (110)
where 03 is the angle between k3 and b as shown in Fig. 1,
and Rg is the unit vector along k3 direction. With these
basic setup, we can readily evaluate Eq. (83), the cou-
pling coeflicient.

Let us first calculate the wave energy coeflicients
Eq. (75), which enters the denominator of the coupling
coefficient. Since 2 ~ I, the wave energy coefficients
for the lasers are simply

up ~ ug ~ 1. (111)



As for the plasma wave, after taking the frequency deriva-
tive in Eq. (36), the wave energy coefficient for quasi-
longitudinal wave is

2
w
us ~ 1+ Z s 3Bes sin? 0. (112)
S

2
w3

As expected, ug is always positive, although 73,3 can be
either positive or negative, depending on whether g, 3 is
either smaller or larger than one.

To find the normalized scattering strength Eq. (78),
which enters the numerator of I'; we again use the fact
w12 > ws. Since the wave vectors are comparable in
magnitudes, the dominant terms of the coupling strength
are the two terms proportional to 1/ws, if the inner prod-
uct e; - f5 ~ f; - €5 ~ e; - €} is of oder unity. Using the
resonance condition k; — ko = k3, the dominant term of
the TTL scattering strength

cks - L
0° =~ — 2 (ky - F, 3k3) (e - €3),
w3

(113)
where the inner product lA<3 -IFS}31A<3 is given explicitly by
Eq. (110). Now that we have simplified both the denom-
inator and the numerator of Eq. (83), a simple formula
for the three-wave coupling coefficient I' can be obtained.

Having obtained an explicit formula for the coupling
coefficient, we can use it to obtain expressions for exper-
imental observables. For example, the linear growth rate
v [Eq. (84)] can be decomposed as

Yo = Yr|Mr, (114)

where g is the backward Raman growth rate when the
plasma is unmagnetized

W/ Wi1Wp
2

and M is the normalized growth rate of the TTL scat-
tering. The normalized growth rate is proportional to
the coupling coefficient I' = wg (/4 up to some kinematic
factor

YR = aiRe(e] - e2)|, (115)

1, wd \1/2
Mr = 5( L ) s (116)
WiWaws

where the normalized coupling coeflicient pp is given by

Zs w2, cks ks - Fy sk
i R A (117)
- M, w2 ws u3/2

pr =

in the TTL approximation. In the unmagnetized limit
By — 0, we have 83 — 0 and 3 — 1. Since ion mass is
much larger than electron mass, we have upr — —cks/ws.
Moreover, since the lasers can only couple through the
Langmuir wave in cold unmagnetized plasma, we have
w3 — wp. Then the normalized growth rate My —
ck3/2\/wiw;y. Finally, in backward scattering geometry
cks = ckq + cky ~ w1 +wy >~ 2wy, where we have denoted
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wp = w1 ~ wy. We see My — 1 in the unmagnetized
limit as expected.

The normalized growth rate becomes particularly sim-
ple when waves propagate at special angles. For exam-
ple, consider the situation where the three waves propa-
gate along the magnetic field By, and the plasma wave
w3 = wp is the Langmuir wave. Since 73,3 remains finite
as 3 — 0, the normalized growth rate for collimated
parallel wave propagation is

1 C]fg
2 ,/wle’

where we have used M; > 1 to drop the summation over
species. The above is exactly the same as the unmagne-
tized result [12, 23], which is expected because the plasma
wave is not affected by the parallel magnetic field.

To give another simple example, consider the situa-
tion where the three waves are collimated and propagate
perpendicular to the magnetic field Bg. In cold electron-
ion plasma, there are two L waves in the perpendicular
direction: the upper-hybrid (UH) wave and the lower-
hybrid (LH) wave. Let us first consider scattering me-

\Jwi+ Q2. In

My~ — (118)

diated by the UH wave ws ~ wyg =~

this situation, the magnetization factor 73, ~ wg /wg
and 73, ~ 1. Since M; > 1, the dominant contribution
for both the wave energy coefficient and the scattering
strength comes from electrons. The wave energy coeffi-
cient ug ~ w?] o /wg, and the normalized coupling coeffi-
cient pr ~ —cks/w,. Therefore, the normalized growth
rate for collimated perpendicular wave propagation me-
diated by the UH wave is

uH ~ L _chs ( Wp )1/2 (119)
T2 o \wun)

Similarly, let us consider scattering mediated by the LH
wave wg ~ wry ~ +/|Qe|Qwy/wyg. Since the LH fre-
quency satisfies ; < wrgy < [|§2], the magnetization ra-
tios B3 . > 1 and B3 ; < 1. Consequently, the magnetiza-
tion factor y3.. ~ —1/63 , and v3; ~ 1. When w, ~ ||
are comparable, electron contributions again dominate.
The wave energy coefficient uz ~ w?;/Q2, and the
normalized coupling coefficient pr ~ ckswrpg/wym|Qel.
Therefore, the normalized growth rate for LH wave me-
diation in the collimated perpendicular geometry is

1 cks wgﬂwyﬁ

2 /1wy wuE|Qe|

The above examples recover results known in [19], who
analyze the same problem in the restricted geometry
where the the waves are collimated and propagate per-
pendicular to the magnetic field.

Having reproduced well-known results, let us evaluate
the normalized growth rate in more general geometry,
where the waves are not collimated and propagate at an-
gles with respect to the magnetic field. The normalized

LH
Mrp ~

(120)



growth rate can be evaluated using the following proce-
dure, mimicking what happens in an actual experiment
where the plasma density and magnetic field strength are
known. First, we shine a laser with frequency w; into the
plasma at some angle 6; with respect to the magnetic
field. Then the wave vector k; is known from the dis-
persion relation. Second, we observe the scattered laser
using some detector placed at angle 65 with respect to
the magnetic field, and point the detector at angle as
with respect to the incoming laser. Suppose the detector
can measure the frequency ws of the scattered laser, then
from this frequency information, we immediately know
ko from the dispersion relation, as well as w3 = w1 — wo
from the resonance condition. Next, we can calculate
ks = \/k? + k% — 2kky cos az, and determine 63 by in-
verting ws = w;(f3), where w, is the angle-dependent
resonance frequency. Using this procedure, the normal-
ized growth rate can be readily evaluated numerically.
Conversely, when plasma density and magnetic field are
unknown, we may use information measured from laser
scattering experiments to fit plasma parameters.

1. Parallel pump

To demonstrate how to evaluate the normalized growth
rate M, consider the example where the incident laser
propagate along the magnetic field, while the scattered
laser propagate at some angle #>. In this case as = 6o,
and by cylindrical symmetry, M depends on only one
free parameter 65, as plotted in Fig. 2 for hydrogen
plasma with wq/w, = 10. When there are only two
charged species, as in the case of hydrogen plasma, there
are three electrostatic resonances the lasers can scat-
ter from (Fig. 8). The first resonance is the upper
resonance, whose frequency asymptotes to the upper-
hybrid frequency wyg when 03 — 7/2. When scattered
from the upper resonance (red curves), the scattered
laser is frequency down-shifted (Aw = w; — wq) by the
largest amount. The second resonance is the lower reso-
nance, whose frequency asymptotes to the lower-hybrid
frequency wry when 03 — 7/2. When scattered from
the lower resonance (orange curves), the scattered laser
is frequency shifted by either || in over-dense plasma
(12| < wp), or by wy, in under-dense plasma (|| > wp),
when #3 — 0. The third resonance is the bottom reso-
nance, whose frequency asymptotes to 0 when 63 — /2.
When scattered from the bottom resonance (blue curves),
the scattered laser is frequency shifted by at most €2;
when 03 — 0. Since €2; is much smaller than other fre-
quency scales, the frequency shift Aw for scattering off
the bottom resonance is not discernible in Fig. 2c and 2d.
In terms of the normalized growth rate (upper panels),
we see M1 — 1 when the laser is backscattered from the
Langmuir resonance with Aw — w,,, while My — 0 when
the laser is scattered from the cyclotron resonances with
Aw — |Qe], ;. For Langmuir-like resonance, M in-
creases monotonously with 5. In contrast, for cyclotron-
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FIG. 2. Scattering of a parallel pump laser in uniform hy-
drogen plasmas. The pump laser has frequency w;/w, = 10,
and the scattered laser propagates at angle 62 with respect
to ki || Bo. The laser can scatter from the upper resonance
(red), the lower resonance (orange), and the bottom resonance
(blue). When the plasma is over-dense, eg. |Qc|/wp = 0.8
(a, c¢), the upper resonance is Langmuir-like, while the lower
and bottom resonances are cyclotron-like; when the plasma
is under-dense, eg. |Qe¢|/wp = 1.2 (b, d), the lower resonance
is Langmuir-like, while the upper and bottom resonances are
cyclotron-like. For Langmuir-like resonance, the frequency
shift (¢, d) Aw — wp, and the normalized growth rate (a, b) is
monotonously increasing; while for cyclotron-like resonances,
Aw — |Qe], i, and the normalized growth rate |[Mr| peaks
at intermediate 02, while becoming zero for exact backscat-
tering. See text for how | M| scales with plasma parameters.

like resonances, My peaks near at intermediate 62, and
becomes zero for exact backscattering.

To better understand the angular dependence of the
normalized growth rate My, let us find its asymptotic
expressions. In the limit w; 2 > ws, the wave vector
ka/k1 ~ 1 and k3/k; ~ 2sin(f2/2). At finite angle 65 >
0, we can approximate 63 ~ (7 — 63)/2. For even larger
f2, we can also approximate the resonance frequency ws
using Egs. (B11)-(B13), because 5 ~ 0 is now small.
These asymptotic geometric relations will be useful when
we evaluate the coupling coefficient.

First, consider scattering off the Langmuir-like reso-
nance ws ~ wpy. Since 73 s is finite, the lowest order an-
gular dependence comes from k3. Take the limit 63 — 0,
we get Eq. (118). Now retain the angular dependence of
ks, we can grossly approximate

|ME| ~ sin @

2

This approximation is of course very crude, but it cap-
tures the monotonous increasing feature for scattering
off the Langmuir-like resonance. In fact, the above result
becomes a very good approximation when the magnetic
field By — 0. In this unmagnetized limit, we recover the

(121)



angular dependence of Raman scattering.

Second, consider scattering off the electron-cyclotron-
like resonance ws ~ |Q|. Notice that in this case,
the magnetization factor 75, > 1 for small 3. Nev-
ertheless, since both the numerator and the denomina-
tor contains this factor, Ms remains finite. For elec-
trons, the magnetization ratio 83 ~ 1. Using Eq. (B12),
which is valid when w,, # ||, the magnetization factor
V3o~ (22 — w?)/(wZsin®f3). In comparison, B3; < 1
and ’yii ~ 1. Hence the dominant contribution comes
from electrons. Substituting these into formula Eq. (116),
we see to leading order

/N2
| M| ~ 2(&;137) sin 6,

where ws as function of s is given by Eq. (B12), with
05 ~ (m — 02)/2. From Eq. (122), we see |M%| reaches
maximum when the laser is scattered almost perpendic-
ularly to the magnetic field. The maximum value scales
roughly as |[M%| ~ \/w,/|Qe|/2, which can be very large
in weakly magnetized plasmas, as long as the cold fluid
approximation remains valid. Away from 6y ~ 7/2, the
normalized growth rate | M| falls off to zero. This falloff
is expected, because exciting cyclotron resonance is en-
ergetically forbidden.

In the end, consider scattering off ion-cyclotron-like
resonance wz ~ §2;. In this case, the ion contribution to
the wave energy coefficient is no longer negligible, be-
cause f3,; ~ 1 and 7;1- ~ Q./Qtan?(62/2) > 1, as
can be seen from Eq. (B13). The scattering strength
is still dominated by electrons, for which 83, > 1, and
V3.~ —1/B3, < 1. Substituting these into Eq. (116),
the normalized growth rate

i 1 Wp Q,L' 1/2 .
|~ = 5.
| M| 5 (|Qe|w3) sin 6y

(122)

(123)

We see the above result is rather similar to Eq. (122),
except that ws ~ €2; has very weak angular dependence.
Therefore, |M&.| is very well approximated by Eq. (123).
The normalized growth rate peaks almost at 6y = 7/2,
reaching a maximum |M%| ~ /w,/|Q|/2, which can be
very large in weakly magnetized plasmas. Similar to the
electron cyclotron case, M| falls off to zero for parallel
scattering.

2.  Perpendicular pump

Consider the other special case where the pump laser
propagates perpendicular to the magnetic field. In this
geometry, it is natural to plot the normalized growth rate
M| in spherical coordinate (Fig. 3), where the polar
angle 65 is measured from the magnetic field By, and
the azimuthal angle ¢9 is measured from the wave vec-
tor ky. By symmetry of this setup, it is obvious that
MT(¢2,92) = MT((Z52,7T - 92) = MT(*¢2,92). There-

fore, it is sufficient to consider the range 0y € [0,7/2]
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FIG. 3. Normalized growth rate |[Mr| for scattering of a
perpendicular pump laser (ki L Bg) in a uniform hydrogen
plasma with wi/w, = 10 and |Q¢|/wp, = 0.8. In spherical
coordinate, the scattered laser propagates at polar angle 605
with respect to By, and azimuthal angle ¢» measured from k.
The laser can scatter from the upper resonance (a), in which
case backscattering is the strongest scattering mode. Alter-
natively, the laser can scatter off the lower resonance (b). In
this case, one maximum of |[Mr| is attained for backscatter-
ing, and another maximum is attained when the scattered
laser propagate almost perpendicular to the incident laser
along the magnetic field. Finally, the laser can scatter off
the bottom resonance (c). In this case, exact backscattering
is suppressed while nearly backward scattering is strong.

and ¢2 € [0,7]. By matching the k resonance, we can
read 63 from the spherical coordinates (¢2, 62), and there-
after read the frequency shift w3 from Fig. 8. As for the
growth rate, in electron-ion plasma, when scattered from
the upper resonance (Fig. 3a), backscattering has the
largest growth rate. While for scattering off the lower
resonance (Fig. 3b), |My| reaches maximum for both
backscattering and nearly parallel scattering, where the
scattered laser propagates almost parallel to the magnetic
field. In comparison, when scattering off the bottom res-
onance (Fig. 3c), the normalized growth rate peaks for
nearly backward scattering, while falls to zero for exact
backscattering.

To better understand the angular dependence of the
normalized growth rate, let us consider its asymptotic
expressions for two special cases. The first special case
is when all waves lie in the plane perpendicular to the
magnetic field, namely, when 6 = 90°. In this case,



the angle 03 is fixed to 90°, and the frequency of the
plasma resonances are also fixed to wy g, wrg, or zero.
Therefore, the angular dependence only comes from k3.
In the limit wy 2 > w3, we have ks =~ 2k; sin(¢2/2). Using
Egs. (119) and (120), it is easy to see, for scattering off
UH and LH waves in the perpendicular plane

w 1/2 ¢2
3/2 1/2
wy' “w . s
MEH| ~ 2P ZLH giyy 72 125
| T1 UJUH‘QE| 2 ( )

Now let us calculate MY, for scattering off the bottom
resonance. Using asymptotic expression Eq. (B16) for
w3, we see although the magnetization ratio 33 , — oo,
the product f3 s cos 5 remains finite as 3 — 7/2. Since
the magnetization factor s, ~ —1/63 , < 1, it is easy
to see MY oc \/ws, which goes to zero when 03 — /2.
Hence, for scattering off the bottom resonance in the per-
pendicular plane

(M| =0, (126)
is completely suppressed. Consequently, exact backscat-
tering from the bottom resonance is also suppressed.

To see how MY, climbs up from zero, consider an-
other special case where ks is in the plane spanned
by k; and b. In this case, it is more natural to con-
sider M7 as function of as, the angle between k; and
ko, as plotted in Fig. 4. Let us find the asymptotic
expression of MY% when ay ~ m. In this limit, we
have 03 ~ 7/2, and the resonance frequency ws can
be approximated by Eq. (B16). Then the magnetiza-
tion ratios f3 . ~ Q2/07 + |Qc|/(€ cos® 03) and 5 ; ~
1+ Q;/(|Q%]| cos?63). Consequently, the magnetization
factors can be well approximated by ’yie ~—1/ ﬁie and
7§,i ~ —|Q.| cos? 3 /€. Moreover, since w2 > w3, the
angle 05 ~ /2 and the wave vector ks ~ 2k; sin(az/2).
Substituting these into formula Eq. (116), we see when
g ~ m, the normalized growth rate

[¢(1 + ¢ cos? 92)]3/2 sin® 92 cos %2 (127)
r3 4+ 71+ (1 + Ccos? %2)2] sin® %2~

M| =

where r := |Q.|/w, and ¢ := M;/Z; > 1. To see the
lowest order angular dependence, we can use a cruder but
simpler approximation |MJ.|? ~ (/2 cos(ag/2)/r. We
see |[MY| increases sharply from zero away from exact
backscattering. Using result Eq. (123), we find in the
other limit as ~ 0, the normalized growth rate

sin? @2 1 g\ —3/4
T/; (1 — —tan?® —) .

¢ 2

We see scattering from the bottom resonance can be
strong when the plasma is weakly magnetized, as long
as the scattering angle is away from exact forward or
backward scattering.

M| =~ (128)
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FIG. 4. Scattering of a perpendicular pump laser with
w1 /wp = 10 in a uniform hydrogen plasma. Figure (a) can be
obtained from Fig. 3 by taking a one dimensional cut along
the unit sphere using the plane spanned by ki | Bg. The
scattered laser, propagating at angle oo with respect to ki,
can scatter from the upper resonance (red), the lower res-
onance (orange), and the bottom resonance (blue). Both
the normalized growth rate |[Mr| (a, b) and the frequency
shifts Aw (c, d) behave qualitatively the same in over-dense
plasma, eg. |Q|/wp = 0.8 (a, c¢), and in under-dense plasma,
eg. |Qe|/wp = 1.2 (b, d). As a2 increases from 0° to 180°,
|Mr| increases monotonously for scattering from the upper
resonance. For scattering off the lower resonance, |[Mr| hit
zero near az ~ 176°, where electron and ion contributions
exactly cancel, and then increase to finite value at exact
backscattering. In contrast, when the laser is scattered from
the bottom resonance, |[Mr| strongly peaks near as ~ 170°,
and becomes zero for exact backward scattering. See text for
how | M| scales with plasma parameters.

In summary, the TTL scattering in magnetized plasma
is mostly due to density beating Eq. (113), and the mod-
ification due to the magnetic field can be represented by
the normalized growth rate M. In magnetized plasmas,
cyclotron-like resonances, in addition to the Langmuir-
like resonance, contribute to the scattering of the T
waves. When scattered from the Langmuir-like reso-
nance, both the wave energy coefficient and the scat-
tering strength are finite. Therefore in this case, the
angular dependence of My comes mostly from k3, which
reaches maximum for backscattering. In contrast, for
scattering from cyclotron-like resonances, both the scat-
tering strength and the wave energy coefficient can blow
up. Their ratio, My, goes to zero when the scattering
angles are such that the L wave frequency approaches ei-
ther zero or the cyclotron frequencies. In addition, My
can also become zeros at special angles where scattering
from electrons and ions exactly cancel. Away from these
special angles, scattering from cyclotron-like resonances,
which increases with decreasing magnetic field, typically
have growth rates that are comparable to scattering from
Langmuir-like resonances. When the plasma parameters



are known, we can determine the angular dependence of
M using formula Eq. (116). This knowledge can be
used to choose injection angles of two lasers such that
their scattering is either enhanced or suppressed. Con-
versely, by measuring angular dependence of My in laser
scattering experiments, one may be able to fit plasma pa-
rameters to match Eq. (116). This provides a diagnose
method from which the magnetic field, as well as the
plasma density and composition can be measured.

B. L = L+ L scattering

In this subsection, we consider the other scenario where
the three-wave scattering happens between three reso-
nant quasi-longitudinal waves. This happens, for exam-
ple, when we launch an electrostatic wave into the plasma
by some antenna arrays. When the wave power is strong
enough to overcome damping, namely, when the damped
growth rate [Eq. (85)] is positive, the pump wave may
subsequently decay to two other waves that satisfies the
resonance conditions. The decay waves are not necessar-
ily electrostatic, but for the purpose of illustrating the
general results in Sec. III, we will only give examples
where the two decay waves are also electrostatic.

The coupling strength between three L waves can be
simplified using the approximation that the waves are
quasi-longitudinal. Substituting e; ~ k; into formula
(79) and using the frequency resonance condition (62),
the normalized scattering strength for LLL scattering can
be written as

05 ~ _ cklwl

(k1 - F oko) (ki - F7 5ks)

Waws
CkQWQ

+ (ko - Fyiki)(ko - Figks)  (129)

W3aw1i

Ckgo.)g

+ (123 : Fs,ll;l)(f{l% 'F:QIA(Q)a

Wiw2

where k; := |k;| is the magnitude of the wave vector,
and k; is the unit vector along k; direction. It is easy to
recognize that k; - (Fy ;/w;)k; is the projection of quiver
velocity v; in k; direction. Therefore, the couplings be-
tween three L waves may also be interpreted as density
beating. The first term in ©¢ is proportional to the rate
of creating wave 1 by annihilating waves 2 and 3, the
second term is proportional to the rate of annihilating
waves 3 and 1 to create wave 2, and the last term can
be interpreted similarly. The interference between these
processes determines the overall scattering strength.

Having obtained expressions for the normalized scat-
tering strength (129) and wave energy (112), we can im-
mediately evaluate the coupling coefficient (83), and find
expressions for experimental observables. For example,
the linear growth rate 7o [Eq. (84)] of the parametric
decay instability can be written as

Yo =y Mcl, (130)
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where vy, is purely determined by the pump wave

1
VL = §C/€1|a1|. (131)
The normalized growth rate for LLL scattering
2 1/2
w w
Mp =2 i , 132
L 2cky <w2w3) ML (132)

is the product of a kinematic factor with the coupling
coefficient T' = wf,u/él. In the LLL approximation, the
normalized coupling coefficient

D D n S
L= S Ms wg (U1U2’LL3)1/2’

(133)

where ©f is the real part of Eq. (129). Again, notice
when density of species s goes to zero, its contribution to
w1, also goes to zero as expected.

To evaluate the normalized growth rate My, we can
use the following procedure to mimic what happens in an
actual experiment. Suppose we know the species density
and magnetic field, then we know what resonances are
there in the plasma. We can then launch a pump wave at
resonance frequency w; using some antenna array. The
antenna array not only inject a wave at the given fre-
quency, but also selects the wave vector k; and the wave
direction #;. To observe the decay waves, we can place a
probe at some angle 65 with respect to the magnetic field,
and some azimuthal angle ¢5 in a spherical coordinate.
The probe can measure fluctuations of the plasma poten-
tial and therefore inform us about the wave frequency ws.
Then we immediately know w3 = w; —ws from the three-
wave resonance condition. Moreover, since the third wave
is a magnetic resonance, the frequency ws constrains the
angle A3 at which the third wave can propagate. How-
ever, a simple probe cannot measure the wave vector,
so we will have to solve ko and k3 from the resonance
condition (61), which can be written in components as

k2 = kI + k2 — 2k1ko cos as,

ks cosfz = ki cosfi — ko cosbs.

(134)
(135)

Here as = ap(01, 02, ¢2) is the angle between ki and ks.
The above system of quadratic equations have two solu-
tions in general. This degeneracy comes from the sym-
metry 2 <> 3, because we cannot distinguish whether the
probe is measuring wave 2 or wave 3, both of which are
electrostatic resonances. If the solutions ko and k3 are
both real and positive, the three-wave resonance condi-
tions can be satisfied. Then three-wave decay will happen
once the pump amplitude a1 exceeds the damping thresh-
old, for which the damped growth rate [Eq. (85)] becomes
positive. In other words, we control w; and k; by the an-
tenna array, measure we using probes, and infer ws, ko,
and ks by solving resonance conditions. With these infor-
mation, the analytical formula for the normalized growth
rate M can be readily evaluated numerically.



1. Parallel pump

To demonstrate how to evaluate the normalized growth
rate My, consider the example where the pump wave
is launched along the magnetic field (6, = 0). In an
electron-ion plasma, this geometry allows the antenna to
launch three electrostatic waves: the Langmuir wave, the
electron cyclotron wave, or the ion cyclotron wave. In the
regime where wy, ~ |Qc| ~ |wp — Qe| > Q;, four decay
modes are allowed by the resonance conditions: v — [+,
l—=1+1,l—1+b,and b — b+ b, where we have labeled
waves by the resonance branch they belong to, and w, [,
and b denote the upper, lower and bottom resonances.

First, let us consider the case where the pump wave is
the Langmuir wave (Fig. 5a, 5b). In this case, the mag-
netization factor Y is finite, the wave energy coefficient
u; = 1, and Fy, 1k1 = kl The normalized scattering
strength (129) contains the following four simple inner
products: (1;1 . IF;QIA{Q) = (lA{Q . Fs,lf(l) = COSQQ; (1;1 .
F;Bf(g) = (ks ~IF5711A<1) = cosf3, as well as two other in-
ner products (ko-F* 3123) = 08 B3 cos B3 —2 3 sin 0y sin 3;
and (ks - s, ko) = cos B3 cos by — 72, sinf3sinfy. Sub-
stituting these inner products into Eq. (129), and using
the resonance condition (135), the normalized scattering
strength can be immediately found. In the above expres-
sions, 0 is the independent variable, and ws is measured.
Then we can determine 63 from ws(03) = w; — ws using
Eq. (B10), and solve for ky and ks from Eqgs. (134) and
(135). Finally, with the above information, the normal-
ized matrix element My can be readily evaluated.

When pumped at the Langmuir frequency (w1 = wy),
the resonance conditions constrain the plasma parame-
ters and angles at which the three-wave decay can hap-
pen. In over-dense plasma (eg. Fig. 5a), the Langmuir
wave is in the upper resonance, so the resonance condi-
tion can be satisfied only if w, < 2|Q|. Having satisfied
this condition, the v — {41 decay can happen if 6, < 67,
where 67 is the angle such that w;(6)) = w, — [Qe]. In
comparison, in under-dense plasma (eg. Fig. 5b), the
Langmuir wave is in the lower resonance, and therefore
can always decay. One decay mode is I — [ + [, which
can happen for 6 > 0%, where w;(6%) = wp, —wry. An-
other decay mode is { — [ +b. When wy = wy, this decay
mode happens for 0 < 0y < 6}, where w;(8}') = w, — Q;;
whereas when ws = wyp, this decay mode can happen at
any 0. Finally, using the symmetry 2 < 3, the con-
strains on #3 can be readily deduced.

For Langmuir wave pump, the normalized growth rate
reaches maximum for symmetric decay, where we = w3 =
wp/2. Let us find the asymptotic expression of My, in the
symmetric case, so as to get a sense of how the normalized
growth rate scales with plasma parameters. The symmet-
ric angle 6, can be solved from Eq. (B10). Using w, ~
Q| > Q;, we find sin? 6, ~ 3[1 — w2 /(492)]/4. Then the
wave energy coefficient up = ug ~ 1 + 3w?2 /(402 — w?),
where the sub-dominant ion contribution in Eq. (112) has
been dropped. To solve for the degenerate wave vectors in
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FIG. 5. Scattering of a parallel electrostatic pump wave in
uniform hydrogen plasmas, when observed at angle 02 with
respect to ki || Bo. At each 62, due to the degeneracy 2 > 3,
the wave vector has two possible values in, corresponding to
M7 (blue, 83 > 90°) and M} (red, 63 < 90°). The pump
wave can be the Langmuir wave (a, b); the electron cyclotron
wave (c, d); and the ion cyclotron wave (e). The normalized
growth rate attains local extrema for symmetric scattering,
where the two decay waves have the same frequency w,(6s) =
w1/2. In over-dense plasma, eg. |Qc|/wp = 0.8 (a, ¢), u —
l,1 happens for 02 < 67, where wi(0y) = wp — |Qe|; | — 1,1
happens for 02 > 07, where w;i(0;) = |Qe|—wra; and I — 2, b3
happens for 0> < 67, where w;(07) = |Q|—Q;. In under-dense
plasma, eg. |Qc|/wp = 1.2 (b, d), u — I, happens for 62 < 0},
where w;(0y) = |Qe| — wp; I — 1,1 happens for 02 > 0, where
wi(03) = wp —wrm; and | — l2,b3 happens for 62 < 6,
where w;i(0;') = wp — Q;. Regardless of plasma density (e),
b — b,b can always happen, for which the growth rate peaks
near 6; ~ 88°, where the decay is symmetrical. The gray lines
indicate the symmetric angles and the asymptotic maxima
obtained in the text.

the symmetric case, it is more convenient to consider the
two limits: 92 = 05 —d), 93 = 054‘(1), and 92 = 05 —(j), 03 =
m — 05 — ¢, and then let ¢ — 0. Solving Eqs. (134)
and (135) for the wave vectors, the two solutions are
ky /k1 ~ 1/(2cosf,) and ki /k; ~ sinf,/(2sin¢). For
the k, solution, all terms are finite, and the normalized
scattering strength is dominated by electron contribu-

tion O, ~ —3cki[1 + w?/(202)]/(4w,). Consequently,
the normalized growth rate for symmetric k= scattering
2
_ Wp wp\ 3 w;,
ML(WP%?,?>_Z<17@> (136)

Notice that this decay mode can happen only if |Q.]| >



wp/2. To see what happens to the kj solution, we
need to keep the dominant terms, and expand wy =~
wp/2 — whe and ws ~ wp/2 + wl¢, where the angu-
lar derivative of lower resonance w;(f) can be evalu-
ated at the symmetric angle using Eq. (B10) to be
wi/wp, ~ —202sin(26,)/(2Q2 + w?). Since ion terms
does not contain singularity, the normalized scattering
strength is again dominated by electrons ©F ~ 3ckq[1 +
5w2/(492)]/(8wp). Consequently, the normalized growth
rate for symmetric kT scattering is

3w2/2
w2 +202

Wy W
./\/l+( %—p—p)g
L wp 9 2

_ My (1 ). (137)
2

where M7 is given by Eq. (136). Since w, < 2|/, it
is easy to see that M| is always smaller than |[M]|.
Moreover, wave damping tends to be smaller for the k;
solution. Therefore, the dominate decay mode in exper-
iments will be the £~ mode, where the two decay waves
propagate symmetrically at angle 6, with respect to the
parallel pump wave.

Second, let us consider the case where the pump wave
is the electron cyclotron wave (Fig. 5c, 5d). In this
case, fe1 ~ 1 and the magnetization factor 72, ~
(Q2/w2 — 1) /sin?#; approaches infinity, so the domi-
nate contribution comes from electrons. Keeping track
of dominate terms as ; — 0 and using small angle ex-
pansion Eq. (B11), the inner products (ks - F e, k) ~
:F’ye , sin @ sin 05, and (k3 e 1k1) ~ 2 18in 6 sin 6.
The other four inner products that enters Eq. (129) are
the same as before. Keeping terms o 1/sinf;, the
leading term of the normalized scattering strength can
be readily found. Although the normalized scattering
strength is divergent as ; — 0, the normalized growth
rate remains finite. This is because the divergence in
O, cancels the divergence in the wave energy coeflicient
uy ~ (w2 — Q%)% /(w202 sin® 6;), which enters the denom-
inator of Mp. Follow procedure in the first example, the
normalized growth rate can be readily obtained.

When intense electron cyclotron pump (wy = [€]) ex-
ceed the damping threshold, a number of decay modes are
possible. In over-dense plasma (eg. Fig. 5c), the electron
cyclotron wave is in the lower resonance, and three-wave
decay is always possible. One decay mode is | — [ + [,
which can happen for 0 > 62, where w;(02) = |Qe|—wLp.
Another decay mode is [ — [ 4+ b, which can happen for
any 6 if wy = wyp, and can happen for 0 < 0y < 607 if
we = wy, where w(0?) = Q| — ;. In comparison, in
under-dense plasma (eg. Fig. 5d), the electron cyclotron
wave is in the upper resonance. The resonance condition
can be satisfied if || < 2wy, and u — | + | decay can
happen if 0 < 6}, where w;(0}') = |Qe| —w,. We see the
angular Constrams for electron cyclotron pump decay is
in reciprocal to that of the Langmuir pump.

For electron cyclotron pump, the normalized growth
rate crosses zero and therefore vanish for symmetric k=
decay, while reaching maximum for symmetric kT de-
cay. Let us find the asymptotic expression for Mz to
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get a sense of how the normalized growth rate scales
with plasma parameters. Again, we can find the sym-
metric angle 0, from Eq. (B10), which gives sin®f, ~
3[1 — Q2/(4w?)]/4. Then the wave energy coefficients
up = uz ~ 2(1 + 2w2/02)/3. To find the leading
behavior of the scattering strength, consider the limit
0y = 0, —¢d,03 = m—0; — ¢, and let ¢ — 0. In
this limit, the wave vector kj /k; ~ sinf,/(2sin¢) —
oo, and the frequencies can be expanded by ws =~
wp/2 —whe and ws ~ w,/2 + wip, where the angular
derivative w! can again be solved from Eq. (B10) to be
W, /Qe ~ 2w?sin(20,)/(Q2 + 2w?). Keeping the domi-
nate terms as ¢ — 0, the normalized scattering strength
|OF| =~ ckysin(20)(1 — r?)(1 — r?/4)/(sin 6:Q.), where
r := |Q¢|/wp. Since the ion contributions are subdomi-
nate, the normalized growth rate for symmetric k+ scat-
tering is

Qe Qo\|_ 7/(3-3r2/4) (1+3r2/4)
+ e e
’ML(Q€_>2 2) 1 2+ 12
(138)
We see MI is nonzero for 0 < r < 2, and reaches a max-

imum of ~ 0.38 when r ~ 0.92. The normalized growth
rate can be related to the decay rate in experiments, once
wave damping is taken into account.

Finally, let us consider the case where the electrostatic
pump wave is at ion cyclotron frequency (Fig. 5e). Since
); is much smaller than any other characteristic wave
frequencies, the only possible decay mode is b — b + b.
Such decay can happen for any angle 05, because the
resonance conditions can always be satisfied. Similar to
what happens in the previous example, the normalized
growth rate M changes sign and therefore vanish for
symmetric £~ decay, while reaching maximum for sym-
metric kT decay. Now let us give an estimate of the
maximum value of /\/lf Since the magnetization fac-
tor v, ~ ¢/tan®0; — oo, where ¢ := M;/Z; > 1,
the ion terms dominant. The divergent inner products
are (IA{Q . Fi,lf{l) ~ :F712’1 sin91 sin92 and (f(g . Fi,ll;l) ~
:I:’yz1 sin @7 sinf3. The other four inner products are fi-
nite and similar to what we have before. Using these
inner products and keep the leading terms, the normal-
ized scattering |©F| ~ ck1Q2? cos /(293 sin6;), where
we have expanded near the symmetric angle as before,
with w) ~ 90, sin(260,)/16. The symmetric angle, very
close to 7/2, can be estimated from Eq. (B16) to be
cos? 05 ~ Q;/(3|Qe|). The wave energy coefficients u; ~
w2|Q| /(922 sin® 01), and ug = uz ~ 16w2/(9;|Q|). Sub-
stituting these results into formula (133), the normalized
growth rate for symmetric k* decay is

3v3

. 1
32wy (139)

i (005 3)
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We see in a typical plasma where w, > );, the decay
mode b — b+ b is orders of magnitude weaker than the
other decay modes. Nevertheless, when compared with
the pump frequency wy; = €);, the growth rate of the
three-wave decay instability is not necessarily small.



2. Perpendicular pump

In this subsection, we use another set of examples to il-
lustrate how to evaluate the normalized growth rate M,
by considering the cases where the pump wave propa-
gates perpendicular to the magnetic field. In this geom-
etry, the pump frequency can either be the upper-hybrid
frequency wy g, or the lower hybrid frequency wrg, in
an electron-ion plasma. For three-wave decay to happen,
the frequency resonance condition (62) must be satisfied.
Since the lower hybrid frequency wy g > €;, it is not pos-
sible to match the frequency resonance condition with a
LH pump wave in a uniform plasma. By similar consid-
eration, for a UH pump wave, the decay mode u — u+u
is also forbidden. However, other decays modes of the UH
pump are possible. Using expression w?] g~ wg +Q2, we
see that u — u + b is always possible; u — u + [ is pos-
sible if 2/v/C < < V/(/2, where ¢ = M;/Z; > 1 is the
normalized charge-to-mass ratio for ions; and v — [ +1
is possible only if 1/v/3 < r < /3. Here, r = [Qe|/w, is
the ratio of electron cyclotron frequency to the plasma
frequency. In this section, we will consider r in the range
where all three decay modes are possible.

In addition to the frequency condition, the wave vec-
tor resonance conditions (61) must also be satisfied for
three-wave decay to happen. To see when Eq. (61) can be
satisfied in this perpendicular geometry, it is convenient
to discuss in the spherical coordinate where the polar
angle 6 is measured from the magnetic field b, and the
azimuthal angle ¢ is measured from k;. In this spherical
coordinate, the wave vectors kg and k3 are constrained
on the two cones spanning angles 6o, m — 605 and 03, m—03.
Then ko and ks can reside along the lines generated by
cutting the two cones with a plane passing through k.
When |cosfa| > |cosfs|, the plane starts to intercept
both cones when |cos¢s| > |cos .|, where the critical
angle sin¢. = tanf,/tanfs. When the strict inequal-
ity holds, for each ks, there are two solutions to ke such
that the resonance conditions (61) is satisfied. By the
exchange symmetry 2 <> 3, we immediately know what
happens when |cosfz| < |cosfs|. The resonance con-
dition (61) constrains where in the 82-¢2 plane can the
normalized growth rate M, take nonzero values.

Having matched the resonance conditions, the normal-
ize growth rate in the polar coordinate can be readily
evaluated (Fig. 6). To understand the angular depen-
dence of My, it is useful to notice that due to the ex-
change symmetry My (2,3) = M(3,2), the normalized
growth rate My (02, ¢2) in one region can be mapped to
My (04, %) in anther region. To be more specific, when
wo is on the upper resonance (Fig. 6a), the normalized
growth rate M is nonzero in two regions. The first re-
gion is O < 0%, where wy,(0%) = wyy —wrm. In this re-
gion, the decay mode u; — ug +13 is allowed, where w3 is
on the lower resonance. By the exchange symmetry, this
region can be mapped to the island on the bottom right
corner of Fig. 6b, in which wy is on the lower resonance
instead. The other region in Fig. 6a where M is nonzero
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FIG. 6. Normalized growth rate |[Mr| when pumped by an
upper-hybrid wave (k1 L Bg) in a uniform hydrogen plasma
with |Qc|/wp = 1.2. The growth rates are observed at po-
lar angle 02 with respect to Bo and azimuthal angle ¢2
with respect to ki. When w2 is on the upper resonance
(a), the u — wu2,l3 decay can happen for 02 < 05, where
wy(0%) = wum —wrm. In this case, an important decay chan-
nel has way ~ |[Q¢| propagating almost parallel to Bg in the
backward direction, and ws > wry propagating almost per-
pendicular to By in the forward direction. This region cor-
responds to the lz,us region in (b), in which ws is on the
lower resonance instead. The other decay mode is u — us, b3,
which can happen in the narrow strip 62 > 6% in (a), where
wu(0%) = wur — Q. Equivalently, exchanging the labels to
b2, us, this decay mode can happen in the colored region in
(¢c), in which wy is on the bottom resonance instead. For
this decay mode, the dominant decay channel has w2 ~ wyn
propagating almost perpendicular to Bo in the forward di-
rection, and w3 ~ (); propagating either in the forward or
backward direction. The last decay mode is u — 2,13, which
corresponds to the large colored region in (b). For this decay
mode, the dominant decay channel is the symmetric decay,
where ws ~ w3 ~ wug / 2 and both waves propagate at angles
with Bg in the forward direction.

is the narrow strip fo > 0%, where w,(0%) = wyg — Q.
In this region, the decay mode u1 — ug + bz is allowed,
where w3 is on the bottom resonance. Exchanging 2 <> 3,
this region corresponds to the case where ws is on the
bottom resonance instead (Fig. 6¢). The remaining de-
cay mode is u; — ls + I3, where both decay waves are on
the lower resonance. This decay mode is allowed within
the large region on the left of Fig. 6b. This region has a
straight boundary at 6, = 0], where w;(0]") = wyn/2.
To the left of this boundary, we have 65 < 63, so there
is only one solution for k3. To the right of this bound-
ary, we have , > 3, so both k; and k3 solutions exist
as long as sin ¢o < tanf3/tanfs. Whenever both solu-
tions exist, Fig. 6 shows the k™ branch, which has weaker
damping. In those degenerate cases, the k+ branch is
usually comparable with the £~ branch. An exception
is inserted in Fig. 6¢’, where the kT branch is dominant
for uy — by + us decay, corresponding to the forward
scattering of the UH pump with little frequency shift.
For the u — wug + l3 decay (Fig. 6a), one impor-



tant decay channel has wy ~ |{.| propagating almost
parallel to b in the backward direction (¢ = 180°),
and the other decay wave propagating almost perpen-
dicular to b in the forward direction (¢35 = 0°). To
see how does M, scales with plasma parameters, let
us find its asymptotic expression when 65 — 0. In
this limit wy — [€[, so the magnetization factor 73,
is divergent. Then the dominant terms of the coupling
strength (129) comes from the F. o terms. The diver-
gent inner products are (kj - F} ko) ~ —12,sinfy and
(k3 - F} ko) = —72,sinfasinfs, and we also need the
finite inner products (k; - F} sk3) ~ 72 4sinf3 and (ks -
IE‘eJl{Al) o~ 7371 sinf3. Then the leading term of the nor-

malized scattering strength is ©, ~ ckﬂg’l'ygg'yf?g(w% -

w3) sin O sin O3/ (wiwaws), where we have used the res-
onance condition kssinf3 = k;. The angle f3 can be
estimated from Eq. (B10) using ws > €);, which gives
sin? 03 ~ (w3 — w2)(wi — Q2)/(w2Q?2). Then the wave
energy coefficient uz ~ (2w} — w?y) (w3 — Q%). As
for the other two wave energy coefficients, using previ-
ous results, we know u; = w?JH/wZQ) and us ~ (Qg —
w2)?/(Q2w?sin® By). Substituting these into Eqs. (132)
and (133), we find the normalized growth rate

(140)

‘ML(WUH_>|Q@|;W3)‘N w3(ws +wu )

T wp/2(WE g — 203

where w3 = wyg — || is the resonance frequency. From
previous discussion, we know this decay mode can hap-
pen as long as 1/v/3 < r < /C/2. Within this pa-
rameter range, it is easy to see that Eq. (140) decreases
monotonically with increasing magnetic field. The max-
imum value M = \/§/2 is attained at r = 1/\/3, where
w3 = |Qe| = wyp/2 such that the decay is symmetric.
For the u — Iy 4+ I3 decay (Fig. 6b), the dom-
inant decay channel is the symmetric decay, where
ws = ws = wi/2. In the symmetric decay geome-
try, we have 03 = m — 0y and ¢3 = —¢3. Then the
wave vector resonance condition becomes ko = k3 =
k1/(2sin 05 cos ¢3). The symmetric decay angle 5 = 6
can be estimated from Eq. (B10) using we = wyp/2 >
Q;, which gives cos® 0y ~ 3wfy/(16w2Q?2). Since the
frequencies are far away from cyclotron frequencies, all
the magnetization factors are finite. Then the inner
products (K - ]F;:QEQ) ~ 72 5(cos ¢a + ifs 2 sin ¢y sin O,
(kg - Foaky) =~ 72 (cos¢o + if3s,18in¢o)sinfy, (ks -
F:’QkAg) ~ -1+ 42, sin? 05 (2 cos? g + B 25in2¢9 —
3’2), and by exchanging 2 < 3, we can easily find
the other three inner products. Substituting these in-
ner products into Eq. (129), the normalized scatter-
ing strength becomes particularly simple when ¢o —
m/2. In this limit ks,k3 — oo, but the products
ko cos ¢ = —ks cos ¢3 remains finite. Keeping nonzero
terms as ¢o — /2, the scattering strength simplifies to
Of ~ —2ckiwf y/[w2(3Q22 — w?)]. The electron terms

P
also dominate the wave energy coefficients uy = uz ~
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2w /(392 — w?). Gathering the above results, the nor-
malized growth rate for symmetric k* scattering is

(141)

’M}f(wUH—> wuH WUH)‘N “p

2 ’ 2 o Wy
The above special value of My is approximately the
maximum in Fig. 6b, where 65 = 6, and ¢ = 90°.
Notice that this special case is singular in wave vector
ks, ks — 00, and hence will be suppressed by wave damp-
ing. Therefore, the dominant decay channels observed in
experiment will happen at smaller angle ¢o < 90° in the
symmetric decay geometry.

Finally, for the u — by + us decay (Fig. 6c¢), the dom-
inant decay channel has ws ~ wypy propagating almost
perpendicular to b in the forward direction, and ws ~ €;
propagating either in the forward or backward direction.
As an example, let us consider symmetric forward scat-
tering where ¢o = ¢93 = 0 and 0 = 7 — 03 = 6. In
this geometry, k;, = ks = k1/(2sinf,). Since 6, ~ 7/2,
we can estimate the symmetric angle using asymptotic
expressions Eqgs. (B14) and (B16). Substituting these
expressions into he frequency resonance condition (62),
we obtain cos® fs ~ 20w /(Qw?) ~ 0, where we have
used that w2|Q|/(2wf ) S 0.2 is always a small num-
ber. Then the wave energy us ~ u; = o.%H/wZ, and
us ~ w2l + 2wf g /(w2 |Qe])]?/(|Q]). Now that the
magnetization factors are all finite, the inner products are
simply (ki -F; oka) = 725 sinfb, (ko Fy ki) = 72 sinfs,
(k3 - F ko) ~ cosf3cosfy + 73 sinfssinfy, and the
three other inner products can be obtained by exchanging
2 <> 3. Again, the scattering is mostly due to electrons,
for which 72, ~ 72, ~ wgy/ws and 725 ~ —w3/Q2 <
cos 2. Therefore, the dominant term comes from the sec-
ond line of Eq. (129), which gives the scattering strength
0, ~ —ck1Qiw g/ (ws2wy). Substituting these results
into formula (132) and (133), we immediately see that
the normalized growth rate for forward scattering is

o s 1/2
~ Y (93) (142
4 wUH|Qe|<Qi) ( )

where w3 = wp(0s) ~ ; can be obtained from Eq. (B16).
Using the above result, we can also find the symmetric
nearly backward scattering Mz by replacing the coef-
ficient 1/4 with kJ /(2k1). The symmetric nearly back-
ward scattering channel has divergent k; , and therefore
can have very large growth rate in the absence damping.

‘MZ(WUH —wuw, Q)

VI. CONCLUSION AND DISCUSSION

In summary, we solve the cold fluid-Maxwell system
to second order in the multiscale perturbation series in
the most general geometry (Sec. II), where a discrete
spectrum of waves interact in triplets through quadratic
nonlinearities [Eq. (51)]. Due to ve1 x B1, vs1 - V(o) Vs,
and V) - (ns1vs1) nonlinearities, three-wave scatterings



change the envelopes of “on-shell” waves as they advect,
as well as generate a spectrum of ‘off-shell” quasi-modes
due to wave beating. By introducing the forcing opera-
tor [Eq. (26)], we manage to give a convenient formula
[Eq. (53)] for the scattering strength Sq o in the most
general geometry.

When there are only three resonant “on-shell” waves
participating in the interaction (Sec. III), the scattering
strengths [Eq. (71)] are closely related due to action con-
servation. The action conservation laws are manifested
by the three-wave equations [Eqs. (80)-(82)], which de-
scribe how the amplitudes of waves evolve, regardless of
the changes in their phases and polarizations. The three-
wave equations contain one essential parameter, the cou-
pling coefficient [Eq. (83)], whose explicit formula is given
in terms of the wave energy coefficient [Eq. (75)] and the
normalized scattering strength [Eq. (78)]. The coupling
coefficient contains five degrees of freedom, and can be
readily evaluated once the participating waves and their
geometry are specified.

The general formula for the scattering strength be-
comes particularly transparent once we quantize the
classical three-wave Lagrangian. Using the quantized
Lagrangian [Eq. (102)], all six terms of the scatter-
ing strength arise from a single cubic interaction o
P'(9;A;)J7 as six permutations of the Feynman diagrams
[Eq. (105)]. We postulate that this form of the three-wave
interaction is independent of the plasma model that one
uses to calculate the linear response. In this paper, the
linear response is calculated using the cold fluid model.
More generally, the linear response may be calculated
using the kinetic model or even quantum models. Then,
using the relation between the S matrix element and the
three-wave scattering strength [Eq. (106)], the three-wave
coupling coefficient may be directly computed without
going through the perturbative solution of the equations.

To demonstrate how to evaluate the cold fluid coupling
coefficient, we give a set of examples where all three par-
ticipating waves are either quasi-transverse (7') or quasi-
longitudinal (L) (Sec. V). As an experimental observable,
we compute the growth rate of the three-wave decay in-
stability [Eq. (84)], which is proportional to the coupling
coeflicient when wave damping is ignored. For TTL de-
cay (Sec. V.A), the scattering is due to density pertur-
bation of the L wave, and the normalized growth rate
is given conveniently by formula Egs. (116) and (117).
For LLL decay (Sec. V.B), the scattering is due to den-
sity beating of three L waves, and the normalized growth
rate is given by the explicit formula Egs. (129), (132) and
(133). We evaluate these formulas numerically for the
cases where the pump wave is either parallel or perpen-
dicular to the magnetic field, while the decay waves prop-
agate at arbitrary angles. To facilitate understanding of
the angular dependences, we also find asymptotic expres-
sions of the normalized growth rate in limiting cases.

The above examples elucidate the previously unknown
angular dependence of three-wave scattering when strong
magnetic field is present. In contrast to the unmagne-
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tized case, backscattering is not necessarily the fastest
growing instability in a magnetized plasma. For exam-
ple, in the TTL scattering (Fig. 2,3,4), which happens
when two lasers interact via a magnetic resonance, exact
backscattering may be suppressed, while nearly perpen-
dicular scattering may be enhanced. For another exam-
ple, in the LLL scattering (Fig. 5,6), which can happen
when an electrostatic wave launched by antenna arrays
decays to two other longitudinal waves, symmetric decays
are usually favored whenever possible, but asymmetric
decays can also be important at special angles.

The above collisionless, cold, fluid results will need to
be modified when kinetic or collisional effects become im-
portant. Besides wave damping [Eq. (85)], a major mod-
ification comes from the alternation of the linear eigen-
mode structure, which will be constituted of Bernstein
waves instead of the hybrid waves. In addition, weak cou-
pling results obtained in this paper will need to be mod-
ified when three-wave interactions becomes strong. This
happens when wave amplitudes become nonperturbative,
so that relativistic effects becomes non-negligible, and
linear eigenmode structure becomes strongly distorted.

Despite of the above caveats, the importance of this
work is twofold. First, the formulation we have developed
preserves the general mathematical structure, thereby
enables profound simplifications of the most general re-
sults. From these results, illuminating physical conse-
quences are extracted, which can be used to develop
reduced models and benchmark numerical simulations.
Second, the uniform, collisionless, and cold fluid results
we have obtained serve as the baseline for understand-
ing angular dependence of three-wave scattering in mag-
netized plasmas, which is important for magnetic con-
finement devices, as well as laser-plasma interactions in
magnetized environment.
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APPENDIX A: MULTISCALE PERTURBATIVE
SOLUTION OF SYSTEM OF ODES

In Sec. II, we use a multiscale expansion to solve a sys-
tem of nonlinear hyperbolic partial differential equations.
To facilitate understanding of the multiscale expansion,
here we demonstrate how it can be successfully applied
to the following system of ordinary differential equations,
which are hyperbolic in the absence of perturbations

= y+ef(zr,y),
y=—x+eg(x,y).



Here & and ¢ denote the time derivatives of 2:(¢) and y(t),
respectively, f and g are some polynomials, and € < 1 is
a small parameter.

The above system of equations may be solved pertur-
batively using the expansion

z(t) = zo(t) + ex1(t) + €x2(t) + ...,
y(t) = yo(t) + ey (t) + € ya(t) + . . ..

However, naive perturbative solution using only the
above expansions will fail due to nonlinearity, by which
the notorious secular terms will arise. The secular terms
grow monotonically in time and will quickly render the
perturbative solutions invalid. To remove the secular
terms, it is necessary that we also expand the time scales

(A3)
(A4)

(A5)
(A6)

1 1
t:t0+*t1+*2t2—|—...,
€ €
8t:80+681+6232—|—...,

where one unit of the slow time scale ¢,, worths 1/€™ units
of the fastest time scale ¢y. Different time scales can be
regarded as independent, and the total time derivative
can be written as the summation of derivatives on each
time scale 0, := 0/0t,. Substituting expansions (A3)-
(A6) into Egs. (A1) and (A2) and collect terms according
to their order in €, we can obtain a series of equations.

The €e’-order equations are simply the equations for a
simple harmonic oscillator

(A7)
(A8)

dozo — Yo = 0,

Ooyo + 2o = 0.

For real valued x and y, the general solution is well-known
(A9)
(A10)

xo = ape’t® + c.c.,

Yo = iage’™® + c.c.,

where c.c. stands for complex conjugate, and the complex
amplitude ag = ag(t1,t2,...) can be a function of slow
variables. If we truncate the solution on this order, then
x and y oscillate harmonically with constant amplitude.
On the other hand, if we move on to the next order, per-
turbations €f(z,y) and eg(x,y) will cause the amplitude
ap to vary on slow time scales, as will be described by
higher order equations.

The e'-order equations start to couple perturbations
on different time scales

01z + Oy —y1 — fo =0,
O1yo + Ooy1 + 1 — go = 0,

(A11)
(A12)

where fo = f(20,%0) and go = g(o,y0), in which z¢
and yo are given by Egs. (A9) and (A10). The above
two equations contain three unknowns x1,y1, and 0;ag-
Therefore, we can use the extra degree of freedom to
remove secular terms. To do that, let us first separate
variables 2; and y; and rewrite the e!-order equations as

(A13)
(A14)

g1 + 1 + 20190 = w1,
ANy1 +y1 — 20120 = vy,
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where the source terms

(A15)
(A16)

uy [ao] = 0o.fo + go,
v1[ao] = dogo — fo-

Substituting g and yg into polynomials f and g, we can
write fo = >, fone™+c.c., and go = Y., gone™ " +c.c.,
where fy, and go, are some functionals of ag. Then
the source terms can be written similarly as u; =
>, uin€e™ + cc. and vi = > v1,e" + c.c., where
Uty = Gon + i1 fon and vi, = — fon + iNgon-

To solve the e!-order equations (A13) and (A14), we
can match coefficients of Fourier exponents and split the
equations into two sets . The first set of equations govern
how the amplitude agy evolves on the slow time scale 1,

which can be written as 01xg = —%(vueito + c.c.) and

Oy = %(ulleitﬂ + c.c.). These two equations are essen-
tially the same, as can be seen from the relations between
o and yg, as well as the definitions of w17 and v1;. Both
of these equations results in the same equation for ay,
which absorbs the secular term

1 .
Orag = §(f01 —igo1), (A17)
where the right-hand-side is some functional of ag. This
first order ODE of a¢ can usually be integrated, from
which ag will be a known function of ¢1. The other sets
of equations governs x; and y;

38:31 4+ = Z une™ + c.c., (A18)
n#l

By + 1 = Z vipe™ + c.c. (A19)
n#1

Having removed the secular terms, the above equations
are now secular-free, and can be readily solved by

x1 = aje'to 4+ Z 1ujn Zemto +c.c., (A20)
n#l "

y1 = b1e’™ + Z 1 Uljlz e + c.c (A21)
n#l

The amplitudes a; and b; are clearly related by the e!-
order equations, which give

, 1 )
b1 =ia1 — i(fm + ’6901). (A22)

Notice that in the perturbation series Eq. (A3), we can
always redefine ag + ea; — aj. Hence it is sufficient to
set the amplitude a; = 0. In this way, we will obtain
a z-majored solution, where the amplitude of ei’° for x
is completely given by ag, whereas amplitude e®° for y
is given by the summation by + €b; 4 .... Alternatively,
by setting by = 0, we can obtain a y-majored solution,
which we will not pursue here. For three-wave scatter-
ing studied in this paper, it is sufficient to truncate the
solution series at this order.



To show the general structure of the multiscale expan-
sion, here, it is instructive to carry out the solution to
the next order. The e?-order equations are

821750 + (9133’1 + 801‘2 — Y2 — f1 = O,
0290 + 0191 + Doy + 22 — g1 = 0,

(A23)
(A24)

where f1 = 210, fo+y10, fo and g1 = 210,90 +y10yg0. In
the above two equations, there are three unknowns x, yo
and Oxagp. So again, we can use the extra degree of free-
dom to remove the secular terms. Separating variables
r9 and yo, we can rewrite the equations as

33932 + x2 + 20290 = ug
8§y2 + Y2 — 202109 = Us.

(A25)
(A26)

Since we set a; = 0 for the z-majored solution, the source
terms are functionals of ag only

uslag] = o f1 + g1 + Oxo — 201y1 — O fo, (A27)
valag] = dogr — f1 + yo + 2011 — D1go. (A28)

Since f and g are polynomials, we can write f; =
>, fine™ + cc., and g1 = Y, gine™® + c.c.. Then
the source terms can be written similarly as wuy =
>, uone™ + c.e. and vy = Y, v2,€" + c.c., where
Vo1 = iU = i0iap + igi1 — 01901 — fi1, and for n > 2,
we have ug, = infi, — 01 fon + gin — 20101, /(1 —n?) and
Von = anln - 3190n + fln + 281u1n/(1 - n2)-

To solve the e-order equations (A25) and (A26), we
can use similar procedure to split the equations into two
sets. The first set of equations can be written as a single
equation governing how the amplitude ag evolve on the
slow time scale to

Oza0 = %(fn —igi1) — ial(f()l + igo1)- (A29)
Regarding t; as a parameter, the above equation is a first
order ODE for ag(t2), which can usually be integrated.
The second sets of equations are similar to Eqgs. (A18)
and (A19), with uq, and vy, replaced by ug, and vay,
respectively. The solutions to these secular-free equations
are similar to Egs. (A20) and (A21) with the order index
“1” replaced by the order index “2”, in which the second
order amplitudes as and by are related by the e2-order
equations

) .
by = ias — §(f11 +ig11) — %5’1(f01 +igo1).  (A30)

To obtain the z-majored solution, we again set as to
zero. By the obvious analogy between the e!- and €’-
order equations, the above procedures can be readily ex-
tended to higher order in the perturbation series.

To see how the multiscale expansion work in practice,
interested readers are encouraged to try the following two
examples. The first is a linear example, where f(z,y) =
—z and g(x,y) = 0. In this case, the exact solution can
be easily obtained. The second is a nonlinear example,
where f(z,y) = 0 and g(x,y) = —x + 223. The exact
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solutions to this nonlinear example are the Jacobi elliptic
functions. One can expand the exact solutions in €, and
check order by order that it matches the perturbative
solution obtained using the multiscale expansion.

APPENDIX B: LINEAR WAVES IN COLD
MAGNETIZED PLASMAS

In Sec. II.A, we obtain the first order electric field equa-
tion (33) in the momentum space. The solutions to this
matrix equation give the linear eigenmodes of the cold
fluid-Maxwell system. In this appendix, we review prop-
erties of the linear waves, in order to facilitate under-
standing of their scatterings discussed in this paper.

To discuss properties of the linear waves, it is conve-
nient to choose the coordinate system where the uniform
magnetic field is in the z-direction. In this coordinate,
the forcing operator Eq. (26) has matrix representation

. ’Yg,k i&mf,k 0
_Zﬁs,kﬁ,k 73,1( 0]. (B1)
0 0 1

]Fs,k =

Having fixed the z-axis, we can rotate the coordinate
system, such that the wave vector k = (k1,0,k|) =
k(sind,0, cosf), where 0 is the angle between k and b.
In this coordinate system, the matrix representation of
the dispersion tensor (34) can be easily found. Then the

first order electric field equation ]D)kgl((l) Jwg = 0 can be
written as

S — nﬁ —iD  nin &E”
iD S—n* 0 eV | =0, (B2)
nln” 0 P— TLE_ gél)

where n = ck/w is the refractive index, n; = nsinf, and
n| = mcosf are projections in the perpendicular and
parallel directions. Following Stix’s notations [36], the
components of the dielectric tensor are

2

_ “ps
5—1—§:;ijgv (B3)
Q, w
D= s PSS B4
gwwz—ﬂg’ (B4)
w2
P=1-3y L. (B5)

S

In the above expressions, we have omitted the k-
subscripts for both w and £1). The expressions for
S and D can be simplified, using identities in quasi-

neutral electron-ion plasma, in which n, = Z;n;, so
inge + Qewgi = 0 and Q?wge + ngfn + ngeQi =0,

where w2 = Y7 w2 is the plasma frequency squared.
The electric field equation (B2) has nontrivial solution

if and only if the dispersion tensor is degenerate. This is

equivalent to requiring the determinant of the dispersion
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FIG. 7. Linear wave dispersion relations (a) and polarization
angles (b) in a cold electron-ion plasma with m;/m. = 10 and
|| /wpe = 1.2, when @ = 45°. Both the n3 (red) and the n2
(blue) solutions contain an electromagnetic-like branch, and
electrostatic-like branches. The electromagnetic-like branches
asymptotes to vacuum light wave w — ck when k — oo, where
the waves become transverse (¢ — 90°, mod 180°). The
electrostatic-like branches asymptotes to resonances w — w,
as k — oo, where the waves become longitudinal (¢ — 0°,
mod 180°). The waves are in general elliptically polarized
(¥ # 0°, mod 90°), except at special angles, .

tensor to be zero, which gives a constraint between w and
k, called the dispersion relation. In the above coordinate
system, using Stix’s notation, the dispersion relation can
be written as

An* — Bn? + C =0, (B6)

where the coefficients of the quadratic equation of n? are

A = Ssin® 6 + Pcos? 6, (B7)
B = RLsin?0 + PS(1 + cos® ), (B8)
C = PRI, (B9)

which are functions of w only, independent of the wave
vector. In the above expressions, R = S+ D and L =
S — D are the right- and left-handed components of the
dielectric tensor. The quadratic dispersion relation (B6)
has two solutions n3 = (B =+ F)/(2A), where F? = B2 —
4AC = (RL — PS)?sin* 0 + 4P2D? cos? . Since F? > 0,
we see the two solutions n3 are both real. However,
n% is not always positive, so each solution may contain
many branches, emanating from cutoff frequencies wy,
at which C(w.) = 0 so that n? = 0. For example, in
electron-ion plasma (Fig. 7a), the cutoff frequencies are
at wg, wp, and wr,, and the dispersion relation contains
two electromagnetic-like branches, for which w — ck as
k — oo, as well as three electrostatic-like branches, for
which w — w, as k — oo, where w, is some resonance
frequencies.

The resonance frequencies are asymptotic values of w
on electrostatic branches when k — oco. As the frequency
approaches the resonance frequencies from the below, the
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0° 30°  60°  90° 0° 30°  60°  90°
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FIG. 8. Resonance frequencies in electron-ion plasma with
m;/me = 10. In over-dense plasma, eg. |Q|/wp = 0.8 (a), as
0 increases from 0° to 90°, the upper resonance (red) increases
from wp to wym; the lower resonance (orange) decreases from
|Qe]| to wrr; and the bottom resonance (blue) decreases from
Q; to zero. In under-dense plasma, eg. |Qc|/wp = 1.2 (b), as 0
increases from 0° to 90°, the upper resonance (red) increases
from || to wy m; the lower resonance (orange) decreases from
wp to wrm; and the bottom resonance (blue) decreases from
Q; to zero. This figure can be used to read out the frequency
shift Aw, once the scattering angle of the longitudinal wave
is known.

refractive index n3 — oo, so we can find w, by solving
A(w;) = 0. In electron-ion plasma, this equation for
resonance frequencies can be explicitly written as

0=wb— wf(wf, + Q2 +Q7F) - wzﬂgQ? cos’6  (B10)

+ Wl w2 (2 4 QF) cos® § — w2 Q; sin® 6 + Q207

The above cubic equation for w? has three solutions
(Fig. 8), which can be ordered from large to small as
the upper (w,), lower (w;), and bottom (wj) resonance.
When 0 ~ 0 or m, the resonance frequencies approaches
wp, ||, and ;. Keeping the next order angular depen-
dence, the three resonance frequencies, when sinf ~ 0,
can be approximated by

2 2 o2
- s ¥ (B11)
w2 Q2(2 —cos?0) — w2
w? w2sin? @
2= w2(2 —pcos2 0) — Q2’ (B12)
e D e
w? Q;
—r~1— —tan’f. Bl
02 TN an (B13)

In the other limit, when 6 ~ 7/2, the resonance fre-
quencies approaches the upper-hybrid frequency wyg,
the lower hybrid frequency wrg, and 0. Keeping the
next order angular dependence, the upper, lower, and
bottom resonance frequencies, when cosf ~ 0, can be



approximated by

w2 w22 cos? 0
R R S CIC R ToT T (B14)
Wi g (w2 +Q2)2 + w202 cos? 0
2 2 a2
wj Q2 cos” 0
~1 , (B15
w? + 02 cos? 0 + |Qe]Q4 (1 + cos? 0) (B15)
ig ~ |Q€|COS29 (B].G)

02 7 Q; + Q| cos?2 6’

The above asymptotic expressions for resonance fre-
quency w, are extremely useful when we approximate
the scattering strength and wave energy coefficients.
When frequencies approaches resonances, the waves
becomes longitudinal. On the other hand, the wave be-
comes transverse when frequencies approaches infinity.
For intermediate frequencies, we can find the wave po-
larization by solving for eigenmodes of the electric field
equation (B2). In the wave coordinate k,y, and k x §,
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we can write &, = £cos¢, & = —i€sin¢pcosy, and
Ex = Esin ¢ siny, where we have omitted the superscript
of £M. Then the polarization angles

Sn? — RL
tany = D eosd’ (B17)
tan ¢ P cosf (B18)

Notice that £ /€, = itant is imaginary. Therefore, the
wave is elliptically polarized in general. Also notice that
the polarization ray £ is invariant under transformations
(¢a 7/}) - (¢ + 180071/)) and (éf’,l/f) - (7(72577[) + 1800)
Therefore, the polarization angles (Fig. 7b) can be in-
terpreted up to these identity transformations. Finally,
notice that 4 for the n? solutions satisfies the identity
tanty tant_ = —1. Hence, polarizations of these two
frequency-degenerate eigenmodes are always orthogonal
in the transverse plane.
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