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The enthalpic response of amorphous polymers depends strongly on their thermal and deformation
history. Annealing just below the glass transition temperature (Tg) causes a large endothermic
overshoot of the isobaric heat capacity at Tg as measured by differential scanning calorimetry (DSC),
while plastic deformation (cold work) can erase this overshoot and create an exothermic undershoot.
This indicates that a strong coupling exists between the polymer structure, thermal response and
mechanical deformation. In this work, we apply a recently developed thermomechanical model for
glassy polymers that couples structural evolution and viscoplastic deformation, to investigate the
effect of annealing and plastic deformation on the accumulation of stored energy during cold work
and calorimetry measurements of heat flow. The thermomechanical model introduces the effective
temperature as an additional state variable in a nonequilibrium thermodynamics setting, to describe
the structural evolution of the material. The results show that the model accurately describes
the stress and enthalpy response of quenched and annealed polymers with different plastic pre-
deformations. The model also shows that at 30% strain in uniaxial compression, 45% of the applied
work is converted into stored energy, which is consistent with experimental data from literature.

Keywords: Nonequilibrium thermodynamic — Enthalpy relaxation — Glass transition — Physical aging —
Mechanical rejuvenation

I. INTRODUCTION

Glassy polymers have a frozen-in structure that is not in thermodynamic equilibrium and as a result their ther-
momechanical behavior depends on their thermal and mechanical history [1–3]. Annealing a polymer glass not too
far below the glass-transition temperature (Tg) results in “physical aging,” a slow, self-retarding approach to ther-
modynamic equilibrium that, among other things, manifests itself by an increase of the yield stress with annealing
time as shown in Figure 1-a [1, 4–6]. Conversely, it has been found that solid-state plastic deformation, such as from
cold rolling or cold drawing, reverses the aging process (called “mechanical rejuvenation” [7]), thereby decreasing
the yield strength and leading to a post-yield stress drop (Figure 1-a). This phenomenon is also called “intrinsic
strain softening”[8, 9], as opposed to “geometrical strain softening” that occurs only in tension when the increase in
yield stress upon plastic deformation (strain hardening) is too small compared to the initial yield stress (Considère’s
construction) [2]. Calorimetric experiments show that physical aging and plastic deformation also produce significant
changes in the internal energy as illustrated in Figure 1-b. In a differential scanning calorimetry (DSC) test, physical
aging produces an endothermic overshoot in the heat flow just above Tg that is attributed to enthalpy relaxation (see
for example Hodge and Huvard [10]). The magnitude and shape of the overshoot and the temperature at which it
occurs depend on the annealing time and temperature, as well as pretreatment conditions, such as the cooling rate
prior to annealing, the heating rate and the applied pre-deformation [1, 10–14].
Moderate plastic deformation also produces a broad exothermic undershoot below Tg in the DSC measurement of

heat flow [1, 5, 15–20], indicating that a significant portion of the work is converted to internal energy (Figure 1-b).
Rudnev [16] showed that the internal energy increases rapidly from 0-15% strain and levels off at 30-40% strain for a
wide range of glassy polymers. At 40% strain, the stored energy ranges from 15-50% of the applied work, depending
on the polymer, and the remaining 50-85% of the applied work is dissipated as heat. This large increase in the internal
energy to a new plateau indicates the occurrence of significant structural rearrangements away from equilibrium to a
new metastable nonequillibrium state [17].
Enthalpy relaxation, and more broadly structural relaxation, has been explained successfully using the concept

of a configurational temperature [21] or an equivalent order parameter [22, 23] to describe the nonequilibrium ther-
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FIG. 1: Illustration of physical aging and mechanical rejuvenation: a) stress response, b) enthalpy response.

modynamic state of amorphous materials cooled below glass transition temperature [12, 24]. The configurational
temperature was first introduced as an internal variable called “the fictive temperature” by Tool [21], then as a ther-
modynamic property called “the effective temperature” in the two-temperature thermodynamic theory for amorphous
materials [25–28]. The two-temperature theory assumes that the thermodynamic properties of an amorphous glass
can be described by two weakly interacting material subsystems, an equilibrium kinetic subsystem that represents
the fast vibrational motions and a nonequilibrium configurational subsystem that represents the slow configurational
rearrangements of the polymer segments. The effective temperature is defined as a thermodynamic conjugate to the
configurational entropy. For an undeformed amorphous material being cooled below the glass transition, the effective
temperature is typically higher than the actual (“vibrational”) temperature, because the frozen-in structure is more
disordered than at thermodynamic equilibrium. During the physical aging process, the effective temperature then
slowly evolves to converge with the actual temperature until thermodynamic equilibrium is reached.
Langer and coworkers developed theoretical models for the plastic deformation of amorphous materials that relate

the effective temperature to the density of shear transformation zones (STZ)[29–31]. By coupling structural evolution
and plastic deformation, the STZ theories were able to describe the effect of aging and plastic deformation on the
stress response and enthalpy. In simulations for the specific heat capacity, a more ordered initial structure, represented
by a lower effective temperature, produced a larger endothermic overshoot at Tg, while a less ordered initial structure
produced a greater exothermic undershoot below the Tg [32]. Buckley and coworkers [33, 34] and Xiao and Nguyen
[35, 36] also applied the effective temperature concept to model the viscoplastic deformation of amorphous polymers.
The coupled thermomechanical model of Xiao and Nguyen [35] was able to describe accurately the experimentally
measured effects of aging and plastic deformation on the yield stress, post yield strain-softening and strain recovery
upon unloading for a different temperatures and strain rates [36].
The aim of this work is to investigate whether the thermomechanical Xiao and Nguyen model [35] that couples the

evolution of the configuration structure to the viscoplastic deformation through the effective temperature, can also
accurately describe the effect of aging and deformation on the enthalpy change and heat flow. To this extent, the
model will be applied without additional parameters to simulate DSC experiments measuring the effects of aging time
and plastic deformation on enthalpy relaxation and the stored energy due to cold work.

II. EXPERIMENTAL METHODS

The material used in this work is an acrylate-based random copolymer consisting of tert-butyl acrylate monomers
and poly(ethylene glycol) dimethacrylate (PEGDMA) and di(ethylene glycol) dimethacrylate (DEGDMA) crosslink-
ers. The synthesis method has been described in detail in Xiao et al.[37] and Xiao and Nguyen [35]. Thermo-mechanical
behavior of the thermosets was characterized using DSC, DMA, and uniaxial compression tests. To ensure that se-
quential thermal and mechanical measurements can be performed on a single sample, cylindrical specimens, with
dimensions of 2.7 mm in diameter and 3.2 mm in height, were manufactured on a lathe.
In order to erase the thermo-mechanical history, the cylinders were heated in an oven at 80◦C for 30 minutes.

Afterwards, the samples were quenched to 5◦C and stored at the same temperature in a refrigerator. The annealed
specimens were obtained by placing the quenched cylinders in an oven at 35◦C for 24 hours.
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Dynamic mechanical analysis was performed on a DMA 861e (Mettler Toledo, Greifensee, Switzerland) to obtain
the relaxation time spectrum of the material. The specimens were heated from 25◦C to 70◦C and subjected to a
dynamic strain around 0.15%. Five different frequencies were chosen: 0.3 Hz, 1 Hz, 3 Hz, 10 Hz and 30 Hz. The
master curve was constructed by shifting the storage modulus at different temperatures with respect to reference
temperature 70◦C using time-temperature superposition.
Uniaxial compression was performed using an Instron 5864 static mechanical tester. For uniaxial pre-compression,

the machined cylinders (2.7 mm in diameter and 3.2 mm in height) were compressed to different engineering strains
(3%, 8%, 15% and 30%) followed by unloading the specimens to zero stress. Having measured the new dimensions,
the deformed cylinders were subsequently compressed to a 30% engineering strain of the measured new length. All
the compression experiments were performed at room temperature (around 22oC). The pre-compressed tests used
a constant loading speed of 0.192 mm/min, corresponding to an initial strain rate of 0.001/s. The reloading tests
also used the engineering strain rate 0.001/s based on the measured new length. The actual loading speed was 0.192
mm/min, 0.188 mm/min, 0.175 mm/min and 0.146 mm/min for specimens with 3%, 8%, 15% and 30% pre-compressed
strain respectively. The strain was calculated from the displacement between the clamps, corrected for the machine
stiffness. To reduce the friction between samples and compression plates, silicon oil was sprayed on the compression
plates. Visual inspection during the measurements of the plastically deformed samples confirmed that the applied
deformations were to a good approximation homogeneous, and that barreling did not occur.
Thermal analysis was conducted using a differential scanning calorimeter (DSC 822e, Mettler Toledo, Greifensee,

Switzerland) calibrated with Indium for temperature and enthalpy. DSC thermograms were recorded under N2 purge
at standard heating and cooling rates of 5◦C/min to reduce the effect of heat conduction. The DSC tests were
performed on the undeformed quenched and annealed specimens, and annealed specimens with 3%, 8%, 15% and 30%
pre-compressed strain.

III. COUPLED THERMOMECHANICAL THEORY

We have developed a thermomechanical model for the nonequilibrium behavior of amorphous polymers in our pre-
vious work [35]. The model was developed within a nonequilibrium thermodynamic framework, where the nonequilib-
rium state of the polymer is described by a set of internal variables for the viscous deformations and by the effective
temperatures describing the nonequilibrium configurational state. The evolution of the viscous deformations and ef-
fective temperatures are described by the nonlinear Adam-Gibbs model of the dependence of the relaxation times on
the temperature and effective temperatures [35, 36]. In our previous work, we showed that the model can accurately
capture the rate-dependence and temperature-dependence of the storage and loss moduli [35, 37], stress response
[35–37], coefficient of thermal expansion [37] and heat capacity [35].
Here, we briefly summarize the main assumptions and formulations. We first define the deformation gradient

F = ∂x/∂X, mapping a material point X in the reference configuration to x in the current configuration. To describe
the viscous deformation, the deformation gradient is decomposed to multiple pairs of elastic parts and viscous parts
as F = Fe

jF
v
j , j = 1...N. The material systems are assumed to be composed of a kinetic subsystem and multiple

configurational subsystems as,

Ψ
(
C,Ce

j , T, Tei

)
= ek − Tηk

︸ ︷︷ ︸

Ψk

+

P∑
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i

, (1)

where C = FTF is the right Cauchy deformation tensor, Ce
j = FeT

j Fe
j is the elastic right Cauchy deformation tensor,

Ψ is the Helmholtz free energy density, e is the internal energy density, T is the temperature, η is entropy and Tei is
the effective temperature of subsystem i. The superscripts k and c represent the kinetic subsystem and configurational
subsystems respectively.
The Helmholtz free energy density is assumed to have the following form [35, 38] ,
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(2)

where J = detF, C = J−2/3C, C
e

j = J
e−2/3
j Ce

j , µeq is the equilibrium shear modulus, µneq
j are nonequilibrium

shear moduli of the stress relaxation spectrum, κ is bulk modulus, cg0 and cg1 are coefficients of heat capacity of
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kinetic subsystem, ∆c0 and ∆c1are the coefficients of heat capacity of configurational subsystems, φi characterizes the

structural relaxation spectrum with
∑N

i φi = 1, T0 is the reference temperature, T2 is the Kauzmann temperature
and a is the fractional parameter of the total contribution of the inelastic internal energy to the configurational
subsystems. All parameters and their values are listed in Table I.
The Cauchy stress tensor can be calculated as σ = 2 1

JF
∂Ψ
∂CFT. The kinetic entropy can be calculated as ηk = −∂Ψ

∂T ,

and the configurational entropy can be calculated as ηci = − ∂Ψ
∂Tei

, which give,
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The total internal energy density of the the polymer system can be represented as,
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Following the discussion in Xiao and Nguyen [35], the following evolution equation is applied to describe the
evolution of viscous deformation tensor Fv

j ,

Dv
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,
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where Dv
j = 1

2

(

Ḟv
jF

v-1
j +

(

Ḟv
jF

v-1
j

)T
)

, Mj is the flow stress tensor, which reduces to the Mandel stress tensor Me
j

at structural equilibrium when Tei = T . The υj is the viscosity of each relaxation process. The stress relaxation time
is defined as τSj

= υj/µ
neq
j .

The governing equation for the effective temperatures can be written as [35, 36]

Ṫei =
T − Tei

τRi

+
a

∆c0 +∆c1Tei

N∑

j

Me
j : D

v
j +

Jseqi : D

(∆c0 +∆c1Tei)φi
, (6)

where D = 1
2

(

ḞF−1 + F-TḞT
)

is the rate of deformation tensor and τRi
is the structural relaxation time. The first

term on the right side describes the ordering effect of physical aging, while the second term on the right side represents
the disordering effect of plastic work. The third term represents the latent heat term caused by the thermo-mechanical
coupling. In the above formulation, we have ignored the diffusion of effective temperatures, which may play important
role in the localization of plastic deformation [39].
The governing equation for the temperature can be written as,

(cg0 + cg1T ) Ṫ +

P∑

i

φi (∆c0 +∆c1Tei) Ṫei = −∇X ·Q+

N∑

j
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v
j + J

P∑

i

s
eq
i : D. (7)
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The Fourier conduction law is used to describe heat flow in the spatial configuration, q = −k∇xT , where k are
thermal conductivity and q is the heat flow in the spatial configuation. The conduction law can also be written in
the reference configuration as, Q = −kC−1∇XT .
We applied the Adam-Gibbs theory to describe the dependence of stress and structural relaxation time on tem-

perature and nonequilibrium structure through the effective temperature. The Eyring stress-activation theory for
viscoplastic flow is used to describe the dependence of the stress relaxation time on the magnitude of the flow stress,

τSj
= τgSj

exp

(
B

Tηc (Tei ,C)
−

B

Tηc (Tg, I)

)
Qss

T sy

[

sinh

(
Qss

T sy

)]
−1

,

τRi
= τgRi

exp

(
B

Tηc (Tei ,C)
−

B

Tηc (Tg, I)

)

.

(8)

Here, B is thermal energy, Qs is the activation volume, sy is the yield strength, s =
√

1
2

∑N
j Mj :

∑N
j Mj is the flow

stress, and τgSj
and τgRi

are the characteristic stress and structural relaxation time at Tg.

In Xiao and Nguyen [35, 36], the fractional parameter a was assumed to be a constant value. As a result, the
stress response continued to slowly decay with strain after the initial post-yield stress drop. This did not agree with
experiments, which shows a draw stress after yield followed by strain-hardening with further increases in strain. To
capture these phenomena and improve the agreement with experiments, we assume the following sigmoidal form of
the fractional parameter,

a = a0



1−
1

1 + exp
(

−a1

(
Te

T∞

e
− 1

))



 , (9)

where 0 ≤ a0 ≤ 1, a1 ≥ 0 is a constant, Te =
∑P

i φiTei is the weighted average of the effective temperature, and T∞

e

is the long-time effective temperature. This equation implies a decrease of rejuvenation effect when Te approaches
T∞

e and the deformed material reaches a more disordered, metastable nonequilibrium state. The logistic function for
the fractional parameter automatically satisfies the condition that 0 ≤ a ≤ 1.

IV. FINITE ELEMENT SIMULATION

The thermomechanical theory of Xiao and Nguyen [35, 36] was implemented into the finite element program
Tahoe [40] and applied to numerically simulate the DSC experiments. The coupled thermo-mechanical boundary
value problems were solved using a staggered scheme, where the thermal diffusion problem was solved first for the
temperature field. The temperature field was used to solve the mechanical equilibrium equations for the displacement
field and stress response. The displacement field was applied to update the configuration to solve for the updated
temperature field. This staggered solution scheme was repeated at each time-step until convergence was achieved for
both the thermal and mechanical fields.
We developed an axisymmetric model to simulate the thermal diffusion and uniaxial compression of the cylindrical

specimens. Figure 2 shows a schematic of the finite element model. Bilinear quadrilateral elements were used to
discretize the geometry. The normal displacement components were fixed at the axis of symmetry and at bottom of
the specimen, such that ux(AB) = 0 uy(AC) = 0 and displacements were applied to the top surface, uy(BD) = u(t),
where u(t) is the applied displacements in the uniaxial compression tests. The remainder of the surfaces were assumed
to be traction free. For the thermal diffusion problem, we assumed a convection boundary condition at the surface
AC to describe the resistance to heat transfer between the specimen and the DSC steel pan, q = h1 (T − TDSC)n,
where n is the normal direction of the surface and h1 is the convection coefficient. A convection boundary condition
at the surfaces CD and BD with the air, q = h2 (T − TDSC)n, where h2 is the coefficient for natural convection and
TDSC(t) is the temperature in the DSC tests.
Thermal diffusion causes the specimen to exhibit an inhomogeneous displacement and temperature field. To compare

to experimental measurements of the macroscopic stress and heat flux, we obtain the nominal stress from finite element
results through:

σ̄ = Fy/At, (10)

where Fy is vertical component of the reaction force acting on the surface BD and At is the area computed at BD.
In the first loading cycle, At was the area of the undeformed specimen. In the second loading cycle, At was the area
of the pre-deformed unloaded specimen. Thus, σ̄ is nominal stress (engineering stress). The macroscopic specific heat
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FIG. 2: Finite element mesh of axis symmetric cylindrical specimens.

flux can be calculated from Eq. (7) as:

Q =
1

ρV

∫


(cg0 + cg1T ) Ṫ +

P∑

i

φi (∆c0 +∆c1Tei) Ṫei −

N∑

j

Me
j : D

v
j − J

P∑

i

s
eq
i : D



 dV, (11)

where ρ = 1.2 g/cm3 is the density of the polymer. The unit of Q is W/g.

V. PARAMETER DETERMINATION

All the parameters and their physical meaning are shown in Table 1. The stress and structural relaxation spectra
are plotted in Figure 3. The onset of the glass transition is defined by the intersection of two lines fitted to the glassy
plateau and the glass transition region of the storage modulus and occurs at Tg = 43◦C. The parameters µeq, κ, and

stress relaxation spectrum
(

µneq
j , τgSj

)

were fitted to the master curve of the storage modulus (Figure 4-a) obtained

from the dynamic temperature and frequency sweep tests for a reference temperature T0 = 70oC using the method
previously described in Xiao et al [37] and Xiao and Nguyen [35]. The model assumed a constant glassy modulus for
frequencies greater than 107 Hz, by neglecting the effects of relaxation times smaller than 10−3 s at Tg. However, the
experimental measurements showed that the glassy modulus continued to increase because of these faster relaxation
mechanism.
The parameters B and T2 were fitted to the shift factor used to construct the master curve. The experimentally

measured shift factor exhibited an Arrhenius temperature dependence for temperatures T<47oC, where the shift factor
decreased linearly with 1/T. The shift factor exhibited a steeper decay with 1/T for T=47-70oC in a manner that is
typical of the equilibrium behavior of polymers. For simplicity, we fitted the parameters B and T2 to the temperature
range 47oC-70oC, for which the material can be assumed to be in structural equilibrium and Tei = T . The parameters
for the stress relaxation spectrum and temperature-dependence of the relaxation times were validated by applying the
model to evaluate the temperature-dependence of the storage and loss moduli at 40-70oC, 0.15% dynamic strain, and
1Hz (Figure 4-c,d). The model was able to accurately predict the experimentally measured temperature-dependence
of the storage and loss moduli particular for T > Tg. The discrepancy between the measured and simulated loss
modulus below Tg likely occurred because the model did not capture the relaxation behavior at high frequencies and,
by extension, low temperatures (Figure 4-a).
The heat capacity of kinetic subsystem cg0 and cg1 were obtained from a linear fit of the DSC scan of the quenched

specimen from 0 to 10oC, while the heat capacity of the total system was obtained from a linear fit of the DSC scan
of the quenched specimen from 60 to 70oC. The difference of the two fits gave the values of the heat capacity of
the configurational subsystems ∆c0 and ∆c1. To obtain the structural spectrum

(
τgRi

, φi

)
, the Kohlrausch-Williams-

Watts (KWW) model with two parameters signifying the characteristic structural relaxation time and breadth of
the relaxation spectrum, were used to fit the DSC scan of the quenched undeformed specimen as described in Xiao
and Nguyen [35]. The convection coefficient h1 was chosen as the same value in Arruda et al. [41]. The parameters
Qs/sy, a0, a1 and T∞

e were obtained by fitting the experimentally measured stress response of the annealed specimen
compressed to 30% engineering strain.
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TABLE I: Parameters of the thermomechanical model

.

Parameter Value Physical significance

µeq (MPa) 1.57 equilibrium shear modulus at T0 = 343K

κ (MPa) 1333.3 bulk modulus

Qs/sy(K/MPa) 90.0 activation parameter for viscous flow

B(J/g) 500.0 thermal activation energy

T2(K) 277.25 Kauzmann temperature

Tg(K) 316 glass transition temperature

T0(K) 343 reference temperature

cg0 (J/(cm3K)) 0.2844 coefficient of heat capacity of kinetic subsystem

cg1 (J/(cm3K2)) 0.0036 coefficient of heat capacity of kinetic subsystem

∆c0 (J/(cm3K)) 0.8693 coefficient of excess heat capacity of configurational subsystems

∆c1 (J/(cm3K2)) -0.0017 coefficient of excess heat capacity of configurational subsystems

a0 0.8 ratio of the partition parameter

a1 500 decay rate of the partition parameter

T∞

e (K) 316 equilibrium effective temperature

k(W/(m K)) 0.1 thermal conductivity

h1(W/(m2K)) 85 convection coefficient between polymer and pan

h2(W/(m2K)) 40 convection coefficient between polymer and air
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FIG. 3: a) Stress relaxation spectrum, b) structural relaxation spectrum.

VI. RESULTS AND DISCUSSIONS

We first applied the model to describe the stress response of annealed and quenched specimens subjected to uniaxial
compression at 0.001/s strain rate. To simulate the stress response of the annealed material, the temperature was
decreased linearly from 70oC to 35oC at 10oC/min and held at the same temperature for 24 hours. The temperature
was then ramped to 22oC (room temperature) at 10oC/min and held for 30 minutes. For the quenched material, the
temperature was decreased from 70oC to 22oC at 10oC/min. The temperature was then held for 30 minutes. After
the above-mentioned thermal histories, the displacement boundary condition was applied. Only the data from the
annealed specimen with no predeformation were used to fit the model parameters. As shown in Figure 5-a, the model
was able to accurately capture the difference in the stress response of quenched and annealed specimens. The annealed
specimen showed a larger yield stress and post-yield stress drop because annealing allowed the material to attain a
more ordered configurational structure, which had a lower molecular mobility and higher resistance to plastic flow.
Both simulation and experimental results showed that the steady-state flow stress was independent of the thermal
history. Mechanical deformation had a significant influence on the stress response. The yield strength decreased
with increasing the pre-strain 6. The yield strength of annealed specimens with 3% pre-strain was close to that of
the undeformed annealed specimens, which suggested that little rejuvenation occurred prior to yield. The post-yield
stress drop nearly vanished for 30% pre-compression, which suggested that the effect of mechanical rejuvenation was
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FIG. 4: Experimental data and model fit of dynamic properties, a) master curve at 70 ◦C, b) shift factor, c) storage modulus
at 1 Hz frequency, d) loss modulus at 1 Hz frequency.

near saturation and the large plastic deformation produced a metastable nonequilibrium structure.
The model was then applied to study the enthalpy response of annealed and quenched specimens subjected to

different pre-compression strains. After simulating the first compression loading, the stress was decreased to zero
in 10 seconds and kept as stress free in the following simulation. The temperature was then decreased from 22oC
to -10oC at 5oC/min and held at -10oC for 5 minutes before ramping to 70oC at 5oC/min. Figure 7 shows good
qualitative agreement between the measured and simulated heat flow (eq. 11) of the quenched and annealed specimens
subjected to 0% pre-strain. Recall that only the DSC curve of the quenched specimen well above and well below
Tg was used to fit the heat capacity parameters. The annealed specimen exhibited a significantly larger overshoot
above Tg than the quenched specimen caused by the slow approach to equilibrium of the specimen during annealing.
Figure 7-b and c show the effect of pre-strain on the heat flow curves. The overshoot decreased with increasing
pre-strain and vanished entirely when compressed beyond 15% strain. An exothermic undershoot developed in the
heat flow for pre-strains between 15%-30% in both the experimental and modeling results, caused by the release of
the stored energy during the heating process. Though the model can capture the main characteristics of experimental
observations, the exothermic undershoot peak appeared slightly below T onset

g , which was 9oC lower than measured
in experiments. Moreover, the magnitude of the exothermic undershoot was larger than measured in experiments at
30% pre-compression. Despite these differences, the model accurately described the increase in the magnitude of the
exothermic undershoot with pre-strain, the decrease in the endothermic overshoot with strain, and the temperature
of the overshoot. Moreover, both the model and experiments showed that the DSC curves were nearly identical for
annealed and quenched specimens subjected up to 30% pre-strain. This indicated that the large plastic deformation
removed the effects of thermal history resulting in a rejuvenated, stable nonequilibrium state.
The heating rate will have an effect on the shape (magnitude and width) of the endothermic overshoot and the

temperature at which the peak occurs. Enthalpy recovery shifts to higher temperatures with higher heating rate,
and the magnitude of the enthalpy overshoot first increases then decreases with heating rate (Figure 8). The rate
dependence occurs because of heat conduction, with its characteristic size-dependent diffusion time, and structural
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FIG. 5: Comparison the experimental measured and simulated stress response of a) annealed and quenched specimen, b)
annealed specimen with 3% and 8% precompression strain, c)annealed specimen with 15% and 30% precompression strain.
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FIG. 6: Yield strength as a function of the precompression strain.

relaxation, with its characteristic relaxation time. A faster heating rate means less time for structural relaxation,
which can result in a higher but narrower enthalpy overshoot. A higher heating rate also induces a larger temperature
gradient, which leads to a smaller enthalpy overshoot. To quantify the effect of heat conduction in the experiments, we
performed preliminary DSC measurements on a PS and PCL specimens of similar size for heating rates ranging from
1◦C/min to 10◦C/min and found little difference in the heat flow curves for 5◦C/min and 3◦C/min, which signifies
that the effect of heat conduction was likely small for heating rates 5◦C/min and below. We chose 5◦C/min for its
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shorter experimental time. The effects of heat transfer and structural relaxation were both captured by the finite
element simulations, which solved the coupled heat transfer and mechanics problems. Preliminary simulations also
showed that the cooling rate during annealing had a small effect on the heat flow curves.
We next investigated change in the energy of the quenched and annealed specimen during deformation. From eq.

(4), the internal energy consists of three components: the mechanical component eM from inelastic and volumetric
deformation, the thermal component eT caused by a temperature change with respect to the reference temperature,
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FIG. 9: Work and increment of the internal energy during the deformation at room temperature a) quenched specimen, b)
annealed specimen, c) the ratio between the stored energy and work, (d) the ratio between configurational internal energy and
work.

and the structural component eTe
caused by structural evolution from the initial configurational state, which does not

appear in the classical equilibrium thermodynamics theories. The specific internal energy change was evaluated as
∆e = (e (ǫ (t))− e (ǫ = 0))/ρ. The internal energy increment and the mechanical work of the quenched and annealed
polymers are plotted in Figure 9-a and b during deformation to 30% strain at 22oC and strain rate 0.001/s. Though
the increase in the energy with deformation differed in magnitude between the annealed and quenched specimens, both
specimens exhibited the same trends. The thermal component was the smallest because the temperature increased
only slightly by 0.4oC during deformation to 30% strain. The temperature eT did not increase until the material
yielded at 5% strain. The eT increased rapidly between 5%-15% strain then more slowly at higher strains. The energy
from structural rearrangements eTe

followed the same trend as eT , increasing first rapidly from 5%-15% strain before
leveling off to a much slower increase at higher strains. This is consistent with the experimental observations that
polymers showed almost identical mechanical response after 20% strain. The mechanical component also increased
with strain, which explains the appearance of a larger exothermic undershoot for polymers with larger deformation
[1].
We also plotted the ratio of ∆eM + ∆eTe

and the work W as shown in Figure 9-c. The remaining fraction ∆eT
is the heat generation caused by plastic deformation. At the beginning of the deformation, this value was close to
1 and gradually decreased to around 45%. Figure 9-c also plots experimental data for polycarbonate (PC), atactic
polyethylene-terephthalate (α-PET) and polyimide based on benzophenon tetracarboxylic acid dianhydride and 4,4’-
diaminodiphenyl ether (PI-BD) obtained from the deformation calorimetry measurements of Salamatina et al. [42],
as well as experimental data for polyimid PI [(poly-benzo phenon)-imid] (PIM), polymethylmethacrylate (PMMA)
and polystyrene (PS) obtained from Oleinik et al. [19]. The simulation predictions, which were obtained using
parameters determined for the acrylate copolymer, showed good agreement with the data measured for the different
glassy polymers, though the measured results of PIM and PI-BD were higher than simulation. We also want to
emphasize that during the unloading and cooling process, some amount of the “stored” energy is further dissipated.
Thus, only part of the “stored” energy during the deformation can be measured during the DSC tests. Figure 9-d
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plots the ratio of effective temperature internal energy change ∆eTe
and the applied work W . As shown, this value

first increased to a peak value and then gradually decreased as the polymer was further deformed. The peak value
reached as high as 45%, suggesting a large fraction of the applied work is “stored” in the configurational subsystems
during the early stage of the deformation.

Temperature(
o
C)

-10 10 30 50 70

H
e

a
t 
fl
o

w
(W

/g
)

0.1

0.15

Stress relaxation time 0.1 time
Original
Stress relaxation time 10 times

(a)

Temperature(
o
C)

-10 10 30 50 70

H
e

a
t 
fl
o

w
(W

/g
)

0.1

0.15

Structural relaxation time 0.1 time
Original
Structural relaxation time 10 times

(b)

τ
Sj
g (s)

10-5 100 105

µ
ne

q
j

(M
P

a)

10-2

10-1

100

101

102

α=0.9
α=0.6
α=0.4

(c)

Temperature(oC)
-10 10 30 50 70

H
ea

t f
lo

w
(W

/g
)

0.1

0.15

α=0.9
α=0.6
α=0.4

(d)

τ
Ri
g (s)

10-4 100 104

φ
i

10-2

10-1

β=0.6
β=0.3
β=0.2

(e)

Temperature(oC)
-10 10 30 50 70

H
ea

t f
lo

w
(W

/g
)

0.1

0.15

β=0.6
β=0.3
β=0.2

(f)

FIG. 10: Influence of a) characteristic stress relaxation time, b) characteristic structural relaxation time on heat flow; c) the
shape of stress relaxation spectrum of different α, d) influence of the breadth of stress relaxation spectrum on heat flow; e)
the shape of structural relaxation spectrum of different β, f) influence of the breadth of structural relaxation spectrum on heat
flow.

Finally, in order to investigate the discrepancy of the occurrence of the undershoot, we performed a parameter
study to investigate the influence of relaxation spectra on the undershoot of enthalpy response of annealed specimens
deformed to 30% strain. Figure 10-a and b plot the influence of characteristic relaxation time on the enthalpy response.



13

As shown, increasing the stress relaxation time shifted the undershoot to higher temperatures and also increased the
magnitude of the undershoot, while increasing the structural relaxation time had little effect on the location of
undershoot but significantly decreased the magnitude of the undershoot. A larger stress relaxation time and a smaller
structural relaxation time produced a larger flow stress during the compression, which allowed more internal energy
stored and released later during the heating process. The breadth of the stress and structural relaxation spectra can
be represented as a single parameter α in the analogous continuous fractional derivative model used to determine the
discrete stress relaxation spectrum, and β in the analogous KWW model used to determine the discrete structural
relaxation spectrum, as described in Xiao et al. [37]. The discrete distribution of relaxation processes of the spectra of
different α and β is plotted in Figure 10-c and e. As shown in Figure 10-d, the breadth of stress relaxation spectrum
does not influence the location of the undershoot. However, a narrower stress relaxation spectrum leads to a much
smaller undershoot due to faster stress relaxation rate and more dissipation during the unloading and cooling process.
In comparison, a narrower structural relaxation spectrum reduced the magnitude of the undershoot and shifted it to
higher temperatures, though the effect saturates at Tg. The experiments show the exothermic undershoot occurred
at much higher temperatures. The discrepancy may also be caused by the modeling assumption that the structural
relaxation time τRi

is independent of the flow stress [43]. The model also ignored the effect of molecular orientation
at large strain.

VII. CONCLUSION

Describing the finite thermomechanical deformation response of glassy polymers remains a challenging topic in
mechanics and physics. This is because the material exhibits measurable structural evolution (as evidenced by
time-dependent processes such as enthalpy relaxation, volume relaxation, physical aging, and mechanical rejuve-
nation), whereas no corresponding ordered microstructure or microstructural defect can be clearly identified. The
nonequilibrium structure depends on a large number of factors, including the cooling/heating rate, annealing time,
temperature, plastic deformation, and stress. At the same time, the nonequilibrium structure has a strong influence
on the thermomechanical response. Theories for the structural relaxation of glassy materials describe physical aging
as a thermodynamic process where the nonequilibrium structure becomes more ordered with time during approach to
equilibrium. This produces a decrease in the molecular mobility, which has a significant effect on the stress relaxation
time, yield strength, and other physical properties, such as the heat capacity at Tg and even the process of physical
aging itself. The effects of structural relaxation are reversed by moderate plastic deformation, which has been hypoth-
esized to increase the disorder of the amorphous structure, thereby increasing the molecular mobility. Experiments
have shown that this effect of mechanical rejuvenation saturates at 30% strain at which point the material attains a
metastable nonequilibrium state.
In this work, we showed that many characteristics of physical aging and mechanical rejuvenation, observed in the

stress-strain response and calorimetry measurements, can be explained by a thermomechanical model that couples
structural evolution, as described by an effective temperature distribution, plastic deformation and a structure-
dependent relaxation time [35, 36]. Specifically, the Xiao and Nguyen model can predict: (1) the increase in the yield
strength and the endothermic overshoot in the heat capacity at Tg with the annealing time, (2) the post-yield stress
drop up to 15% plastic strain, (3) the same draw stress, regardless the previous thermal history, (4) the decrease in
the yield peak stress and endothermic overshoot in the heat capacity at Tg with plastic deformation, (5) the erasure of
those features at 15% plastic strain, (6) the appearance of a pre-Tg exothermic undershoot in the heat capacity, where
the magnitude of the undershoot increases with the plastic deformation up to 30% strain, (7) the high fraction of
stored energy, which is around 45% at 30% strain, and (8) a large fraction of applied work stored in the configurational
subsystems at the early stage of the deformation.
The main discrepancy of the model is the occurrence of the exothermic undershoot at a lower temperature than

observed in experiments. This appears to suggest the need to incorporate a dependence of the structural relaxation
time on the flow stress [43] and the molecular orientation, which is also responsible for strain hardening. The
experimental data of Hasan and Boyce [1] showed another exothermic undershoot in the heat capacity appeared
around Tg when polymers were deformed to around or above 60% strain. The current model is not able to capture
this phenomena and again shows the necessity of incorporating molecular orientation, which will be a subject of future
work.
The Xiao and Nguyen [35] theory shares many similarities with the theories of Buckley and coworkers (e.g [33, 44])

and STZ theories of Langer and coworkers [30]. The theories of Buckley and coworkers do not strictly adhere to a
two-temperature thermodynamic framework. Thus, thermodynamic properties such as the internal energy, entropy
and their dependence are not specified. A variety of different phenomenological constitutive relations were proposed
for the dependence of the effective temperature on the plastic strain or the rate of change of the effective temperature
on the rate of plastic deformation. The STZ theories of Langer and coworkers connect the effective temperature
to microstructural defects and derive constitutive relations for the plastic flow and effective temperature based on
considerations of STZ dynamics. The Xiao and Nguyen theory is not based on a lower-scale model for the motion
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of microstructural defects. Rather, we chose phenomenological models with parameters, that for the most part
can be measured independently, for the internal energy, configurational entropy, and the temperature and structure
dependence of the relaxation times, the dependence of relaxation times on stress, temperature, and structure. This
approach has hereby demonstrated good predictive abilities for a wide range of nonequilibrium properties for moderate
plastic strain before the onset of significant orientation hardening.
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