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We report a study of how a bend in a quasi-one-dimensional (q1D) channel containing a colloid
suspension at equilibrium that exhibits single file particle motion affects the hydrodynamic coupling
between colloid particles. We observe both structural and dynamical responses as the bend angle
becomes more acute. The structural response is an increasing depletion of particles in the vicinity
of the bend and an increase in the nearest-neighbor separation in the pair correlation function for
particles on opposite sides of the bend. The dynamical response monitored by the change in the
self diffusion (D11(x)) and coupling (D12(x)) terms of the pair diffusion tensor reveals that the pair
separation dependence of D12 mimics that of the pair correlation function just as in a straight q1D
channel. We show that the observed behavior is a consequence of the boundary conditions imposed
on the q1D channel: both the single-file motion and the hydrodynamic flow must follow the channel

around the bend.

I. INTRODUCTION

The confinement of a colloid suspension to a quasi-one-
dimensional (q1D) channel generates correlation between
the colloid particle motions. This correlation arises from
two sources: (i) the single file motion associated with
the non-zero size of a particle and its near filling of the
channel width and (ii) the hydrodynamic interaction that
arises from the motion of one particle which creates a car-
rier fluid flow that affects the velocities of other nearby
particles. That flow must satisfy the boundary condi-
tions imposed by the q1D confinement. Unlike the three-
dimensional unbounded case for which the colloid-colloid
hydrodynamic interaction falls off as the inverse of the
separation between the particles [1], the boundary con-
dition imposed by the walls of a straight q1D channel
leads to exponential screening of the hydrodynamic in-
teraction on a length scale determined by the width of
the channel. One consequence of this screening is that
only nearest neighbor and next nearest neighbor hydro-
dynamic interactions play a prominent role in the q1D
diffusive dynamics.

Hydrodynamic coupling between particles in a q1D col-
loid suspension can be monitored by measurement of the
separation dependences of the components of the pair
diffusion tensor, D;; = (Ax;Ax;)/2t; D1 characterizes
the effect of the motion of particle 1 on the motion of

* Liepold and Zarcone are co-first-authors.
T Corresponding Author: sarice@uchicago.edu
¥ Corresponding Author: lin@cars.uchicago.edu

particle 2. Cui, Diamant and Lin have reported measure-
ments of Dy, in a straight q1D suspension along with a
hydrodynamic analysis for the limiting case that the col-
loid particle radius is small relative to both the channel
width and the mean spacing between particles, and the
particle motion is restricted to be along the axis of the
channel [2]. Their analysis accurately accounts for the
general features of the separation dependence of Dio for
separations greater than several particle diameters but
cannot account for the small separation dependence of
D15. In the small separation regime the non-zero size of
the colloid particles must be accounted for, as is done in
the Xu, Rice, Lin and Diamant analysis of the influence
of hydrodynamic coupling between a pair of particles on
D15 and on the self diffusion coefficient (D11) in a straight
q1D system [3]. Arguably the most important qualitative
feature of their predictions is that the functional forms
of D1 and D2 are dominated by and mimic the sepa-
ration dependence of the pair correlation function of the
1D colloid suspension. The extant theory describing the
influence of the excluded volume and hydrodynamic in-
teractions in a qlD channel on the density dependence
of the one-particle diffusion coefficient and the separation
dependence of the relative pair diffusion coefficient are in
very good agreement with experimental data [4, 5].

The motivation for the study reported in this paper
is the observation that in the conventional analysis of
colloid-colloid hydrodynamic interaction the excess pres-
sure generated by the Brownian displacement of one par-
ticle on a distant particle can be treated as a macroscopic
fluid flow problem. With that observation in mind we
note that when a fluid in a channel is forced to flow



around a bend, because of centrifugal acceleration due
to the channel curvature, a secondary flow is generated;
the secondary flow velocity lies in planes perpendicu-
lar to the primary direction of motion [6, 7]. Although
that secondary flow is very weak for the typical fluid ve-
locity induced by the Brownian particle displacement,
it can in principle affect the separation dependence of
the particle-particle hydrodynamic coupling. Entropic
‘excluded-volume’ effects have also been shown to affect
the motion of colloids in aqueous suspension on curved
silicon substrates. [8, 9] In principle, the curvature of our
bent q1D channels could similarly affect the equilibrium
structure of the colloids in the fluid.

In the following text we report the results of an exper-
imental study of how the introduction of a bend in a q1D
channel affects the interaction between colloid particles
that are on opposite sides of the bend. We note that
the boundary conditions require that in a bent channel
distances between particles be measured along the cen-
terline of the channel because (i) the hydrodynamic cou-
pling of the particles is via fluid flow around the bend
and (ii) the walls of the channel force the particle trajec-
tories and the excluded volume interaction to follow the
channel. Thus, the measure of distance between parti-
cles on opposite sides of the bend follows the centerline
around the bend. Using that coordinate system our ex-
perimental data show that the introduction of a bend
in a qlD channel leads to changes in the one-particle
and pair distribution functions of the colloid suspension
as the bend is traversed. We also report the results of
Monte Carlo simulations of the single and pair correla-
tion functions of hard discs constrained to move on a 1D
path with a bend with radius of curvature comparable to
the disc diameter which reproduce these features of the
one-particle and pair distribution functions. Using D2
as a monitor of hydrodynamic correlations between col-
loid particles our experimental data show that the sep-
aration dependence of D15 mimics the behavior of the
pair correlation function, just as in a straight q1D chan-
nel. Thus, under equilibrium conditions, in the absence
of macroscopic flow, the hydrodynamic component of the
colloid-colloid interaction is affected by the bend in the
q1D channel only via the structural changes in the pair
correlation function associated with the bend.

II. EXPERIMENTAL PROCEDURE
A. Apparatus

Our experimental system consists of several extended
channels, each with a bend between two straight arms.
The channels are filled as described below with an aque-
ous suspension of spherical silica particles that are re-
stricted to diffuse along the channel. Two types of chan-
nel bends were fabricated, smooth and sharp. Smooth
bends connect two straight channels with a small an-
gular sector that preserves the width of the channel,

whereas sharp bends are formed from the intersection
of two straight channels. Whereas single file motion is
enforced everywhere in a channel with a smooth bend,
in a channel with a sharp bend particles can pass one
another at the apex of the bend. Snapshots of experi-
mental 3 um channels with smooth and sharp bends are
displayed in Fig. 1, and schematics of both geometries
are shown in Figs. 1c and 1d.

Our experimental cell consists of a polydimethylsilox-
ane (PDMS, Sylgard 184) substrate with grooved chan-
nels along its surface. The PDMS cell is prepared by
pouring uncured PDMS over a silicon wafer that has
been lithographically etched with a negative of the de-
sired design. The channels, with length L = 2mm, have
a depth of d = (3.0 £ 0.2) pm and bends of 60°, 90° and
120°; data for straight (180°) q1D channel are obtained
from the straight arms of any of the channels. The col-
loids used in our experiments are silica spheres (Duke
Standards 8150), with a mass density of 2.2gcm ™3 and
a diameter ¢ = 1.57(2) pm. The parent sphere suspen-
sion was diluted with deionized water to have a colloid
volume fraction of 0.1% - 1.0%. Approximately 30 uL of
the diluted solution was deposited onto the experimental
cell containing the channel patterns. Four 100 pm thick
glass spacers were placed around the sample and a thin
glass coverslip was placed on top of the spacers to pre-
vent the sample from drying. We note that the channels
are filled from the supernatant suspension by sedimenta-
tion. This method of preparation does not permit direct
control of the density of colloids in a channel. Rather,
the density of colloids in a channel is determined from
the microscope images and particular samples with de-
sired packing fraction, n = No /L, are chosen for detailed
examination. The depth of the channels confines the par-
ticles with a gravitational potential of about 14 ky, T and
our microscope images show that the particles remain
closely restricted to the focal plane, fluctuating out of
that plane by less than 0.20.

The effective colloid-colloid interaction was determined
in earlier work in this laboratory, from experiments with
the same colloid particles in similar PDMS cells and in
suspensions with different ionic strengths. The calcula-
tion of the interaction accounted for the polydispersity
of the colloids and the optical anomalies arising from in-
cipient image overlap. The inferred particle-particle pair
potential consists of a strongly increasing short ranged
repulsion for separations less than z = r/o = 1.1, fol-
lowed by a very weak attractive well of about 0.3k;, T at
a separation of about = 1.2 [10]. This pair potential
is plotted in Fig.2. For the range of separations probed
in our experiments the colloid-colloid interaction is ade-
quately approximated as a short-ranged near hard sphere
repulsion. Charge-charge interactions were found to have
negligible effect on the potential.

We prepared smooth and sharp cornered channels with
(3.0+£0.2) pm width. However, we focus attention on
measurements taken in the smooth channel because par-
ticle motion is constrained to be single file everywhere.
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FIG. 1: Snapshots of (a) a 3pm q1D channel with a 60°
sharp bend and (b) a 3pm q1D channel with a 60°
smooth bend. The bend apices are marked with a red
A’ and the centerline coordinate x is marked in red.
These geometries are approximated by the geometry
shown in (c) and (d) for smooth and sharp bends,
respectively
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FIG. 2: The measured pair potentials between 1.58 pm
colloids in 3.0 pm channels. This figure is reproduced
from Fig. 8 of [10].

We use measurements taken in the 3pum channels with
sharp bend to emphasize some points of our argument.

B. Data Analysis

Our data were collected with an Olympus BH2 met-
allurgical microscope with a 100X oil-immersion objec-
tive and 2.5X video eyepiece. Images were recorded at
30 frames per second and then digitized for analysis.
Particles were detected and tracked in the digitized im-
ages, using the Crocker-Grier algorithm [11], to produce
short duration (0.2 seconds) trajectories. The particle
displacements parallel to and perpendicular to the cen-
terline of the channel were recorded. The colloid motion
is more tightly constrained (< £0.10) to the channel axis
than expected from the geometric ratio of particle diam-
eter to channel width [10]. It has been shown that in
qlD systems the diffusion parallel to the channel center-
line is independent of the position perpendicular to the
centerline.[12] As already mentioned, particle positions
were measured along the centerline of the channel; a par-
ticle at x = 0 is at the apex of the bend and x denotes
the distance from the apex along the centerline, shown
as a dashed line in Figs. 1c and 1d.

C. Simulation Procedure

Monte Carlo simulations of assemblies of hard discs
with diameter o, whose centers are constrained to move
on a line with a bend mimicking the channel geometry,
were carried out to help interpret the experimental find-
ings. Simulations were carried out for arrays of discs on
lines with bends between 45° and 180°, for linear packing
fractions between 0.4 and 0.9, and for radii of curvature
of the bend of o and 0.10, with the latter representing a
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FIG. 3: Linear particle density as a function of distance
from the apex of the bend in q1D channels. The density
values have been reduced by dividing by the mean
density (n = 0.6).

channel formed by the intersection of two straight chan-
nels. In each step of our simulations the hard discs were
displaced from their previous positions by randomly cho-
sen distances selected from a Gaussian distribution with
width 0.0lg. Simulation steps that generated overlaps
of discs were rejected and new steps successively selected
until one that satisfied the no-overlap criterion was found.
This process was repeated for ~ 10? steps to ensure that
the system reached equilibrium.

III. EXPERIMENTAL RESULTS
A. Linear density profiles

Time-averaged linear density profiles were calculated
from the experimental data by dividing the channel axis
into bins with width 0.10 and averaging the number of
particles in each bin over all frames along the trajectory.
The displacements parallel to the centerline of the chan-
nel of particles whose centers deviate from the centerline
were obtained from projections onto the centerline. The
resulting distributions for several suspensions with pack-
ing fraction n = 0.6 in q1D channels with different bend
angles are displayed in Fig. 3. We find that the there is a
pronounced depletion of the linear density in the region
around the apex of the bend. The data displayed show
that the magnitude of the density depletion increases as
the bend angle becomes more acute. Fig. 3 also shows
that the depletion is smaller, for a given bend angle, in a
3pum channel with a sharp bend than in a 3 pm channel
with a smooth bend, which we attribute to the violation
of the single-file ordering in the sharp corner channel.
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FIG. 4: Linear density as a function of distance from
the apex of the bend in a 60° q1D channel. The density
values have been reduced by dividing by the mean
density.

B. Pair distribution functions

Given the behavior of the linear density distribution
in the domain including the bend in the channel we ex-
pect the pair distribution functions for particles sepa-
rated by the bend to differ from that when both parti-
cles are in a straight portion of the channel. We show
in Fig. 5b the pair distribution functions for particles
on opposite sides of the bend in 60° and 120° channels
along with that for the straight q1D channel; in the 60°
channel there is a very significant increase of the near-
est neighbor separation relative to that in the straight
portion of the channel. As shown in Fig. 6, there is a
monotone increase in the nearest neighbor separation of
the opposite side pair correlation function as the bend
angle is made more acute; these observations are inde-
pendent of the smooth or sharp nature of the bend and
very weakly dependent on the average packing fraction
(Fig. 7). The 120° and 180° data displayed in Fig. 5b
show the pair correlation function decreasing rapidly in
the domain 0 < r/o < 1.3 as /o — 0, whereas the 60°
data show the pair correlation function decreasing slowly
in that domain as /o — 0. The shape of the 60° data
is an anomaly resulting from the use of distance along
the centerline of the channel to monitor particle-particle
separation, since the relationship between centerline sep-
aration and center-to-center geometric separation is not
a linear function of the bend angle. Indeed, the same un-
usual decay of the pair correlation function is found from
the Monte Carlo simulations reported in Section ITI C.
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FIG. 5: Pair distribution functions for particles on the
same side (180°) and on opposite sides of acute bends
in smooth (a) and sharp (b) 3pm q1D channel.

C. Monte Carlo simulation results

The results of our Monte Carlo simulations reproduce
the major features of the single particle and pair distri-
bution functions reported in the last Section. We show in
Fig. 8 the pair distribution functions obtained from the
simulations for suspensions in qlD channels with bend
angles 60°, 75°, 150° and 180°. These should be com-
pared with the experimental data for the 3 pm smoothly
bent channels because of the constraint in the Monte
Carlo simulations that the particle centers must be dis-
placed along the line.

Bend Angle 6

FIG. 6: Separation of nearest neighbor particles on
opposite sides of the bend in a 3pm 1D channel as a
function of the bend angle for a suspension with
1 = 0.6. The solid line is a plot of Eq. (7).
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FIG. 7: Position of the first peak of the pair correlation
function for particles on opposite sides of the bend in
60° and 120° q1D channels as a function of packing
fraction.

D. Pair diffusion coefficient measurements

As already mentioned, we monitor the effect of the
hydrodynamic coupling between colloid particles via de-
termination of the pair diffusion tensor with elements D;;
[13],

Dy == (1)
The D;; measure the self and distinct correlations be-
tween the displacements of particles ¢ and j in time t.



—~ 2.5
\Ei =um G0O°
g -— - 750
g 2.0 A 150°
= 180°
]
Z 15 .
S ¢\
g 15, N S
E 1.0 A .\l TN Ay i e
= Ry
A7 05 - e
D : e, -‘f'*/
o bt & &
5 e
O“ 0.0 T T T

1 2 3

Pair Separation, x/o

FIG. 8: Pair distribution functions obtained from
Monte Carlo simulations for suspensions in q1D
channels with bend angles 60°, 75°, 150°, and 180°.

In our q1D geometry D1 = Dss is the self-diffusion co-
efficient of a particle in the presence of another particle
at a distance r, averaged over the positions of all other
particles in the system, and Do characterizes the effect
of the motion of particle 1 on the motion of particle 2 at
a distance r, averaged over the positions of all other par-
ticles in the system. The experimental trajectories can
be analyzed to yield both the center-of-mass (D) and
relative (D) pair diffusion coefficients defined by

pt — (80P + [AnOP £ 2000500)

4t
D1 £ Dyo
= 3
5 3)

We will focus attention on the separation dependence of
the relative pair diffusion coefficient

+ _ —

Dis(z) = w (4)
We calculated Djs(x) for all pairs of particles separated
by = £ %dx with dxz = 0.110, both for pairs of particles
on the same side of the bend and for pairs of particles
on opposite sides of the bend in the q1D channel. We
required members of 'same side’ pairs to both be more
than 5o from the bend apex to minimize any influence
from the bend. The time intervals used for measuring
Dy5 were small, (< 1.0s), less than the crossover time
between the diffusive and subdiffusive regimes of q1D
motion.[14, 15] The dependences of Di3(x) on bend an-
gle for particles on opposite sides of the bend in the 3 pm
sharp and smooth bend channels are shown in Figs 9a
and 9b, respectively. The separation at which the peak
in Dyo(x) occurs is the same for channels with the smooth
and sharp bends, and is sensibly independent of packing
fraction (Fig. 10). The pair separation at which the peak
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in Dia(x) appears decreases monotonically as the bend
angle decreases (Fig. 11), just as does the nearest neigh-
bor separation (Fig.6) exhibited by the pair correlation
function. To emphasize their similarity, both quantities
— nearest neighbor separation calculated from go(z) and
the peak in Dqo(x) — are plotted together in Fig. 11.

IV. DISCUSSION

The results described in the preceding sections show
that the (i) local packing of colloid particles in a suspen-
sion in the smooth bend region of a bent q1D channel
differs from that in a straight q1D channel and (ii) that
the hydrodynamic component of the colloid-colloid inter-
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action is affected by the bend in the q1D channel only via
changes in the pair correlation function associated with
the bend. In particular, the particle separation depen-
dence of Dy5(x) mimics the behavior of the pair correla-
tion function, just as in a straight q1D channel.

We examine first the linear density deficiency in the
apex region of the bent q1D channel. The geometry of
the smoothly bent channel is sketched in Fig. 12a. We
consider the case that the channel has width o equal to
the particle diameter, and that the bend in the chan-
nel, with radius of curvature of the centerline equal to
Ro, preserves the channel width. If a particle is cen-
tered in the apex of the bend it subtends an angle
v = 2arctan (4R? — 1)~'/2. In a linear close packed ar-
ray in the straight portion of the channel the fraction of

(b)

FIG. 12: Diagrams demonstrating the sharp and
smooth bend geometries

. . . 2 .
space occupied by a disc is n = 77z, whereas a parti-

cle located at the apex of the bend occupies a fraction
of the annular space (Fig. 12a) equal to n = T We
note that in this construction the radius of curvature is
restricted to R > 1/2 and that for a radius of curva-
ture comparable to the particle radius the packing frac-
tion per particle is less than that in the straight chan-
nel: n(R = 0.50) = 0.50, n(R = 0.75) = 0.717, and
n(R = 1.0) = 0.75 (see Fig. 13). The radius of curvature
of the smooth channel we have used in our experiments is
not known with precision but a visual inspection suggests
that it is comparable to the particle radius. The observed
single particle density depletion in the bend angle region
is qualitatively similar to that predicted from the ideal-
ized simple model described above, but larger in magni-
tude. We suggest that this difference is a consequence
of the difference between the model channel and the real
channels. In the experimental realizations of the bent
channels the ratio of particle diameter to channel width
is, although large enough to enforce single file motion,
less than one, thereby allowing more space per particle
than assumed to be the case in the model channel.

Our experiments show that the dependence of the near-
est neighbor separation for particles on opposite sides of
the bend in the channel, measured along the centerline
of the channel, is the same for smooth and sharp bends
(Fig. 6). We now argue that the form of the observed
dependence is a consequence of measuring the particle-
particle separation along the centerline rather than di-
rectly along the line of centers. Consider a channel with
width equal to a particle diameter and a sharp bend. Let
two particles that are in contact be at distances z; and
29 from the apex of the bend, measured along the center-
lines of the two arms of the channel. This configuration
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is shown in Fig. 11b. The separation of the particles,
s(0) = x1 + z29, clearly depends on #, and the line con-
necting the centers of the particles does not lie along the
centerline of the channel. Setting ¢ = 1, and using the
constraint that the two particles are in contact, we have

[£2 cos(0/2) —x1 cos(0/2)]* 4 [z sin(0/2) 41 sin(0/2)]?
=1 (9

With 21 < 29 and A = cos?(0/2) Eq. (5) has a solution
that reads

s(x1,A) = 22\ + [1 — 4z2 (X — \2)]Y/? (6)

We note that a particle lies entirely on one side of the
apex of the bend when 21 = 2’ = [2sin(0/2)] = 2/1 — ),
beyond which point the particles no longer are in contact.
The dependence of s(x1,A) on z; can be removed by
averaging s(z1,A) with respect to the allowed values of
x1. This average is

/

(s(A)) = ;/: dovs(z1,\)

A T—X  sin (1= AV
Vi T2 ¢ 2(1 = M)V @)

Eq. (7) is plotted, as a function of the bend angle of
the channel, in Figs 6 and 11. Clearly, the apparent
shift in the first peak of the pair correlation function is
associated with the change in coordinates used to de-
scribe the particle-particle separation that is enforced by
the boundary conditions. That is, because the boundary
conditions determine the path followed by both the sol-
vent and the particles as they travel through the bend,
the path followed along the centerline is longer than the

center-center path, and we can consider the choice of the
coordinates along the channel centerline to be a dilation
of the length scale of the problem. Accordingly, we ob-
serve both a decrease of the linear density and an in-
crease in the nearest-neighbor length scale in traversing
the bend in the q1D channel.

We consider now the hydrodynamic contribution to
the components of the pair diffusion tensor. As already
noted, the hydrodynamic interaction between particles
in a q1D channel is screened on the scale length of the
channel width. Consequently, particles move in concert
only when their separation is smaller than the channel
width and two body interactions remain dominant up to
high particle density. The center of mass and relative dif-
fusion coefficients of a pair of particles approach the sum
of the single particle diffusion coefficients at large par-
ticle separation. However, at small particle separation
the center of mass diffusion coefficient exceeds, and the
relative diffusion coefficient is less than, the sum of the
single particle diffusion coefficients. To account for sepa-
ration dependences of D1 (z) and Dja(z) it is necessary
to account for the nonzero size of the colloid particles
and the effect of one particle on the flow near the other
and near the walls of the channel. The analysis of the hy-
drodynamic coupling in a suspension confined to a q1D
channel reported by Xu et al goes beyond the Stokeslet
approximation by using the so-called method of reflec-
tions and an average over all possible configurations of
the particles; it properly accounts for the non-zero size
of the colloid particle [3]. Like the Stokeslet analysis, it
exploits the fact that when the particle velocity is very
small the hydrodynamic interactions between particles
and between each particle and the wall can be described
by the linear Navier-Stokes equation for incompressible
stationary flow. A principal qualitative result of the anal-
ysis is the prediction (the reader is referred to the original
papers for details)

_ Du(z,n)
D;(n)

with D,(n) the single particle self diffusion coefficient at
packing fraction 7. This proportionality is exhibited by
our data for a suspension in a bent q1D channel. The re-
sult is unexpected since, in the method of reflections cal-
culation, transmission of the excess pressure generated by
a displaced particle to the other particles includes a con-
tribution from reflections at the boundary of the channel.
For a straight channel these reflections are, at the level
of approximation used, one bounce, whereas in a bent
channel we expect there to be at least a two bounce (and
possibly more bounce) contribution.

1 x ga(z —1) -1 (8)

V. CONCLUSION

The confluence in a confined colloid suspension of the
effects of direct particle-particle interactions with sol-
vent mediated and transmitted hydrodynamic interac-



tions leads to interesting questions when comparing sys-
tems with different geometries and boundary conditions.
The constraint of single-file-motion imposed on a colloid
suspension by the geometry of a qlD channel requires
examination of how hydrodynamic flow is affected by the
bend in the channel, how colloid-colloid contact interac-
tions are transmitted around the bend, and what coordi-
nate system is most appropriate to describe the particle
behavior. Focusing attention on Brownian motion in a
1D colloid suspension at equilibrium, we have used stud-
ies of the spatial correlation between a pair of particles
in a bent q1D channel as a function of bend angle and
of the pair diffusion tensor as a function of bend angle
as the vehicle to address these questions. Noting that
the boundary conditions that define the q1D channel re-
quire using the centerline of the channel as the coordinate
onto which particle positions are projected, we observe a
depletion of particles in the vicinity of the bend that in-
creases as the angle becomes more acute, and an increase
in the nearest neighbor separation in the pair correlation
function for particles on opposite sides of the bend as the
angle becomes more acute.

We also observe that the peak value of D2(x), the cou-
pling term in the pair diffusion tensor that characterizes
the effect of the motion of particle 1 on particle 2, coin-
cides with the first peak in the pair correlation function.

This behavior of Dis(x) mimicking the pair correlation
function is the same as that found experimentally and
accounted for theoretically for colloid-colloid interaction
in a straight q1D channel. We are then driven to the
interesting and to us non-intuitive conclusion that un-
der equilibrium conditions, in the absence of macroscopic
flow, the hydrodynamic component of the colloid-colloid
interaction is affected by the bend in the q1D channel
only via the structural changes in the pair correlation
function associated with the bend. For application to
systems such as micro-channel devices, further investi-
gation will need to be performed to determine if these
results hold in systems where the fluid has a substantial
macroscopic velocity.
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