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Surface-energy minimization is used to study capillary effects that determine the stable config-
urations of (liquid or solid) particles atop tubes or wires. The results give allowable ranges for
the volume (Vc) of the particles as function of the inner and outer radii of the tubes, RI and Ro,
respectively. When RI/Ro = 0, the object is a nanowire. When RI/Ro = 1, it is a single-wall
carbon nanotube (SWCNT). When 0 < RI/Ro < 1, it can be thought of as a multi-wall carbon
nanotube (MWCNT). Moreover, the transition paths among different configurations are studied.
These results suggest possible mechanisms for the reshaping of the “pear-like” catalyst particles in
carbon nanotubes that oscillate across a local energy-maximum points with respect to the position
of the lower interface in the inner wall.

I. INTRODUCTION

Since identified in 1991 by Sumio Iijima [1], car-
bon nanotubes (CNTs) have captured the attention
of researchers due to their useful chemical and physi-
cal properties[2]. Catalytic chemical vapor deposition
(CCVD) is a most promising method of their synthe-
sis because of its low cost and scalable technique for
bulk production. However, mass production of defect-
free CNTs remains a challenge. The root of solving
this problem is to understand the mechanisms of growth.
There are many parameters involved in the synthesizing
processes, involving hydrocarbons, catalysts, heat, pres-
sure, gas-flow rates, deposition times and reactor geome-
tries. The easiest controllable parameter is the catalyst
volume. Moreover, it is suggested in many experiments
[3, 4] that the CNT morphology (outer and inner diam-
eters, the number of walls) has a close relationship with
the volumes of the catalyst particles required.

Many attempts have been made to estimate optimal
conditions for controlling the configurations of CNTs
via the sizes of the catalyst particles both experimen-
tally and theoretically. A. Gohiera et al. [5] observe
that the ratio between diameters of the catalyst and
the single-wall carbon nanotubes (SWCNTs) is close to
a constant and independent of other experimental con-
ditions. Schebarchov et al. [6], using a simple model
and molecular-dynamic simulation, finds that nonwet-
ting molten nanoparticles below a critical size can enter
the interior of single wall CNTs in the process of base
growth. In the growth of multi-wall carbon nanotubes
(MWCNTs), the catalyst particles seem to display pear-
like shapes which oscillate in time. It is shown by en-
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vironmental transmission electron microscopy (ETEM)
that the CNT morphology is governed by the dynamic
reshaping of the catalyst particles [7–10].

The droplet penetration into capillary tubes, pipettes
[6, 11–14] or pores [15] has been investigated both theo-
retically and numerically in the past. In all the previous
theoretical analyses, it has been assumed that the droplet
contacts the tube inlet [6, 11–14], or spreads along the
top face [15]. This assumption is valid for thin tube walls
or SWCNTs. However, for MWCNTs, this assumption
is insufficient in the tip-growth process because the cat-
alyst particle could contact the tube at the outer edge.
Thus, in the present paper, the more general case is con-
sidered; a tube with outer and inner radii (Ro and RI

where 0 ≤ RI ≤ Ro and 0 < Ro <∞), respectively. The
protruding catalyst particle can be pinned at the inner
or outer edge or the top face of the tube (see Fig. 3, 4).
The analysis covers the withdrawal and uptaking pro-
cesses of droplets from the CNTs, which is different from
the works that focus on the penetration process [6, 11–
15]. Thus, the present analysis also augments the theory
to dynamic processes and possible equilibrium states of
liquid droplets atop capillary tubes, especially for tubes
in which the thickness of the wall cannot be neglected.
Note: Configurations can only be stable if the energy is
locally minimum and the contact angles (both with the
tube inlet and the tube outlet) are in admissible ranges.

In summary, in the present paper, drops atop tubes of
inner and outer radii RI and Ro, respectively, are exam-
ined for stability by using surface-energy minimization
techniques. The surface-energy model that we use has
been used frequently before, e.g. see Ref. [16]. We use
this because we aim to study the stable conditions of
solid/liquid particles and energy minimization is a direct
path to them. Moreover, only axisymmetric cases are
considered given that these are the most commonly ob-
served shapes. When ρ , RI/Ro = 0, the tube becomes
a nanowire which grows by the Vapor-Liquid-Solid(VLS)
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method and the drop is liquid. When ρ > 0, the tube
becomes a tube like a SWCNT or MWCNT and the par-
ticle can be in solid or crystal state as shown in Ref. [17].
In this case, our results are related to tip growth of both
SWCNTs and MWCNTs. It is found that there is a min-
imum size of particle for tip-growth to proceed. All the

results are expressed in terms of ρ, R̄ = V
1/3
c /Ro and the

wetting conditions via Young’s contact angle θY . The
transition among different equilibrium states for the cat-
alyst particle is tracked allowing one to understand the
possible mechanisms for the reshaping process of the cat-
alyst particle in tip-growth of CNTs or wires. Finally, it
is worth mentioning that the method we are using for tip-
growth and conclusions we have obtained for tip-growth
in this paper are also applicable to that of base growth
cases because at the nanoscale gravity is negligible com-
pared with surface tension.

II. RESULTS AND DISCUSSIONS

Fig. 1 shows a typical tip-growth process of a CNT.
As the hydrocarbon decomposes on the catalyst parti-
cle and the carbon atoms diffuse to the bottom of the
catalyst, the whole catalyst is pushed off the substrate
(From the stage shown in Fig. 1(b) to Fig. 1(c)). After-
wards, the catalyst particle rises and then sits atop the
CNT. As long as the top of the catalyst is open for fresh
hydrocarbon decomposition, the CNT continues to grow
longer as shown in Fig. 1(d). It is observed in many
experiments that the lower meniscus of catalyst particle
shown in Fig. 1(c) oscillates during the growth process
and that this oscillation influences the growth process
of CNT significantly. Our objective is to investigate the
mechanisms leading to each axisymmetric state of cata-
lyst particle in the tip-growing process and to understand
the influences of the properties of the catalyst particle on
the configuration of the growing carbon nanotube.

In the model, surface-energy minimization of each state
shown in Fig. 1 is considered. For the convenience of il-
lustration, Fig. 2(b) shows a tip-growth process in which
a catalyst particle lies atop a growing tube, where γSV

is the interfacial energy density between the wall of the
CNT and the vapor, γSL is the interfacial energy density
between the wall and the catalyst particle, and γLV is
the interfacial energy density between the vapor and the
catalyst particle. The equilibrium Young’s angle θY at
the contact line (three-phase line) formed by the particle,
the vapor and the wall defined in Fig. 2(c) by

γLV cos θY = γSV − γSL. (1)

Notice that if the surface of the particle contacts the
inner wall, then φ = θY . On the other hand, if the upper
surface contacts the top face of the tube, then θ = θY .
Because the tube and the catalyst particle are in the
nano scale, it is reasonable to assume that the force of
gravity applied on the catalyst particle can be neglected
compared with the interfacial forces.

In addition, according to the analysis in Appendix II D,
we only consider cases where θY > π/2 in the following.
If the upper surface of the catalyst particle is pinned at
the outer edge of the tube with angle θ, see Fig. 2(b),
and the lower surface of the catalyst particle is pinned at
the inner edge of the tube with angle φ as shown in Fig.
2(b), the admissible angle range of θ and φ are

θY ≤ θ ≤ π, (2)
π

2
≤ φ ≤ θY . (3)

In tip growth, the tube system shown in Fig. 2(b),
there are seven parameters:

• The interfacial energy densities: γSV , γSL and γLV

(which determine θY );

• The volume of the catalyst particle: Vc;

• The size of the carbon nanotube characterized by
the outer (Ro) and inner diameters (RI) and the
length (H). The thickness of the wall is defined by
d = Ro −RI .

Let the lengths in the system be scaled by Ro and the
energy density in the system by γLV so the total energy
of the system is scaled by γLVR

2
o. Define

R̄ = V 1/3
c /Ro, H̄ = H/Ro, ρ = RI/Ro. (4)

Then, in order to let the particle contact the inner wall,
it has to satisfy Vc ≥ 4πR3

I/3, so that

R̄ ≥ 1.612ρ. (5)

Here, ρ measures of the number of walls in the multiwall
CNT. In the cases discussed in Fig. 1(b) and 1(c), 0 <
ρ ≤ 1 while ρ = 0 in the case shown in Fig. 1(d) describes
a solid nanowire.

Reference case: consider a specific case in which θY =
2π/3 with the volume of catalyst particle and CNT as
given in [7, 9]. Vc = 230nm3 with radii RI = 1.35nm
and Ro = 1.6nm, consistent with Eq. (5). We shall refer
future results to this “standard” case.

The remainder of this paper is organized as follows.
In Section II A, we discuss the conditions for the cata-
lyst particle to leave the substrate, which is the stage
shown from Fig. 1(b) to Fig. 1(c). Instability of “pear-
like” catalyst shapes (shown in Fig. 3) and the condi-
tions for the transition among configurations shown in
Fig. 3 and Fig. 4 in the stage shown from Fig. 1(c) to
Fig. 1(d) are presented in Section II B. The influences of
the size of catalyst on the geometry and morphology of
the tube are considered in Section II C. In what follows,
there are three types of configurations discussed. Those
labeled E have particles encapsulated within the tube,
those labeled P are “pear-like” shapes, those labeled C
are caps atop the wire/tube.
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(a)

=⇒

(b)

=⇒

(c)

=⇒

(d)

FIG. 1. Typical tip-growth process. (a) A catalyst particle is placed on a substrate; (b) to (c): As the hydrocarbon decomposes
on the catalyst particle and the carbon atoms diffuse to the bottom of the catalyst particle, the whole catalyst particle is
pushed off the substrate; (d) The catalyst particle moves up and sits atop the CNT.

(a)

=⇒

(b) (c)

FIG. 2. (a) Sketch of a catalyst particle at the tip of growing MWtube; (b) Vertical cross-section of Fig. 2(a); (c) Sketch of
the equilibrium Young’s angle. Here, “wall” includes the outer wall, the inner wall and the top of the tube.

A. Conditions for the catalyst particle to leave the
substrate

In Fig. 1(b), suppose that the tube is very short and
the catalyst particle still contacts the substrate. If the
interfacial energy density between the substrate and the
vapor is γSuV and the interfacial energy density between
the substrate and the catalyst particle is γSuL, the wet-
tability of the catalyst on the substrate can be described
by the contact angle ξY ; see Fig. 1(a), where

γLV cos ξY = γSuV − γSuL. (6)

The energy difference between the case of touching the
substrate (shown in Fig. 1(b)) and not touching it
(shown in Fig. 1(c)) is

∆E = Etouch − Euntouch ≤ −πR2
IγLV (1 + cos ξY ) ≤ 0.

Thus, the catalyst always prefers contact with the sub-
strate. In order for the catalyst to detach, it must be
subjected to some perturbation. Moreover, in order to let
the catalyst detach from the substrate, the perturbation
is smaller the hydrophobic substrates than hydrophilic
substrates. This is consistent with most experimental ob-
servations that the adhesion force between the catalyst
particle and the substrate influences the growth mode
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(tip-growth or base growth) of the tube.

B. Instability of “pear-like” catalyst shapes in the
tube growth

In Fig. 1(c), the catalyst has detached from the sub-
strate, the top of the catalyst particle is atop the tube,
and the bottom dips into the interior (as shown in Fig.
3). The contact angle at the inner wall between the bot-
tom of the catalyst particle and the vapor is θY . The
distance between the inner edge of the tube and the con-
tact line of the lower interface is defined by δ as shown
in Fig. 3. di (in Fig. 3(b)) is the distance between the
contact point of the upper interface with the top and the
inner edge of the tube. Define δ̄ = δ/Ro as the effective
contact depth and d̄i = di/Ro as the effective contact dis-
tance. This configuration is the “pear-like” shape which
has been observed in many experiments on CNTs [7–10].
Because the catalyst is sitting atop the tube, there are
three possible positions for the upper surface as shown in
Fig. 3. In this section, 0 < d̄i ≤ 1 − ρ and ρ > 0, δ̄ > 0
because we are considering “pear-like” catalyst shapes.

Given H and δ ≈ H at the instant the catalyst lifts
from the substrate, different sizes of catalysts can lead to
different configurations. If

R̄ ≥ [v(θY ) + ρ3v(θY −
π

2
) + πH̄ρ2]

1
3 , (7)

where the first term of the right-hand side is the volume
of the catalyst particle above the tube, the sum of the last
two terms is the volume of the catalyst particle within
the tube, and

v(θ) =
π

3

(1− cos θ)(2 + cos θ)

sin θ(1 + cos θ)
,

the upper interface contacts the outer edge of the tube,
as shown in Fig. 3(a), and the contact angle between the
upper interface of catalyst particle and vapor and top
face is θ, θY ≤ θ ≤ π. If

{ρ3[v(θY ) + v(θY −
π

2
)] + πH̄ρ2} 1

3 < R̄

< [v(θY ) + ρ3v(θY −
π

2
) + πH̄ρ2]

1
3 , (8)

the upper surface contacts the top face of the tube, as
shown in Fig. 3(b), and the contact angle between the

upper surface and the top is θY . If

[2v(θY −
π

2
)ρ3 + πH̄ρ2]

1
3 ≤ R̄

≤ {ρ3[v(θY ) + v(θY −
π

2
)] + πH̄ρ2} 1

3 , (9)

and the upper surface contacts the inner edge of the tube,
as shown in Fig. 3(c), and the contact angle between the
upper surface and the top is θi, θY − π/2 ≤ θi ≤ θY . On
the other hand, given the volume Vc of the catalyst, the
catalyst can evolve to any of the three states by changing
the position of the lower meniscus, i.e., the value of δ̄ (or
H̄ in Eq. (7)-(9)).

In the reference case, in order to have a part protruding
from the tube, the catalyst particle has to detach from the
substrate at H̄ ≤ 25.14. In particular, if the catalyst
particle detaches from the substrate at H̄ ≤ 22.8, the
catalyst particle is shown in Fig. 3(a); if the catalyst
particle detaches from the substrate at 22.8 < H̄ ≤ 23.8,
the catalyst particle is shown in Fig. 3(b); if the catalyst
particle detaches from the substrate at 23.8 < H̄ ≤ 25.14,
the catalyst particle is shown in Fig. 3(c).

P1: The upper meniscus contacts the outer edge of
the tube [Fig. 3(a)]

Because H̄ > 0, then in order to include all the possible
values of R̄ in this state, we consider

R̄ > [v(θY ) + ρ3v(θY −
π

2
)]

1
3 , VA(θY , ρ), (10)

where V 3
A(θY , ρ) represents the dimensionless volume of

the catalyst particle when δ̄ = 0 and θ = θY . Given the
size of the tube and volume of the catalyst, the catalyst
state depends on θ and δ. In particular, if the catalyst
particle leaves the substrate when the length of the tube
is H, then δ ≈ H. The dimensionless volume of the
catalyst particle is then

R̄3(θ, δ̄) = v(θ) + ρ3v(θY −
π

2
) + πδ̄ρ2. (11)

Define a scaled total energy

E = Etotal/γLVR
2
o,

where Etotal is the total surface energy of the system
under consideration. The energy of the system is

1

2π
E(θ, δ̄) =[

1

1 + cos θ
+ ρ2

1

1 + sin θY
] +

γSV

γLV
(ρ+ 1)H̄ − δ̄ρ cos θY +

1

2

γSL

γLV
[1− ρ2], (12)

where δ̄ ≥ 0 and θY ≤ θ ≤ θY + π/2. Thus,

dE
dδ̄

= ρ cos θY (
r

R
− 1), (13)

where R and r are the radii of curvature of the upper
and the lower surfaces, respectively. It is obvious that

dE
dδ̄

= 0, and
d2E
dδ̄2
≤ 0, when R = r,
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(a)P1 (b)P2 (c)P3

FIG. 3. “Pear-like” shapes of the catalyst particle. (a) P1: Upper meniscus contacts outer edge of tube and lower contacts the
inner wall of the tube; (b) P2: Upper meniscus contacts top of tube and lower meniscus contacts inner wall of the tube; (c)
P3: Upper meniscus contacts inner edge of tube and lower meniscus contacts inner wall of the tube.

(a)C1 (b)C2 (c)C3

VS.

(d)E

FIG. 4. Possible stable shapes of the catalyst particle. (a) C1: Upper meniscus contacts outer edge of tube; (b) C2: Upper
meniscus contacts the top of tube and lower meniscus contacts the inner edge of the tube; (c) C3:Upper meniscus contacts the
inner edge of tube and lower meniscus contacting inner edge of the tube; (d) E: The catalyst particle is encapsulated in the
tube.

which implies the energy is maximum at R = r. More-
over, consider the admissible angle range of θ, θY ≤ θ ≤
θY + π/2, if ρ ≤ cot(π − θY ),

dE
dδ̄
≥ ρ cos(π − θY )[1− ρ tan(π − θY )] ≥ 0.

Thus, the particle will always evolve to the state shown
in Fig. 4(a) in which the lower surface contacts the inner
edge and the upper meniscus contacts the outer edge of
the tube. The above discussion is summarized in Fig. 5.

In the following, take θY = 2π/3, and identify two
different regimes shown in Fig. 5(b) under the conditions
that ρ > cot(π − θY ) and R̄ > VA.

(ρ, R̄) = (0.8, 3.0) is taken as the representative case
for the regime colored light blue. Through the energy
profile shown in Fig. 5(c) (the light blue curve), it is
observed that there exists a local maximum at around
δ̄ = 5(, δ̄0), which implies that the stable state of the
particle is determined by the initial position of the lower
surface. If δ̄ < δ̄0, it will evolve to a state shown in Fig.
4(a). If δ̄ > δ̄0, it will evolve to a state shown in Fig.
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c /Ro = 2.8
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c /Ro = 2.0
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C1
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(c)energy profile, RI/Ro = 0.8

FIG. 5. With initial state shown in Fig. 3(a) named P1, (a) (θY , RI/Ro) = (θY , ρ) map of different situations, when V
1/3
c /Ro ≥

VA(θY , RI/Ro). Gray: Evolution to C1 shown in Fig. 4(a). Purple: Evolution to E shown in Fig. 4(d). Green: Discussed in

detail in Fig. 5(b). The red line is RI/Ro = cot(π−θY ). The white point represents the reference case. (b) (RI/Ro, V
1/3
c /Ro) =

(ρ, R̄) map of different states with θY = 2π/3. The line between blue and dark blue regions is Eq. (14). The white point
represents the reference case. (c) The representative energy profiles of different regions shown in Fig. 5(b). The energy profile

with (V
1
3

c /Ro, RI/Ro) = (R̄, ρ) = (3.0, 0.8) and (V
1
3

c /Ro, RI/Ro) = (R̄, ρ) = (2.8, 0.8) represent the blue region. The energy

profile with (V
1
3

c /Ro, RI/Ro) = (R̄, ρ) = (2.0, 0.8) represents the dark blue region. The right end of each energy profile is the
position δ/Ro such that θ = θY .

3(b) when H̄ is large enough. If H̄ is not large enough,
the catalyst particle will return to the state shown in Fig.
1(b).

Moreover, a small perturbation around δ̄0 may intro-
duce oscillations of the part of the particle of the in-
ner wall of the tube, which is a typical phenomenon ob-
served in the experiments of tube growth [7, 8, 10], this
small perturbation can be a thermal fluctuation where
kBT/γLVR

2
o ≈ 10−1 ∼ 10−2. Since the energy barri-

ers are a small fraction of kBT , it is highly likely that
the system will not be localized in one energy minimum,
but oscillate between them. (ρ, R̄) = (0.8, 2.8) is also

taken as the representative case for the regime colored
light blue in Fig. 5(b). Compare the cases with R̄ = 3.0
and R̄ = 2.8, Fig. 5(c) shows that the oscillation of the
catalyst particle inside the tube should be easier in the
later case when subjecting to small perturbations. In
sum, within the blue region, the closer (ρ, R̄) to the line
between the blue region and dark-blue region, the easier
for the catalyst particle to oscillate. It worth mentioning
that we have not analyzed possible oscillations but only
mention their occurrence.

In the reference case, if the catalyst particle detaches
from the substrate at H̄ < 16.54, it will evolve to state
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C1, see Fig. 4(a), because θY = 2π/3, ρ = 0.84 and
R̄ = 3.83 and (ρ, R̄) is in the light blue region shown
in Fig. 5(b). Similarly, if the catalyst particle detaches
from the substrate at H̄ > 16.54, the catalyst particle will
evolve to state P2 or the state shown in Fig. 1(b). If the
system is subjected to perturbations and detaches from
the substrate at H̄ ≈ 16.54, the lower meniscus of the
catalyst particle may oscillate within the tube.

Similarly, (ρ, R̄) = (0.8, 2.0) is taken as the represen-
tative case for the regime colored dark blue. The energy
profile shows that the stable state of the catalyst will
evolve to the case shown in Fig. 3(b) within the regime
colored dark blue in Fig. 5(b).

In addition, the line between the light-blue region and
dark-blue region in Fig. 5(b) is given by

R̄ = [v(π − sin−1(− cos θY /ρ)) + ρ3v(θY −
π

2
)]

1
3 (14)

because dE/dδ̄ > 0 at δ̄ = 0, when θ > π −
sin−1(− cos θY /ρ).

P2: The upper meniscus contacts the top face of the
tube [Fig. 3(b)]

Because H̄ > 0, then in order to include all the possible
values of R̄ under this condition, consider

R̄ > ρ[v(θY ) + v(θY −
π

2
)]

1
3 , VB(θY , ρ), (15)

where V 3
B represents the dimensionless volume of the cat-

alyst particle when di = 0 and δ = 0 shown in Fig. 3(b).
Similarly to that in last section, if ρ ≥ cot(π−θY ), the

state of the catalyst particle will evolve to state shown
in Fig. 4(c). Furthermore, if tan(π − θY ) ≤ 1, i.e., θY ≥
3π/4, the catalyst particle will evolve to the states shown
in Figs. 4(b) or 4(a). The above discussion is summarized
in Fig. 6.

In the reference case, if the catalyst particle detaches
from the substrate at 22.8 < H̄ ≤ 23.8, the state of the
catalyst particle is shown in Fig. 3(b) at the instant of
leaving the substrate. Because ρ = 0.84 and θY = 2π/3
(shown in Fig. 6), it will evolve to the state shown in
Fig. 3(c) or touch the substrate again according to the
result above.

In the following, consider only ρ ≤ cot(π − θY ) and
π/2 ≤ θY ≤ 3π/4. To investigate this case in detail, take
θY = 2π/3 and identify three different regimes shown in
Fig. 7(a).

(ρ, R̄) = (0.5, 3.0) is taken as the representative case
for the regime colored yellow. Through the energy profile
shown in Fig. 7(b), it is observed that there exists a

local maximum at around δ̄ = 30(, δ̄0), which implies
that the evolution of the state of the catalyst particle is
determined by the initial position of the lower surface of
the catalyst. If δ̄ < δ̄0, it will evolve to the state shown
in Fig. 3(a), then evolve to state shown in Fig. 4(a)

according to the discussion in last section. If δ̄ > δ̄0, it
will evolve to the state shown in Fig. 3(c).

Similarly, (ρ, R̄) = (0.5, 1.7) is taken as the represen-
tative case for the regime colored light blue in Fig. 7(a).
If δ̄ < δ̄0, the catalyst particle will evolve to the state
shown in Fig. 4(b). If δ̄ > δ̄0, it will evolve to a stable
state as shown in Fig. 3(c). The right end of the energy
profile stops at the position of δ̄ such that d̄i = 0. More-
over, the line between the light blue region and yellow
region in Fig. 7(a) is

R̄ = [v(θY ) + ρ3v(θY −
π

2
)]

1
3 . (16)

This is because in the yellow region, the volume of the
catalyst particle has to be large enough that δ̄ ≥ 0 when
the upper surface reaches the corner of the outer wall of
the tube and the top side of the tube, i.e., d̄i + ρ = 1.

Finally, (ρ, R̄) = (0.5, 1.5) is taken as the representa-
tive case for the regime colored red in Fig. 7(a). The
energy profile (Fig. 7(d)) shows that the stable state of
the catalyst will evolve to that shown in Fig. 3(c). The
line between red and the light blue part is

R̄ = ρ[v(θY ) tan3(π − θY ) + v(θY −
π

2
)]

1
3 (17)

because dE/dδ̄ ≥ 0, at δ̄ = 0 when d̄i+ρ ≥ ρ tan(π−θY ).

P3: The upper meniscus contacts the inner edge of
the tube [Fig. 3(c)]

Because H̄ > 0, then in order to include all the possible
values of R̄ under this condition, consider

R̄ ≥ [2v(θY −
π

2
)]

1
3 ρ. (18)

However, because it has been assumed that

R̄ ≥ (
4π

3
)

1
3 ρ,

Eq. (18) is satisfied automatically. In addition,

dE
dδ̄

= ρ cos θY (
r

R
− 1). (19)

Here, r/R = − sin θi/ cos θY . It is obvious that

dE
dδ̄
≤ 0, when θY ≤

3π

4
.

Moreover,

dE
dδ̄

= 0, and
d2E
dδ̄2

> 0, when θi = θY −
π

2
.

Thus, if π/2 ≤ θY ≤ 3π/4, the particle encapsulated
within the tube as shown in Fig. 4(d) is the stable state.

In the reference case, if the catalyst particle detaches
from the substrate at 23.8 < H̄ ≤ 25.14, the state of the
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0 π/4 π/2 3π/4 π
0

0.2

0.4

0.6

0.8

1
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R
I
/
R

o

Initial state: P2

=⇒

C1

Encapsulated

P3

?

lower meniscus
moves downward:

Fig. 7

� lower meniscus
moves upward

or C2

1

FIG. 6. With initial state shown in Fig. 3(b) named P2, (θY , RI/Ro) map of different states, when V
1/3
c /Ro ≥ VB(θY , RI/Ro).

Gray: the state of catalyst particle evolves to C2 (Fig. 4(b)) or C1 (Fig. 4(a)). Green: the state of catalyst particle evolves to
P3 (Fig. 3(c)). Purple: the state of catalyst particle evolves to E (Fig. 4(d)). Yellow: discussed in Fig. 7. The black line is
RI/Ro = cot(π − θY ). The white point represents the reference case.

catalyst particle is shown in Fig. 3(c) at the instant of
leaving the substrate. Because θY = 2π/3, it will evolve
to the state shown in Fig. 4(d) or continue touching the
substrate according to the result above.

However, if θY > 3π/4, there are two extrema. Besides
the minimum point, θi = θY −π/2, θi = 3π/2−θY is the
maximum point because

dE
dδ̄

= 0, and
d2E
dδ̄2

< 0, when θi =
3π

2
− θY .

Three regimes of (R̄, ρ) are identified, as shown in Fig.
8(a), with θY = 5π/6.

If θi ≤ 3π/2 − θY when δ = 0, the energy profile is
shown in Fig. 8(d) [(R̄, ρ) = (0.5, 0.82) is taken as the
representative point.] which implies the particle encap-
sulated within the tube is stable.

If 3π/2 − θY < θi < θY when δ̄ = 0, the stable state
depends on the initial position of the lower surface of
the catalyst in the tube. Taking (R̄, ρ) = (0.5, 1.1) as
the representative case, it is easy to see from the energy
profile, shown in Fig. 8(c), that the catalyst will evolve
to the case shown in Fig. 4(c) when δ̄ < δ̄0, whereas the
catalyst is encapsulated within the tube is stable when
δ̄ > δ̄0.

If θi > θY when δ̄ = 0, the stable state also depends on
the initial position of the lower surface of the catalyst in
the tube. Taking (R̄, ρ) = (0.5, 2.0) as the representative
case (energy profile is shown in Fig. 8(b)), the situation is
different from the former situation, because the catalyst

particle will evolve to the case shown in Fig. 3(b), then
to the state shown in Fig. 4(a) or 4(b) according to the
discussion in last section, when δ̄ < δ̄0.

In summary, the (R̄, ρ) maps of the different situations
with θY = 5π/6 are shown in Fig. 8(a). Furthermore,
according to the analysis above, the line between yellow
and red is given by

R̄ = [v(θY −
π

2
) + v(

3π

2
− θY )]

1
3 ρ, (20)

and the line between red and blue is given by

R̄ = [v(θY −
π

2
) + v(θY )]

1
3 ρ. (21)

First summary

(a) All the possible steady “pear-like” shapes are un-
stable. Pear-like shapes for the particle may oscil-
late along the inner wall of the tube as long as the
lower surface detaches from the substrate when the
length of the tube is near a critical value δ̄0 and
due to a small perturbations. That position is the
location of the lower meniscus such that the upper
and lower menisci have the same curvature.

(b) According to the discussion above, given R̄ and θY ,
the evolution of the catalyst depends on the length
H of the tube at the instant that the lower meniscus
detaches from the substrate.
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FIG. 7. With initial state shown in Fig. 3(b) named P2, (a) (RI/Ro, V
1/3
c /Ro) = (ρ, R̄) map of different states with θY =

2π/3. (b),(c) and (d) show the representative energy profiles corresponding to different regions shown in Fig. 7(a). (b)

The energy profile with (V
1/3
c /Ro, RI/Ro) = (R̄, ρ) = (3.0, 0.5) represents the yellow region. (c) The energy profile with

(V
1/3
c /Ro, RI/Ro) = (R̄, ρ) = (1.7, 0.5) represents the blue region. (d) The energy profile with (V

1/3
c /Ro, RI/Ro) = (R̄, ρ) =

(1.5, 0.5) represents the red region. The right end of energy profiles in Fig. 7(b), 7(c) and 7(d) is the position of δ/Ro such
that di/Ro = 0. The left end of energy profile in Fig. 7(b) is the position of δ/Ro such that di/Ro = 1 − RI/Ro. States P1
and P3 are shown in Fig. 3(a) and 3(c). State C2 is shown in Fig. 4(b).

(c) Generally speaking, if the volume of the catalyst is
too small or the length H of the tube is too large
at the instant that the lower menisci detaches from
the substrate, the catalyst particle will become en-
capsulated within the tube and the growth process
will cease.

C. Size of catalyst influences the size and
morphology of the tube

According to the discussion in last section, the “pear-
like” shapes will evolve to two kinds of configurations.
One is that the whole catalyst is encapsulated within the
tube, in which case the growth process stops. The other is
that the lower meniscus of the catalyst contacts the inner
edge, in which case the tube continues to grow as long as
the catalyst’s top is open for hydrocarbon decomposition.

In this case, there are three different states possible as
determined by the position of the upper meniscus shown
in Fig. 4(a), 4(b) and 4(c).

According to the discussion above, the lower menisci
contacts the inner wall of the tube with angle φ = θY at
the instant of touching the inner edge, if

R̄ ≥ [v(θY ) + ρ3v(θY −
π

2
)]

1
3 , (22)

the upper surface contacts the outer edge of the tube, as
shown in Fig. 4(a), and the contact angle between the
upper surface of catalyst and top is θ, θY ≤ θ ≤ π; if

ρ[v(θY ) + v(θY −
π

2
)]

1
3 < R̄ < [v(θY ) + ρ3v(θY −

π

2
)]

1
3 ,

(23)

the upper surface contacts the top of the tube, as shown
in Fig. 4(b), and the contact angle between the upper
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FIG. 8. With initial state shown in Fig. 3(c) named P3, (a) (RI/Ro, V
1/3
c /Ro) = (R̄, ρ) map of different states with θY = 5π/6.

(b),(c) and (d) show the representative energy profiles corresponding to different regions shown in Fig. 8(a). (b) Energy profile

with (V
1
3

c /Ro, RI/Ro) = (R̄, ρ) = (2, 0.5) represents the blue region. (c) Energy profile with (V
1
3

c /Ro, RI/Ro) = (R̄, ρ) =

(1.1, 0.5) represents the blue region. (d) Energy profile with (V
1
3

c /Ro, RI/Ro) = (R̄, ρ) = (0.82, 0.5) represents the yellow
region. The right end of energy profiles is the position of di/Ro such that δ/Ro = 0. The left end of the energy profile in Fig.
8(b) is the position of δ/Ro when θi = θY . The right end of the energy profiles are the position of δ/Ro when θi = θY − π/2.
States C3 and E are shown in Fig. 4(a) and 4(d). State P2 is shown in Fig. 3(b).

surface of catalyst and top is θY ; if

(
4π

3
)

1
3 ρ ≤ R̄ ≤ ρ[v(θY ) + v(θY −

π

2
)]

1
3 , (24)

the upper surface contacts the inner edge of the tube, as
shown in Fig. 4(c), and the contact angle between the
upper surface of the catalyst and top is θi, θY − π/2 ≤

θi ≤ θY .

C1: The upper meniscus contacts the outer edge of
the tube [Fig. 4(a)]

In this case, the catalyst sits atop the tube with the
upper surface contacting the outer edge and the lower
contacting the inner edge. This configuration is observed
in most tip-growing tube experiments [7, 8]. According
to the analysis in Appendix: C1, if

(R̄, ρ) ∈ {(R̄, ρ) | R̄ ≥ [v(θY ) + ρ3v(
π

2
− cos−1(ρ sin θY ))]

1
3 , 0 ≤ ρ ≤ cot(π − θY )}

∩ {(R̄, ρ) | R̄ ≥ [v(π − sin−1(− cos θY /ρ)) + ρ3v(θY −
π

2
)]

1
3 , cot(π − θY ) ≤ ρ ≤ 1} (25)
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for π/2 < θY ≤ 3π/4 (see Fig. 9(a) as a representative
case) and

(R̄, ρ) ∈ {(R̄, ρ) | R̄ ≥ [v(θY )

+ ρ3v(
π

2
− cos−1(ρ sin θY ))]

1
3 , 0 ≤ ρ ≤ 1} (26)

for 3π/4 < θY < π (see Fig. 9(b) as a representative
case), there always exist a stable state when the upper
and the lower interfaces have the same curvature (r = R),
and both φ and θ in Fig. 4(a) are in the admissible
angle range shown in Eq. (3) and (2). Here, the contact
angle between the upper meniscus of catalyst particle
and the top is θ whereas the contact angle between the
lower meniscus and the inner wall is φ, see Fig. 4(a). In
addition, this result, Eq. (25) and (26) when RI = 0,
is also consistent with the discussion for stable states of

catalyst droplet on a (solid) nanowire in VLS nanowire
growth in [16].

In the reference case, θY = 2π/3, (R̄, ρ) = (3.83, 0.84)
is in the yellow region shown in Fig. 9(a). This implies
that the catalyst particle will evolve to and stay at a stable
state shown in Fig. 4(a).

C2: The upper meniscus contacting the top of the
tube [Fig. 4(b)]

In this case, the catalyst particle is sitting atop the
tube with the upper interface contacting with the top
of the tube and the lower interface contacting with the
inner corner (see Fig. 4(b)). According to the analysis
in Appendix: C2, if

(R̄, ρ) ∈{(R̄, ρ) | ρ[v(θY ) tan3(π − θY ) + v(θY −
π

2
)]

1
3 ≤ R̄ ≤ [v(θY ) + ρ3v(

π

2
− cos−1(ρ sin θY ))]

1
3 , 0 ≤ ρ ≤ cot(π − θY )}

(27)

for π/2 < θY ≤ 3π/4 (see Fig. 9(a) as a representative
case) and

(R̄, ρ) ∈ {(R̄, ρ) | ρ[v(θY ) + v(π − θY )]
1
3 ≤ R̄

≤ [v(θY ) + ρ3v(
π

2
− cos−1(ρ sin θY ))]

1
3 , 0 ≤ ρ ≤ 1}

(28)

for 3π/4 < θY < π (see Fig. 9(b) as a representative
case), there always exist a stable state at r = R, which
implies that the upper and the lower interfaces have the
same curvature, and φ is in the admissible angle range
shown in Eq. (3). Here, the contact angle between the
upper meniscus and the top side is θY whereas the con-
tact angle between the lower meniscus and the inner wall
is φ, see Fig. 4(b).

C3: The upper meniscus contacting the inner edge of
the tube [Fig. 4(c)]

In this case, the particle is sitting atop the tube with
both the upper interface and the lower interface contact-
ing with the inner edge of the tube (see Fig. 4(c)). Ac-
cording to the analysis in Appendix: C3, if

(R̄, ρ) ∈{(R̄, ρ) | [v(θY −
π

2
) + v(

3π

2
− θY )]

1
3 ρ ≤ R̄

≤ ρ[v(θY ) + v(π − θY )]
1
3 , 0 ≤ ρ ≤ 1} (29)

for 3π/4 < θY < π (see Fig. 9(b) as a representative
case), there always exist a stable state at r = R, which
implies that the upper and the lower interfaces have the

same curvature (i.e., θi + φ = 3π/2), and φ and θi are in
the admissible angle range. Here, the contact angle be-
tween the upper meniscus and the top side is θi whereas
the contact angle between the lower meniscus and the
inner wall is φ, see Fig. 4(c). Notice that this state only
exists when RI/Ro > 0 as shown in Fig. 9(b).

Second summary

(a) All stable states of catalysts in different growth
modes are identified as functions of (ρ, R̄, θY ).

(b) Further evolution pathways of catalyst particles for
the cases in Fig. 5, 5(b), 6, 7 and 8 are identified.

(c) The results for configuration C1 and C2 in Eq.
(25), (26), (27) and (28) are consistent with the
discussion for stable states of catalyst droplets on
a (solid) nanowires in VLS nanowire growth [16].

D. Conclusions

In this paper, surface-energy minimization is used to
investigate the mechanisms leading to each state of the
catalyst in the tip-growing process and the relation be-
tween the properties of the catalyst particles and the
morphology of nanotubes.

(a). The catalyst particle cannot (energetically) detach
from the substrate unless it is subject to some ex-
ternal perturbation (not considered herein). This
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(b)θY = 5π/6

FIG. 9. (RI/Ro, V
1/3
c /Ro) = (ρ, R̄) map of having stable state for different possible configurations shown in Fig. 4. (a)

θY = 2π/3 is taken as the representative case for π/2 < θY ≤ 3π/4. The white point represents the reference case. (b)
θY = 5π/6 is taken as the representative case for 3π/4 < θY < π.

is consistent with most experimental observations
of CNT’s that the adhesion force between the cata-
lyst particle and the substrate influences the growth
mode (tip-growth or base growth).

(b). Steady “pear-like” shapes of the catalyst particle
are always unstable.

(c). There are only four possible stable equilibrium
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states for a catalyst particle on a tube. They are
C1, C2, C3 and E shown in Fig. 4.

(d). In Figs. 9(a) and 9(b), it is seen that the volume
of the particle significantly influences the configu-
ration of the tube. For example, if one considers a
single-wall tube with radius Ro, the size of the par-
ticle has to be larger than [v(θY − π/2) + v(3π/2−
θY )]

1
3Ro for it to sit atop the tube. Conversely,

given the volume Vc of the particle, in order for
the growth process to continue, the size of the tube

cannot exceed V
1
3
c /[v(θY −π/2)+v(3π/2−θY )]

1
3 . If

the size of the tube exceeds this value, the catalyst
particle will be encapsulated in the tube.

(e). It is possible to have the stable state shown as state
E in Fig. 4(d) with θi = θY − π/2 as long as

Vc ≥
4π

3
R3

I .

It is worth noting that this region includes those of
C1, C2 or C3 (see Fig. 4(a), 4(b), 4(c)) mentioned

above. For the value of (V
1
3
c /Ro, RI/Ro) in those

regions, the stable state of the particle depends on
its initial state, as shown previously.

(f). Finally, the values of V
1
3
c /Ro with energy stable

configurations C1 and C2 (for the case of isotropic
solid-liquid interface energy) when RI/Ro = 0
shown in Fig. 9(a) and 9(b) are consistent with
the results of stable states of catalyst droplet on a
(solid) nanowire in VLS nanowire growth in [16].
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APPENDIX: ADMISSIBLE ANGLE RANGES

If the upper surface of the catalyst particle is pinned
at the outer edge of the tube with angle θ, see Fig. 2(b),
the admissible range of θ is

θY ≤ θ ≤ θY +
π

2
(30)

as derived by J. W. Gibbs [18]. Similarly, if the lower
surface of the catalyst particle is pinned at the inner edge
of the tube with angle φ as shown in Fig. 2(b), the
admissible range of φ, according to Gibbs, is

θY −
π

2
≤ φ ≤ θY . (31)

The derivation of (30) and (31) are the same as that in
[19]. Similar principles and derivations can be found in
[16] and [20].

It is notice that θY ≤ π/2 is impossible for tip-growth.
If θY ≤ π/2, i.e., the catalyst partially wets the tube,
φ ≤ π/2 according to Eq. (31), it is not possible at
equilibrium for the upper surface to contact the outer
edge (as shown in Fig. 10(a)) or the top of the tube. To
see this, use the Young-Laplace equation,

∆p = γκ, (32)

where ∆p is the pressure difference across the interface
between the catalyst and the vapor. If the upper interface
contacts the outer edge or the top of the tube, then the
curvatures of the upper and lower interfaces would have
opposite signs, which implies there is pressure gradient
within the catalyst particle inconsistent with equilibrium.
Thus, the only possible equilibrium state has both the
upper and the lower interfaces in contact with the inner
wall of the tube with the contact angles as shown in Fig.
10(b).

7

1

(a)

3

1

(b)

FIG. 10. (a) The upper surface of the catalyst particle con-
tacts the outer edge, whereas the lower surface contacts the
inner edge or inner wall of the tube. This configuration is not
possible at equilibrium when θY ≤ π/2. (b) The catalyst par-
ticle is totally encapsulated within the tube. Both the upper
and the lower interfaces contact the inner wall of the tube
with contact angle θY . This is a possible equilibrium state
when θY ≤ π/2.

If θY > π/2, the droplet cannot pin on the edge of out-
let of the carbon nanotube with angles larger than π/2,
i.e., π < θ < θY + π/2 (as shown in Fig. 11(a)) because
the meniscus must have constant curvature. similarly to
the discussion for the cases θY ≤ π/2, it is not possible
that θY − π/2 < φ < π/2 (as shown in Fig. 11(b)) be-
cause of the limitation of the Young-Laplace equation.
Therefore, if θY > π/2, the admissible angle ranges of θ
and φ are

θY ≤ θ ≤ π, (33)
π

2
≤ φ ≤ θY . (34)

APPENDIX: C1

In this case, the catalyst particle is sitting atop the
CNT with the upper interface contacting with the outer
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FIG. 11. (a) The upper surface of the catalyst particle dips
below the contact point of the upper surface and the outer
edge. This configuration is not possible at equilibrium when
θY > π/2.(b) The upper surface of the catalyst particle con-
tacts the outer edge or the top of the tube whereas the lower
surface of the catalyst particle contacts the inner edge of the
tube with φ < π/2. This configuration is not possible at
equilibrium when θY > π/2.

edge and the lower interface contacting with the inner
edge. The contact angle between the upper interface of
catalyst particle and vapor and top is θ whereas the con-
tact angle between the lower interface of the particle and
the vapor and the inner wall is φ, see Fig. 4(a). This
configuration is observed in most tip-growing CNT ex-
periments [7, 8].

Given the size of the CNT and the volume of the cat-
alyst particle, the state of the catalyst particle depends
on θ and φ and

R̄3(θ, φ) = v(θ) + ρ3v(φ− π

2
). (35)

If θY > π/2, the admissible angle ranges of θ and φ are

θY ≤ θ ≤ π, (36)
π

2
≤ φ ≤ θY . (37)

The energy of the system is

E(θ, φ) = 2π[
1

1 + cos θ
+ ρ2

1

1 + sinφ
]

+ 2π
γSV

γLV
(1 + ρ)

H

Ro
+ π

γSL

γLV
[1− ρ2],

where the first term on the left is the energy on the menis-
cus and the second and third terms represent the energy
on the walls. Because the volume of the catalyst particle
is conserved,

0 =
dR̄3

dφ
= −π (1− cos θ)2

sin4 θ

dθ

dφ
− πρ3 (1− sinφ)2

cos4 φ
(38)

and

dE
dφ

= 2π
(1− cos θ)2

sin3 θ

dθ

dφ
+ 2πρ2

(1 + sinφ)2

cos3 φ
. (39)

Substitute Eq. (38) into Eq. (39) to find that

dE
dφ

= 2πρ2
(1− sinφ)2

cos3 φ
(1− r

R
),

where R(= R0/ sin θ) and r(= RI/ cos(π − φ)) are the
radii of the spheres represent the upper and the lower
interfaces, respectively. It is obvious that

dE
dφ

= 0, when R = r.

Moreover,

d2E
dφ2
≥ 0, at R = r.

Thus, at equilibrium, r = R which implies that the upper
and the lower interfaces have the same curvature. This
is not sufficient for a stable equilibrium. It is possible
that either φ or θ is not in the admissible range when
r = R. For example, Fig. 12(a) shows the energy profile
via changes of the angle φ [θ is determined by φ according

to Eq. (35)] when V
1/3
c /Ro = 2 and RI/Ro = 0.5. The

minimum point is at around φ0 = 5π/8 (θ0 = 0.714π). If
θY < φ0, φ0 is outside of the admissible angle range which
implies that the catalyst particle cannot pin at the inner
corner after reaching φ = θY . Thus, instead of staying at
the state shown in Fig. 4(a), it will evolve to that shown
in Fig. 3(a). If φ0 ≤ θY ≤ θ0, then the particle will reach
a local minimum state shown in Fig. 4(a) with φ = φ0
(θ = θ0). If θ0 < θY , θ0 is out of the admissible angle
range which implies that the catalyst particle cannot pin
at the outer corner after reaching θ = θY . Thus, instead
of staying at the state shown in Fig. 4(a), it evolves to
that shown in Fig. 4(b). In the other cases, it is also
possible that θ0 < θY < φ0 which implies that both φ0
and θ0 are outside of admissible ranges. Thus, instead of
staying at the state shown in Fig. 4(a), it will evolve to
that shown in Fig. 3(b) or 4(d) when the volume of the
catalyst particle is not large enough.

According to the analysis above, the regime of (R̄, ρ)
having a stable state shown in Fig. 4(a) is given by the
intersection of the two regimes. One is

R̄ ≥ [v(θY ) + ρ3v(
π

2
− cos−1(ρ sin θY ))]

1
3 .

This is because

dE
dθ

< 0,

at θ = θY , when φ > π − cos−1(ρ sin θY ). The other one
is

R̄ ≥ [v(π − sin−1(− cos θY /ρ)) + ρ3v(θY −
π

2
)]

1
3 .

This is because

dE
dφ

< 0,

at φ = θY , when θ > π − sin−1(− cos θY /ρ).
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o] profile versus θ.

APPENDIX: C2

In this case, the catalyst particle is sitting atop the
CNT with the upper interface contacting with the top
of the CNT and the lower interface contacting with the
inner corner. The contact angle between the upper in-
terface of catalyst particle and vapor and top side is θY
whereas the contact angle between the lower interface of
the catalyst particle and the vapor and the inner wall is
φ, see Fig. 4(b). The distance between the contact point
of the upper interface with the top side and the inner
corner is di.

Given the dimensions of the CNT and the volume of
the particle, the state of the particle depends on di and
φ and

R̄3(d̄i, φ) = (ρ+ d̄i)
3v(θY ) + ρ3v(φ− π

2
). (40)

The energy of the system is

E(d̄i, φ) = −π cos θY (ρ+ d̄i)
2 + 2π[

1

1 + cos θY
(ρ+ d̄i)

2

+ ρ2
1

1 + sinφ
] + 2π

γSV

γLV
ρ
H

Ro
− π γSL

γLV
ρ2 + π

γSV

γLV
,

where 0 < d̄i < 1− ρ and θY − π/2 ≤ φ ≤ θY . Similarly
as in the previous case, we have

dE
dd̄i

= (ρ+ d̄i)
2 (1− cos θY )(2 + cos θY ) cosφ

sin θY (1 + cos θY )
(1− r

R
).

Similarly, at equilibrium, it should be that r = R which
implies that the upper and the lower interfaces are in the
spheres with the same radius. However, it is also possible
that φ0 or (d̄i)0 are not in admissible ranges when r = R.
If φ0 is outside of admissible range and (d̄i)0 is in the
admissible range, then the catalyst particle cannot pin

at the inner edge after reaching φ = θY , so it will evolve
to cases shown in Figs. 3(b) and 3(c). Otherwise, if
(d̄i)0 < 0, it will evolve to cases shown in Fig. 4(c) or
3(c). Similarly, if (d̄i)0 > (1 − ρ), it will evolve to the
discussion in Fig. 4(a) or Fig. 3(a).

According to the analysis above, the regime of

(V
1/3
c /Ro, RI/Ro) having a stable state shown in Fig.

4(b) is given by the intersection of the three intervals in
the following. One is

R̄ > ρ[v(θY ) tan3(π − θY ) + v(θY −
π

2
)]

1
3 ,

because

dE
dφ

< 0

at φ = θY , which implies ρ + d̄i < ρ tan(π − θY ). The
other one is

R̄ > ρ[v(θY ) + v(π − θY )]
1
3 ,

because

dE
dd̄i

< 0,

at d̄i = 0 when φ > π − cos−1(sin θY ). Similarly to the
discussion in case C1,

R̄ < [v(θY ) + ρ3v(
π

2
− cos−1(ρ sin θY ))]

1
3 .

This is because

dE
dd̄i

> 0,

at d̄i = 1− ρ when φ < π − cos−1(sin θY ).
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APPENDIX: C3

In this case, the particle is sitting atop the CNT with
both the upper interface and the lower interface contact-
ing with the inner edge of the CNT. The contact angle
between the upper interface of catalyst particle and va-
por and top side is θi whereas the contact angle between
the lower interface of the catalyst particle and the vapor
and the inner wall is φ, see Fig. 4(c).

Given the size of the carbon nanotube and the volume
of the catalyst particle, the state of the catalyst particle
depends on θi and φ and

R̄3(θi, φ) = ρ3v(θi) + ρ3v(φ− π

2
). (41)

The energy of the system is

E(θi, φ) =2π[
1

1 + cos θi
ρ2 + ρ2

1

1 + sinφ
]

+ 2π
γSV

γLV
(1− ρ)

H

Ro
+ π

γSV

γLV
(1− ρ2),

where θY −π/2 ≤ φ, θi ≤ θY . Similarly to the derivation
in last section, we have

dE
dφ

= ρ2
(1− sinφ)2

cos3 φ
(1− r

R
)

= ρ2
(1− sinφ)2

cos3 φ
(1− sin θi

− cosφ
).

Similarly to the conclusions in case A and B, at equilib-
rium, r = R which implies that θi +φ = 3π/2. Moreover,

d2E
dφ2

> 0, when θi + φ = 3π/2.

Thus, it is a local minimum state under this condition.
In addition, considering the admissible angle range, it is
possible to have the stable state shown in Fig. 4(c) only
when θY ≥ 3π/4. It is also possible that φ0 or (θi)0 is not
in the admissible range when r = R. If φ0 is outside of
the admissible range then (θi)0 must be in the admissible
range which implies that particle cannot pin at the inner
edge after reaching φ = θY ; it will evolve to case shown
in Fig. 3(c). Otherwise, if θ0 is outside of the admissible
angle range and φ0 is in the admissible range, it will
return to cases shown in Fig. 4(a) and 4(b)). According

to the analysis above, the regime of (V
1/3
c /Ro, RI/Ro)

having a stable state shown in Fig. 4(c) is given by the
intersection of the two intervals in the following.

R̄ > ρ[v(
3π

2
− θY ) + v(θY −

π

2
)]

1
3 ,

because

dE
dφ

< 0,

at φ = θY , when θi > π − sin−1(− cos θY ). The line
between gold region (or dark blue region) and blue region
is

R̄ < ρ[v(θY ) + v(π − θY )]
1
3

because

dE
dθi

< 0,

at θi = θY , when φ < π − cos−1(sin θY ).
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