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Active dynamic processes of cells are largely driven by the cytoskeleton, a complex and adaptable
semiflexible polymer network, motorized by mechanoenzymes. Small dimensions, confined geome-
tries and hierarchical structures make it challenging to probe dynamics and mechanical response
of such networks. Embedded semiflexible probe polymers can serve as non-perturbing multi-scale
probes to detect force distributions in active polymer networks. We show here that motor-induced
forces transmitted to the probe polymers are reflected in non-equilibrium bending dynamics, which
we analyze in terms of spatial eigenmodes of an elastic beam under steady-state conditions. We
demonstrate how these active forces induce correlations among the mode amplitudes, which fur-
thermore break time-reversal symmetry. This leads to a breaking of detailed balance in this mode
space. We derive analytical predictions for the magnitude of resulting probability currents in mode
space in the white-noise limit of motor activity. We relate the structure of these currents to the
spatial profile of motor-induced forces along the probe polymers and provide a general relation for
observable currents on two-dimensional hyperplanes.

The emerging field of active matter aims to develop
systematic descriptions of stochastic out-of-equilibrium
phenomena in energy-dissipating soft matter systems [1–
3]. A prominent motivation for such studies is the de-
sire to understand the dynamics observed in living cells
and tissues. In vitro model systems based on one of the
main ingredients of the cellular cytoskeleton, filamentous
actin, have been playing a prominent role in pioneering
experimental studies of active matter. Building on ear-
lier microrheology experiments on equilibrium actin net-
works [1, 4–9], similar experiments in reconstituted actin
networks including myosin motor proteins have revealed
that motor activity can drastically alter the mechanical
response of actin networks [10–14] and significantly en-
hance fluctuations [15–17]. Actin-myosin model systems
have also been used to study structural self-organization
and pattern formation [18–23].

The standard approaches to characterizing cellular dy-
namics involve direct microscopic imaging of the motion
of whole cells or identifiable features within cells, or the
monitoring of displacements of probes inserted into cells
or attached to the outside of cells. Small probes are often
tracked via fluorescence microscopy. Micron-sized col-
loidal beads attached to cells or injected into cells have
been used to track fluctuations [17, 24–27]. However,
these probes lack the necessary spatial resolution and of-
ten cannot enter confined geometries such as the actin
cortex of non-adherent cells. An interesting alternative
is the direct fluorescent labeling of parts of the cytoskele-
ton itself, for example microtubule probes [15], or the in-
sertion of high-aspect-ratio filamentous probes, such as
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FIG. 1. (color online) Sketch of a probe filament in a motor
activated network. A probe filament, e.g. a carbon nanotube
(white-blue), is introduced into a crosslinked network of actin
filaments (grey), with myosin motors (red). The probe is
assumed to be fixed to the network. Motor action (red arrows)
results in external forces fM impinging on the probe along its
contour s. Both, myosin and actin are drawn opaque as they
would not be visible in fluorescence microscopy experiments.

fluorescent single-walled carbon nanotubes [28–30] that
can penetrate into tight spaces in the cell material. Once
the stochastic dynamics are tracked in an active mate-
rial, it can be challenging to distinguish equilibrium from
non-equilibrium stochastic motions and to quantify the
extent of activity. Colloids in active networks typically
exhibit non-Gaussian displacement distributions [31–34],
but that feature by itself does not prove non-equilibrium.
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Scaling regimes of non-equilibrium filament fluctuations
have been theoretically investigated and are expected to
deviate from equilibrium predictions [35]. If fluctuations
can be compared to material response properties, the
fluctuation-dissipation theorem can be applied to quan-
tify activity [16, 25, 36, 37]. Recently, an alternative
non-invasive method was introduced to discern active
fluctuations based on the violation of detailed balance
[38, 39]. This method can be applied to standard micro-
scopic imaging data, and is based on analyzing probabil-
ity flux patterns in phase spaces constructed from two or
more degrees of freedom of the system, which are either
directly coupled or share driving forces.

In contrast to point-like probe particles or spherical
beads, extended filaments offer an easily accessible spec-
trum of simultaneously observable variables: their bend-
ing modes [40–44]. We can decompose the instantaneous
filament conformation into a sum of dynamic bending
eigenmodes with the following properties: (i) Particu-
lar spatial modes act as reporters of dynamics at their
respective characteristic length-scale. Since viscous re-
laxation times are length dependent, modes also have a
characteristic relaxational time scale. (ii) In equilibrium,
dynamic eigenmodes are statistically independent, and
each mode amplitude individually fulfils the fluctuation-
dissipation theorem. In a motor-activated network, by
contrast, a filament will receive random kicks generated
by myosin motors and transmitted by the network. Such
motor activity results in enhanced mode amplitude fluc-
tuations and may, as we will show, abrogate the inde-
pendence of the eigenmodes. In a preceding letter [39],
we have shown that resultant mode cross-correlations are
accompanied by circular patterns of probability fluxes in
mode space, which indicate a breakdown of detailed bal-
ance. In this way, the analysis of bending eigenmodes of
embedded probe filaments can be used to indicate non-
equilibrium dynamics in an active polymer network. We
extend and refine the theoretical framework describing
a filament in an active viscoelastic medium in steady-
state. We specify how the spatial structure of active
network-probe interactions, as sketched in Fig. 1, trans-
lates into mode cross-correlations. We then go beyond
our previous works [38, 39] on non-equilibrium indica-
tors and discuss the breaking of Onsager’s time reversal
symmetry in cross-correlation functions in this system.
We test the prediction of our model against Brownian
dynamics simulations of filaments under the influence
of both white and colored motor-induced noise. Fur-
thermore, we show how correlations can provide guid-
ance to identify motor-induced dynamics. In the white-
noise limit of motor-activity, we introduce an additional
non-equilibrium marker, the frequency associated with
the circulatory probability currents that arise in non-
equilibrium steady-states. While this probability cur-
rent, in principle, flows in a high-dimensional space, we
here derive predictions for two-dimensional projections.

FIG. 2. (color online) Parametrization of the probe filament
shape.

I. THE FILAMENT MODEL

We consider the non-equilibrium dynamics of a semi-
flexible filament which is embedded in a polymer network
with a mesh size smaller than the probe filament’s con-
tour length. The network is actuated by molecular mo-
tors that act as homogeneously dispersed contractile force
dipoles. While we approximate the viscoelastic network
as a continuum, we assume motor forces to act on the
filament at discrete points, at which the probe filament
is assumed to be coupled mechanically to the meshwork.
Without loss of generality, both the meshwork and the fil-
ament are described in two dimensions. The filament it-
self is modeled as an inextensible worm-like chain [40, 45–
47]. We therefore treat its shape as a continuously dif-
ferentiable curve in space ~r(s, t), parametrized by time t
and its arclength s as sketched in Fig. 2.

For every point in time, we decompose the shape
of the probe filament into a transverse and a parallel

part with respect to the end-to-end vector ~R(t). This
separation yields two internal variables, the transverse
r⊥(s, t) and parallel r‖(s, t) relative position, which are

related by local inextensibility
∥∥∂~r
∂s

∥∥ = 1. The equa-
tion of motion governing both variables can be retrieved
from a variation of the worm-like chain Hamiltonian
H = κ/2

∫ L
0

ds ∂2~r/∂s2, with bending rigidity κ and L
denoting the total arc length of the filament. We here
focus on the linear dynamics of transverse deviations at
a given arc length s along the polymer, described by

t∫
−∞

dt′ α(t− t′)r⊥(t′) = −κ∂
4r⊥
∂s4

+ ξ + fM. (1)

where the usual stochastic term ξ(s, t) models the net
thermal force exerted on the filament consisting of poly-
mer network and solvent. The viscoelastic kernel α in
Eq. (1) is related to the bulk shear modulus G via the
generalized Stokes theorem [6]

α̂(ω) = k0Ĝ(ω). (2)

where k0 ≈ 4π/ ln(L/d) is a geometric factor, which also
appears in the transverse drag coefficient γ of an infinites-
imal rod segment γ ≈ k0η [48] in a medium with viscos-
ity η.
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The thermal force has zero mean 〈ξ(s, t)〉 = 0 and a
temporal power spectrum satisfying [10]

〈ξ̂(s, ω)ξ̂(s′, ω)〉 =
2kBT

ω
δ(s− s′)Im [α̂(ω)] . (3)

In order to account for the impact of motor forces pro-
duced by myosin motors in the vicinity of the probe fil-
ament, we include an additional force term fM(s, t) in
Eq. (1) [35, 49]. In a steady-state scenario, motor protein
action gives rise to a fluctuating, but stationary profile of
non-thermal forces along the backbone of the probe. We
assume the probe filament to be stationary and to not
reptate through the network. This can be achieved ex-
perimentally, for instance, by linking the probe filament
at some points to the network. Reptational movement of
the probe filament would lead to sampling from a chang-
ing spatial motor force profile (see Fig. 1), and thus lead
to a blurring of the non-equilibrium dynamics we seek to
describe. The structure of a crosslinked network is char-
acterized by its mesh-size. It is reasonable to assume that
this mesh size determines the density `M of motor-probe
interaction points sn. For simplicity we only consider mo-
tors that are located near the probe filament since those
are expected to dominate the filament fluctuations. We
model the motor-induced near-field force as

fM(s, t) =

NM∑
n=1

fng (s− sn) Tn(t) (4)

with NM denoting the number of entanglement points
where motors affect the probe filament, fn denoting the
impact of motor n and g(s) a general spatial kernel de-
scribing how a motor impacts on the filament. For sim-
plicity, we choose here a point-like spatial kernel, i.e.
g(s) = δ(s), consistent with experiments that suggest
a rather narrow force profile [15]. The temporal profile
of force generated by an individual motor T (t) in Eq. (4)
is described as a telegraph process.

Non-muscle myosin motors act as oligomeric complexes
and produce forces between actin filaments, which act as
force dipoles in the network. The dipole nature of motor
forces determines the decay of forces with distance [14,
21], which we do not treat here explicitly. The conclusion
drawn in this article do not hinge on a particular choice
of myosin model or the propagation of forces through the
network.

Myosin forces typically exhibit correlation times on the
order of 10 s [27, 29]. This time scale is well separated
from temporal correlations of thermal noise, but is on the
order of the relaxation times of bending modes that play
the main role here. To simplify our theoretical descrip-
tion, we assume motors to instantaneously develop maxi-
mal force with characteristic switching rates between the
off and the on state 1/τon and vice-versa 1/τoff , as pro-
posed in [50]. A telegraph process T (t) switches between
zero and one without memory and can therefore be con-
sidered a simple model of a molecular motor.

The activity of different motors is assumed to be un-
correlated, while the autocorrelation of a given motor

telegraph process is exponential in lag time, such that
we obtain [51]

〈Tn(t)Tm(t′)〉 = C1 + C2δn,me
− |t−t

′|
τM (5)

with dimensionless constants C1 = τ2
off/ (τon + τoff)

2
and

C2 = τonτoff/ (τon + τoff)
2
. In addition, we defined a

motor time scale τ−1
M = τ−1

on + τ−1
off . A Fourier trans-

formation of Eq. (5) yields a Lorentzian power spec-
trum in accordance with literature [50]. In other words,
for high frequencies, the motor force spectrum follows a
power law ST (ω) ∼ ω2, whereas for lower frequencies,
the power spectrum becomes essentially white-noise-like
ST ∼ const.

II. CHARACTERIZATION OF
NON-EQUILIBRIUM MODE DYNAMICS

We start to analyze filament mode dynamics by ex-
panding r⊥(s, t) in orthogonal eigenmodes yq(s) of the
beam operator in Eq. (1) as r⊥(s, t) = L

∑
q aq(t)yq(s).

This expression implies a choice of units: spatial
modes yq(s) and mode amplitudes aq(t) have dimen-

sions of 1/length1/2 and length1/2 respectively. Project-
ing Eq. (1) onto a particular spatial mode yq(s) leads to
the equation of motion in mode space

t∫
−∞

dt′ α(t− t′)aq(t′) = −κq4aq(t) + ξq(t) + fM,q(t),

(6)

where we made the implicit assumption, that motor and
thermal forces do not affect each other. Indexed quan-
tities denote projected variables, such as the projected

thermal noise ξq(t) = L−1
∫ L

0
ds′ξ(s′, t)yq(s

′). We note
that thermal forces of different modes do not correlate
〈ξqξw〉 ∝ δq,w due to the orthogonality of the spatial
modes yq(s). Indices q and w refer to the corresponding
wave vectors, which are usually discretized. For instance,
for the relevant case of free-end boundary conditions, q
assumes values q(n) ≈ (n+ 1

2 )π/L for integer n. Further-
more, the projected motor-induced force can be written
as

fM,q(t) =

NM∑
n=1

fn (δ ∗ yq) (sn)Tn(t)

=

NM∑
n=1

fnyq(sn)Tn(t). (7)

Experimentally accessible quantities, such as mode
correlations may now be computed with the projected
quantities. To this end, we Fourier transform equation
(6) in time and obtain

âq (ω) = χ̂q (ω)
(
ξ̂q (ω) + f̂M,q (ω)

)
. (8)
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with the mode response function

χ̂q (ω) =
(
α̂ (ω) + κq4

)−1
. Although motor-induced

forces may surpass thermal forces by orders of magni-
tude, we choose to keep both terms in Eq. (8). This
allows us to smoothly transition between purely thermal
and purely active dynamics. In the thermal case, the
above equation together with the assumed thermal noise
spectrum Eq. (3) yields the Fluctuation-Dissipation
theorem of mode q

〈|âq(ω)|2〉Th =
2kBT

L2ω
Im [χ̂q(ω)] . (9)

As a first application of our model, we characterize
the physiologically relevant case of motor-induced fluc-
tuations of relatively stiff filaments in a viscoelastic
medium [52], such as microtubules in actin-myosin net-
works [15, 29]. In particular, we calculate the de-
viation from the equilibrium mode variance shown in
Eq. (9). The viscoelastic response of crosslinked networks
of semiflexible filaments typically shows two regimes of
the complex shear modulus, a high-frequency regime
where Ĝ(ω) ∼ ω3/4 [53] and a low-frequency plateau
regime [9, 54–56]. The cytoplasm of living cells exhibits
an elastic shear modulus with a weak frequency depen-
dence [24, 29] up to 100 Hz. The frequency regime we
need to consider here is not only determined by the re-
laxation times of our probe filament for the modes we
can resolve, but also by the time scale of motor activ-
ity. Experiments suggest, that motor-induced fluctua-
tions become negligible for frequencies higher than 100
Hz [16, 17]. The processivity time of myosin in cells was
measured to be about 5 s [29]. In in vitro model systems,
values for τoff and τon depend on salt and ATP concentra-
tions. Given these facts, we focus on the low-frequency
regime and assume, for simplicity, a plateau-like shear
modulus Ĝ(ω) given by

Ĝ = G0 + iηω (10)

with an elastic modulus G0 and viscosity η. We can
now explicitly calculate correlation functions by applying
the Wiener-Khinchin theorem to 〈âqâw〉. This yields the
mode correlation function, which decomposes into the
usual thermal and an additional motor-induced part

〈aq(t)aw(t′)〉 = 〈aq(t)aw(t′)〉Th + 〈aq(t)aw(t′)〉M (11)

respectively given by

〈aq(t)aw(t′)〉Th =
kBTτq
L2γ

δq,we
−|t−t

′|
τq (12)

〈aq(t)aw(t′)〉M =
1

L2γ2
Fq,wC2Cq,w (t− t′) . (13)

We have introduced here the mode relaxation time τq =
1/(κ/γq4 + G0/η) and a coupling matrix Fq,w. The el-
ements in this coupling matrix encode the spatial struc-
ture of motor-induced forces in terms of bending modes,

Fq,w =

NM∑
n=1

f2
nyq(sn)yw(sn). (14)

In contrast to the purely thermal case, Eq. (13) shows
that in the active case, modes are no longer indepen-
dent, but correlate with a magnitude determined by the
coupling matrix Fq,w and the function Cq,w(∆t) that
describes the temporal evolution of the motor-induced
mode correlation function.

〈aq(t)〉〈aw(t)〉 =
1

L2γ2
τqτwC1

NM∑
n,m

fnfmyq(sn)yw(sm).

(15)

For simplicity, we assume the average active forces and
torques exerted on the filament to vanish, requiring
〈fM(s, t)〉 = 0 for all s. This leads to

∑
n fnyq(sn) = 0

and thus 〈aq(t)〉〈aw(t)〉 = 0.
The function Cq,w(t− t′) in Eq. (13) is limited at short

times by the motor decorrelation time, is independent
of the precise spatial arrangement of the motor-induced
forces, and is given by

Cq,w(t− t′) = τqτw

 e
− |t−t

′|
τM(

1− τq
τM

)(
1 + τw

τM

)

−2
τq
τM

e
− |t
′−t|
τq(

1−
(
τq
τM

)2
)(

1 + τw
τq

)
 (16)

where τq must be the relaxation time associated with
time coordinate t, where t > t′, and τw is associated
with the mode evaluated at t′. While for zero lag time,
i.e. t = t′, the correlator is symmetric, indices can not
be exchanged for t 6= t′. Thus, Onsager’s time rever-
sal symmetry is broken in this system, as demonstrated
in Fig. 3 [57, 58]. The simplest behavior of Cq,w(t − t′)
can be observed for modes with relaxational time scales
τq, τw that are much longer than the motor time scale
τM. In this limit, Cq,w(t − t′) evolves as Exp(−∆t/τq).
In Fig. 3 this transition of the cross-correlation to sim-
ple exponential behavior is exemplified for the mode pair
(q, w) = (2, 4) for three different motor time scales. By
contrast, in equilibrium, these cross-correlations vanish
for all lag times ∆t. It is interesting to note that one
could therefore directly infer non-equilibrium dynamics
from asymmetries in the mode correlation functions. The
breaking of the Onsager time reversal symmetry of the
mode correlation function is equivalent with the breaking
of detailed balance due to motor activity in our model.

As discussed in our earlier letter [39] and also in [59],
in the diagonal case, Cq,q(t− t′) can be written in a more
compact form,

Cq,q(t− t′) =
1

τ−2
q − τ−2

M

(
e
−|t−t

′|
τM − τq

τM
e
−|t−t

′|
τq

)
.

(17)

A similar double-exponential form of the correlator was
also presented in a recently published article for fluctua-
tions of semiflexible polymers immersed in a solution of
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FIG. 3. (color online) The breaking of Onsager’s time rever-
sal symmetry results in different non-zero normalized cross-
correlations of the mode pair (j, k) = (2, 4) (red) and (j, k) =
(4, 2) (blue). Continuous lines represent correlations inferred
from Brownian dynamics simulations, while analytical pre-
dictions from Eq. (16) are shown as dashed lines. In all
panels, modes with relaxational time scales τ2 ≈ 0.58s and
τ4 ≈ 0.12s were considered. The time scale of the motor noise
fM(s, t) was set to (a) τM = 0.375 s, (b) τM = 0.0375 s and
(c) τM = 0.000375 s. At long lag times, the error increases
due to limited sampling statistics, which causes noise in the
correlation function.

active particles [44]. The result for that scenario can be
recovered from Eq. (17) by taking the limit G0 → 0, such
that the relaxation times τq converge to the typical q−4-
dependence. The model in Ref. [44], also considers effects
of finite extensibility of the polymer, which results in an
additional q−2-dependence of relaxation times. Impor-
tantly, in this scenario, active fluctuations are assumed
to be evenly distributed along the polymer, such that
detailed balance in mode space always holds.

We now turn to the coupling matrix Fq,w defined in
Eq. (14). Our motivation for defining these coefficients
in this particular way can best be illustrated by regard-
ing the active force cross-correlations 〈fq(t)fw(t′)〉 using
Eqs. (5) and (4). Under the assumption that all motor-
force processes have the same time scale and interact with

the probe in only one location each, we find

〈fM,q(t)fM,w(t′)〉 =
1

L2

∑
i,j

fifjyq(si)yw(sj)〈Ti(t)Tj(t′)〉

=
1

L2

∑
i,j

fifjyq(si)yw(sj)δi,jC2e
− |t−t

′|
τM

=
C2e

− |t−t
′|

τM

L2

∑
i

f2
i yq(si)yw(si)

=
C2e

− |t−t
′|

τM

L2
Fq,w.

Thus the elements of the coupling matrix Fq,w appear in
the above equation as the only index-dependent quanti-
ties.

The coupling matrix for a given fluctuating filament
will depend on the spatial distribution of points through
which forces are transmitted to the filament. Fig. 4
shows three examples of sets of interaction-points {sn}
with the associated coupling matrices. The first two
are disordered distributions, while the third and fourth
example constitute periodic patterns. Since the cou-
pling matrix depends on both the choice of motor-probe
interaction strengths fn and the placement of interac-
tion points sn, one could consider the ensemble aver-
age over all possible disordered network-probe interac-
tions 〈Fq,w〉dis. However, under the assumption of a uni-
form distribution of possible interaction points ρ(sn) =
1/L, we find 〈Fq,w〉dis ∝ δq,w due to the orthogonality
of the dynamic normal modes. Consequently, the mode
correlations will disappear in this ensemble average in
spite of non-equilibrium driving. This result holds true,
even when the distances between the interaction points
∆sn = sn+1 − sn are drawn from an exponential distri-
bution with some characteristic spatial frequency 1/`M.
The ensemble average of the coupling matrix 〈Fq,w〉dis

over disordered network configurations with such an ex-
ponential distribution of motor interaction points is still
diagonal, despite the structured probe-mesh interaction.
This is because the relative position of the probe to the
network is a uniformly distributed variable and hence the
average force geometry is uniform. In general, the fact
that a particular set of modes obeys detailed balance does
not prove equilibrium. Broken detailed balance in any set
of variables, in contrast, does prove non-equilibrium.

In any case, diagonality of Fq,w implies that both bro-
ken Onsager’s time reversible symmetry and breaking of
detailed balance (see below) will not be visible in normal-
mode phase space. In other words, ensemble averaging
over trajectories recorded from different probe filaments
and thus over different force profiles will tend to con-
ceal the non-equilibrium nature of the dynamics. The
same will be true in the limit of high spatial densities of
interaction points `M → 0, where the sum in Eq. (14)
approaches an integral over s,
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FIG. 4. (color online) (a) Temporal average of upward (blue)
and downward (red) motor-induced force 〈fM(s, t)〉. The
peaks are shown with a finite width for illustration purposes.
In the two top rows, 12 interactions points sn were chosen
from an equal distribution with density ρ(sn) = 1/L, half
of them were assigned negative force coefficients f− = −f+.
The magnitude of the force was fixed at f+ = |f−| = 10 pN,
L was set to 10µm and τoff/τon = 1/3. In the two bottom
rows, the interaction points were distributed periodically with
varying density, such that the average total force and torque
were zero. (b) The corresponding coupling matrices Fq,w for
the first 11 modes.

Fq,w
`M→0→ 1

`M

L∫
0

ds f2(s)yq(s)yw(s). (18)

If force amplitudes do not vary spatially, the coupling
matrix Fq,w therefore also becomes diagonal in the high-
density limit [39]. For diagonal Fq,w, the equilibrium
fluctuation-dissipation theorem of Eq. (9) would still be
violated since motor-activity leads to an overall increase
in filament undulations. Detailed balance would still be
broken, for example, in variables that capture the se-
quence of mechano-chemical transitions in myosin mo-
tors. Insights into motor-induced activity can still be ob-
tained non-invasively from an analysis of mode decorre-
lation times τq, which are predicted to converge to motor
time-scales τM for increasing q [39].

III. BROWNIAN DYNAMICS SIMULATIONS

To numerically test our analytical predictions, we car-
ried out Brownian dynamics simulation of Eq. (1). To
this end, we approximated the probe filament as a dis-
crete worm-like chain composed of N beads, connected
by stiff elastic springs to ensure local inextensibility. We
discretized the fourth derivative in equation (1) with
a central-stencil scheme. Free-end boundary conditions
were implemented by endowing the chain with four ghost
beads, two at each end, to which the fourth-derivative
stencil was applied. At each step, we positioned the ghost
beads along the tangent at the respective end of the fila-
ment. The elastic confinement of the probe filament was
simulated by springs attached to every bead of the chain
and to a fixed point at a unit distance extending orthog-
onally to the local filament tangent. Motor-interaction
points sn were positioned at an equal distance `M along
the filament to apply the assumptions made in the pre-
vious section. Motor action was modeled by a telegraph
process with a variance as described by Eq. (5). In order
to obtain mode-amplitude traces ~a(t) from the simulated
dynamics, we projected the filament backbone onto the
free-rod eigenmodes of the beam equation yq(s) [42] at
each time point ti.

IV. ACTIVE MODE DYNAMICS VIOLATE
DETAILED BALANCE

Non-equilibrium driving of a network by embedded
motors results in an enhancement of fluctuations of an
inserted probe filament. We showed above that dynamic
normal modes, which are uncorrelated in equilibrium,
may start to correlate in such an active environment
(Eqs. (12) and (13)). Cross-correlations alone, however,
are not a reliable tool to diagnose non-equilibrium or to
infer force profiles. Especially lower mode correlations
converge rather slowly and tensile effects, which we ne-
glected in our treatment, may result in non-zero cross-
correlations in experiments, even in equilibrium.

A more robust measure of non-equilibrium is the break-
ing of detailed balance. We analyze the breaking of de-
tailed balance by looking for circulating probability cur-
rents in normal mode phase space. In particular, we dis-
cuss how the structure of such currents depends on the
geometry of interactions between our probe filament and
the motor-activated network.

While thermal forces drive all modes equally and in-
dependently (Eq. (12)), the network-probe interactions
fM(s, t), which are assumed to be distributed heteroge-
nously, excite modes unevenly and in a correlated fash-
ion. In conjunction with different mode relaxation times,
this gives rise to a directed probability current in the dy-
namic normal mode space of the probe filament. We can
understand this phenomenon quantitatively in the white-
noise limit of the mode equation of motion (see Eq. (6)).
On long timescales T � τM, the internal motor time
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(a)

(b)

FIG. 5. (color online) Probability fluxes in normal mode
phase space inferred from simulations. In both cases the ar-
row scale is 0.2 s−1. (a) Phase space of mode pair a2 and
a3 with no significant probability currents and (b) of mode
pair a2 and a6, with significant currents in accordance with
our theory. The indices 2, 3 and 6 describe the free-end mode
numbers and correspond to wave vectors of q(2) ≈ 0.73µm−1,
q(3) ≈ 1.1µm−1 and q(6) ≈ 2.04µm−1 respectively. Interac-
tion points sn were chosen in a periodic pattern as in the third
row from the top in Fig. 4. Motor parameters are chosen to
be the same as in Fig. 4, with the exception of τoff = 0.0005s,
τon = 0.0015s. Filament parameters were set to model mi-
crotubules in a typical cytoskeletal actin-gel: κ = 24× 10−24

Nm2, L = 10µm, G0 = 10 Pa and η = 1 Pas.

scale becomes negligible, and we can approximate the
motor forces to appear as white-noise processes. In this
limit, we rewrite the correlator of the telegraph process
〈Tn(t)Tm(t′)〉 → C1 + C2

2 δn,mτMδ(t− t
′). The motor time

scale τM here remains only as a proportionality constant
of the variance of the active forces to ensure appropri-
ate dimensions. We can now absorb the motor processes
fM,q(t) into the thermal force ξq(t), which yields a new

white noise process ψq(t) with a correlator

〈ψq(t)ψw(t′)〉 = (4kBTγδq,w + C2τMFq,w)
δ (t− t′)

2L2
.

(19)

Furthermore, we again adopt the Kelvin-Voigt descrip-
tion of embedding network and solvent Ĝ(ω) = G0 +iωη,
since we now operate in a regime of even lower frequen-
cies. Such a complex shear modulus with constant real
part corresponds to a continuum of springs and simple
drag penalizing transverse deviations. We can therefore
split up the left-hand side of Eq. (1) into an elastic and
viscous force. The Langevin equation of motion for the
normal modes Eq. (6) then becomes

γ
daq
dt

(t) = −
(
κq4 + γG0/η

)
aq(t) + ψq(t). (20)

The corresponding diffusion matrix is

Dq,w =
1

2γ2

∞∫
−∞

dt 〈ψq(t)ψw(0)〉. (21)

with this result, we are in a position to write down the
Fokker-Planck equation of the system

∂ρ

∂t
(~a, t) = −~∇ ·

[
K~aρ (~a, t)−D~∇ρ (~a, t)

]
(22)

where Kq,w = −1/τqδq,w denotes the deterministic ma-
trix. The steady-state solution of the above equation

is a Gaussian probability density ρ(~a) = N−1e−
1
2~a
TC−1a

with a normalization constantN−1 and a correlation ma-
trix defined by

Cq,w = 〈aq(t)aw(t)〉ψ, (23)

where the superscript indicates that the average is taken
in the white-noise limit over ψ(t) defined in Eq. (19).
We can analytically obtain the white-noise correlation
matrix C either from Eq. (22) or directly from a power
expansion of Eq. (13) up to linear order in τM

Cq,w =
1

γ2L2

(
2kBTγδq,w + C2τMFq,w

τqτw
τq + τw

)
. (24)

For a random collection of motor interaction points {sn},
drawn from a constant probability density over the fila-
ment length L, the coupling matrix and thus the corre-
lation matrix may exhibit off-diagonal elements as exem-
plified in Fig. 6.

Since the correlation matrix Cq,w in Eq. (24) is pro-
portional to the coupling matrix Fq,w, the relative val-
ues of the entries of this matrix can, in principle, be in-
ferred from the correlation, if mode relaxation times τj
are known. A direct comparison of Fig. 4 and Fig. 6 re-
veals how the motor-force distribution fM(s, t) translates
into mode cross-correlations.
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FIG. 6. (color online) Correlation matrices calculated from
Eq. (24) for the same sets of random interaction points {sn}
as in Fig. 4.

The quantity in brackets in Eq. (22) can be identified

as the probability current ~j(~a), which in the steady-state
limit becomes

~j(~a) = (K + DC−1)~aρ(~a) ≡ Ω~aρ(~a), (25)

with Ω denoting a matrix of frequencies, which we discuss
below. By inserting the result for C into Eq. (24), we

can directly obtain the current ~j(~a). The probability
currents arising from regularly spaced interaction points
sn are plotted in Fig. 7. We calculated these currents
in two-dimensional reduced mode spaces aq × aw, where
dynamics of other modes were disregarded for simplicity.
Due to the symmetry of the motor induced forces fM(s)
in Fig. 5 and Fig. 7, currents develop only in pairs of
mode numbers of the same parity, for instance odd-odd,
as one would expect from the structure of the coupling
matrix (see third panel in Fig. 4).

In our simulations, we measured cumulative probabil-

ity currents ~Jq,w over small rectangles �n,m in the cor-
responding aq × aw subspace. More precisely, we applied
the current estimator proposed in [38] to all simulated
two-mode amplitude trajectories {aq(ti), aw(ti)}i. In
Fig. 5, coarse-grained probability currents inferred from
Brownian dynamics simulations are shown. Following
the bootstrapping technique described previously [38], we
calculated error estimates (white ellipses) in order to dis-
tinguish significant currents.

V. CYCLING FREQUENCIES IN THE
WHITE-NOISE APPROXIMATION

If a system violates detailed balance, it does so in any
coordinate system; it should not depend on the choice of
coordinates whether it is in equilibrium or not. In fact,

FIG. 7. (color online) Analytical predictions of the currents
for (a) mode pair a2 and a3 and (b) mode pair a2 and a6.
All parameters are chosen to match the scenario presented in
Fig. 5.

detailed balance requires the product KD to be sym-
metric [60], which is not fulfilled for general Fq,w. In a

steady-state, the current ~j(~a) must necessarily be purely

rotational to fulfill ~∇ ·~j(~a) = 0. A rotational probability
current manifests itself in a preferred angular direction of
the underlying stochastic dynamics of modes ~a(t). Tra-
jectories sampled from such a state must therefore ex-
hibit, on average, a cycling motion. The characteristic
frequencies ωq,w of this cycling motion are, in principle,
experimentally accessible and can be considered a scalar
measure of irreversible dynamics.

In a two-dimensional space, the stochastic dynamics
of the system on average cycles at a single characteris-
tic frequency, which can be calculated analytically as the
imaginary part of the first of the two nonzero eigenval-
ues of the frequency matrix Ω [39, 60, 62]. In higher-
dimensional systems, however, the situation is less clear.
Without prior knowledge about the structure of the
motor-generated forces, we can transform the observed
mode traces ~a(t) into so-called correlation-identity coor-

dinates ãq(t), where 〈ãq(t)ãw(t)〉 = C̃q,w = δq,w. This is
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FIG. 8. (color online) The apparent cycling frequency de-
pends on the choice of the observed plane. An observer of the

plane ãq × ãv will measure the frequency ω̃q,v = Ω̃q,v, while

ω̃q,w = Ω̃q,w would be measured in the plane ãq × ãw.

achieved by multiplying the mode vector ~a(t) by the ma-

trix square-root of the inverse-correlation matrix
√

C−1.
We note that the wave-vector indices q, w, ... become di-
mensionless in correlation-identity coordinates.

In this coordinate system, theoretically meaningful cy-
cling frequencies can be estimated by projecting the sys-
tem onto two-dimensional hyperplanes, disecting mode
space. If we followed only ãq(t) and ãw(t), we would
perceive an apparent frequency ωq,w, which, in general,
would be different from any eigenvalue of the frequency
matrix Ω̃, but can nevertheless be calculated. Indeed,
as shown below, the apparent cycling frequency in this
hyper-plane spanned by correlation-identity coordinates
is given by the matrix elements of Ω̃q,w, which here

read (K̃ + D̃)q,w.
We begin by showing that integrating out unobserved

variables in correlation-identity coordinates effectively
reduces the matrix Ω̃ to those elements Ω̃q,w correspond-
ing to the two observed degrees of freedom. We indicate
ãq × ãw hyperplane quantities by a superscript (2).

j̃(2)
q (ãq, ãw) =

∞∫
−∞

dãq1 · · ·
∞∫
−∞

dãqN j̃q(
~̃a)

=

∞∫
−∞

dãq1 · · ·
∞∫
−∞

dãqN
∑
v

Ω̃q,vãvρ̃(~̃a)

= Ω̃q,wãw (2π)−1e−
ã2q+ã

2
w

2 (26)

where the dots indicate integrals over every degree of
freedom, except ãq and ãw. Here, we used the fact that
Ω is skew-symmetric in correlation-identity coordinates,

i.e. Ω̃q,w = −Ω̃w,q [60].

Therefore, the current j̃(2) = (j̃
(2)
q , j̃

(2)
w )T on the ãq×ãw

hyperplane is given by the lower-dimensional analogue to
Eq. (25), j̃(2) = Ω̃(2)~̃aρ̃(2)(~̃a) with Ω̃(2) being an antisym-

metric 2× 2 matrix with off-diagonal elements Ω̃q,w and

−Ω̃q,w. The term (2π)−1e−
ã2q+ã

2
w

2 in Eq. (26) is simply

the marginal joint distribution ρ̃(2) of ãq and ãw. The

eigenvalues of Ω̃ hence read λ± = ±iΩ̃q,w, which implies

that j̃(2)(ãq, ãw) is purely rotational. From this analysis,
we conclude that the apparent cycling frequency in the
ãq × ãw hyperplane in correlation-identity coordinates is
given by

ω̃q,w = Ω̃q,w. (27)

We note that the matrix elements of Ω̃q,w must be cal-
culated in the full-dimensional system.

In mode spaces with more than two dimensions, we
obtained frequencies numerically (see Fig. 9). To derive
analytical predictions for the net cycling frequency, we
now consider a two-dimensional system constructed from
aq × aw. Here, we do not need to transform the system
into correlation-identity coordinates because a 2D sys-
tem only cycles at a single frequency. Intuitively, this
simple 2D model should result in an overestimate of the
corresponding frequency of the actual higher-dimensional
system since this approach excludes transitions out of
the considered plane, which would tend to reduce the in-
plane cycling frequencies. Indeed, the two-dimensional
frequency ω2D

q,w appear to be an upper bound for the
actual frequencies in the higher-dimensional system, as
shown in Fig. 9.

We may, nevertheless, use the approximative calcula-
tion to explore under which circumstances we expect de-
tailed balance to be broken. In our two-dimensional sub-
system, ω2D

q,w can be directly calculated as the positive
eigenvalue λ+ of Ω in Eq. (25) computed for a system
consisting only of modes aq and aw and reads
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ω2D
q,w =

(τq − τw) Fq,w√
τqτw

(
(τq + τw)

2

((
2kBTγ
C2τM

)2

+ 2kBTγ
C2τM

(Fq,q + Fw,w) + Fw,wFq,q

)
− 4τqτwF2

q,w

) . (28)

This result demonstrates a phenomenon we call ”elas-
tic quenching”: the cycling frequencies will become small
for high G0, κ, and for mode pairs with low q values for
which the difference between relaxation times becomes
small. Furthermore, Eq. (28) illustrates how the thermal-
noise floor, which is constant along the filament, affects
the non-equilibrium cycling and may even conceal it in
the limit of weak motor action. We note that for (i) di-
agonal coupling matrices or (ii) equal relaxation times,
detailed balance is not broken. More generally, it can
be shown that in a linear system with a degenerate sub-
space of the configurational space, in which the relaxation
times of these modes are all identical, detailed balance
will hold [61]. In a system, where all relaxation times are
the same, the Matrix K in Eq. (22), will be proportional
to the Identity matrix. In this case, the whole system de-
composes in a series of one-dimensional systems, even if
there are correlations between external noise processes
driving the system. In a one-dimensional, non circu-
lar system, probability currents cannot be sustained in
steady-state. Therefore, the breaking of detailed balance
would not be visible in the chosen mode space. As noted
above, this does not allow one to conclude that the sys-
tem is in equilibrium: The Fluctuation-Dissipation the-
orem will be violated and if the system is driven and if
one would consider additional degrees of freedom, such
as, for example, the molecular states of the motor pro-
teins driving the system, detailed balance would be ob-
servably broken in phase spaces involving these degrees
of freedom

As predicted, detailed balance appears to hold, i.e. not
be broken, in planes of even and odd modes, for example
a2 × a3, for the regular geometry of interaction {sn}.
The magnitude and structure of the currents numerically
calculated for the pairs a2, a6 and a3 and a5 match our
analytical predictions in Fig. 5. For higher modes, which
correspond to shorter length scales, the finite width of
the motor-filament interaction in the simulation results
in a coupling of even and odd mode amplitudes.

From an experimental point-of-view, where noise in the
data is often limiting, it is desirable to determine the
value of a single statistical variable instead of spreading
sampled data over a number of variables. The net cycling
frequency ωq,w or the cross-correlations 〈aq(t)aw(t′)〉 are
examples of such single-variable non-equilibrium indica-
tors. The net cycling frequency in a plane aq×aw can be
inferred from empirical mode traces using the definition
ωq,w = 〈φ̇q,w〉, where φq,w(t) = atan(aw(t)/aq(t)) is the
polar angle. This leads to the observed frequency in the

plane

ωq,w = 〈 ȧw(t)aq(t)− ȧq(t)aw(t)

a2
q(t) + a2

w(t)
〉. (29)
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FIG. 9. (color online) (a) The first eleven mode amplitudes
aq(t) inferred from the first 3000 steps of the simulation. (b)
Comparison of net cycling frequencies calculated analytically
using Eq. (28) (black x) for isolated pairs of modes of the
same parity and numerically in a 15-dimensional mode space

from the matrix elements Ω̃j,k (red squares) in correlation-
identity coordinates as described in Eq. (27). The blue circles
are frequencies inferred from the same Brownian simulation
data as in Fig. 5 using Eq. (29). We excluded all data points
with a radius

√
ã2
q + ã2

w < 0.1, where small steps across the
origin would lead to large angular changes. Error bars in-
dicate the standard error of the mean. (c) Distributions of
angular displacements on a log-scale for a few mode pairs.

In Fig. 9 (a), we compare the prediction for the
two-dimensional net cycling frequencies ω2D based on
Eq. (28) with the prediction for the apparent frequencies
in a high-dimensional space from Eq. (27) and frequencies
obtained from simulations. The distributions of angular
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displacements ∆θ are shown on a log-scale in Fig. 9 (b).
As the distributions widen with increasing mode num-
ber, it becomes more difficult to precisely estimate the
average net cycling frequency.

While it is tempting to interpret ωq,w as a metric for
the distance to equilibrium, the cycling frequencies are
actually determined by two features of the system: the
natural relaxation times of the respective modes and the
strength of driving relative to the thermal background.
Thus, the cycling frequencies provide a comprehensive
measure of the non-equilibrium dynamics of different
scales.

VI. SUMMARY

In this paper, we extended existing models describ-
ing the stochastic dynamics of non-reptating semiflexible
probe filaments embedded in viscoelastic media to in-
corporate effects of non-equilibrium force generation in
active media. This model would, for example, describe
probe filaments such as microtubules or single-walled car-
bon nanotubes in the cell’s actin cytoskeleton activated
by myosin motors. In particular, we derived analytical
descriptions of dynamic normal mode cross- and autocor-
relations that can be used to characterize the stochastic
forces the probe filaments are subject to in the active
networks under steady-state conditions. In our model,
we did not include effects that the motor activity might
have on the network response and assumed a constant
elasticity G0. We did not, for example, explicitly con-
sider stiffening induced by motors [12]. In addition, in a
internally stressed network, the probe filament could also
experience an axial tension that would change its dynam-
ics [47]. Both these effects can be captured by generaliz-
ing the expression for K in Eq. (22), which would result
in decreased relaxation times. We expect, however, that
this will not qualitatively change our conclusions per-
taining to the structure or visibility of non-equilibrium
effects.

We have shown that motor-induced forces can lead to
probability currents in phase spaces spanned by dynamic
normal mode amplitudes, indicating a breaking of de-
tailed balance. The structure of these currents is closely
related to the active force profile along the backbone of
the probe. We confirmed these analytical results with
currents inferred from Brownian dynamics simulations
of semi-flexible filaments driven by molecular motors. In
steady-state, we showed that these divergence-free cur-
rents form a net cyclic probability flux in the phase
space of mode amplitudes with a characteristic frequency
ωq,w. We discussed implications of the dimensionality of
mode space on the relation between measured frequen-
cies and active force profiles and derived an approximate
analytical expression for these cycling frequencies in the
white-noise limit of motor action. Furthermore, we indi-
cated special cases in which we expect detailed balance
to hold in mode-amplitude phase spaces in spite of non-

equilibrium driving: In planes aq×aw spanned by modes
with (i) equal relaxation times or (ii) vanishing correla-
tions, detailed balance will hold.

Many predictions of our model, such as the magnitude
of probability currents, depend on the geometry of the
network around the probe filament, which might be diffi-
cult to chart. By contrast, variables like relaxation times
or correlation functions of the normal mode amplitudes
appear to be more robust against geometrical details of
the active forcing. We therefore introduced the break-
ing of Onsager’s time reversal symmetry as a novel non-
equilibrium marker, which only involves temporal aspects
of the correlation function. In fact, we show that under
non-equilibrium conditions, reciprocity of the correlation
function breaks down. This can be used as a power-
ful tool to detect and quantify non-equilibrium behavior
using the dynamics of probe filaments. Nonlinearities in
the viscoelastic response of the gel and in the probe, such
as a coupling of longitudinal and transversal tension, as
well as reptation would complicate our analysis and are
subject of future research.

In summary, mode cross-correlations and cycling fre-
quencies, can serve to detect non-equilibrium dynamics
and characterize the spatial distribution and the tem-
poral behavior of motor-induced forces acting on indi-
vidual probe filaments. Estimating probability currents
from sample trajectories requires rather large data sets,
however. The availability of photostable fluorescent fila-
ments, such as single-walled carbon nanotubes, will bring
the proposed experiments within practical reach.

More generally, our results could be applied to any
extended object with non-thermal fluctuations such as
chromosomes, membranes, cellular organelles, whole cells
or even tissues.
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