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A theory is presented for the transition between the co-flowing and drop-generation regimes
observed in microfluidic channels with rectangular cross-section. This transition is characterized by
a critical ratio of the dispersed-to-continuous-phase volume flow rates. At flow-rate ratios greater
than this critical value, drop generation is suppressed. The critical ratio corresponds to the fluid
cross-section where the dispersed-phase fluid is just tangent to the channel walls. The transition
criterion is a function of the ratio of the fluid viscosities, the three-phase contact angle formed
between the fluid phases and the channel walls, and the aspect ratio of the channel cross-section;
the transition is independent of interfacial tension. Hysteretic behavior of drop generation with
respect to the flow-rate ratio is predicted for partially-wetting dispersed-phase fluids. Experimental
data are consistent with this theory.

I. INTRODUCTION

The field of microfluidics has led to devices with low-
ered costs that are capable of swift analysis, yielding
high resolution and increased sensitivity[1]. Many de-
vices for controlling microfluidic flows have been de-
veloped, the most common being T-junction[2], flow-
focusing[3], and co-flowing[4] devices. Some applications,
such as microfluidic rheometry[5, 6], rely on co- flowing
streams of immiscible fluids. Most applications, how-
ever, rely on precisely controlled drop generation and
many mechanisms of drop generation have been iden-
tified, including squeezing, dripping, and jetting modes
[7–9]; applications that rely on drop generation include
high-throughput screening devices[10] and biochemical
assays[11]. Controlling the transition between co-flowing
and drop-generation regimes is critical to the design and
optimization of microfluidic devices and is the subject of
this paper.
The breakup of a cylindrical fluid stream surrounded

by a second co-flowing immiscible fluid results from the
interfacial-tension-driven growth of varicose waves at the
fluid-fluid interface. The confining walls of a microfluidic
device can hinder breakup[12–14] and drop generation
does not occur for a fluid stream in contact with confining
walls because the pinned contact lines prevent the growth
of varicose waves[15, 16]. The two-fluid co-flowing cross-
section configuration shown in Fig. 1a is unstable because
the inner fluid stream does not span the channel, leading
to drop generation. The co-flowing configuration shown
in part (c) of the figure is stable due to confinement.
The critical cross-section configuration that separates the
drop-generation and co-flowing regimes in a rectangular
channel corresponds to that depicted in Fig. 1b.

∗ joseph.buttacci@yale.edu

The stable configuration depicted in Fig. 1c corre-
sponds to the case where the inner fluid is non-wetting. If
the inner fluid partially wets the channel walls, a typical
stable configuration corresponds to that depicted in part
(e) of the figure. The configuration depicted in part (d) is
a second critical configuration that arises in systems with
partially-wetting dispersed-phase fluids. The presence of
two critical configurations (1b,d) for a partially-wetting
dispersed-phase fluid explains the hysteretic behavior of
drop generation observed in some experiments[17]. Ac-
cordingly, the critical configuration depends on whether
the transition is from co-flowing to drop-generation or
vice versa.
An analysis of critical two-phase configurations

(Fig. 1b,d) in microfluidic devices is presented. The re-
sults provide quantitative criteria for the transition be-
tween co-flowing and drop-generation regimes. The prob-
lem is formulated and the critical flow-rate ratio, corre-
sponding to the critical configuration, is defined in Sec. II.
The calculation of the critical flow-rate ratio is described
in Sec. III. Analytical and numerical results are pre-
sented in Secs. IV-V, respectively, and the theory is com-
pared to experimental data in Sec. VI.

II. CRITICAL FLOW-RATE RATIO

The cross-section configurations shown in Fig. 1 are
characterized by a flow-rate ratio Q1/Q2, where Q1 and
Q2 are the volume flow rates of Fluid 1 and Fluid 2 re-
spectively. Figures. 1b,d correspond to the critical values
Q1/Q2 = (Q1/Q2)cr that separate the drop-generation
and co-flowing regimes. The drop-generating configura-
tion depicted in Fig. 1a corresponds to a sub-critical value
of Q1/Q2 and the co-flowing configurations depicted in
Figs. 1c,e correspond to super-criticalQ1/Q2. The aim of
this paper is to determine the dependence of the critical
flow-rate ratio (Q1/Q2)cr on the system parameters.
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FIG. 1. Two-fluid cross-section configurations corresponding to (a) drop generation, (c, e) co-flowing, and (b, d) critical
configurations in a 2b × 2w rectangular channel. Dispersed(shaded)- and continuous- phase viscosities µλ and µ, coordinate
system, and three-phase contact angle β1 are shown.

A. Assumptions

Under the assumption that the fluids are incompress-
ible and the channel has constant cross-section (and the
flow is laminar), the dimensionless velocity fields u

(i)

(i = 1, 2) are unidirectional[5, 16, 18], i.e. u
(i)(x, y, z) =

u(i)(x, y)ez , where the superscripts 1 and 2 refer to the
dispersed and continuous phases (Fluid 1 and Fluid 2)
and ez is a unit vector in the z- direction. Here, dimen-
sionless variables are defined

x =
x∗

b
, y =

y∗
b
, z =

z∗
b
, u(i) =

µu
(i)
∗

Gb2
, (1)

where the asterisks denote dimensional quantities, 2b is
the channel depth as shown in Fig.1, µ is the viscosity
of Fluid 2, and G is the pressure gradient (the same in
both phases[5, 16, 18]). Accordingly, the velocities are
governed by

∇2u(1) = −λ−1, ∇2u(2) = −1 , (2)

where λ is the ratio of the viscosities of Fluid 1 to Fluid
2; steady-state is assumed. Fluid 2 satisfies no-slip con-
ditions on the channel boundaries,

u(2) = 0 , y = ±1 or x = ±W , (3)

where 2w is the width of the microchannel and W = w/b
is the aspect ratio of the channel (c.f. Fig. 1); W ≥ 1 is
assumed. Continuity of velocity and tangential stress are
enforced on the fluid interface,

u(1) = u(2) , λ
∂u(1)

∂n
=

∂u(2)

∂n
. (4a,b)

Under the assumption that surface tension is suffi-
cient to dominate normal stresses from gravity, the ve-
locities are independent of the magnitude of interfacial

tension[18] and the fluid interface is described by a cir-
cular arc with radius R = csc β1 that intersects the
points (0,±1), where the three-phase contact angle β1

is the complement of the usual contact angle. The range
0 ≤ β1 ≤ π/2 is assumed.
The length of the unidirectional flow region is assumed

to be sufficiently long for unstable configurations (c.f.
Fig. 1a) to undergo breakup. The velocity fields are ob-
tained by solving Eqs. (2)-(4) and volume flow rates are
calculated.
A unidirectional analysis may also be relevant for de-

termining the transition between drop generation and
co-flowing operation in non-unidirectional devices. In a
T-junction device, for example, two-fluid configurations
similar to those shown in Fig. 1 describe the flow down-
stream from the actual junction, where the velocity fields
are unidirectional.
According to the foregoing assumptions, the critical

flow-rate ratio (Q1/Q2)cr depends on the viscosity ra-
tio λ, the three-phase contact angle β1, and the aspect
ratio of the channel W and is independent of interfacial
tension.

III. CALCULATION OF THE FLUID

VELOCITY FIELDS

The critical volume flow rates of Fluids 1 and 2 are
calculated by computing the velocities and evaluating the
volume flux for the critical configurations of the system,
c.f., Figs. 1b,d. For convenience, Q2 is decomposed as

Q2(λ, β1,W ) = Q0(W )−Q′

2(λ, β1,W ) , (5)

where Q0 is the volume flow of Fluid 2 in the absence of
Fluid 1 and Q′

2 is the disturbance due to the presence of
Fluid 1. As shown below, Q′

2 decays exponentially to a
form independent of W .
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Solutions of Eqs. (2)-(4) for the velocity fields in Fluids
1 and 2 are given by

u(1)(x, y) = λ−1
(

up(y) + v1(x, y)
)

, (6)

u(2)(x, y) = u0(x, y) + v2(x, y) . (7)

The base velocity field of Fluid 2, u0, corresponding to
the flow in the absence of Fluid 1 is given by

u0(x, y) = up(y)− uw(x, y) , (8)

where up is the pressure driven component of velocity,

up(y) =
1

2
(1− y2) , (9)

and uw is the wall correction that enforces boundary con-
dition (3) at x = ±W ,

uw(x, y) =

∞
∑

k=0

dk
coshαkx

coshαkW
cosαky , (10)

dk = 2(−1)kα−3
k , αk = (k + 1/2)π . (11a,b)

The terms v(1) and v(2) in Eqs. (6) -(7) are series
expansions that account for hydrodynamic interactions
between the fluids,

v1(x, y) =

∞
∑

k=0

c
(1)
k f1(x, k)g(y, k) , (12)

v2(x, y) =

∞
∑

k=0

c
(2)
k f2(x,W, k)g(y, k) , (13)

where

f1(x, k) = coshαkx (14)

f2(x,W, k) =
sinhαk(W − x)

sinhαkW
, (15)

g(y, k) = cosαky . (16)

According to (15) and (16), v2(x, y), and thus u(2)(x, y),
satisfies boundary condition (3).

The coefficients c
(i)
k (i = 1, 2) are determined by trun-

cating the velocity expansions (6)-(7) at k = N − 1
and substituting them into boundary conditions (4). A
2N×2N system of linear equations is generated by taking
the term-by-term inner product with the basis functions
f1(x, k)g(y, k) (k = 0, N − 1) on a quarter of the fluid
interface,

x(s) = R cos(s/R)− cotβ1 , y(s) = R sin(s/R) ,
(17)

0 ≤ s ≤ β1R , R = cscβ1 , (18)

where β1R is the arc length of the interface over one
quadrant of the cross-section configuration. The aspect-

ratio dependence of the expansion coefficients c
(i)
k decays

exponentially for W ≫ 1 because f2 ≈ e−αkx and uw ≈ 0
on the fluid interface.
Formulas for evaluating the critical flow rates, Q1 and

Q2, are provided in Appendix A. For W ≫ 1, the aspect-
ratio dependence of Q1 and Q′

2 decays exponentially and
Q0 reduces to the linear form (A12). Approximate results
for W ≫ 1 are thus obtained from limiting calculations
for W → ∞.
The solutions (6)-(7) fail to converge as β1 and λ in-

crease. However, the expansions described below for
β1 = π/2 and for β1 ≪ 1 exhibit better convergence
and help to circumvent this difficulty.

A. Non-Wetting Dispersed-Phase Fluid, β1 = π/2

The special case of a non-wetting Fluid 1 is considered
here. The velocity field in Fluid 2 is described as above,
but Fluid 1 is more conveniently described in cylindrical
coordinates (r, θ, z), where r is measured from the origin
and θ is measured relative to the x-axis of the Cartesian
coordinate system shown in Fig. 1a. Accordingly,

u(1)(r, θ) = λ−1
(

u(1)
p (r) + v1(r, θ)

)

, (19)

where the pressure-driven component is given by

u(1)
p (r) =

1

4

(

1− r2
)

, (20)

and

v1(r, θ) =
∞
∑

k=0

c
(1)
k f1(r, k)g1(θ, k) , (21)

with basis functions

f1(r, k) = r2k , g1(θ, k) = cos 2kθ. (22a,b)

In the special case W = 1, the odd coefficients c
(1)
2k+1

vanish by symmetry.
The coefficients in expansions (21) and (13) are deter-

mined by the procedure described in the previous section
except here, the basis functions used for the inner prod-
ucts are g1(θ, k). Only the first coefficient enters the
critical flow rate of Fluid 1, as given by Eq. (A5).

B. Lubrication Approximation for β1 ≪ 1

For β1 ≪ 1, the thickness profile of the slender lentic-
ular region occupied by Fluid 1 (c.f. Fig. 2) is given by

δ(y) = β1δ̄(y) +O
(

β3
1

)

, δ̄(y) =
1

2

(

1− y2
)

.

(23a,b)
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FIG. 2. Critical cross-section for a partially-wetting dispersed
phase fluid showing contact angle β1 and thickness profile
2δ(y).

A lubrication approximation of the velocity of Fluid 1 is
appropriate provided that β1 ≪ W (here ensured by the
assumption W ≥ 1). Accordingly, the velocity of Fluid 1
is

u(1)(x, y) = uI(y) + u(1)
p (x, y) , (24)

where uI(y) is the plug-flow component (with respect to
the x-direction) resulting from the velocity on the inter-

face and u
(1)
p (x, y) is the pressure-driven component,

uI(y) = u(2)(0, y) , u(1)
p (x, y) =

1

2λ

(

δ2(y)− x2
)

.

(25a,b)
Continuity of the velocity at the fluid interface is thus
enforced. According to the lubrication approximation,
Fluid 1 is eliminated from the problem, its influence in-
corporated through a modified boundary condition for
Fluid 2 derived from continuity of tangential stress,

∂v2
∂x

+ λβ1
∂

∂y

(

δ̄(y)
∂v2
∂y

)

=

β1 (1− λ)
∂

∂y

(

δ̄(y)
∂u0

∂y

)

, x = 0 . (26)

The result indicates that Fluid 1 acts like a position-
dependent surface viscosity, λβ1δ̄(y). This boundary con-
dition leads to a linear system of equations for the coef-
ficients in expansion (13), as shown in Appendix C.
The critical flow rate of Fluid 1 reduces to

Q1(λ, β1,W ) = Qint + λ−1Q
(1)
0 , (27)

Qint = 4β1

∫ 1

0

u(2)(0, y)δ̄(y) dy , Q
(1)
0 =

8

105
β3
1 ,

(28a,b)
where Qint results from the plug-flow component of the

velocity (25a) and Q
(1)
0 results from the pressure-driven

component (25b). The pressure-driven component is in-
significant unless λ ≤ O(β2

1). Formulas for Qint and Q′
2

are provided in Appendix C.
The results shown in Fig. 3 indicate that the flow rates

obtained using the lubrication approximation agree with
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FIG. 3. Critical flow rates for exact solution (solid) and lu-
brication approximation (dashed); W ≫ 1.

the converged exact solution even at moderate β1. All
subsequent results for β1 < π/2 were obtained using the
lubrication approximation.

IV. ANALYSIS FOR LOW- AND

HIGH-VISCOSITY RATIOS

Here, the limiting cases of low- and high-viscosity-
ratios are presented, separately considering the cases of
a non-wetting and wetting dispersed-phase fluid. A sum-
mary of these results is given in Table I. The derivation
of these formulas is given in the remainder of this section
and in Appendices B and C.

A. Non-Wetting Dispersed-Phase Fluid, β1 = π/2

For λ → 0, the velocity field in Fluid 1 effectively sat-
isfies no-slip boundary conditions on the fluid interface,
and the velocity in Fluid 2 satisfies free-surface bound-
ary conditions. By a regular perturbation for λ ≪ 1,
presented in Appendix B1, the critical volume flow rates
have expansions

Q1(λ,W ) = λ−1Q
(1)
0 +Q

(1)
1 +O(λ) , (29)
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TABLE I. Summary of asymptotic formulas

Limiting regime Q1 Q′

2 Parameters

β1 = π/2

λ ≪ 1 π

8
λ−1 +Q

(1)
1 Q

(2)
0 + λQ

(2)
1 Fig. 4

λ ≫ 1 λ−1Q
(1)
∞

(

log λ−C
(1)
1

)

Q
(2)
∞ − λ−1B

(2)
1

(

log λ− C
(2)
1

)

Fig. 5

β1 ≪ π/2

λβ1 ≪ 1 λ−1Q
(1)
0 + ( 8

15
− F1)β1 + β2

1(λ− 1)F2
4
15
β1(λ+ 1)− β1F1 + β1(λ− 1)F3 Eqs. (28),(C11),(C13)-(C14)

λβ1 ≫ 1 λ−1
(

Q
(1)
∞ log λβ1 + C

(1)
1

)

Q
(2)
∞ − (λβ1)

−1
(

B
(2)
1 log λβ1 + C

(2)
1

)

Eqs. (37)-(38),Fig. 6

Q′

2(λ,W ) = Q
(2)
0 + λQ

(2)
1 + O

(

λ2
)

, (30)

where Q
(1)
0 = π/8 and parameters Q

(1)
1 , Q

(2)
0 , and Q

(2)
1

are plotted in Fig. 4.

In the limit λ → ∞, the velocity in Fluid 2 satisfies no-
slip boundary conditions on the fluid interface, yielding a
disturbance flow rate that depends only on aspect ratio
at leading order. However, λ → ∞ is a singular limit
and a boundary layer analysis is required to determine
the leading-order flow rate of Fluid 1 for λ ≫ 1; O(λ−1)
boundary layers form where the fluid interface is tangent
to the channel walls. According to the analysis presented
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FIG. 4. Volume flow rate coefficients for low viscosity expan-
sions (29)-(30).

in Appendix B 2, the critical flow rates are given by

Q1(λ,W ) = λ−1Q(1)
∞

(

logλ− C
(1)
1

)

+O(λ−2 logλ) ,

(31)

Q′

2(λ,W ) = Q(2)
∞ −λ−1B

(2)
1

(

logλ− C
(2)
1

)

+O(λ−2 logλ) ,

(32)

where Q
(1)
∞ , C

(1)
1 , Q

(2)
∞ , B

(2)
1 , and C

(2)
1 are plotted in

Fig. 5.
For W > 1, the fluid interface is tangent only to the

horizontal channel boundaries (c.f. Fig 1b), resulting in
two boundary layer regions; forW = 1, the fluid interface
has four points of tangency, generating four boundary

layers. Accordingly, parameters Q
(1)
∞ , C

(1)
1 , B

(2)
1 , and

C
(2)
1 exhibit discontinuities at W = 1, as seen in Fig. 5.

B. Partially-Wetting Dispersed-Phase Fluid

For λβ1 ≪ 1, the critical volume flow rate for Fluid 1
is given by Eqs. (27)-(28), where Qint is

Qint =

(

8

15
− F1(W )

)

β1 + β2
1(λ − 1)F2(W ) , (33)

and the critical disturbance flow of Fluid 2 is

Q′

2 =
4

15
β1(λ+ 1)− β1F1(W ) + β1(λ− 1)F3(W ) . (34)

Here, F2(W ) decays exponentially to a constant and
F1(W ) and F3(W ) decay exponentially to zero accord-
ing to Eqs. (C11), (C13), and (C14).
The limit λβ1 → ∞ is singular; boundary layers form

near the tangent points (x, y) = (0,±1) for λβ1 ≫ 1.
The critical volume flow rates in this regime are given by

Q1 = λ−1
(

Q(1)
∞ logλβ1 + C

(1)
1

)

, (35)

Q′

2 = Q(2)
∞ − (λβ1)

−1
(

B
(2)
1 logλβ1 + C

(2)
1

)

, (36)

where Q
(2)
∞ is

Q(2)
∞ =

8

15
β1 + 8h5 + F4(W )− β1F1(W ) , (37)
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FIG. 5. Volume flow rate coefficients for high viscosity ex-
pansions (31)-(32). Note discontinuities at W = 1.

hn is given by Eq. (A7), F4(W ) decays exponentially to

zero and is given by (C17), Q
(1)
∞ and B

(2)
1 are

Q(1)
∞ =

4a1(β1,W )

3
, B

(2)
1 = 4a1(β1,W )a1(0,W ) ,

(38a,b)
and a1(β1,W ) is

a1(β1,W ) = 2
∞
∑

k=0

α−3
k tanh

αkW

2
+

β1

3
. (39)

The parameters C
(1)
1 and C

(2)
1 are obtained by extrapo-

lating numerical results and are shown in Fig. 6. They
are approximately linear in β1 and almost independent
of W .

V. NUMERICAL RESULTS

Critical volume flow rates were obtained by the numer-
ical procedure described in Sec. III. It is convenient to
define the rescaled critical flow rates,

Θ1 =
λ (Q1 −Q1(0, β1,W ))

Q
(1)
∞

, (40)

and

Θ2 =
Q′

2 −Q′
2(0, β1,W )

Q′
2(∞, β1,W )−Q′

2(0, β1,W )
, (41)
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FIG. 6. Volume flow rate coefficients for high viscosity expan-
sion (35)-(36) in partially-wetting system; W = 1 (+), W = 2
(×), W = 3 (©), W = 4 (△), W ≫ 1 (▽).

where Q1(0, β1,W ) and Q′
2(0, β1,W ) correspond to the

limit λ → 0, Q′
2(∞, β1,W ) corresponds to λ → ∞, and

Q
(1)
∞ is the coefficient of logλ in Eqs. (31) and (35).

The rescaled critical flow rates are shown in Fig. 7 for
conditions spanning the entire ranges of the parameters
W and β1 and a wide range of viscosity ratios. The
rescaled flow rates converge exponentially in aspect ratio
to the results for W → ∞. Calculations indicate that
the results are insensitive to aspect ratio for W > 3,
consistent with Figs. 4-6.

Figure 8 shows the dependence of (Q1/Q2)cr on λ
for W and β1 as indicated. The co-flowing regime
corresponds to Q1/Q2 >(Q1/Q2)cr, i.e., Fluid 1 is
confined by the channel walls, suppressing drop gen-
eration (c.f. Fig. 1c,e). Drops are produced when
Q1/Q2 <(Q1/Q2)cr, i.e., when Fluid 1 does not span
the channel (c.f. Fig. 1a).

Figure 9 compares exact calculations for λ(Q1/Q2)cr
with the approximate calculations for W ≫ 1 described
in Sec. III. The results indicate that the wide-channel ap-
proximation is accurate for W > 3, consistent with the
insensitivity with respect to W seen in Figs. 4-7. Nu-
merical calculations for the approximate curves shown
in Fig. 9 and asymptotic formulas for low- and high-
viscosity-ratios are given in Appendix D.

The rescaled plots of Q1 and Q′
2 shown in Fig. 7 col-

lapse the theoretical predictions more effectively than the
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plots of λQ1/Q2 shown in Fig. 8. However, Q′
2 is not di-

rectly measured but is instead obtained from Eq. (5).
Obtaining the plots in Fig. 7 from experiments would
require measurements of the pressure gradient in the re-
gion of unidirectional flow (where the critical configu-
ration occurs) to determine the volumetric base flow Q0.
Unfortunately, the local pressure gradient is not typically
reported in experiments.
For the case of a partially-wetting Fluid 1, two critical

cross-sections are possible, as shown in Figs. 1b,d, giving
rise to hysteresis. The transition from sub-critical val-
ues of Q1/Q2 to super-critical values proceeds through
the critical configuration Fig. 1b corresponding to curves
with β1 = π/2 in Fig. 8; the transition from super- to
sub-critical values of Q1/Q2 proceeds through the crit-
ical configuration Fig. 1d corresponding to curves with
β1 < π/2 in Fig. 8. For λ & 100, the results in Figs. 7-
8 were obtained using the extrapolated O

(

λ−2
)

expan-
sions (C27)-(C28) for β1 < π/2 and expansions (B20)
-(B21) for β1 = π/2.
The validity of the lubrication approximation relies on

β1 ≪ W and thus fails for the largest contact angles
with W = 1 due to the magnification of error caused
by using the lubrication approximation for Q′

2, the exact
calculation of Q0, and the subtraction needed to obtain
the flow rate of Fluid 2 according to definition (5). The
results for W = 1 are thus restricted to β1 ≤ π/6 in
Fig. 8. This problem does not arise for the direct results

 0.001

 0.01

 0.1

 1

 10

 100

 1000

 0.01  0.1  1  10  100  1000

 0.001

 0.01

 0.1

 1

 10

 100

 0.01  0.1  1  10  100  1000

 0.001

 0.01

 0.1

 1

 10

 0.01  0.1  1  10  100  1000

 0.01

 0.1

 1

 0.01  0.1  1  10  100  1000

λQ1

Q2

λQ1

Q2

λQ1

Q2

λQ1

Q2

λ

λ

λ

λ

β1�=�π/2

β1�
=�
π/1

00

β1�=�π/2

β1
�=
�π/

10
0

β1�=�π/2

β1�=�π/2

β1�
=
�π/

10
0

β1
�=
�π
/1
00

(a)

(c)

(b)

(d)

FIG. 8. Critical flow rate ratios for (a) W = 1, (b) W = 2,
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shown in Fig. 7.

VI. COMPARISON WITH EXPERIMENTS

Figure 10 shows a comparison between theory and data
generated by a co-flowing device[15]. The figure shows
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FIG. 10. Comparison of critical flow-rate ratio predicted by
theory (line) and experiments (symbols) with co-flowing ap-
paratus (λ = 0.19, β1 = π/2)[15]; co-flowing operation (×)
and drop generation (©).

that the theory is consistent with most of the observa-
tions: drops are generated for values of λQ1/Q2 below
the critical curve and co-flowing is observed above. Sim-
ilar consistency has been observed in data from other
groups[19].

Figure 11 shows a comparison between theory and T-
junction data for a system that exhibits hysteresis[17].
The data for each viscosity ratio were obtained from ex-

 1
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 5  7  10  20  30  38  50
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 5  7  10  20  30  38  50
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FIG. 11. Comparison of critical flow-rate ratio predicted by
theory (lines, β1 as indicated) and experiments (symbols)
in a T-junction apparatus (W = 1.56)[17]; (a) transition
from drop generation to co-flowing and (b) from co-flowing
to drop generation; co-flowing operation (×) and drop gener-
ation (©).

periments with surfactants present in one or the other or
both fluids (four possible configurations). The data were
provided in aggregate, distinguished only by viscosity ra-
tio, not surfactant configuration; contact angles were es-
timated from the data in Fig. 12. Comparing parts (a)
and (b) of the figure indicates that the transition from
drop generation to co-flowing occurs for flow-rate ratios
at least an order of magnitude greater than for the re-
verse transition (co-flowing to drop generation).

Figure 12 shows experimentally measured critical flow-
rate ratios for the transition from co-flowing to drop
generation[17] and theoretical predictions based on a best
fit for the contact angle. Four contact angles are seen
corresponding to the four configurations of surfactants.
This figure indicates that the transition from co-flowing
to drop generation is independent of Q1, indicating that
the transition is independent of surface tension. Data
for the reverse transition from drop generation to co-
flowing[17] (not shown) is also insensitive to Q1.

Figure 13 presents T-junction data for a channel with
square cross-section (W = 1) [18]. The transition be-
tween drop generation and co-flowing occurs at a con-
siderably lower flow-rate ratio than predicted by the-
ory. This observation may be explained by the contrast
between the predicted critical configuration for a non-
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FIG. 12. Experimentally measured critical flow-rate ratios in
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tion from co-flowing to drop generation (symbols)[17]; surfac-
tant in neither fluid (�), surfactant in Fluid 2 (H), surfactant
in Fluid 1 (N), and surfactant in both fluids (•); theoretical
predictions using best fit contact angles as indicated (lines).

wetting fluid in a square channel (c.f., Fig. 14a) and sta-
ble sub-critical co-flowing configurations (c.f., Fig. 14b)
similar to those observed by Guillot & Colin (2005). Sub-
critical transition in square cross-section channels was
also found in data from other groups[20, 21]. For W ≈ 1,
the theory predicts only an upper bound, i.e. drop gen-
eration cannot occur for Q1/Q2 >(Q1/Q2)cr, but the
transition may occur at lower values of Q1/Q2.
The transition between drop generation and co-flowing

operation may also occur at flow-rate ratios lower than
predicted for W > 1 if the stream of dispersed-phase
fluid is off-center, in contrast to the assumption herein
(c.f. Fig. 1). In this case, the theory provides an upper
bound for the transition. An off-center dispersed-phase
stream may explain the sub-critical co-flowing seen in
Fig. 11a. Similarly, the best-fit contact angles in Fig. 12
may be underestimated.

VII. CONCLUSIONS

An analysis of the critical flow-rate ratio for the transi-
tion between the co-flowing and drop-generation regimes
was presented for microfluidic channels with rectangular
cross-section. The critical flow-rate ratio corresponds to
a critical two-phase flow configuration that occurs in a
region of unidirectional flow (elsewhere, the velocity field
may be non-unidirectional). The critical flow-rate ratio
depends on the viscosity ratio of the fluids, the three-
phase contact angle formed between the fluids and the
channel walls, and the aspect ratio of the channel cross-
section. The transition is independent of the magnitude
of interfacial tension and thus is not usefully character-
ized by a capillary number. Hysteresis is predicted for
a dispersed-phase fluid which partially wets the channel

 1

 10

 100

 2  2.1  2.2  2.3  2.4  2.5  2.6  2.7

λQ1

Q2

λ

FIG. 13. Comparison of critical flow-rate ratio predicted by
theory (line) and experiments (symbols) with T-junction ap-
paratus (W = 1)[18]; co-flowing operation (×) and drop gen-
eration (©).

(a) (b)

FIG. 14. Cross-section configurations for microfluidic chan-
nels with W = 1 and β1 = π/2; (a) critical configuration and
(b) stable sub-critical configuration.

walls.

For the most part, experimental observations are con-
sistent with the transition predicted by theory. Possible
exceptions include square channels and systems with an
off-center stream of dispersed-phase fluid. In these cases,
the theory provides an upper bound for the transition.
It should be possible to extend the unidirectional theory
to these cases.

While hysteresis has been observed in microfluidic
systems[19, 22], Zagnoni et al.[17] are the first to re-
port data in terms of the direction of the transition,
i.e. from sub- to super-critical flow-rate ratio (Q1/Q2)
and vice versa, which is useful for interpreting hysteretic
data. Measurements of the pressure drop across the re-
gion where the critical configuration occurs would allow
a significant collapse of the data in terms of rescaled crit-
ical flow rates (40)-(41) as shown in Fig. 7. Further val-
idation of the theory will require additional experiments
with partially-wetting systems, including observations of
the transition from co-flowing to drop generation and vice
versa, as well as contact angle measurements.
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Appendix A: Critical Volume Flow Rates

Critical volume flow rates are calculated by comput-
ing the area integrals of the velocity fields u(1) and u(2),
generating Q1 and Q2. In general, Q1 is expressed as

Q1(λ, β1,W ) = λ−1 (Qβ +Q′

1) , (A1)

where Qβ and Q′
1 are given by

Qβ =
1

24

(

6R2β1(4−R2) + (6R2 − 20) cotβ1

)

, (A2)

Q′

1 = 4
∞
∑

k=0

c
(1)
k α−2

k

(

I+k − I−k
)

, (A3)

and I±k are integrals

I±k =
αk

2

∫ β1R

0

e±αkx(s) cos (αky(s))
dy

ds
ds . (A4)

Here, R, x(s), and y(s) are given by (17) and αk is given
by (11b). For β1 = π/2, the volume flow rate of Fluid 1,
obtained from expansion (19), is

Q1(λ,W ) =
π

λ

(

1

8
+ c

(1)
0

)

. (A5)

The volume flow rate of Fluid 2 is given by Eq. (5). The
base flow component is the integral of the base velocity
over the rectangular cross-section and is given by

Q0(W ) =
4

3
W − 8h5 −

[

8

∞
∑

k=0

α−5
k

(tanhαkW − 1)

]

, (A6)

where hn is defined by

hn = (2n − 1)π−nζ(n) , ζ(n) =
∞
∑

k=1

k−n . (A7)

The disturbance flow rate is given by

Q′

2(λ, β1,W ) = 4

∫ 1

0

∫ x(s)

0

u0(x, y) dx dy(s)

− 4

∫ 1

0

∫ W

x(s)

v2(x, y) dx dy(s) , (A8)

which can be rewritten as

Q′

2(λβ1,W ) = Q′

∞ +Q′

W , (A9)

and components Q′
∞ and Q′

W are given by

Q′

∞ = Qβ − 8

∞
∑

k=0

c
(2)
k α−2

k I−k , (A10)

and

Q′

W = 4

∞
∑

k=0

c
(2)
k α−2

k (−1)kcschαkW

− 4

∞
∑

k=0

c
(2)
k α−2

k (cothαkW − 1)
(

I+k + I−k
)

− 4
∞
∑

k=0

dkα
−2
k

(

I+k − I−k
)

sechαkW . (A11)

Coefficients dk are given by Eq. (11a).
The aspect-ratio dependence of the expansion coeffi-

cients c
(i)
k (i = 1, 2) decays exponentially for W ≫ 1, as

discussed in Sec. III. Consequently, Q1 and Q′
∞ become

independent of W and Q′
W → 0. For W ≫ 1, the base

flow (A6) decays exponentially to

Q0(W ) =
4

3
W − 8h5 . (A12)

Appendix B: Limiting Behavior for a Non-Wetting

Dispersed-Phase Fluid

The behavior of a system with a non-wetting dispersed-
phase fluid in the limits of λ ≪ 1 and λ ≫ 1 is analyzed
here.

1. Low-Viscosity Ratios

A regular perturbation is developed for λ ≪ 1 by ex-
panding the velocities u(1) and u(2) about λ = 0,

u(1) = λ−1u
(1)
0 + u

(1)
1 + λu

(1)
2 + · · · (B1)

u(2) = u
(2)
0 + λu

(2)
1 + λ2u

(2)
2 + · · · . (B2)

Inserting these expansions into Eqs. (2)-(4) yields

∇2u
(i)
j =

{

−1 j = 0

0 j > 0
, i = 1, 2 (B3)

u
(2)
j = 0 , y = ±1 or x = ±W , (B4)

u
(1)
j = u

(2)
j−1 ,

∂u
(1)
j

∂n
=

∂u
(2)
j

∂n
. (B5a,b)
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The leading order terms u
(i)
0 are given by (19) and (7);

higher order terms are given by (21) and (13). These
expansions are solved sequentially at each order j, solv-

ing first for u
(1)
j using boundary condition (B5a) and

then for u
(2)
j using (B5b); the sequence is started us-

ing u
(1)
0 = u

(1)
p (r), given by (20). Integrating the velocity

fields yields critical flow rates (29)-(30).

2. High-Viscosity Ratios

For λ ≫ 1, the leading-order velocity in Fluid 2 satis-
fies no-slip boundary conditions on the fluid interface. In-
tegrating the resulting velocity field over the cross-section

of Fluid 2 yields Q
(2)
∞ in Eq. (32).

The net force exerted on the fluid interface by the
stresses in Fluid 2 has the form

F (2) = Fp + a0(W ) , (B6)

where Fp = −π, resulting from the pressure-driven com-
ponent of the velocity (9), balances the net pressure force
on Fluid 1 which is built into the expansion (19) for u(1);
however, the additional contribution a0(W ) cannot be
balanced by the stresses associated with this expansion.
The force balance is achieved through the augmented ex-
pansion,

u(1)(r, θ) = λ−1

(

u(1)
p (r) + v1(r, θ) +

a0(W )

Nπ

N
∑

i=1

log ri

)

,

(B7)

which satisfies Eq. (2). Here, u
(1)
p and v1 are given by

(20)-(21), ri is the distance from a position (r, θ) to a
point of tangency between the fluid interface and the
channel wall and N is the number of tangent points.
For W > 1, there are two tangent points located at
(r, θ) = (1,±π/2); for W = 1, there are two additional
points of tangency at (1, 0) and (1, π).
Boundary layers form at the points where the fluid

interface is tangent to the channel walls; expansion (B7)
describes the fluid velocity in the outer region away from

these boundary layers. For k > 0, the coefficients c
(1)
k

in expansion (B7) are obtained from boundary condition
(4b) using the leading-order velocity field in Fluid 2. The

constant c
(1)
0 is obtained by matching to the velocity field

in the boundary layers.

a. Boundary Layer

In the boundary layer, a local Cartesian coordinate
system (x′, y′) is defined with unit vectors ex′ and ey′ ,
where ex′ is tangent to the fluid interface, ey′ is normal
to the interface and directed into Fluid 1, and (0, 0) is
the point where the fluid interface is tangent to the wall
(corresponding to ri = 0). In the boundary layer, Fluid

2 undergoes shear flow, and by continuity of the velocity
on the interface (4a),

u(2)(x′, y′) = u(1)(x′, 0)

(

1 +
y′

h(x′)

)

, (B8)

where h(x′) = 1
2x

′2 is the thickness profile of Fluid 2
in the boundary layer. The velocity satisfies no-slip on
the channel walls (y′ = −h(x′)). Then, by boundary
condition (4b),

λ
∂u(1)

∂y′
=

2u(1)

x′2
, (B9)

on the interface, y′ = 0. Balancing this boundary condi-
tion for λ → ∞ requires the rescaled inner variables,

x̃ = λx′ , ỹ = λy′ , ũ(1) = u(1) , (B10)

indicating anO(λ−1) boundary layer thickness. Inserting
these variables into Eqs. (2) and (B9) yields the leading
order problem for the boundary layer velocity in Fluid 1,

∇2ũ(1) = 0 (B11)

∂ũ(1)

∂ỹ
=

2ũ(1)

x̃2
, ỹ = 0 . (B12)

Additionally, the boundary layer velocity is required to
match the outer expansion (B7),

lim
r̃→∞

ũ(1) ⇐⇒ lim
ri→0

u(1) (B13)

and thus,

lim ũ(1) ∼ log r̃ , r̃ → ∞ , (B14)

where r̃ =
(

x̃2 + ỹ2
)1/2

.
The far-field solution of Eqs. (B11)- (B12) and (B14)

is

lim ũ(1) =
a0(W )

Nπλ
(log r̃− γ− log 2) , r̃ → ∞ , (B15)

where γ is Euler’s constant. Finally, the remaining con-
stant in expansion (B7) is obtained from the matching
condition (B13),

c
(1)
0 = −

∞
∑

k=1

c
(1)
k

(−1)k −
a0(W )

Nπ

(

(

N

2
+ 1

)

log 2 + γ − log λ

)

.

(B16)

Here, N = 2 corresponding toW > 1 with tangent points
at (r, θ) = (1,±π/2) or N = 4 corresponding to the case
W = 1 which has additional tangent points (1, 0) and
(1, π).
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b. Correction to Velocity in Fluid 2

Away from the boundary layer, the velocity in Fluid 2
has the form

u(2) = u
(2)
0 + λ−1u

(2)
1 +O(λ−2) , (B17)

where u
(2)
0 is the leading-order velocity in Fluid 2 de-

scribed above. The first-order correction, u
(2)
1 , satisfies

Laplace’s equation and has an expansion of the form (13)
with coefficients obtained from boundary conditions

u
(2)
1 = u(1) (B18)

on the fluid interface, where u(1) is the leading-order ve-
locity field in Fluid 1 given above.

c. Critical Volume Flow Rates

Integrating velocity fields (B7) and (B17) yields the
critical volume flow rates (31) -(32), where the parame-

ters Q
(1)
∞ and C

(1)
1 are given by

Q(1)
∞ =

a0(W )

N
, C

(1)
1 = logλ−

Nπ

a0(W )

(

c
(1)
0 +

1

8

)

.

(B19)
Although the boundary layer is needed to determine the
velocity fields in the outer regions of Fluid 1 and Fluid 2,
the direct contribution of the boundary layer velocities
to the volume flow rates is negligible to the order given.
The foregoing expansions were assumed to have the

extended forms,

Q1 = λ−1
Q

(1)
∞

(

log λ− C
(1)
1

)

+ λ−2B
(1)
2

(

log λ+C
(1)
2

)

,

(B20)

Q′

2 = Q
(2)
∞ + λ−1B

(2)
1

(

log λ+ C
(2)
1

)

+ λ−2B
(2)
2

(

log λ+ C
(2)
2

)

,

(B21)

where Q
(1)
∞ , C

(1)
1 , Q

(2)
∞ , B

(2)
1 , and C

(2)
1 correspond to

Eqs. (31)-(32) and the O
(

λ−2
)

terms were obtain by
numerical extrapolation. All coefficients in these expan-
sions depend on W .

Appendix C: Lubrication Analysis, β1 ≪ 1

Here, an analysis is presented for β1 ≪ 1. Under the
assumption that λβ1 = O(1), the results are uniformly
valid in λ. Lubrication approximations are used for the
velocity of Fluid 1 (24)-(25) and the shape of the region it
occupies (23) (c.f. Fig. 2). As discussed in Sec. III B, the
lubrication approximation automatically enforces conti-
nuity of velocity on the fluid interface.
The tangential stress exerted on the fluid interface by

Fluid 2 is given by

∂u(2)

∂n
≈

∂u(2)

∂x
− β1

dδ̄

dy

∂u(2)

∂y
, (C1)

where δ̄(y) is the thickness profile (23b) of Fluid 1. The
tangential stress exerted at the fluid interface by Fluid 1,
obtained from the lubrication form (24), is given by

λ
∂u(1)

∂n
≈ −λβ1

∂

∂y

(

δ̄(y)
∂u(2)

∂y

)

− β1δ̄(y) . (C2)

Evaluating Eqs. (C1)-(C2) at x = 0 and inserting them
into the tangential stress balance (4b) yields

∂u(2)

∂x
− β1

dδ̄

dy

∂u(2)

∂y
=

− λβ1
∂

∂y

(

δ̄(y)
∂u(2)

∂y

)

− β1δ̄(y) , x = 0 . (C3)

Boundary condition (26) is obtained by inserting expan-
sion (7) into this result.
Taking the inner product of Eq. (26) with cosαky over

the interval −1 < y < 1 yields the linear system for

determining the coefficients c
(2)
k ,

A · c = β1 (λ− 1)b , (C4)

where

Ajk = coth(αjW )δjk + λβ1αkMjk , (C5)

bj = 2(−1)j
(

α−2
j − 3α−4

j

)

+ wj(W ) , (C6)

and αk are the eigenvalues (11b). Here, the matrix Mjk

is given by

Mjk =























−2(−1)j+k
α2
j + α2

k
(

α2
j − α2

k

)2 j 6= k

1

3
−

1

4α2
j

j = k ,

(C7)

and wj is the forcing due to the the wall-correction ve-
locity (10),

wj(W ) = 2

∞
∑

k=0

(−1)kα−2
k sech(αkW )Mjk . (C8)

The flow rate Q1 is given by Eq. (27). The plug-flow
contribution to the volume flow rate of Fluid 1 is obtained
by inserting velocity (7) into Eq. (28a),

Qint = β1

(

8

15
+ 4

∞
∑

k=0

c
(2)
k (−1)kα−3

k − F1(W )

)

. (C9)

This formula is also obtained from Eqs. (A1)-(A3) for
β1 ≪ 1; formulas (A8)-(A11) yield

Q′

2 =
8

15
β1 − 4

∞
∑

k=0

c
(2)
k (−1)kα−2

k − β1F1(W )

− 4

∞
∑

k=0

c
(2)
k (−1)kα−2

k

(

tanh

(

αkW

2

)

− 1

)

, (C10)
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where the term in brackets decays exponentially in W .
The function F1(W ) is defined by

F1(W ) = 8
∞
∑

k=0

α−6
k sechαkW , (C11)

which decays exponentially to zero.

1. Limiting Case λβ1 ≪ 1

For λβ1 ≪ 1, matrix A defined by (C5) becomes diag-
onal, yielding

c
(2)
k = β1(λ− 1)bk tanhαkW , (C12)

where bk is defined by Eq. (C6). Inserting this result
into (C9) -(C10) yields critical volume flow rates (33)-
(34), where F2 and F3 are defined by

F2(W ) = 8
(

h5 − 3h7

)

+ 8

∞
∑

k=0

(

α−3
k − 3α−5

k

)

(tanhαkW − 1)

+ 4

∞
∑

k=0

(−1)kα−3
k wk(W ) tanhαkW , (C13)

and

F3(W ) = −8

∞
∑

k=0

(

α−4
k − 3α−6

k

)

×

[

tanh

(

αkW

2

)

tanhαkW − 1

]

− 4

∞
∑

k=0

(−1)kα−2
k wk(W ) tanh

(

αkW

2

)

tanhαkW ,

(C14)

and wk(W ) is defined by Eq. (C8). Accordingly, F2 de-
cays exponentially to the constant 8 (h5 − 3h7) where hn

is given by Eq. (A7) and F3 decays exponentially to zero.

2. Limiting Case λβ1 ≫ 1

For λβ1 ≫ 1, boundary condition (26) reduces to the
no-slip condition,

u(2) = 0 , x = 0 . (C15)

The resulting velocity is given by expansion (7) with co-
efficients

c
(2)
k = −dk (1− sechαkW ) . (C16)

Substituting these coefficients into (C10) yields Eq. (37)
where

F4(W ) = 8

∞
∑

k=0

α−5
k tanh

(

αkW

2

)

×

(

1− coth

(

αkW

2

)

− sechαkW

)

, (C17)

decays exponentially to zero.
Due to the no-slip boundary condition (C15), the crit-

ical flow rate of Fluid 1 vanishes according to Eq. (27b).
The leading order non-zero critical flow rate of Fluid
1 is obtained by expanding the velocity of Fluid 2 for
λβ1 ≫ 1,

u(2) = u
(2)
0 + Λ−1 u

(2)
1 + Λ−2 u

(2)
2 + · · · (C18)

where Λ = λβ1. Here, u
(2)
0 is the leading order solution

obtained above and the higher-order terms u
(2)
k (k > 0)

are solutions of Laplace’s equation. Truncating the ex-
pansion at O(Λ−1) and inserting into boundary condi-
tion (C3) yields

1

Λ

∂u
(2)
1

∂x
+

∂

∂y

(

δ̄(y)
∂u

(2)
1

∂y

)

= −
∂u

(2)
0

∂x
−β1δ̄(y) , x = 0 ,

(C19)
where

∂u
(2)
0

∂x
=

∞
∑

k=0

dkαk tanh

(

αkW

2

)

cosαky (C20)

is the stress on the fluid interface from the leading order
solution.
Neglecting the O(Λ−1) term in Eq. (C19) and integrat-

ing twice yields the leading-order velocity on the fluid
interface,

u
(2)
1 (0, y) = a1(β1,W ) log

(

1− y2
)

+ F5(y, β1,W ) + c0 ,
(C21)

where F5 is an analytic function that vanishes at y → ±1,
a1 is given by Eq. (39), and c0 is a constant.
The logarithmic singularities seen in Eq.(C21) indicate

the presence of boundary layers at (x, y) = (0,±1); the

foregoing first-order correction u
(2)
1 describes the velocity

in the outer region away from these boundary layers and
the constant c0 in Eq. (C21) is obtained by matching to
the boundary layer velocity.
In the boundary layer, the velocity satisfies Laplace’s

equation,

1

r̃

∂

∂r̃

(

r̃
∂ũ

(2)
1

∂r̃

)

+
1

r̃2
∂2ũ

(2)
1

∂θ2
= 0 , (C22)

where (r, θ) defines a local polar coordinate system cen-
tered at (x, y) = (0,±1), the channel walls corresponding
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to θ = 0 and the fluid interface at θ = ∓
(

π
2 − β1

)

. Here,
the inner variables are defined

r̃ = Λmr , ũ
(2)
1 = u

(2)
1 , (C23)

where m > 0 is assumed.
Matching between the inner and outer velocities,

lim
r̃→∞

ũ
(2)
1 ⇐⇒ lim

r→0
u
(2)
1 , (C24)

and the form of the outer velocity imposed by boundary
condition (C21) requires that the far-field form of the
inner velocity is

lim
r̃→∞

ũ
(2)
1 = D θ (log r̃ + c̃0) , D =

a1(β1,W )

π/2− β1

(C25)
where c̃0 depends on β1 andW and is obtained by solving
the inner problem.
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FIG. 15. Coefficient in far-field expansion (C25); W = 1 (+),
W = 2 (×), W = 3 (©), W = 4 (△), W ≫ 1 (▽).

The exponent in Eq. (C23) is taken to be m = 1 under
the assumption that the first term on the left side of
Eq. (C19) must be retained at O(1) in the boundary layer
in order to satisfy no-slip boundary conditions at r̃ = 0.
This is motivated by the need to balance the integral of
the stresses induced by the leading-order outer velocity.
Accordingly, the matching condition yields

c0 = a1(β1,W )
(

log Λ + c̃0

)

. (C26)

The boundary layer problem was not solved; the constant
c̃0 was instead extrapolated from numerical results. The
results shown in Fig. 15 show an approximately linear
dependence on β1 and a weak dependence on W for W >
1.
The first-order correction to the velocity in Fluid 2,

u
(2)
1 (x, y), is then given by (13) with coefficients obtained

as the inner product of u
(2)
1 (0, y) with cosαky. Substi-

tuting the interfacial velocity (C21) and Eq. (C26) into
(27b) yields formula (35) for the critical flow rate of Fluid

1. The leading-order velocity in Fluid 2 u
(2)
0 yields Q

(2)
∞

(c.f. Eq. (37)) and the first-order correction u
(2)
1 yields

the O(Λ−1) component of Eq. (36).

The foregoing expansions can be extended,

Q1 = β1

[

Λ−1

(

4a1
3

logΛ + C
(1)
1

)

+ Λ−2
(

B
(1)
2 log Λ + C

(1)
2

)

]

, (C27)

Q′

2 = Q(2)
∞ + Λ−1

(

B
(2)
1 log Λ + C

(2)
1

)

+ Λ−2
(

B
(2)
2 log Λ + C

(2)
2

)

, (C28)

where a1, C
(1)
1 , Q

(2)
∞ , B

(2)
1 , and C

(2)
1 correspond to

Eqs. (35)-(38) and the O
(

Λ−2
)

terms were obtained by
numerical extrapolation. Here, all coefficients depend on
β1 and W .

Appendix D: Wide-Channel Approximation

Here, results are presented for critical flow rates in wide
microchannels, W ≫ 1. Numerical values are provided
for a range of viscosity ratios λ and several values of
the contact angle β1, as indicated, in files Q1Data.txt

and Q2Data.txt (see Supplemental Material[23]); file
Q1Data.txt contains critical values of λQ1 and file
Q2Data.txt contains the corresponding critical values of
Q′′

2 defined by

Q2(λ, β1,W ) =
4

3
W −Q′′

2(λ, β1) , (D1)

where

Q′′

2(λ, β1) = Q′

2(λ, β1) +Qe , Qe = 0.840332 , (D2)

and Q2 is the total volume flow rate of the continuous-
phase fluid. Here, Qe takes account of edge effects in
the channel and Q′

2 (defined by Eq. (5)) takes account
of the reduced flow due to the presence of the dispersed
phase. The results presented in Fig. 9 indicate that the
wide-channel approximation is accurate for W > 3.

1. Limiting Flow Rates at Low- and High-Viscosity

Ratios

The limiting cases of low- and high-viscosity-ratios
for wide channels are presented here; non-wetting and
partially-wetting dispersed-phase fluids are considered
separately.
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a. Non-Wetting Dispersed-Phase Fluid

The limiting behavior of a non-wetting dispersed phase
is presented in Sec. IVA and Appendix B. For W ≫ 1,
the limiting flow rates for low- and high-viscosity-ratios
(29)-(32) reduce to

Q1 =
π

8λ
+ 1.022 , λ ≪ 1 , (D3)

Q′′

2 = 1.658 + 0.5772λ , λ ≪ 1 , (D4)

and

Q1 = 2.678 (logλ− 1.584)λ−1 , λ ≫ 1 , (D5)

Q′′

2 = 2.919− 1.889 (logλ− 1.003)λ−1 , λ ≫ 1 .
(D6)

b. Partially-Wetting Dispersed-Phase Fluid

The limiting behavior of a partially-wetting dispersed
phase is presented in Sec. IVB and Appendix C. For

W ≫ 1, the limiting flow rates (33)-(36) reduce to

Q1 =
8

15
β1−0.3545 β2

1(λ−1)+
8

105
β3
1λ

−1 , λβ1 ≪ 1 ,

(D7)

Q′′

2 =
4

15
β1(λ+ 1) +Qe , λβ1 ≪ 1 , (D8)

and

Q1 = λ−1
(

Q(1)
∞ logλβ1 + C

(1)
1

)

, λβ1 ≫ 1 , (D9)

Q′′

2 =
8

15
β1 + 2Qe

− (λβ1)
−1
(

B
(2)
1 logλβ1 + C

(2)
1

)

, λβ1 ≫ 1 ,

(D10)

where

Q(1)
∞ =

4

9
β1+0.724 , B

(2)
1 = 1.447 β1+4.713 , (D11)

C
(1)
1 ≈ −0.45 β1 − 0.13 , C

(2)
1 ≈ −0.54 β1 − 0.29 .

(D12)
The values given in Eq. (D12) were obtained from a best
fit of the numerical results presented in Fig. 6 correspond-
ing to W ≫ 1.
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