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Abstract

The shape equation and linking conditions for a vesicle with two-phase domains are derived. We
refine the conjecture on the general neck condition for the limit shape of a budding vesicle proposed
by Julicher and Lipowsky [Phys. Rev. Lett. 70, 2964 (1993); Phys. Rev. E 53, 2670 (1996)], and
then we use the shape equation and linking conditions to prove that this conjecture holds not only
for axisymmetric budding vesicles, but also for asymmetric ones. Our study reveals that the mean
curvature at any point on the membrane segments adjacent to the neck satisfies the general neck
condition for the limit shape of a budding vesicle when the length scale of the membrane segments
is much larger than the characteristic size of the neck but still much smaller than the characteristic

size of the vesicle.
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I. INTRODUCTION

In 1855 Virchow proposed his famous cell theory “Omnis cellula e cellula”, which means
all cells come from pre-existing cells by division. As a crucial stage of cell division, cytokinesis
is an orchestrated process that marks the beginning of a new cellular generation. All cells are
enclosed by plasma membranes which maintain the physical integrity of cells and regulate
the intercellular exchange of matter and information. During cytokinesis, a contractile
ring grows beneath the plasma membrane, which is a structure mainly composed of actin
filaments and motor proteins. When constricted, the contractile ring generates a force on
the plasma membrane, and then partitions the cell into two daughters. Although the tension
generated by the contractile ring has a great effect on cytokinesis, this force has still not been
accurately measured since the spatial organization and motions of the components within
the contractile ring are poorly characterized [1].

Budding lipid vesicles have long been used as ideal models to mimic cytokinesis. The
budding configurations are determined by several physical factors [2-14] including the spon-
taneous curvature and bending elasticity of lipid membranes, as well as the line tension that
reflects the constricting force of contractile ring. Therefore the study of budding vesicles
may provide a potential approach to measure the force induced by contractile ring. Seifert
et al. [2] investigated a budding vesicle in uniform phase without taking into account of
the line tension. By numerically optimizing Helfrich’s free energy [15] in the axisymmetric

situation, Seifert and his co-workers found that the following neck condition
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holds for a limit shape consisting of two spheres connected by an infinitesimal neck, where
co is the spontaneous curvature of the lipid bilayer that constitutes the lipid vesicle. R' and
RY represents the radius of two spheres, respectively. By doing variation of Helfrich’s free
energy [15] with an axisymmetric trial configuration consisting of two hemispheres connected
by a catenoid-like surface, Fourcade et al. [16] analytically confirmed the numerical result
obtained by Seifert and his co-workers. Jiilicher and Lipowsky subsequently found a more
general neck condition for a budding vesicle with two-phase domains through numerical
simulations where the bending energy of both domains, as well as the line tension of the

separation boundary of two domains were involved [3, 4]. They obtained the following neck
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for a limit shape consisting of two spheres connected by an infinitesimal neck. R! and

1
= (ke + kIl +) )

R represent the radius of two spheres, respectively. k! and kIl are bending moduli of
two domains, respectively. ¢ and ¢}l are the spontaneous curvatures of the two domains,
respectively. 7 represents the line tension of the separation curve between two domains.
They also analytically confirmed this neck condition [4] using the method developed by
Fourcade and his co-workers. This relation degenerates to Eq. (1) for a budding vesicle with
uniform phase where k! = k', ¢} = ¢l and v = 0. Their numerical study further reveals
that the limit shape consisting of two axisymmetric but nonspherical vesicles connected by

an infinitesimal neck satisfy a general neck condition
ke (20! + ) + K (2H" + o) +4 = 0. (3)

Here, H' and H" denote the mean curvatures at points in the two domains adjacent to the
neck. Note that the sign of mean curvature here is opposite to those defined in the work
by Jiilicher and Lipowsky [4]. In order to indicate the degree of adjacency measured by a
parameter €, we add € as the subscript of the mean curvature H.

The general condition (3) is an elegant identity, which connects the spontaneous curva-
ture, local mean curvature and line tension. Although Jiilicher and Lipowsky merely verified
this identity by using the special trial configuration consisting of two hemispheres connected
by a catenoid-like surface, they conjectured that the neck condition for limit shapes is quite
general, which at least holds for axisymmetric budding vesicles. In this paper and to be
consistent with the convention adopted in the literature [3, 4], the limit shape is generally
defined as a configuration consisting of two individual shapes connected by an infinitesimal
neck and the two domains appear to be tangentially “kissing” at a single point from the
macroscopic view. The conjecture has generated a great deal of studies [17-26] on shape
transitions of vesicles with two-phase domains. If such a conjecture is true, researchers may
utilize the general neck condition as a remedy to overcome the aforementioned difficulty in
the measurement of the force generated by the contractile ring during cytokinesis. However,
it is still an open question whether the conjecture on general neck condition for limit shapes
is true or false, even in the axisymmetric situation. In addition, Jiilicher and Lipowsky

did not specify the applicable range of the neck condition. In other words, the meaning of



“adjacent to the neck” [4] remains unclear. In this paper we will theoretically prove that
the “general” neck condition (3) is indeed quite universal, which is applicable not only for
axisymmetric budding vesicles, but also for asymmetric ones. Furthermore, we offer a quan-
titative definition of the “adjacency to the neck”, i.e., a specification of the characteristic
length scale e that has appeared in the equation (3).

The limit shape of a budding vesicle involves multiple spatial scales. The first scale [, is
the characteristic length of the vesicle. For a vesicle with [, being the characteristic length,
after substituting the corresponding mean curvature and Gaussian curvature into the shape
equation of lipid vesicles obtained in Ref. [27, 28], one may find that the order of [, is in
accordance with the smaller one among the reciprocal of spontaneous curvature and the
ratio of surface tension to osmotic pressure. Thus for a vesicle with two-phase domains we

may take
L, ~ min{1/c}, 1/c', AV /p, A\ /p}, (4)

where A\* and p are the surface tension of domain « (= I, II) and the osmotic pressure
of the budding vesicle. The second scale [,, is the characteristic length of the infinitesimal
neck, which is much smaller than [,. Although the curvatures of the neck curve at different
points on the neck take different values, we expect that all of them are of the same order of
magnitude. For simplicity, we take

l, ~ — (5)

with k,, being the maximum curvature of the neck curve. Since [, < [, in the limit
shape, these two length parameters may be regarded as macroscopic and microscopic scales,
respectively. There also exists an intermediate scale [; which may be constructed from the
macroscopic and microscopic scales

i = /1,1, (6)

Obviously this construction guarantees [, < l; < [, if I, < [,.

Before depicting the length scale of € in Eq. (3) which indicates the degree of proximity
that a point approaches the neck, we first give a geometric definition of €. As shown in
Fig. 1, at any point Q on the neck (dash line in the figure), the tangent vector, the normal
vector and the binormal vector are denoted as t, N and b, respectively. The plane that
is determined by N and b has an intersection curve R with the surface of budding vesicle

in the opposite direction of N. Take a point Q' in the opposite direction of N such that
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FIG. 1. (Color online) Geometric definition of € in Eq. (3).

the distance between Q and Q' is e. P; and P, are the intersection points of the curve R
and the line which goes through point Q' and is parallel to b. H! and H in the general
neck condition (3) represent the mean curvatures of membrane surface at points Py and Ps,
respectively. For the points in the vicinity of the neck, e should be much smaller than the
scale of the vesicle, i.e., € < [,. Our further study will reveal that the general neck condition

(3) holds when
I, e, (7)

regardless of symmetry of the vesicle.

The rest of this paper is organized as follows. In Sec. II, the shape equation and linking
conditions of two-domain vesicles are derived. In Sec. III, we discuss the neck condition (3)
in axisymmetric situation. The picture in the axisymmetric situation is relatively intuitive
and the derivation is more accessible. The main findings also offer hints to the subsequent
proof in Sec. IV for the more general case without any symmetry assumption. A brief
summary is given in Sec. V and essential technical details are provided in the Appendixes

at the end of this paper.

II. SHAPE EQUATION AND LINKING CONDITIONS OF TWO-DOMAIN VESI-
CLES

Since the lateral dimensions of lipid vesicles are much larger than their thickness, they
may be effectively modeled as two-dimensional surfaces which are locally characterized by
the mean curvature and Gaussian curvature. Three kinds of elastic models of lipid bilayers
have been proposed in the literature to analyze the shape of vesicles: the spontaneous-

curvature model where a parameter ¢y (so called spontaneous-curvature) was introduced to
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reflect the asymmetric factors between the two leaves of the bilayer [15]; the bilayer-couple
model where the area of each monolayer of the bilayer was fixed [29, 30]; the area difference
elasticity model where the energy cost due the change of the area difference between the two
leaves of the bilayer was included [31]. In this paper, we take the spontaneous-curvature

model to study budding lipid vesicles following the work of Jiilicher and Lipowsky [4].
t

r

FIG. 2. (Color online) A vesicle with two-phase domains.

Let us consider a vesicle with two-phase domains (domain I and domain IT) shown in
Fig. 2. The separation boundary curve C is parameterized by arc length s. At any point
Q on curve C, denote t as the tangent vector of curve C at point Q. We take two vectors
b! and b' in the tangent plane of membrane surface at point Q with b® (a = I,1I) being
perpendicular to t and pointing to the side of domain . We assume that the surface is
smooth enough such that b = —b! at any point Q on curve C.

The free energy of a vesicle may be expressed as [4]:
P k_i/(QHI +dy2aal ¢ k_g/(2HII +dN)2qAn
2 0 2 0
SALAL £ AIAT j{ ds + pV. (8)

The first two terms represent the bending energy of both lipid domains with vanishing
Gaussian bending modulus. H® (o = I,II) in the above equation represents the mean
curvature of a point in domain «. Note that the sign of mean curvatures here is opposite
to those defined by Jiilicher and Lipowsky. k¢, cf, A%, A%, p and V represent the bending
modulus, the spontaneous curvature, the surface tension, the surface area of domain «
(v = I,1I), the osmotic pressure and the volume of the whole lipid vesicle, respectively. ~

is the line tension of the separation boundary. It is worth noting that when the Gaussian

bending moduli of two domains take the same value, the free energy of a vesicle may always



be expressed as Eq. (8) according to Gauss-Bonnet theorem. The only difference is an
insignificant constant.

The first order variation of free energy functional (8) can be calculated following the
procedure proposed in Ref. [21, 22] and the shape equation valid in the domain « (o = I, 1I)

can be derived:

k2 (2H® + c)[2(H*)? — cfHY — 2K
+ kOVZ(2H®) — 20\*H* +p = 0. (9)

Simultaneously, we can derive three linking conditions that are satisfied on the separation

boundary C as well:

FQH + )|, = k' H" + )], (10)
0 [K2H +c)]| o [kI@H™ +dD)]
+ = Ykin, (11)
dbl bl
C
kl 1\2 1\2 kH 11\ 2 11\2 I II
o WH)” = (o) le = 5 [4(HT)” = () le = A= AT+ sy, (12)

where &, and k, are the normal curvature and geodesic curvature of curve C, respectively.
Directional derivatives b' and b' equals to an inner product between corresponding unit
vector and the gradient, respectively. The above three linking conditions are related to the
balances of force and moment on the separation curve (Detailed derivation and explanation
of their physical meanings as well as the general derivations for Egs.(9)-(12) are available in
the Supplemental Material [32]). It is easy to see that Eq. (9) is just the shape equation of
lipid vesicles obtained in Ref. [27, 28]. In addition, the above linking conditions (10)-(12)
degenerate to the boundary conditions of an open lipid membrane [33] if all elastic constants

for domain II vanish.

III. PROOF IN AXISYMMETRIC SITUATION

To get an intuitive picture and to make the derivation more accessible, we first investigate
the neck condition in axisymmetric situation.
An axisymmetric vesicle can be generated by its contour line which is represented by z =

z(p) with p being revolution radius. As shown in Fig. 3, the surface may be parameterized
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FIG. 3. (Color online) Counter line of an axisymmetric vesicle.

as

T =pcos¢ , y=psing , zz/tan@/)(p)dp (13)

where ¢ is the azimuth angle in cylindrical coordinate. v is the angle between the tangent
of the counter line and the horizontal.
The mean curvature and Gaussian curvature can be derived as follows:

sin ¢ d(sinw)] K:Mdsinw 14
p + dp ’ P dp "

ot~ - |

Substituting the above equations into general shape equation (9), we obtain:

3 2 3. 12
cosg¢%—481nwcos2¢d_wd ¥ 2cos Y d2y

dp dp? p  dp?
2 3 : 2 2
5 CO8 WY d_w B 7 sin v cos” %
+ cos ¢ (sm (0 5 ) <dp> —2p d
B 5\ _ 200 Sil’ld] B (Sin2 w -2 COS2 'QZ)) %
p 20 coswdp
1 + cos? 1)) sin Asin .
N : Psing dsing -
p p

where A = A/k. + ¢2/2 and § = p/k.. The above equation is in fact identical to the
axisymmetric shape equation obtained by Hu and Ou-Yang [34]. Following Ref. [35], we can

transform it into a second-order differential equation

)= psin 1 cos? 1 (dz/z (12_1/1

2
e 3
5 dp) pcos’ P 12



—cos>

dy  psiny
b2 <

sin ¢ ) ?
p

: 2 ~ 2
S11n Y COS
singeos”y | pp”

; : (16)

- 2
+p (A - §°> sin) +
with an integral constant 1 (the so called first integral).

A budding vesicle can be intuitively regarded as two open lipid vesicles docking together
with the same boundary curve. We assume that the separation boundary happens to be the
neck. This assumption is reasonable when the Gaussian bending modulus of lipid bilayer is
omitted [4]. The neck is a circle with radius 1/k where « is the curvature of the neck curve.
For the limit shape, x is infinity since the neck is infinitesimal. Membrane in the vicinity
of the neck is highly singular where two principal curvatures with opposite signs are on the
order of magnitude much larger than 1/[,. The Gaussian curvature is singular while the
mean curvature may be finite in the vicinity of the neck. In this paper we only consider the
situation that the mean curvature is finite, otherwise the general neck condition would not
be true. Next we will analyze the local behavior of the membrane segments adjacent to the
neck.

Introducing an auxiliary function

sin ¢ N d(sing)

O(p) = —(2H + ¢9) = 1 Co- (17)
and substituting it into Eq.(16), we may achieve:
.. 3 . . 2
. _sin (0 _ psiny <<I>+co B sm1p> — cosin?
2p 2 p
: e - pp?
—p (1 — sin® ¢) O + Apsiny + % (18)

By considering the natural boundary condition that siny = 1 at the neck, we obtain the

integral constant

N ((I)(] + 00)2 1 ]3
= A-—| -+ P+ — 1
g [ 2 K ot 2k (19)
with &g = &(1/k).
Considering the definition of ®, i.e., Eq. (17), we may solve
1 2_1/k2) 1 e
sin¢:—+M+—/ pPdp
pK 2p pJe
_ L ouiued2 2 prukt Lyl (20)
Pk 2 |luk+1 coudo urk+1



When writing the second term on the second line of the above equation, we have changed
the variable p to u = p—1/k. This term is of the same order of cyu for the bounded function

®, thus sin 1) may be further reduced to a concise form:
it = —— + Ofegn) (21)
siny) = — Cou).
pK ’

If we are only concerned with the local shape of the membrane in the scale much smaller

than the intermediate length scale, i.e.,

u=p—1/k <1l; <y/1/cok, (22)

we can readily see cou < 1/pk and siny) ~ 1/pk because 1/k < 1/cy. Then pp®/2 may
be neglected since it is much smaller than Apsine in Eq. (18) with the consideration of

p < l; < /A (pk). Tt should be noticed that ¢y in (22) refers to the larger one of ¢f and cf.
Considering this point, substituting Eqgs. (19) and (21) into Eq. (18), we obtain

o p2—(1/k)*do

P22 p dp
((I)Z — (I)%) _ Co ((I) — (I)())
2K K

—0. (23)

From Eq. (22) we have c¢g/k < 1/p*k?, which implies that the last two terms of the above
equation may be neglected. Then the above equation is transformed into the following

concise form:

- — —®, = 0. 24
p2K? p dp " 24

The full solution to the above equation is

1
o = P, ll— 1——1n(,0/{—|—\/p2/~€2—1)]

2152

1
+B4/1— e (25)

where B is a constant. We find that ®, should be 0, otherwise the local free energy for the
membrane segments adjacent to the neck is quite large, which is unfavourable for minimiz-

ing the free energy. Detailed discussion can be found in the Appendix A. Therefore the

B(p) = B\ [1 -~ (26)
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physically acceptable solution is

when p < [;.



Note that the above equations (15)-(26) hold for both domains. The parameters k., ¢,
A, n and B correspond to k., ¢f, AT, n! and B! for domain I. The same notation is applicable
to domain II.

Next we turn to the linking conditions (10)-(12), which may be expressed as

qu)l’ _ ]{;H(I)H‘ : (27>
¢ p=1/k ¢ p=1/k
I o
k! —— cos 1 + l{;gd— cos — vk =0, (28)
p=1/k dp p=1/k
Be® (@' - 2a)| — RIRN(@ 2| =200 - AT (29)

in axisymmetric situation, respectively. The solution (26) automatically satisfies linking

condition (27). Substituting (26) into (28), we have
EB'+ kB 4 =0 (30)

Now let us turn our attention back to the neck condition (3). With the consideration of

Egs. (17), (26), (30), and the geometric definition of ¢ shown in Fig.1, we may obtain:
kL (2H! + o) + K (2H!" + off)

(= )R (e )
p=e+1/kK p=e+1/k

/1= 1/(er + 1)% (31)

We find that when € > 1/k, Eq. (31) leads to the neck condition (3). Since (26) holds for
p < l;, € should be also much smaller than p < [;. Thus the neck condition is true in the

region adjacent to the neck as described in (7).

IV. GENERAL PROOF

Non-axisymmetric budding as a common pattern has been experimentally observed when
studying the mitosis process of a budding yeast [36] and in the budding process of a binary
vesicle composed of 1,2-dipalmitoyl-sn-glycero-3-phosphocholine (DPPC) and 1,2-dilauroyl-
sn-glycero-3-phosphoethanolamine(DLPE) [37]. Recent numerical work [38] suggests that
non-axisymmetric budding is not only observed, but also preferred over axisymmetric one.

In this section we will give a general proof without the axisymmetric assumption.
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The discussion in the above section reveals that only the local behavior plays a role in the
proof of the neck condition. On account of this point, we first parameterize the local surface
adjacent to the neck. The neck is described as r(s) with s being the arclength parameter,
which does not have to be a planar curve. As shown in Fig. 4, at any point Q on the neck
r(s), the tangent vector, the normal vector and the binormal vector are denoted as t, N and
b, respectively. S; is the plane determined by t and N, while Ss is determined by N and b.
Any point P on the intersection curve between the plane Sy and the membrane surface may

be expressed as a vector
Y(s,u) =r(s) —uN+z(s,u)b (32)

where the parameter u represents the distance between the projection of P on plane S; and

point Q. z = z(s,u) is the distance from P to plane S;.

FIG. 4. (Color online)Local surface in the vinicity of the neck.

The above equation (32) is actually a local parameterization of the membrane surface in
the neck region. The shape of membrane in the vicinity of the neck is determined not only
by r(s) but also by z(s,u). The membrane surface adjacent to the neck is highly singular
where two principal curvatures with opposite signs are on the order of magnitude much
larger than 1/l,. One principal curvature is of the order of x(s) which is the curvature of
the neck at point Q. The other one is on the order of the curvature of the counter curve
z = z(s,u) for given s, which can be easily calculated as —z,,/(1 + zﬁ)% where z, and zy,
represent the first and the second derivatives of z with respect to wu, respectively. Since
the mean curvature, that is the sum of both principal curvatures, is finite, we see that the

two principal curvatures should be on the same order, which implies z,, ~ kz3. The latter
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principal curvature mentioned above is a large magnitude relative to 1/l,, which implies that
z varies quickly with respect to u in the neck region. On the other hand, from the geometric
point of view the shape of the counter curve 2’ = z(s + As,u) departs slightly from that
of z = z(s,u) for small As. Therefore we make the following reasonable assumption on the
membrane adjacent to the neck: z(s,u) is the fast variable with respect to u but a slow
variable with respect to s. Besides, we also assume that x(s) varies not too quickly with
respect to s, though the magnitude of k(s) itself is much larger than 1/1,.

Under the above assumptions we may derive the leading order of the mean curvature and

the Gaussian curvature as below:

(u—i—%)m (1—1—2‘5)%7

(1+22)? (u + %)
Detailed derivations can be found in Appendix B. By introducing two new variables 1 =

arctan z, and p = u + 1/k(s), the above two curvatures can be expressed as

_sinzﬂ_asinw i siny 0'sin ¢

2H = g 5 = ; Sy (33)
We further derive
cosv 0 0(2H
V?(2H) = ¢% [,0 cos (8u )] (34)

through some tedious calculations and comparison on the orders of magnitude. Detailed
derivations can be found in Appendix C.

Substituting the above two equations into shape equation (9), we obtain

3 2 3 2
C083¢%—4Sin¢COS2’¢8—¢8¢_}_2COS w8¢
U

Ju Ou? p  Ou?
2 3 . 2 2
.o Cos"Y 0_¢ _ Tsintcos” ¢ 0_¢
+cos (sm (0 5 ) ( 0u> 2, \ou
ESRE ) et
P 2p? ou
1 + cos? %)) sin ~sin .
n Qf)l¢—Al¢:p (35)
p P

where A = A/k. 4+ 2/2 and j = p/k.. The curvature x(s) is a constant in axisymmetric

situation, which implies d/0u = d/dp, thus the above equation (35) degenerates to (15).
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Similarly, equation (35) may also be transformed into a second-order equation:
(s) psint cos2yp (O)° 3¢82¢

§)=—-"T—" | L | —pcos’p—r

g 2 ou P ou?

+sin1/)cos22/)@ N psin <sin¢ —Co>2
p u 2

2 P ~ 2
+p <>\ — %) sin1) — cos® wﬁ_f + % (36)
The above equation degenerates to (16) with 7(s) being a constant in axisymmetric situation.
Now, let us introduce an auxiliary function
U(s,u) = —(2H + ¢)
_ siny n dsiny
Cu+1/k(s) ou

Substituting (37) into (36), by analogy with similar discussion in axisymmetric situation,

Cop.- (37)

we may obtain

v _[1+um(s)]2—18_\11_
(14 us(s)]”  [1+uk(s) k(s) Ou

with @5 = ¥(s,0) when u < [;. Note that ¢, here refers to the larger one of ¢y and cf. A

Wy =0 (38)

physically acceptable solution for (38) is

1

1+ um(s)]z’ (39)

U(s,u) :B\ll—

where B is a constant.

Note that the above equations (35)-(39) hold for both domains. The parameters k., ¢,
A and B correspond to kL, cf, Al and B! for domain I. The same notation is applicable for
domain II.

Then we turn to the linking conditions (10)-(12), which may be expressed as

ol = pgn| (40)
u=0 u=0
\III \I/H
kia— cos ¢’ + l{;ga— cosyp|  —k(s) =0 (41)
u u=0 u u=0
RN —2cp)| = R o) =20 =\ (42)

respectively. The above solution (39) automatically satisfies linking condition (40). Substi-

tuting (39) into (41), we have
KB+ kB 4 =0 (43)
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Now we turn our attention back to the general neck condition (3). With Eqgs. (37), (39),
(43), and the geometric definition of € shown in Fig.1, we may obtain
kL (2H! + o) + K (2H! + off)
=k (=0 )+ (-0 )

1
:Vd ot el .

We find that when € > 1/k(s), the above equation returns the neck condition (3). Since
the solution (39) holds for u < I;, € should be also much smaller than /;. Thus the neck

condition is true in the region adjacent to the neck as described in (7).

V. CONCLUSION

In the above discussions we have refined and proved the conjecture on the general neck
condition (3) proposed by Jillicher and Lipowsky. Our study reveals that the mean curvature
of the membrane segments adjacent to the neck satisfies the general neck condition for the
limit shape of a budding vesicle when the length scale of the membrane segments is much
larger than the characteristic size of the neck but still much smaller than the characteristic
size of the vesicle. In the more general proof, we did not introduce any axis-symmetry
assumption or special trial configuration, which implies that the elegant neck condition (3)
is indeed broadly applicable. From the derivations given in our proof, we see that the local
neck condition for the limit shape of a budding vesicle is unaffected by the global shape of the
vesicle. In other words, the relationship between the mean curvature of membrane segments
adjacent to the neck and the spontaneous curvature of the membrane is determined by the
line tension of the separation curve, which would not be affected by the specific morphology
of two daughter vesicles.

The general neck condition (3) degenerates to a more concise form for a budding vesicle
with uniform phase. Since k! = k! = k. and ¢} = ¢l = ¢y in the uniform phase, from (3)
we obtain

H'+ H" 4+ ¢y +v/2k, = 0. (45)

If we consider a special limit shape consisting of two spheres connected by an infinitesimal

neck, the mean curvatures of two spheres can be expressed as H = —1/R'and H"' = —1/R™,
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where R! and R" represent the radii of two spheres, respectively. Then the above equation
is transformed into

1/R'+1/R" = ¢o + v/2k,, (46)

which implies that one may experimentally estimate the force generated by the contractile
ring by measuring the sizes of two daughter cells.

It is worth emphasizing several notable features of our proof. Firstly, we draw lessons
from the idea of separation of fast and slow variables. When specifying the local behavior of
membrane surface adjacent to the neck of a budding vesicle, we assume that z(s,u) varies
quickly with respect to u but slowly with respect to s. This leads to a concise local shape
equation (35) which has the similar form as the axisymmetric shape equation (15). Such
a consequence is consistent with our expectation that any finite deviation from the axis-
symmetry is insignificant in the region close to the singular set, which in our discussion
refers to the neck curve of the budding vesicle in the limit shape. In addition, multiscale
analysis is used in the proof. We introduce three length scales including a macroscopic scale
l,, a microscopic scale [, and an intermediate scale [; which is macroscopically infinitesimal
but microscopically infinite large. Based on the multiscale analysis we can give a quantitative
definition (7) of what means to be “adjacent to the neck”.

We would like to give some remarks on several open questions in the end. The Gaussian
bending energy has not been taken into account in the free energy (8). When the Gaussian
bending moduli of two domains of a budding vesicle take on the same value, the neck
condition (3) still holds according to the Gauss-Bonnet theorem. However, if the Gaussian
bending moduli of two domains differ, the separation boundary between two domains may
not be the neck any more [4]. Thus the neck condition (3) is no longer applicable. In this
situation whether there exists a more general neck condition is yet unclear. In addition,
we have made a hypothesis of finite mean curvature in the vicinity of the neck to prove the
conjecture of general neck condition. This hypothesis has been adopted in previous studies as
well [2-4]. We expect that this hypothesis can be derived from a more fundamental principle.
This issue might be resolved with further physical considerations of the boundedness of the
free energy and free energy density. Furthermore, in the present work we merely consider
the vesicle of external budding where two domains are located on different sides of the neck.
We are not concerned with the internal budding in which the daughter vesicle is produced

inside a mother vesicle. The latter kind of budding has been observed in many cellular
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processes, such as endocytosis, autophagy and so on [39-42]. The general neck condition in

such a situation needs to be further investigated.
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Appendix A: The solution to Eq. (24)

The general solution to Eq. (24) is

1 I e— / 1

We discuss the free energy of a ribbon with radius p between & to 2£. The specific value
of £ is taken to satisfy 1/k < £ < I;. When 1/k < £ < p < 2§ < 1;, = §gIn(2pk) + B.
The free energy of the ribbon turns out to be

/ (2H + cp)2dA

_/2Wd¢/2§q)2 P d

-/ g = p
2¢

~ 27r/ (B + @, In(2pk)]* pdp
3

= 21 [B + ®oIn(2pk))° € (A2)

with € < p < 2£. The last equality is due to the mean value theorem of integral form. When
p > 1/k, the term containing In(2px) would be a relatively large term, which is unfavourable

for minimizing the free energy. Thus a reasonable choice is &5 = 0.

Appendix B: Derivation of mean curvature and (Gaussian curvature

According to the local parametrisation
Y(s,u) =r(s) —uN+z(s,u)b (B1)
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we may derive the following equations

Y(s,u) = (1+ rku)t — 27N + (2, — ut) b, (B2)
Y.(s,u) = =N + z,b, (B3)
Yu(s,u) = xt — 2, TN + (254 — 7) b, (B4)
Ys(s,u) = (uks + 27K) t + (zss — 272) b,
+ (FL + uk® + ur? — 2zs7') N, (B5)
You(s,u) = zyb (B6)
by means of Frenet formula

ts 0 k(s) 0 t
N | =1|-k(s) 0 7(s) N | . (B7)

b, 0 —7(s) O b

Here Y, and Y, represent the first and the second derivatives of Y with respect to s. The
same notation is taken for other quantities such as t, N, b and z.

The coefficients of the first fundamental form of the surface may be deduced as:

g =Y, - Ys=(1+ f<cu)2 + (25 — u7)2 + 2272, (BS)
912 =Y, Yy, =27+ (25 — ut) 24, (B9)
g =Y, Y, =1+2z. (B10)

The normal vector of the surface is

Y.xY,
n= ———
Y x Y,
(zs —ut — 2,27) t — (1 4 Ku) 2,N
\/(zs —ut — 2,27)° 4 (1 + ku)® (22 + 1)

B (14+ku)b . (B11)
\/(zs —ur — 2,27)° + (1 + ku)? (22 + 1)

The coefficients of the second fundamental form may also be expressed as

Lll = Yss "n
2y (WPK? + uk + u?T? + 2277 — 2uz,T)

\/(zsi —ur — zuz£)2 + (% + u)2 (z2241)
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(s w2 =252 4 5 )
\/(Zs% —up — Zuzi)z +(L+ u)2 (22 +1)
(%u&s - ZT) (zs — uT)

\/(Zs% —up zwﬁ)z +(L+ u)2 (22+1)
(200 — 272 —um) (L + u)

\/(zsi —ut — zuzgf + (% + u)2 (22 + 1)7
Liz=Ys-n

+

Z?LT (% —I—u) — ZyRT + Zg
\/(28% —ur — zuz£)2 + (% + u)2 (2241)
ut + (2gy — T) (% —l—u)

\/(zsi —ur — zuzgf + (é + u)2 (22 + 1)’
L22 = Yuu -n

- (% —i—u) Zuw

\/(28% —url — zuz£)2 + (% —I—u)2 (22 + 1).

(B12)

(B13)

(B14)

According to our assumption about the fast and slow variables, we know that z, > z

and z,, > z,s. Meanwhile though the magnitude of k(s) itself is much larger than 1/,

k(s) does not vary so quickly with respect to s. The torsion of neck curve is assumed to

be finite, 7 < k. In the vicinity of neck, z and v are much smaller than the characteristic

length of the vesicle. Then the leading terms of coefficients in (B8)-(B14) may be expressed

as

g2 =1+ z,
2
—Z UK
Ly =
(z2+1)
I 27 2u2T
12 2 1 1 2 1
(22+1) [ +u)y/(z2+1)
(22 +1)
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(B15)
(B16)
(B17)
(B18)
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We further obtain

7 (25 —ut) 23 27 (2s — ut) 22
L2912 = -
(2+1)  (+u)/(2+1)
~ UT2257 (B21)
— 2y 2 1 2
Ly1gos = St ( - ZU) ~ u’f2zia (322)
(2 +1)
—zuu1+f<au2 Zuul—l—fw2
Lasgi = ( ) ~ ( ) ) (B23)
(22 +1) “u
which implies that
Li2gia < Li1gae, L12g12 < Laagi- (B24)

When writing the second term, we have used the argument z,, ~ kz> in Sec. IV. Besides,

from (B15)-(B17), we ready derive

gia < g119a2- (B25)

Thus the mean curvature may be expressed as

L1192 — 2L12g12 + Lasgin

911922 — 9t
_ Lugee + Loogu Ly n Lo

911922 g11 g22
—Zu nn

N (L) Ji+22) a+2)7F (526)

2H =

In addition, considering that

ZuZuubKE UK Zyy
Ly Ly = ~ B27
11422 (23+1) Zu_'_17 ( )
2
72 227 22T
12 — -
(2+1)  (24u)/(2+1)
~ 7222, (B28)

which implies L1 Loy > L%z, the Gaussian curvature may be expressed as

_ L11L22 - L%Q ~ L11L22

2 ~~
911922 — 9i2 g11922
Zuzuu

~ (%+u) (1+23)2.

K

(B29)
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Appendix C: Laplace operator

Considering the components of the metric (B8)-(B10), we may obtain the first derivative

of the components of the metric g with respect to u

911w = 26 (1 4+ ku) + 2 (25 — ut) (250 — T)

+227%2,, (C1)
Grou = (25 — UT) Zuw + (Zou — T) Zu, (C2)
g22y = 2Zuzuu (C?))

and s

guis =2 (1 + K’u) uks + 2 (Zs - UT) (Zss - 'Ufrs)

+222,7% + 22°77,, (C4)
G12s = 2sT + 2Ts + (255 — UTs) 2y + (25 — UT) Zsu, (Ch)
g22s = 2zuzsu> (CG)

respectively. In addition, the first derivative of the metric g with respect to u and s can be

obtained:

Ju = 911u922 + 9119220 — 29120, (C7)

gs = 9115922 + g119225 — 2G12s- (C8)

Taking the analysis of the magnitude of the variables in last section into account, we know
that go9, is much larger than other derivatives and thus g, > g;.

For function A(s,u), the Laplace term takes the form of

1 0 <gnah g2lah>+ 1£<gz2ﬁh gm@h)

2 _— _— _
Vh_fa VIou \Jg0s)  \Jg0s \\/gOs \/gOu
gi2

(11u 9~ $%0u 0h gl2u\/7_2\—fguah+&@_@62h)

Ju g Vg ou? /g 0s0u

ﬁ ( ou g VG 0s? (/g 0sOu
guu\f— Qg}gu 8h o, g1 O%h N g2
\/’8u2 Vg 0s?

9125\/5 - 25];\/2_98 oh n 9225\/§ - 2‘%/2—95 8h + G229 82h g12 82}1, )

(C9)

S \
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when 0h/0u > Oh/0s, *h/0u* > 9*h/ds* and 9?h/Ou? > *h/Dsou.
According to equation (33) in Sec IV, i.e.,

_sin¢_8sin¢ K_sinqﬂasinw (C10)

2H =
p ou p  Ou

and the assumption of ¢ = arctan z, and p = u + 1/k(s), we may derive that

1 2y

cosy = ,  siny = C11
1+ 22 1+ 22 (C1D)
dp  —ks Op
95 - 2 %—1 (C12)
Oy O(arctanz,) 2y N 2
ds Js T 1422 0w 1422 (C13)
0% Zuss 22,22
_ _ us 14
9s*  (1422) (14 22)% (C14)
0% Zuuu 22,22,
o (1+22) (1+22)7 (C15)
dsdu  (1+22) (14 22)*" (C16)
Thus
0(2H)  cosy Iy N sin ¢
ou p Ou p?
NI 0y
+ sin <%> — cosww, (C17)
9% (2H)  sin® W 2 N 2c089 0P cos¢82_w
oz p \ou p?  Ou p  Ou?
2 sin ¢ oY s
_ e + cos v <%>
0P P 0
+ 3811’11#@@ — COS %, (018>
0* (2H) _ siny (O¢ 2+ 2cos dp O 2sin¢y (Op 2
02 p Os p?  0s Os P> Os
o\ oY . Yo
+ COSlp <&> % + Slniﬂ@%
v Oy 0 b
+ QSlnqﬂg@u@s — o8 w?. (C19)

The leading term of 9 (2H)/du, 8% (2H)/ds* and 9* (2H)/du? is on the order of 2 /(1 +

uk), kz2,/2% and K322 /(1 + uk), respectively. By comparison of the highest orders of the
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remaining terms in (C9), the Laplace term in the free energy should be
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