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Abstract: The Eigenstate Thermalization Hypothesis (ETH) provides a way to under-

stand how an isolated quantum mechanical system can be approximated by a thermal

density matrix. We find a class of operators in (1+1)-d conformal field theories, consisting

of quasi-primaries of the identity module, which satisfy the hypothesis only at the leading

order in large central charge. In the context of subsystem ETH, this plays a role in the

deviation of the reduced density matrices, corresponding to a finite energy density eigen-

state from its hypothesized thermal approximation. The universal deviation in terms of

the square of the trace-square distance goes as the 8th power of the subsystem fraction

and is suppressed by powers of inverse central charge (c). Furthermore, the non-universal

deviations from subsystem ETH are found to be proportional to the heavy-light-heavy

structure constants which are typically exponentially suppressed in
√
h/c, where h is the

conformal scaling dimension of the finite energy density state. We also examine the effects

of the leading finite size corrections.
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1 Introduction and summary of results

From cold atoms to quantum gravity, the question of how an isolated and interacting sys-

tem reaches thermal equilibrium under unitary time evolution, is of central importance in

quantum statistical mechanics. A sharper notion of thermalization arises from considering

subsystems (say, A). If the subsystem thermalizes, the rest of the system (for Ā sufficiently

large) serves as heat bath or a reservoir which enables the subsystem to equilibrate. In

other words, the reduced density matrix, ρA(t) approaches the thermal reduced density

matrix ρβA at late times. Moreover, this expectation of thermalization comes the observa-

tion that, a typical finite energy density state, after being evolved for a sufficiently long

time gives prediction according to the rules of equilibrium statistical mechanics.

The eigenstate thermalization hypothesis (ETH) makes this precise by positing that

thermalization holds for every individual energy eigenstate |ψ〉 of the Hamiltonian [1–

5]. When the initial state is an energy eigenstate, the unitary time evolution is trivial,

ρ(t) = ρ(0) = |ψ〉〈ψ|. This implies that if a system thermalizes (for all choices of the initial

state), all eigenstates of the Hamiltonian are thermal. As a consequence, the expectation
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values of operators evaluated at thermal equilibrium should equal those evaluated in the

eigenstate, ψ.

〈ψ|O|ψ〉 =
Tr
(
O e−βH

)
Tr (e−βH)

, (1)

In the above equation, which we call the global ETH condition for operator O, the inverse

temperature β is chosen by fixing the energy eigenvalue, 〈ψ|H|ψ〉 = Eψ = 〈H〉β. In terms

of the reduced density matrix ρψA, (1) is equivalent to,

TrA(OρψA) = TrA(OρβA) where ρβA =
TrĀ(e−βH)

Tr(eβH)
(2)

Clearly if all local and non-local operators in region A satisfy (1) then the above equation

implies that ρψA = ρβA, which is called the subsystem ETH. If the subsystem ETH is true,

the entanglement entropies of the reduced density matrices should also be the same. A large

number of verifications of the hypothesis, involving the numerical extraction of eigenstates

by exact diagonalization, has been carried out in various lattice models [3, 6–9]. It has

also been proved for quantum systems having a classical chaotic limit [2, 10]. A natural

diagnostic to quantify the equivalence of the reduced density matrices is to define a notion

of distance. Two useful distance functions are the trace two norm || · ||2 and trace one norm

|| · ||1 defined as,

||G||1 = Tr
√
G2 =

∑
i

|λi| , ||G||2 =
√

TrG2 =

(∑
i

λ2
i

)1/2

. (3)

where λi are eigenvalues of G. In the present scenario, we are interested in G = ρψA − ρthA .

The two-norm or the trace-square distance (TSD) shall play a central role in this pa-

per. Distances of the above kind also serve as suitable order parameters (in the space of

theories/initial-states) to detect transitions between thermalization and many-body local-

ized phase [5].

It has been recently shown in [7] that if ETH holds good, then it allows one to use a

single eigenstate to extract properties of the Hamiltonian at arbitrary temperatures.

1. It is conjectured and supported by numerical evidence in [7] that (2) holds true for all

operators only as long as VA/V � 1; here VA is the volume of subsystem A and V is the

total volume.1 Hence, subsystem ETH holds true only in this limit. This is equivalent

to the statement that subsystem ETH, ρψA = ρβA is true for VA/V → 0.

The reason why this fails for finite VA/V is because there are some operators for which

eq. (1) is not true. One common example is the energy variance operator, (HA−〈HA〉)2.

2. More precisely, [7] also conjectures that for VA/V > 0 the set of operators spanned by

Hn
A for n > 1 do not satisfy the ETH relation (2). Here HA is the Hamiltonian restricted

to the subsystem A.
1More precisely this is the limit, VA/V → 0 as V → ∞. There is also numerical evidence in different

1 + 1 dimensional lattice models that there are a large set of operators for which (2) is true for 1/2 > f∗ >

VA/V > 0, for some O(1) number f∗ [7].
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3. For the one norm, numerics in [7] for the 1 + 1 dimensional quantum spin 1/2 model

with both longitudinal and transverse field turned on, suggest that there is a scaling of

this distance with the subsystem fraction. In the regime the subsystem size (`) is much

smaller than the system size (L) and β smaller than all scales, then the trace norm

distance tends to zero at least linearly with 1/L. Nonetheless, there is no analytical

evidence of what this scaling behavior should be.

An interesting arena to explore the intricacies of ETH and the related conjectures

above is that of 2D conformal field theories. Besides describing the critical point of statis-

tical systems and being duals to 3D gravity, 2D CFTs are tractable analytically owing to

the infinite dimensional Virasoro symmetry. For generic states in the CFT, the equilibrium

ensemble is the Generalized Gibbs Ensemble (GGE) [11]. However for small subsystems,

and for finite energy density states we shall find the Gibbs Ensemble to be a good approx-

imant. We provide analytical support for conjectures 1 and 2 for 2D CFTs, within the

regime of validity of our calculations. We also derive scaling of the trace-square distance

(3) with `/L that lends analytic support to the observed scaling of the one-norm 3.

Subsystem ETH in 2D CFTs

Recently it has been shown in [12] that the subsystem ETH is related to the a local form

of ETH which states off-diagonal matrix elements of energy eigenstates are entropically

suppressed. Moreover, for CFTs another measure for equivalence for density matrices, is

I(t) = TrA(ραA(t)ρβA)/
[
TrA(ραA(t))2 TrA(ρβA)2

]1/2
. This has been utilized in the context

of sudden quantum critical quenches in [13], and generalized to the case of CFTs with

additional conserved charges in [14]. However, in this case the initial finite energy density

state is not an eigenstate, but rather approximated by the conformal boundary state, upto

irrelevant perturbations. Studies on entanglement entropy and conformal blocks, revealing

thermal aspects of CFT heavy states, can also be found in [15–22].

Our working model is that of a 1+1-dimensional CFT on a circle (of circumference L)

by considering a finite energy density eigenstate, |ψ〉. We shall calculate the square of the

trace square distance, T = ||ρψA − ρ
β
A||22 in the regime of short subsystem sizes, `� β � L

(this includes the case with small but finite subsystem fraction). The CFT eigenstates

|ψ〉 which we consider are created by insertion of a heavy scalar primary of conformal

dimension h � 1, at Euclidean time τ = −∞ of the cylinder. It has been shown that,

at large central charge, the entanglement entropy matches with the thermal entanglement

entropy [16]. However, the higher Renyi entropies do not agree at arbitrary values of the

central charge. This indicates that subsystem ETH is, generically, not satisfied for CFT.

Upon explicitly calculating the TSD, we find a number of features which are summarized

below.

Summary of results

In the thermodynamic limit, we show a version of the conjecture 2 for quasi-primaries of the

conformal family of the identity of level 2n for n > 1 for finite c. The leading deviation from

– 3 –



the global ETH condition (1) comes from the quasi-primary containing the term :Tn:. This

deviation goes as 1/c. Therefore, for large central charge ETH holds for these operators.

For the sake of clarity, we must mention, here we are dealing with a double scaling limit,

first we take the thermodynamic limit and let L → ∞, which makes h ∼ L2 � 1 and

then we take large central charge limit. For primary operators O and its descendants the

deviation is typically zero in this limit.

The trace square distance, T , is computed in the short interval expansion i.e., order-

by-order in powers of `/L. The interval size ` is much smaller than all length scales in

problem. We find that that the leading behaviour is (`/L)γ in the `/L → 0 limit. This

confirms conjecture 1. For a CFT with no light scalar primaries of dimension ∆φ < 4, we

have γ = 8. This is a universal feature and comes from the quasi-primary of the identity

module at level 4. When the lightest primary φ is such that ∆φ < 4, we have γ = 2∆φ.

As a main result of our paper, we find that the trace square distance can be written

as

T =
∑
Θ,Θ′

CΘ,Θ′

(
〈ψ|Θ|ψ〉 − 〈Θ〉thermal

)(
〈ψ|Θ′|ψ〉 − 〈Θ′〉thermal

)
. (4)

Here, the sum is over all quasi-primaries (Θ,Θ′). The factors in the two parentheses are

precisely the deviations from global ETH, for the operators Θ and Θ′. 2 Here, CΘ,Θ′ is

determined by using the orthogonality of the quasi-primaries on the plane. Thus we see

that the ETH deviations of Θ,Θ′ have a direct contribution to the trace square distance!

Next we look separately at the universal and non-universal contributions to T . In the limit,

L→∞, with h ∼ L2 and next taking c large we find at the leading order,

T̂ = T̂univ + T̂non-univ.

T̂univ =
1

c2

∑
n≥2

αn

(
h`2

L2

)2n

. (5)

T̂non-univ =
∑
φ/∈VI

αφ

(
`

L

)2∆φ

c2
χφχ O(e−8π∆χ

√
h/c).

In writing T̂ , we have normalized T by the second Renyi entropy of the CFT vacuum

on a plane to remove UV divergences. Here, αn, αφ are numbers independent of h and

c. In the above equation, the contribution to T̂univ is from quasi-primary operators, in

the identity module from levels n ≥ 4, which contain, :Tn:. We see in the large c limit,

these are suppressed by 1/c2. Away from the large c limit, this particular class of universal

operators violate the global ETH (1) and hence by (4) directly contributes to T . The

behavior of the non-universal piece is typically exponentially suppressed. Here ∆χ is the

smallest dimension among the operators with non-vanishing expectation value cχφχ.

2For the term in the sum with Θ = T (the stress tensor), the difference in the parentheses is zero, by

the very definition of the temperature of the thermal ensemble, β which is fixed in terms of h and c, see

equations (8),(9).
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Our calculations are done in the thermodynamic limit, ignoring finite size effects. Con-

formal symmetry fixes the leading finite size corrections. Taking this into account we shall

see that the relationship between β and h gets exponentially small corrections. However, for

the trace square distance, T , these finite size corrections to β are super-exponentially sup-

pressed. There are also more direct exponentially small finite size corrections to 〈Θ〉thermal

which go as powers of e−L/β ∼ e−
√
h/c. These do not change the behaviors of (5) above.

This paper is organized as follows. In §2, we describe our set-up and elucidate on the

validity of ETH at large central charge. We compute the trace two norm squared order by

order in powers of subsystem size, explicitly evaluating universal contributions coming from

the identity module as well as non-universal ones from the primary operators in §3. In §4,

we evaluate the deviation from ETH for both the universal and the non-universal sectors

discussing the finite size effects. We conclude in §5 with discussions and future avenues.

Some details of the calculations are presented to the appendices A and B. As a by-product,

we also present the second Renyi entropy for the finite energy density eigenstate till quartic

order in subsystem fraction in appendix C.

2 Testing ETH for operators in CFT2

We work with a CFT on a circle of circumference L. The conformal transformation,

z = e−
2πi
L
w, maps the cylinder onto the plane. Here w = x+ iτ is the euclidean coordinate

on the cylinder, while z is the coordinate on the plane. We can use the map to create a

spinless homogenous energy eigenstate, by inserting a local primary ψ of conformal weight

(h, h) at (z = z̄ = 0) on the plane as considered in [16, 23]. In terms of the coordinates on

the cylinder, the primary is located at τ = −∞. Using the state-operator correspondence

the eigenstate is given by

|ψ〉 = ψ(z2 = z̄2 = 0)|0〉, (6)

while its dagger is,

〈ψ| = lim
z1,z̄1→∞

z2h
1 z̄2h̄

1 〈0|ψ†(z1, z̄1). (7)

This ensures that the states are properly normalized i.e. 〈ψ|ψ〉 = 1. The energy density

goes as 2h
L2 . An eigenstate with finite energy density is obtained by considering a primary

operator ψ such that h goes as L2. In thermodynamic limit, L is very large. We are

therefore interested in the ‘heavy’ limit h� 1.

Relating β to the conformal weight

The statement of global ETH (1) approximates the energy eigenstate3 described by the

density matrix ρψ = |ψ〉〈ψ| by a canonical ensemble described by the thermal density ma-

trix ρβ = 1
Zβ
e−βH . Here the inverse temperature β is determined by setting the expectation

3This can be thought of as single eigenstate ensemble, see e.g., [5]. It is a special limit of the standard

micro-canonical ensemble, where only one eigenstate lies within the energy window.
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value of the energy density to be equal, i.e.,

〈ψ|T |ψ〉 = 〈T 〉thermal =⇒ 4π2h

L2
− π2c

6L2
=

π2c

6β2
. (8)

The solution to the above is

β = βh =
L√

24h/c− 1
. (9)

It is to be noted that for large h, βh above is equal to the classical saddle value of inverse

temperature appearing in the Cardy formula [24]. It provides an alternative way to derive

the Cardy formula for the density of states, if we use the thermodynamic relation
(
∂S
∂E

)
L

=

βh, as already noted in [17]. Since finite energy density states require h � 1 this implies

that βh/L→ 0, which is consistent with working in the high temperature approximation.

2.1 Global ETH at large central charge

In this subsection, we consider quasi-primaries and compare their expectation values in the

thermal state and in the eigenstate ψ. The commutation relation of a quasi-primary (Θ)

with the modes of the stress-tensor is

[Lm,Θn] = [(hΘ − 1)m− n]Θm+n.

where hΘ is the conformal weight of Θ. The zero modes, Θ0, therefore commute with L0

and hence with the Hamiltonian. The quasi-primaries, therefore, form good observables

to test eigenstate thermalization. Furthermore, these play a crucial role in our analysis of

subsystem ETH in §3. Let us first focus on the quasi-primaries in the conformal family of

the identity, which is universal for all CFTs. Among the level 2n quasi primaries, we call

Bn, the ones which contains the term :Tn:. Explicitly the first few operators of this kind

are given by,

B1 = T,

B2 = :TT : − 3

10
∂2T,

B3 = :T (:TT :): − 9

10
:∂2TT : − 1

28
∂4T +

93

70c+ 29
B2. (10)

The leading behaviour of 〈ψ|Bn|ψ〉cylinder as L→∞ comes from the piece :Tn: in Bn. This

is easy to verify, using the recursive Ward identity for stress tensor insertions on plane

〈T (z)T (z1) · · ·T (zM )ψ(y1)ψ(y2)〉

=

[ 2∑
i=1

(
h

(z − yi)2
+

∂yi
(z − yi)

)
〈T (z1) · · ·T (zM )ψ(y1)ψ(y2)〉

+
M∑
j=1

(
c/2

(z − zi)4
+

2

(z − zi)
+

∂zi
(z − zi)

)
〈T (z1) · · ·T (zM )ψ(y1)ψ(y2)〉

]
.
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It can be easily seen that the insertion of M stress tensors in the correlator leads to a term

having hM . In the h� 1 limit, the domiant piece is

〈T (z1) · · ·T (zM )ψ(y1)ψ(y2)〉 ∼=
hM

|y12|4h
M∏
i=1

∑
i=1,2

1

(zi − yi)2
. (11)

Clearly, in terms of the Laurent modes of the stress tensor,
∑

m Lm/z
m+2, the above

contribution is purely from the term containing the zero modes, 〈ψ|(L0)M |ψ〉. All the

other terms in Bn come with lower powers of h. Taking the limit of co-incident points for

stress tensors and conformal transforming to the cylinder, leads to

〈ψ|Bn|ψ〉 ∼=
(
−4π2h

L2

)n
(12)

Since h scales as L2 in the thermodynamic limit, the terms containing lower powers of h

and the terms coming from the Schwarzian goes to zero as L−α with α > 0.

On the other hand, 〈Bn〉thermal is given by
an
β2n

, where an represents the constant

anomalous piece. For example,

a1 = − π
2c

6
, a2 =

π4c(5c+ 22)

180
, a3 = − π

6c(2c− 1)(5c+ 22)(7c+ 68)

216(70c+ 29)
. (13)

At leading order in central charge4, the term with cn dominates for an and a2
∼= (a1)2 and

a3
∼= (a1)3. In general, it can be seen that, for quasi-primaries of the form Bn ∼ :Tn:, we

have

an =

(
−π

2c

6

)n
+ O(cn−1). (14)

This is generically true because of the transformation property of the stress tensor under

conformal transformations

T (w) = z′(w)2T (z) +
c

12
{z, w}. (15)

While going from the plane to the thermal cylinder, the expectation value of the normal-

ordered product of n stress tensors, at large central charge, is dominated by nth power of

anomalous piece involving the Schwarzian derivative (s). Note that for the conformal map

from the plane to the thermal cylinder, s is a constant.

Therefore, in large h limit, (with β = βh ≈ L(c/24h)1/2 from (9)), we have,(
〈ψ|Bn|ψ〉cylinder − 〈Bn〉thermal

)
=

L→∞

(
h

L2

)n(
(−4π2)n − an

(
24

c

)n)
. (16)

For n = 1, the expression above is exactly 0, since this is the defining relation for βh. For

n ≥ 2, owing to behaviour of an at large central charge (14), we have(
〈ψ|Bn|ψ〉cylinder − 〈Bn〉thermal

)
=

L→∞
c→∞

(
h

L2

)n
O(1/c). (17)

4We thank Kenneth Intriligator for pointing this out to us.
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These operators which violate global ETH (1) for finite c, are related to energy con-

servation. In particular the violation is due to the O(c−1) deviations of 〈Bn〉thermal from

〈B1〉nthermal. In thermodynamic limit as L → ∞ and h ∼ L2, we have 〈ψ|Bn|ψ〉cylinder −
〈ψ|B1|ψ〉ncylinder = 0. If we define,

σ(An)α ≡ Tr(Anρα)−
(

Tr(A1ρα)

)n
,

then for the operators, Bn we have,

σ(Bn)ψ − σ(B1)β =
L→∞
c→∞

(
h

L2

)n
O(1/c). (18)

For n = 2 the above reduces to a version of the energy density variance considered in [7].

In general for n ≥ 2,
∫
z∈A

dzBn(z) plays the analogue role of Hn
A in conjecture 2.

The identity module also contains other quasi-primaries, B̃
(j)
k/2 at positive integer levels

k, not containing :T bk/2c:5. The expectation value 〈ψ|B̃(j)
k/2|ψ〉cylinder vanishes in large

L limit since it goes like hl/Lk with l < bk/2c. Moreover, in that scenario, a
(j)
k/2 goes

as cp with p < bk/2c − 1. The origin of the −1 can be understood as follows. The

operator B̃
(j)
k/2 contains p stress tensors, with p < bk/2c and derivatives to make up the

dimensions. The derivatives acting on cpsp gives zero as s is a constant. It can then be

easily seen that the leading term in the large c limit will be given by, cp−1. This implies

that, 〈ψ|B̃(j)
k/2|ψ〉cylinder − 〈B̃

(j)
k/2〉thermal goes to 0 in large c limit as 1/cm with m ≥ 2.

Therefore we have shown that all the quasi-primaries in the identity block satisfy global

ETH in the large central charge limit. Note that there is a specific order in which limits

are being taken here : the large h approximation is used first and then that of large c.

Global ETH is also violated by non-vacuum primaries (and hence their descendants)

for finite L. However, as we shall see later, in the thermodynamic limit, L→∞, these are

typically exponentially suppressed unlike that for Bn≥2, B̃
(j)
k/2≥3.

3 Trace square distance in the short interval expansion

Setting up the short interval expansion

As a diagnostic of subsystem ETH, we shall consider the square of the trace two norm

distance,

T = ||ρψA − ρ
β
A||

2
2 = Tr(ρψA)2 + Tr(ρβA)2 − 2 TrρβAρ

ψ
A. (19)

5There can be more than one quasi-primary at level k, indexed by j. Quasi-primaries of this kind appear

from level 6 onwards. The generating function for the number of quasi-primaries at each level is

χquasi = (qc/24χvac − 1)(1− q) = q2 + q4 + 2q6 + 3q8 + q9 + 4q10 + · · ·

here χvac is the vacuum character given by q−c/24∏∞
n=2(1− qn)−1.
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Figure 1: Sewed Riemann surfaces corresponding to the path integral representation of the terms in the

trace square distance, equation (19) and (20).

In the path integral formalism, each of the terms appearing above admits a representation

in terms of partition functions of the CFT of two Riemann surfaces glued along the cut

defined by the subsystem A. This is depicted in Fig. 1. For the first two terms, the two

surfaces are identical. The first term is a path-integral in a spatial cylinder (R× S1
L) joined

to another copy, whilst the second one is a torus (T2 with modular parameter τ = iβ/L)

joined to another copy. The last term, which is cross-term involving ρβA and ρψA, corresponds

to the glued cylinder and torus. If we denote the partition function of two glued Riemann

surfaces Σ1 and Σ2 as ZΣ1,Σ2 , we have

T = ZR×S1
L,R×S

1
L

+ ZT2,T2 − 2ZR×S1
L,T2 . (20)

Since we are interested in reduced density matrix corresponding to energy eigenstate |ψ〉,
there are operator insertions on the cylinders. In the high temperature regime, the manifold

corresponding to the third term becomes a spatial cylinder joined to a thermal cylinder

i.e., a cylinder with compactified Euclidean time. This is the approximation T2 ∼= R× S1
β,

when finite-size corrections (arising from the q-expansion) are ignored.

The standard way to compute correlators on multiply connected Riemann surfaces

such as the terms appearing in (19) is via correlation functions of twist fields [25, 26].

This method is straightforward when each of the Riemann sheets correspond to genus-0

surfaces. Such terms were calculated using the twist correlator in [23] who computed T
between primary eigenstates ψ, φ. The cross-terms of the kind in (20) also appeared in the

context of studying thermalization in critical quantum quenches an infinite strip attached

to a torus [13, 14]. This is calculated using the method of short interval expansion in the

high temperature regime which we shall also deploy here. This technique was introduced

in the context of Renyi entropies of disjoint intervals in 2d CFTs in [27].

The short interval expansion is an expansion in powers of ratio of subsystem size to
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any other relevant length scale of the CFT, for example total system size L and/or inverse

temperature β. If the size of the subsystem is small enough, this allows us to implement

cutting and sewing of the original path integral over the two sheeted manifold in terms

of path integral over one sheeted manifold [28–30] (see in particular §(3.6) of [28] and

references therein).

The cuts, defined by disks surrounding the subsystem A, creates a complete set of

orthogonal states on each of the sheets. The individual sheets are then sewn along the

cuts. This is performed by inserting a complete set of states, which match the boundary

conditions at the two cuts. This amounts to inserting

|I〉 =
∑
k1,k2

Ck1,k2 |φk1〉 ⊗ |φk2〉, (21)

where, the complete set, {φk}, consists of the quasi-primaries of the CFT6. Therefore, the

short interval expansion is effectively a sum over the the complete set of quasi-primaries.

The coefficients Ck1,k2 are given by

Ck1,k2 =
Z2

(Z1)2
lim

zj→∞j

z2(∆1+∆2)z̄2(∆1+∆2)〈φk1(z1)φk2(z2)〉Σg1,g2 . (22)

Here, Zn is the partition function of the n-sheeted plane. The coefficients are symmetric

under k1 and k2 exchange. We provide further details in Appendix B. The partition

functions of interest, equation (20), can then be rewritten as

ZR×S1
L,R×S

1
L

=
∑
k1,k2

Ck1k2〈ψφk1ψ
†〉R×S1

L
〈ψφk2ψ

†〉R×S1
L
.

ZT2,T2 =
∑
k1,k2

Ck1k2〈φk1〉T2〈φk1〉T2 . (23)

ZR×S1
L,T2 =

∑
k1,k2

Ck1k2〈ψφk1ψ
†〉R×S1

L
〈φk1〉T2 .

The short interval expansion for ZR×S1
L,T2 is depicted in Figure 2.

The trace square distance now takes the following form

T =
∑

k1,k2\0

Ck1k2

(
〈ψφk1ψ

†〉R×S1
L
− 〈φk1〉T2

)(
〈ψφk2ψ

†〉R×S1
L
− 〈φk2〉T2

)
. (24)

The coefficients Ck1,k2 , (22), has the right powers of the subsystem size, ` which make each

term in the sum dimensionless. The location of φk’s are at the centre of the interval [0, l]

in each geometry i.e., at (w, w̄)R×S1
L

= ( `2 ,
`
2).

Note that the trace in the two norm distance (24) contains information about the

deviations from global ETH. The corrections to (1) appears naturally for the local operators

6This may seem like a sneaky assumption. However, the contribution from the non-quasi-primaries can be

shown to be sub-dominant in the thermodynamic limit. For example, 〈∂T 〉β = 0 due to the transformation

rules of ∂T and 〈∂T 〉ψ ∼ h/L3 →
L→∞
h∼L2

0.
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Figure 2: Short interval expansion of ZR×S1
L
,T2 : A small disk of radius of ` (corresponding to the subsystem

A) is cut, subsequently the sewing is performed by inserting a complete set of states i.e |I〉

φk1 and φk2 . Defining the deviation for a general operator O as

AO = 〈ψ†Oψ〉R×S1
L
− 〈O〉T2 . (25)

we can rewrite the trace square distance as

T =
∑

k1,k2\0

Ck1k2Aφk1
Aφk2

. (26)

Limits and the regime of validity of our analysis

As mentioned earlier, the short interval expansion is a good approximation when the exten-

sion of size of the interval, ` is smaller than all other length scales, (L and β). Furthermore,

as noted earlier to have finite energy density (E ∼ h/L2) eigenstates we require h� 1. This

implies, β/L ∼
√
c/24h is small. This is the high temperature regime with l � β � L.

In this regime the leading contribution to the torus one point function comes from the

cylinder (of circumference β) and has exponentially suppressed finite-size corrections. In

terms of dimensionless ratios, r = `/L, s = L/β, we are calculating perturbatively in the

subsystem fraction, r. The finite-size corrections to our calculation goes like e−s.

In what follows, we shall keep the central charge fixed, and our results are valid for any

value of c. However, we shall also investigate the ‘holographic’ regime, where c is large.

Evaluating T

At this point we may separate out the contribution of the quasi-primaries corresponding to

the identity block which is universal for all CFTs. Ignoring the exponentially suppressed

– 11 –



finite-size corrections the first few deviations AO read, (see §A for details),

AT =
π2c

6L2
+
π2c

6β2
− 4π2h

L2
, (27)

AΩ =

(
π2c

6L2
− 4π2h

L2

)2

− π4c2

36β4
, (28)

AΛ = −22c+ 5c2

180β4
π4 +

22c+ 5c2

180L4
π4 +

16π4h2

L4
− hπ4

3L4
(80 + 4c). (29)

where T is the holomorphic part of the stress-tensor and Ω =:T T̄ :, Λ =:TT : − 3
10∂

2T are

the quasi-primaries at level 47. For the anti-holomorphic pieces, the expressions for AT̄
and AΛ̄ stay the same with h replaced by h̄. Some of the coefficients are derived and listed

in §B.

Grouping the contributions of the trace square distance T , given in (26), from the

vacuum module, we have an expansion in the subsystem fraction, r(= `/L)

T (vac) = CT,TA
2
T + 2CT,T̄ATAT̄ + CT̄ ,T̄A

2
T̄ + 2CT,ΩATAΩ + 2CT,ΛATAΛ

+ 2CT,Λ̄ATAΛ̄ + 2CT̄ ,ΩAT̄AΩ + 2CT̄ ,ΛAT̄AΛ + 2CT̄ ,Λ̄AT̄AΛ̄ + CΛ,ΛA
2
Λ

+ CΛ̄,Λ̄A
2
Λ̄ + 2CΩ,ΛAΩAΛ + 2CΩ,Λ̄AΩAΛ̄ + CΩ,ΩA

2
Ω + 2CΛ,Λ̄AΛAΛ̄ (30)

+ 2CB,TATAB + 2CB̄,T̄AT̄AB̄ + 2CD,TATAD + 2CD̄,T̄AT̄AD̄

+ 2CB̄,TATAB̄ + 2CB,T̄AT̄AB + 2CD̄,TATAD̄ + 2CD,T̄AT̄AD + . . .

Here, B =:∂T∂T : −4
5 :∂2TT : − 1

42∂
4T and D =:T :TT :: − 9

10 :∂2TT : − 1
28∂

4T + 93
70c+29B are

holomorphic quasi-primaries at level 6. The first three terms and the next six in (30) go

as r4 and r6 respectively. The last fourteen terms behave as r8. The . . . are terms with

higher even powers of r and are thus suppressed in r → 0 limit. Using (27), (28), (29) and

(64) we can write down the explicit form of the universal answer. Note that in the case of

the spinless eigenstate the r4 and r6 terms are proportional to AT .

The theory dependent contributions to the trace square distance come from the set of

primaries (φ∆,s ) and their descendants which are of the form

O∆,s,N,M̄ = L−n1L−n2 . . . L−nαL̄−m1L̄−m2 . . . L̄−mγφ∆,s,

with
∑α

i=1 ni = N and
∑γ

j=1mj = M . The coefficient CO1,O2 and the deviation AO in the

term CO1,O2AO1AO2 contributing to T has the behaviours (ignoring finite-size corrections)

CO1,O2 ∼ `2(∆O1
+N1+M̄1)δφ1φ2δN1N2δM1M2 , AO ∼ L−2(∆O+N+M).

This shows that the non-universal piece is also a perturbative series in r, with a general

term behaving like r2(∆O+N+M). Explicitly for the primary φ with conformal dimension

∆φ and spin sφ we have,

Aφ = cψφψ

(
2π

L

)∆φ

e−
iπ
2
sφ . (31)

All descendants, O∆φ,sφ,Nφ,Mφ
of φ will also have the three point coefficient cψφψ in the

corresponding AO.

7By :ΘΘ′: we mean that divergences arising due to contact-terms are subtracted out.

– 12 –



4 Deviations from subsystem ETH

In this section, we examine the deviation of the trace square distance from zero for spin-

less finite energy density eigenstates. To begin with, we shall ignore finite size effects.

Subsequently, we shall consider them and show how it affects the trace distance.

4.1 The thermodynamic limit

The thermal density matrix, that seems to approximate the spinless eigenstate with the

finite energy density, is at inverse temperature βh (9). As can be already seen from the

structure of the universal terms (30), this forces the coefficient of the r4, r6 terms to zero.

At β = βh the leading non-universal terms also have a specific decay.

Universal part

For the universal contribution (30) at β = βh, the leading contribution comes from the r8

term,

T̂ (β=βh)
univ =

T (β=βh)
univ

Svac2,A

= π8r8h
2(5c2 + 42c+ 108)(13c+ 44h)2

25600c3(5c+ 22)
+O(r10). (32)

we have normalized the square of the trace two norm by the second Renyi entropy of the

CFT vacuum on the plane denoted by Svac2,A = Z2/Z
2
1 = c2(`/ε)−c/4, where ε is the UV

cut-off. This answer is valid for all values of c. Note that in the thermodynamic (large L)

limit, only the h4 term survives and the trace distance goes as

T̂ (β=βh)
univ ' 121(5c2 + 42c+ 108)

1600c3(5c+ 22)
(hπ2r2)4.

In large c limit, this goes to zero as

T̂ (β=βh)
univ ' 121

1600c2
(hπ2r2)4.

The contributions to the trace distance coming from all the quasi-primaries of identity

block goes to 0 in large c limit, as evident from the argument presented in subsection §2.1.

Non-universal part

When the CFT has light operators φ with ∆φ < 4, the leading behavior at β = βh comes

from the non-universal sector which goes like r2∆φ . Recall from (31) that the leading non-

universal pieces are proportional to the heavy-light-heavy three point coefficients, cψφψ.

Recently using modular covariance properties of torus one point functions, [31] estimated

the typical three point coefficients of the type, cψφψ resulting in a Cardy like formula valid

for large h 8. The estimate is in terms of cχψχ,∆χ = hχ + h̄χ where χ is the lightest

8In this subsection, by ‘typical’ we mean the light primaries which have the structure constant close to

the mean value calculated in [31].
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operator with non-vanishing three-point coefficient. The form of the average heavy-light-

heavy coefficient is constrained to be of the type,

cψφψav =
cχφχ
ρ(h)

Tφ(h). (33)

where,

Tφ(h) ≈ Nφ

(
2h− c

12

)∆φ
2
− 3

4

exp

{
4π

√(
c

12
−∆χ

)(
2h− c

12

)
+ . . .

}
. (34)

Here Nφ is independent of h and the . . . in exponent go to zero as h → ∞. Now we

multiply this with the inverse of the density of states (ρ(h)−1 ∼ e−S(h)) appearing in (33).

At this point we may use the Cardy formula9 for the density of states to simplify the above

formula further to,

cψφψav = cχφχNφ exp

{
−4π

√
c

6

(
h− c

24

)(
1−
√

1− 12∆χ

c

)
+

∆φ

2
log

(
2h− c

12

)}
. (35)

We see that in the h � c � ∆χ limit, the leading non-universal part of the squared TSD

is,

T̂ (β=βh)
non-univ =

T (β=βh)
non-univ

Svac2,A

∼ r2∆φc2
χφχ exp

(
− 8π∆χ

√
6h

c

)
(2h)∆φ/2. (36)

A caveat here is that since the three point coefficients are not positive definite, while the

average heavy-light-heavy coefficients decay for h→∞, there may be some cψφψ which do

not decay.

It is interesting to note that when ∆χ = c/12, in the h → ∞ limit the non-universal

contribution goes like ∼ r2∆φc2
χφχe

−4π
√
c/6(h−c/24). Using the Cardy formula for the density

of states, we may identify this exponential entropic suppression as e−S .

4.2 Finite size effects

Throughout the above analysis we have ignored the finite size corrections which are present

in the torus one point functions. However conformal symmetry constrains the finite size

corrections to take a specific form. For instance for the finite size effects in the torus one

point function for the stress tensor is given by (46). If we take the leading correction into

account then the equation that one needs to solve for βh gets modified to,

L2

β2

(
c− 48e−L/β

)
= 24h− c. (37)

9 We use the Cardy formula along with the prefactor coming from integrations around saddle,

ρ(h) ≈
(

2h− c

12

)−3/4

exp

{
4π

√
c

6

(
h− c

24

)}
.
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We can solve this perturbatively around βh,0 = L√
24h/c−1

in the small parameter, e−L/βh,0 .

This gives the corrected value of βh,

βh,1 =
L√

24h
c − 1

√
1− 48

c
exp

(
− 4πc

√
24h

c
− 1

)
. (38)

Note that the correction to βh is suppressed by 1
ce
−8π
√

6hc in the limit h� c� 1. In the

universal contribution to the trace distance squared, the leading term will again be ∝ r8

but will contain corrections suppressed by powers of e−
√
hc.

In the non-universal contribution to T , the one point function of a primary O on the

torus also admits a e−L/β expansion and is proportional to the coefficient cχOχ where χ is

the lowest primary with non-zero coefficient.

〈O〉T2

Tr(e−βH)
≈ cχOχ

(
2π

β

)∆O

e−2π∆χL/β + . . . . (39)

The . . . are contributions from other light primaries η with ∆η > ∆χ and hence are

suppressed in the βh → 0 limit. The βh has finite size correction as given in (38). Since

the corrections in 〈O〉T2 are already suppressed exponentially for small β in (39), we can

neglect the finite size corrections to βh itself. To proceed further, we assume that there is

a gap above χ. Thus including leading finite size corrections, the non-universal part of the

squared TSD goes as,

T̂ (β=βh)
non-univ =

T (β=βh)
non-univ

Svac2,A

∼ r2∆φ

(
cψφψ − cχφχe−2πsh∆χ+∆χ log sh

)2

, (40)

∼ r2∆φc2
χφχ

(
Tφ(h)

ρ(h)
− e−2π∆χ

√
24h/c−1+

∆χ
2

log(24h/c−1)

)2

.

where in the last line above we approximated the heavy-light-heavy coefficient by its average

value (35). Once again φ is the lightest primary in the spectrum that has a non vanishing

three point coefficient cψφψ. χ is the lightest primary with non vanishing cχφχ. In terms

of h and c this expression is,

T̂ (β=βh)
non-univ ∼ r2∆φc2

χφχ

[
exp

{
− 4π

√
c

12

(
2h− c

12

)(
1−

√
1− 12∆χ

c

)
+

∆φ

2 log

(
2h− c

12

)}
− exp

{
− 2π∆χ

√
24h/c− 1 +

∆χ

2
log(24h/c− 1)

}]2

. (41)

In the h� c� ∆χ limit, the behavior is,

T̂ (β=βh)
non-univ ∼ r

2∆φc2
χφχ exp

(
− 8π∆χ

√
6h

c

)(
(2h)∆φ/2 − (24h/c)∆χ/2

)2

. (42)

Thus in this limit, the qualitative behavior (36) remains unchanged even the finite size

corrections are included.
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5 Conclusions

In this work, we have tested eigenstate thermalization in the context of conformal field

theories in two dimensions. In particular, we have focused on the sector which is universal

to all 2d CFTs, i.e., the vacuum Virasoro module. For the class of eigenstates, which we

have considered, our analysis yields that the quasiprimaries satisfy global ETH strictly in

the large central charge limit, the deviations being suppressed in powers of 1/c.

We have also quantified the deviations from subsystem ETH by calculating the trace

distance squared between the energy eigenstate and the related hypothesized thermal state,

in the short interval expansion. The universal deviations appear at the order r8 in the short

interval expansion. Furthermore, these deviations are suppressed for large central charge.

The leading non-universal deviations are dictated by the conformal dimension of the lightest

operator in the CFT spectrum.

In hindsight, the deviation of ETH away from c→∞ is not too surprising. The central

charge serves a measure of the number of degrees of freedom which is indeed required to

be large for eigenstate thermalization. Furthermore, as is well known, rational CFTs

(typically at small values of central charge) are rendered integrable, owing to the KdV

hierarchy present in each Verma module [32–34]. Hence, we do not expect ETH to hold

good for RCFTs. Moreover, there is no known generalization of such integrable structure

to be present at generic values of central charge and/or for irrational CFTs. In particular,

pinning down the structure constants and spectra of generic CFTs is a difficult task and

integrability in the sense of [32] does not help.10 One can note, however, that if additional

conserved quantities are present in the theory due to an enhancement of the chiral algebra,

a suitably modified version of ETH formulated in terms of the generalized Gibbs ensemble

is expected to hold true [14, 35, 36].

These results at large central charge (once combined with some assumptions on the

CFT spectrum) potentially provide sharp implications for holographic CFTs. Our findings

show that that the finite energy density state mimics the thermal state (dual to the BTZ

black hole in the bulk) to a good approximation, if 1/c corrections and finite-size effects are

ignored. Furthermore, a holographic route to calculate the trace square distance would be

to consider handlebody geometries (dual to glued Riemann surfaces in Fig. 1), which are

orbifolds of AdS3 by the Schottky group. This correspondence has been used to reproduce

the Renyi entropies (including finite-size corrections) in [37–39]. Assuming ψ to be a heavy

excited state, the gravity dual is given by a conical defect, wherein the mass of the conical

defect is related to the conformal dimension of the heavy operator as m = 2
√
h(h− 1) ∼=

2h� 1. On the other hand, the thermal state is holographically described the BTZ black

hole. Denoting Zi,j as the handlebody geometry which glues geometry i and geometry j

along the subsystem, we are, therefore, led to the following schematic relations

Tr(ρψA)2 = Zconical,conical Tr(ρβA)2 = ZBTZ,BTZ Tr(ρβAρ
ψ
A) = ZBTZ,conical

10We thank Christoph Keller and Tom Hartman for clarifications on this.
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In addition to evaluating the classical Zograf-Takhtajan action for the handlebody geome-

tries [37, 40], it would also be of interest to evaluate the one-loop corrections to the same

[38]. Note that in the thermodynamic limit, the global ETH deviations responsible for the

leading universal subsystem ETH deviations are of the form, 〈:Tn:〉BTZ − 〈T 〉nBTZ. From

the bulk this deviation can be obtained from correlators using the GKPW prescription in

the BTZ black hole and the conical defect [41, 42]. Alternatively, one could generalize the

analysis of [43] to the dual backgrounds to obtain the same.

It would be of potential interest to investigate the subsystem ETH in higher dimen-

sional CFTs. One can hope to generalize the Cardy formula for structure constants [31] in

higher dimensions using results from [44]. This can be utilized to find whether there is a

similar suppression in contributions from light primaries for higher dimensional CFTs. We

have also relied on the mean value of the structure constant to estimate the light primary

contributions to TSD. Hence information about other statistical properties of cψφψ will

improve our estimations. Finally, our results are only valid for the small subsystem ratio

and ideally one would like to find the trace two-norm for all subsystem fraction.

Acknowledgments

We would like to thank Tarun Grover, Tom Hartman, Kenneth Intrilligator, Yunfeng Jiang,

Christoph Keller, S. Prem Kumar, John McGreevy, Tomas Prochazka, Mukund Ranga-

mani, Julian Sonner, Ida Zadeh and Leo Pando Zayas for discussions and comments. We

thank Brato Chakrabarti for helping us with the figures. DD and SP acknowledge the

support provided by the U.S. Department of Energy (D.O.E.) under cooperative research

agreement DE-SC0009919. The research of SD is supported by the NCCR SwissMAP,

funded by the Swiss National Science Foundation. SD thanks ICTP, Trieste and the

Galileo Galilei Institute for Theoretical Physics (within the program “New Developments

in AdS3/CFT2 Holography”) for the hospitality during the completion of this work. In

addition, SD thanks the INFN and ACRI for partial support through a YITP fellowship.

A Calculations of Ak

In this appendix we shall provide details for the calculation of the deviation (25).

AT

Under the map from the cylinder(w) to the plane(z), i.e, z = e−2πiw/L the holomorphic

part of the stress tensor on the cylinder is given by,

T (w = `/2) = −4π2

L2
e−2πi`/LT (z = e−πi`/L) +

cπ2

6L2
. (43)

On the plane, the following 3-point function is

〈0|Oh,h̄(z1)T (z)Oh,h̄(z2)|0〉 =
h(z1 − z2)2−2h

(z − z1)2(z − z2)2

1

(z̄1 − z̄2)2h̄
. (44)
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And under the transformation taking the thermal cylinder (ω) to the plane, z = e2πω/β,

ignoring e−L/β corrections,

〈T (ω = `/2)〉iβ/L = − cπ
2

6β2
.

Using (43,44) in the cylinder the correlator for the normalized state is,

〈ψ|T (`/2)|ψ〉R×S1
L

(45)

= lim
z1,z̄1→∞

z2h
1 z̄2h̄

1 〈0|ψ†(z1, z̄1)

(
− 4π2

L2
e−2πi`/LT (z = e−πi`/L) +

cπ2

6L2

)
ψ(0)|0〉,

=
π2c

6L2
− 4π2h

L2
.

If we include the e−L/β corrections, [45] in the high temperature regime

〈T 〉T2

Tr(e−βH)
= −π

2c

6β2
+

8π2

β2
e−4πL/β +

12π2

β2
e−6πL/β + . . . (46)

Putting together everything the equation for AT in equation (28) follows.

AΛ

Under the map z → z(w) = e−2πiw/L from cylinder(w) to plane(z) the level 4 quasi-primary

transforms as,

Λ(w = `/2)

=
16π4e−4πi`/L

L4
Λ(z = e−πi`/L)− 4(5c+ 22)

15L4
e−2πi`/Lπ4T (z = e−πi`/L)− c(5c+ 22)π4

180L4
.

(47)

After taking our correlator to the plane, in addition to (44) if we use,

〈ψ(z1)Λ(z)ψ(z2)〉C2 = − 5h(z1 − z2)2

2(z − z1)2(z − z2)4
− 5h(z1 − z2)2

2(z − z2)2(z − z1)4
+
h(6 + 5h)(z1 − z2)4

5(z − z1)4(z − z2)4
.

(48)

then the equation for 〈ψ|Λ(w = l/2)|ψ〉cyl inAΛ follows. Finally, ignoring e−L/β corrections,

in the high temperature limit we note that in the one point function of Λ on the torus only

the anomalous piece survives, i.e,

〈Λ〉T2 =
c(5c+ 22)π4

180β4
. (49)

Putting things together, AΛ in (28) follows.
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B Calculations of Ck1,k2

In this appendix, we sketch out the derivation of the coefficients, Ck1,k2 , appearing in the

short interval expansion. Subsequently, we list out all the relevant coefficients, what we

need for our calculation. Following [46], we use following expression to evaluate Ck1,k2 :

Ck1,k2 =
Z2

Z2
1

1

nk1nk2

lim
zj→∞

∏
j

(
zj − `

2

)2(hk1
+hk2

) (
z̄j − `

2

)2(h̄k1
+h̄k2

)

 〈φk1(z1)φk2(z2)〉two sheets.

(50)

where nk1 , nk2 comes due to normalisation of φk’s, to be precise, the following holds:

〈φk1(w1)φk(w2)〉one sheet = nk1δkk1(w1 − w2)−2hk1 (w̄1 − w̄2)−2h̄k1 . (51)

Here, zj is the coordinate on the jth sheet of a 2-sheeted manifold, where the operator

φkj gets inserted, Z2 is partition function on a 2 sheeted plane, while Z1 is the partition

function on 1-sheeted plane. We also mention that the appearance of `
2 is due to the fact

that the entanglement cut is on (0, l) on the 2-sheeted Riemann manifold. The prefactor

involving partition function is given by :

Z2

Z2
1

∝
(
`

ε

)− c
4

. (52)

where ε is the UV-regulator

Next we derive the coefficients CT,0, CT,T , CT,T̄ explicitly. For thsi purpose, we adopt

the following convention: z is a coordinate on a 2-sheeted plane while w is a coordinate on

a 1-sheeted plane and the entanglement cut extends along (0, l). The uniformisation map,

relating the two co-ordinates is given by

w(z) =

√
z

z − l
, z(w) =

w2`

w2 − 1
. (53)

Using the transformation property for T under a mapping z = f(w):

T (z) =

(
dz

dw

)−2

T (w) +
c

12
{w; z}, (54)

we arrive at

T (z) =

(
w2 − 1

)4
4`2w2

(
T (w) +

c

8w2

)
, 〈T (z)〉two sheet =

c
(
w2 − 1

)4
32`2w4

. (55)

To evaluate CT,0 the operator T is inserted at z1 (this is the φk1 as in (50)) while

nothing is inserted at z2 (this amounts inserting identity, which is the φk2 as in (50)). So

we have,

CT,0 =
Z2

Z2
1

2

c
lim
zj→∞

(
z1 −

`

2

)4

〈T (z1)〉two sheet, (56)
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which can be recast in terms of w coordinates as

CT,0 =
Z2

Z2
1

2

c
lim
w1→1

`4

16

(
w2

1 + 1

w2
1 − 1

)4

〈T (z1)〉two sheet. (57)

Using Eq. (55), we have

CT,0 =
Z2

Z2
1

`2

16
. (58)

Similarly, to evaluate CT,T one T is inserted at z1 = z(w1) while the other one is

inserted at z2 = z(w2) and

CT,T =
Z2

Z2
1

4

c2
lim

wi→±1

`8

256

(
w2

1 + 1

w2
1 − 1

)4(
w2

2 + 1

w2
2 − 1

)4

〈T (z(w1))T (z(w2))〉two sheet, (59)

We use the same uniformisation map and TT OPE on plane to arrive at

CT,T =
Z2

Z2
1

4

c2

`4

16

(
c

25
+
c2

64

)
=
Z2

Z2
1

`4

256

(
1 +

2

c

)
. (60)

To evaluate CT,T̄ , we insert T at z1 and T̄ at z2, again use the same uniformization

map. Here we note that 〈T T̄ 〉 = 〈T 〉〈T̄ 〉, so we have

CT,T̄ =
Z2

Z2
1

`4

256
. (61)

Using similar arguments, one can figure out CΛ,Λ, CΛ̄,Λ̄, CΛ,Λ̄. All we need to figure

out are 〈ΛΛ〉, nΛ and how Λ transforms under a conformal transformations, to be specific,

the uniformization map. These are provided below

〈Λ(w1)Λ(w2)〉one sheet =
c(5c+ 22)

10(w1 − w2)8
, nΛ =

c(5c+ 22)

10
, (62)

and under uniformization map, it transforms as follows:

Λ(z) = Λ(w)

(
w2 − 1

)8
16`4w4

+
(22 + 5c)

320

(
w2 − 1

)8
`4w6

T (w) +
c(5c+ 22)

(
w2 − 1

)8
5120`4w8

. (63)
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We list some of the other relevant coefficients calculated in the above way.

Cprimary
k1,k2

=
Z2

Z2
1

(
i`

4

)2(hk1
+h̄k1

)

δk1,k2 CT,T̄ =
Z2

Z2
1

`4

256

CT,T = CT̄ ,T̄ =
Z2

Z2
1

`4

256

(
1 +

2

c

)
CT,Ω = CT̄ ,Ω =

Z2

Z2
1

`6

4096

(
1 +

2

c

)
(64)

CT,Λ = CT̄ ,Λ̄ =
Z2

Z2
1

`6

8192

(
1 +

4

c

)
CT,Λ̄ = CT̄ ,Λ =

Z2

Z2
1

`6

213

CT,Λ̄ = CT̄ ,Λ =
Z2

Z2
1

`6

213
CΩ,Ω =

Z2

Z2
1

`8

2562

(
1 +

2

c

)2

CΩ,Ω =
Z2

Z2
1

`8

2562

(
1 +

2

c

)2

CΛ,Λ = CΛ̄,Λ̄ =
Z2

Z2
1

l8(5c2 + 62c+ 216)

262144c(5c+ 22)

CΛ,Λ̄ =
Z2

Z2
1

`8

5122
CΛ,Ω = CΛ̄,Ω =

Z2

Z2
1

`8

131072

(
1 +

4

c

)
CB,0 = −Z2

Z2
1

8(61 + 35c)− 93

73728(29 + 70c)
`6 CD,0 =

Z2

Z2
1

`6

24576
.

where Λ = :TT : − 3
10∂

2T , B =:∂T∂T : −4
5 :∂2TT : − 1

42∂
4T and D =:T (:TT :): − 9

10 :∂2TT :

− 1
28∂

4T + 93
70c+29B. We have checked that our answers match with [47].

C Second Renyi entropies and additional checks

Consider a 1+1d CFT living on a circle of circumference, L. The coefficients Cki,kj cal-

culated above can be applied to the short interval expansion of the Tr(ρ2
A), where ρA is

the reduced density corresponding to an entanglement cut extending from 0 to ` and time

t = 0. This gives the exponential of the second Renyi entropy. In the case when the CFT is

in a thermal state with inverse temperature β, in the high temperature regime, β/L→ 0,

the quantity, Tr(ρβA)2 is exactly known as the two-point function of Z2 twist fields. This is

given by:

Tr(ρβA)2 = 〈σ2(0)σ̄2(`)〉T2 =
1∣∣β

π sinh(π`β )
∣∣c/4 . (65)

Consequently, the short interval expansion i.e expansion of the above, in powers of `
β , is

given by

Tr(ρβA)2 =

(
`

ε

)−c/4[
1− cπ2

24

(
`
β

)2
+ π4c(5c+8)

5760

(
`
β

)4
− π6c(35c2+168c+256)

2903040

(
`
β

)6
+ · · ·

]
(66)
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On the other hand, the sewing procedure, as done in the main text to evaluate trace two

norm, leads to following short interval expansion:

Tr(ρβA)2 =

(
`

ε

)−c/4[
1 +

(
2ĈT,0〈T 〉T2 + 2ĈT̄ ,0〈T̄ 〉T2

)
+

(
2ĈΛ,0〈Λ〉T2 + 2ĈΛ̄,0〈Λ̄〉T2

+ 2ĈΩ,0〈Ω〉T2 + ĈT,T 〈T 〉2T2 + ĈT̄ ,T̄ 〈T̄ 〉2T2 + 2ĈT,T̄ 〈T 〉T2〈T̄ 〉T2

)
+

(
2ĈT,Λ〈Λ〉T2〈T 〉T2

+ 2ĈT̄ ,Λ̄〈Λ̄〉T2〈T̄ 〉T2 + 2ĈT̄ ,Λ〈Λ〉T2〈T̄ 〉T2 + 2ĈT,Λ̄〈Λ̄〉T2〈T 〉T2 + 2ĈT,Ω〈Ω〉T2〈T 〉T2

+ 2ĈT̄ ,Ω〈Ω〉T2〈T̄ 〉T2 + 2ĈT Λ̄,0〈T 〉T2〈Λ̄〉T2 + 2ĈT̄Λ,0〈T̄ 〉T2〈Λ〉T2 + 2Ĉ0,B〈B〉T2

+ 2Ĉ0,D〈D〉T2

)
+ . . .

]
. (67)

where
(
`
ε

)−c/4
Ĉk1,k2 = Ck1,k2 and Ĉ0,0 = 1. We have explicitly checked that on substituting

the values of Cki,kj and the one-point functions of the quasi-primaries above, the short

interval expansion (66) gets reproduced. (No primaries φk contribute to (67) as one point

function of primaries on a cylinder, 〈φk〉 is identically 0.)

Similarly for the finite energy density eigenstate, |ψ〉, we can use the short interval

expansion to calculate the universal contribution to the trace of the reduced density matrix

squared,

Tr(ρψA)2 =

(
`

ε

)−c/4[
1 +

(
2ĈT,0〈T 〉ψ + 2ĈT̄ ,0〈T̄ 〉ψ

)
+

(
2ĈΛ,0〈Λ〉ψ + 2ĈΛ̄,0〈Λ̄〉ψ

+ 2ĈΩ,0〈Ω〉ψ + ĈT,T 〈T 〉2ψ + ĈT̄ ,T̄ 〈T̄ 〉2ψ + 2ĈT,T̄ 〈T 〉ψ〈T̄ 〉ψ
)

+ . . .

=

(
`

ε

)−c/4[
1− π2(24h−c)

24

(
`
L

)2
+ π4(2+3c)(24h−c)2

4608c

(
`
L

)4
+ . . .

]
. (68)

where, 〈O〉ψ = 〈ψ|O|ψ〉R×S1
L

and we have kept terms till quartic order in subsystem fraction.

Thus till this order, the second Renyi entropy is given by, S2 = − log Tr(ρψA)2,

S2 =
c

4
log
(
`
ε

)
+ π2(24h−c)

24

(
`
L

)2
+ π4(c−2)(24h−c)2

4608c

(
`
L

)4
+ O

((
`
L

)6)
. (69)
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