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We consider the acousto-optic effect in a random medium. We derive the radiative transport
equations that describe the propagation of multiply-scattered light in a medium whose dielectric
permittivity is modulated by an acoustic wave. Using this result, we present an analysis of the
sensitivity of an acousto-optic measurement to the presence of a small absorbing inhomogeneity.

I. INTRODUCTION

The acousto-optic effect refers to the scattering of light
from a medium whose optical properties are modulated
by an acoustic wave. Brillouin scattering from density
fluctuations in a fluid [1] and the ultrasonic modulation of
multiply-scattered light [2] are familiar examples of this
effect. It is well known that the scattered optical field car-
ries information about the medium. This principle has
been exploited to develop an imaging modality, known as
acousto-optic imaging, which combines the spectroscopic
sensitivity of optical methods with the spatial resolution
of ultrasonic imaging. Two forms of acousto-optic imag-
ing are usually distinguished. Direct imaging employs
a focused ultrasound beam for image formation [3-17].
The image is created by scanning the focus of the beam
and recording the intensity of the scattered light at a
fixed detector. Tomographic imaging utilizes an inverse
scattering method to reconstruct images of the optical
properties of the medium [20, 22, 29-35].

The theory of the acousto-optic effect begins with a
model for the propagation of electromagnetic waves in
a material medium. The most general such model is
based on the Maxwell equations for a dielectric whose
permittivity is modulated by an acoustic wave [1]. Al-
ternatively, for multiply-scattered light, a phenomeno-
logical theory based on the radiative transport equation
(RTE) or the diffusion approximation (DA) to the RTE
may be employed [18-21]. In this paper, we develop a
first-principles theory of the acousto-optic effect. We be-
gin by constructing a model for the acoustic modulation
of the dielectric permittivity of a medium consisting of
small scatterers suspended in a fluid. Next, we consider
the propagation of light in the medium and obtain the
wave equations obeyed by the frequency components of
the optical field at harmonics of the acoustic frequency.
We then obtain the corresponding RTE by asymptotic
analysis of the Wigner transform of the field in a ran-
dom medium. We note that the problem is challenging
because the random medium acquires a time-dependence
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due to the presence of the acoustic field. We apply our
results to estimating the minimum detectable size of a
small inhomogeneity in acousto-optic imaging.

The remainder of this paper is organized as follows.
Our model for the acousto-optic effect is introduced in
Sec. II. In Sec. III, we use this model to derive the RTE.
The corresponding DA is discussed in Sec. IV. Sec. V dis-
cusses the application of the obtained DA to the problem
of detecting a small inhomogeneity. Our conclusions are
formulated in Sec. VI. Several appendices contain the
technical details of long calculations.

II. ACOUSTO-OPTIC EFFECT

In this section we develop a simple model for the
acousto-optic effect. The setup we consider is illustrated
in Figure 1.

A. Model

We begin by considering a medium consisting of iden-
tical neutrally-buoyant spherical particles suspended in
a fluid. We suppose that an acoustic wave propagates
in the fluid, the effect of which is to cause the parti-
cles to move under the associated radiation force. If the
amplitude of the acoustic wave is sufficiently small, the
particles will oscillate about their equilibrium positions.
It is then possible to treat the motion of each particle as
independent, neglecting hydrodynamic interactions. It
follows that the equation of motion of a single particle is
of the form

du dma
00 = ~Vp+ (v —). (1)
Here u denotes the velocity of the particle, p is the pres-
sure, v is the velocity field in the fluid, # is the viscosity,
a is the radius of the particle, g is its mass density and
V = 47a3/3. Consider a standing time-harmonic acous-
tic wave with pressure

p(X, t) = Do COS<Qt) COS(Q : X) ) (2)

where pg is the amplitude of the wave, 2 is its frequency
and Q is the wave vector. Here we have assumed that



FIG. 1.
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Illustrating the acousto-optic effect in a random

the speed of sound ¢; is constant with @ = Q/¢,. The
corresponding velocity field is given by

v = % sin(Qt) sin(Q - x)Q . (3)

Thus apart from a transient, the particle moves with the

fluid. Let x4, ...,xy denote the positions of the particles
and
N
p(x,t) =Y 6(x = x;(t) (4)
j=1

their density. Since each particle is independent, it fol-
lows from integration of the equations of motion (1) that
p is given by

p(x,1) = po(x) [1 + S cos() cos(Q-x)] ,  (5)

where py is the number density of the particles in the
absence of the acoustic wave and § = pg/(pc?) is a small
parameter. Note that taking 6 < 1 is consistent with
the neglect of hydrodynamic interactions. We conclude
that the number density of particles is modulated by the
acoustic wave.

Next, we turn to the propagation of light in the
medium. For simplicity, we ignore the effects of polar-
ization and employ a scalar theory of the optical field.

J

Ao+ I (20 + 4mn(30)) tp = ~ 20 (12 4 4mn(30) cos(Q - x) (u_y + 1)

2 k7
Auq + ki (0 + dmn(x))ug = —— (

Au_y + k% (g0 +4mn(x))u_q1 = —

The field u(x,t) is taken to obey the wave equation
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Er v (e(x,t)u) = Au (6)

where ¢ is the dielectric permittivity of the medium and
c is the speed of light in vacuum. The permittivity is of
the form

e(x,t) = eo(x,1t) + 4mn(x,t) , (7)

where ¢y is the permittivity of the fluid and 7 is the
dielectric susceptibility of the particles. The permittivity
of the fluid is acoustically modulated and is given by

eo(x,t) = eg [1 + 07 cos(Qt) cos(Q - x)] , (8)

where g is the permittivity of the fluid in the absence of
the acoustic wave and  is the elasto-optical constant [1].
The fluid is taken to be nonabsorbing, so that ¢ is purely
real, positive and frequency independent. In addition, we
suppose that the particles are small in size in comparison
to the wavelength of light. That is, we treat the particles
as point scatterers [24]. The susceptibility is then given
by n(x,t) = ap(x,t), where « is the polarizability of a
single particle. Using (5), we see that n(x,t) is given by

n(x,t) = n(x) [1 + 6 cos(2t) cos(Q - x)] , (9)

where 7(x) = apg(x).

We suppose that the field u is monochromatic with fre-
quency w and time-dependence e "¢, Tt will prove useful
to decompose u in harmonics of the acoustic frequency
according to

oo

u(x,t) = Z e Wty (x) .

n=—oo

(10)

It follows from (6) that the Fourier components u,, obey
the system of coupled Helmholtz equations

Auy, + K2 (g0 + 4mn(x)) u, =
Sk2
-5 (veo +4mn(x)) cos(Q - x) (up—1 + tpt1) , (11)
where k, = (w + nf)/c. Note that if ug = O(1) then
u, = O(d™). Here we do not consider modes u,, for
|n| > 2 and close the equations (10) as

(12)

5 (€0 + 4mn(x)) cos(Q - x)ug , (13)
5k2

(veo + 4mn(x)) cos(Q - x)ug - (14)



Furthermore, the right hand side of (12) can be neglected since it is O(6?). The above equations thus become

Aug + kg (0 + 4mn(x)) ug =0,

Auy + k2 (g0 + 4mn(x))uy = —

Au_y + k> (s0 +4mn(x))u_q =

Note that in this form, the equations for ug and u4; are
decoupled. For the remainder of the paper, we will take
(15)—(17) to be the equations governing the acousto-optic
effect.

B. Homogeneous medium

We now consider the case of a homogeneous fluid
medium and put the susceptibility of the particles n = 0.
Evidently, the fundamental mode ug acts as a source of
the first harmonics u41. In addition, the modes uq are
independent. Note that u_; can be obtained from w; by
performing the replacement k; — k_;. The solution to
(16) is given by

uy(x) = %Waodkf/d3x’G(x,X’)Cos(Q-x’)uo(x’) . (18)

Here the Green’s function G, which obeys the equation

AG(xX) + 20kG(x %) = —6(x %), (19)
is given by
Gy = S (20
’ drt|x — x/|

If the field ug is a unit-amplitude plane wave of the form

up(x) = > | k= /zoko , (21)
Name ‘ Symbol ‘ Value
Propagation distance L 1 cm
Acoustic frequency Q 10° Hz
Optical frequency w 10'° Hz
Speed of sound Cs 1.5 x 10° cm s~ !
Mass density 0 lgem™3
Pressure amplitude Do 105 g cm™t 572
Absorption coefficient La 0.1 cm™*
Scattering coefficient s 10 cm™*
Transport mean free path| £~ 0.1 cm

4 po/(ecs)|  O(10~"

€ AL 0(10™%)

TABLE I. Values of parameters arising in the acousto-optic
effect. The numbers chosen are representative of biological
tissue.

(15)
5k2
-5 (yeo + 4mn(x)) cos(Q - x)ug (16)
6k2
(veo + 4mn(x)) cos(Q - x)ug - (17)
[
we find that u; is given by
w(x) = 1o L it
! 4 (Q+k)2 — k2
b1 k) (22)
CENERE

where k' = \/ggk,. Evidently for fixed Q, there is a res-
onance if the incident wave vector k obeys the condition
Q+k|=Fk. (23)

Since ) < w, it follows that k& ~ k’. Thus (23) becomes

Q\’ Q
=) -4k 24
(5 3 (21)
which we recognize as the Bragg condition [1]. Equiva-
lently,
Q
50 = £ — 25
cos 5% (25)

where 0 is the angle between k and Q. That is, a reso-
nance occurs for § ~ £7/2. We note that the presence
of absorption in the fluid prohibits the formation of a
resonance. That is, the denominators in (22) can never
vanish if £y acquires even a small imaginary part.

III. RADIATIVE TRANSPORT

We now turn to the theory of the acousto-optic effect
in random media. We take the modes ug and u; to obey
(15) and (16), and assume that the susceptibility 7 is a
random field with correlations

(m) =0, (26)
=) =Cx—-x'), (27)
where (---) denotes statistical averaging. @ We as-

sume that the medium is statistically homogeneous and
isotropic. That is, the correlation function C(x — x’)
depends only upon the quantity |x — x’|.

To make further progress, we must consider the relative
sizes of the important physical scales. This leads us to
introduce two small parameters: § = pg/(oc?) and € =
1/(koL), where L is the distance over which the optical



field propagates. According to Table I, we see that € =
O(9). Henceforth, we will put 6 = ¢, which can always
be arranged by adjusting the strength of the amplitude
po. Now, the solutions of (15) and (16) oscillate on the
scale of the optical wavelength A = 27/kg. However,
we are interested in the behavior of the solutions on the
macroscopic scale L > A. To this end, we rescale the
position x by x — x/e with ¢ < 1. In addition, we
assume that the randomness is sufficiently weak so that
the correlation function C'is of the order O(e). Thus (15)
and (16) become

EAuc + k§ (g0 + dmv/en(x/€)) ue =0, (28)
EAv, + k7 (20 + dm/en(x/€)) ve =
2
f% (veo + 4mv/en(x/e)) cos(Q - x)uc , (29)

where u.(x) = up(x/€) and ve(x) = u1(x/€). Note that
we have rescaled the susceptibility n by n — 1/en to be
consistent with the condition that C' is O(e). We also
note that we have not rescaled the term cos(Q - x) since
it is slowly varying on the scale of the optical wavelength.
That is, the random medium does not vary on the same
scale as the periodic modulation of the fluid. It will prove
useful to rewrite (28) and (29) in the form

EA¢e + k] (0 + 4m/en(x/e)) ¢ =

€ 2
*% (veo + 4m/en(x/e)) cos(Q - x)Adc . (30)

where

and since 2 < w, we have made the approximation kg ~
k1.

We now turn to the derivation of the RTE. The Wigner
transform of ¢, is defined as

d3 o ,
We(x,k) = / T _eilx be(x — ex'/2)pl(x + ex'/2) .
(2m)?
(32)
The Wigner transform is a 2 x 2 Hermitian matrix that
is related to the energy density and energy current of the
modes by

be(x) 0l (x) = / W (x, k)d®k ,
(33)

% (6 (x) Vel (x) = Vo (x)ol(x)] = / kW, (x, k)dk .
(34)

We will see that the Wigner transform plays the role of
a phase-space energy density. We note that the Wigner
transform is not directly measurable. Nevertheless, in
the € — 0 limit, the average of W, may be interpreted as
the specific intensity in radiative transport theory.

It can be shown that W, obeys the Liouville equation

1

k.
V"”“(ﬁ

Ly + Ly +\/EL3> W.=0. (35)

Here the operators Ly, Lo and L3 are defined by

LW, (x,k) = 2rik? / (;il))g P /() [We (x,k + g) — W (x k- g)] : (36)
LoW.(x,k) = %'ysokSA {eiQ‘xW6 (x, k+ %Q) + eIy, (X,k - %Q)} (37)
- é'yz—:okg e (x. K+ gQ) + W, (xk— gQ)} At

LsWo(x, k) = Lrk? / T giox/ej(p) 4 W, (xk+ 24+ 5Q) 4w (xk+ 2 - SQ)] (39)

(2m)?

See Appendix A for the derivation of the above result.

We now consider the asymptotics of the Wigner trans-
form in the high-frequency limit ¢ — 0. We will see
that averaging over realizations of the random medium
leads directly to the required radiative transport equa-
tions. Following standard procedures [25, 26], we intro-
duce a multiscale expansion for the Wigner transform of

2
i dp . - p
_ k2 ipx/€n |: —iQ-x g ( k P
T 0/(27T)36 7(p) |e We (x,k+ 5

2 2

+ %Q) + W, (xk+ P - gQ)} Al

2

(

the form

We(x7 k) = WO(Xa k)+\/ng (X7 £? k)+6W2(X7 E) k)+ Tty

(39)
where € = x/e is a fast variable and Wy is taken to be
deterministic. We then regard x and £ as independent



and make the replacement
1

Eq. (35) thus becomes

ek - VoW, + k- VW, + (\ﬁL1 tely+ 63/2L3) W.=0.

(41)

Substituting (39) into (41) and collecting terms of order
O(+y/€), we obtain

k- V§W1 + LWy =0. (42)

The above equation is readily solved for Wj; with the
J

d3

where we have used the fact that W{ is deterministic.
Next, we substitute the expression (43) for W into (46)
and, upon carrying out the indicated average, we obtain

k- VoW + $720k3 cos(Q - x) (AWp — WoAT)

~ k4 [ s (p - ) e 19 Wotxp) - ot o)

2 2
(47)

See Appendix B for the details of this calculation. Note
that the presence of the delta function in the above result
indicates that Wy depends only upon the direction k. It
is then convenient to define the specific intensity I, phase
function f and scattering coefficient us by

5(k — ko)I(x, k) = Wo(x, kk) , (48)

Pk, ) = / C(ko(k — k') ’

(49)
C(ko(k — K'))dk’
po = I [ Cloolie— i (50)

Making use of the above definitions, we find that (47)
becomes

k- Vol + ol + iveoko cos(Q - x) (AT — TAT)

— s / i £k, K)I(x,K) . (51)

result

Wy (x, q, ) = 2k2ii(q) ok +a/2) = Wolx k= a/2)

q-k+1i6
(43)
Here the Fourier transform of Wj is defined by

W (x,q,k) = / BeeEW (x £k)  (44)

and 0 is a small positive regularization parameter that
will be set to zero later in the calculation.
At O(e) we find that

k-va0+k'V§W2+L1W1+L2WQ =0, (45)

where LoWy, as defined in (37), is evaluated at € = 0.
The RTE may be derived by averaging (45) over the
random field 1. To proceed, we make the assumption
(k- V¢Ws) = 0, which is consistent with the stationarity
of Wa(x,&,k) in & We find that (37) becomes

P e/ (ii(p) Wi (x, a4, k + p/2) — Wi(x, a4,k — p/2)]) + i.v&okﬁ cos(Q - x) (AWy — WpAT) =0,

(46)

(

We note that us and f are given in terms of correlations
of the medium. Since the susceptibility 7 is statistically
homogeneous and isotropic, C (ko (R —K )) depends only
on the quantity |k — k’[, and therefore f(k,k’) depends
solely on k- K. Likewise, us does not depend on the
direction k. Finally, we point out that in the case of white
noise disorder, the correlation function C(x) = Cpd(x),
where Cj is constant. We find that

ps = 4rkyCo ,  f=1/(47) , (52)

which corresponds to isotropic scattering. More gener-
ally, if the medium consists of identical discrete scatter-
ers, us and A are related to the total scattering cross
section and differential scattering cross section, respec-
tively [26].

Eq. (51) can be expressed as a system of coupled equa-
tions of the form

k- Valoo + prsloo — psLloo = 0 (53)

ol

7
- Vxdor + prsdor — psLlor = Z%oko cos(Q -x)Iop ,
(54)

b

7
- Vxdio + psdio — peLlio = —z’onko cos(Q - x)Ioo ,
(55)

bl

1
. vx111 + Nslll — ,uSLIn = 5’780]{,‘0 COS(Q . X)Im101 s
(56)



where the operator L is defined by
LI(x,k) = / fk, KNI (x,kK')dK' . (57)

Egs. (53)—(56) are the main result of this paper. They
may be understood as a system of RTEs that describe
the acousto-optic effect in random media. The quantity
I is the specific intensity of light at the fundamental
frequency and (53) is the corresponding RTE. Similarly,
I, is the specific intensity of the first harmonic; it obeys
the RTE (56). We note that Ip; and I;o are related to
correlations of the modes uy and u;.

IV. DIFFUSION APPROXIMATION

In this section, we consider the diffusion limit of the
radiative transport theory developed in Section ITI. We
begin by recalling the diffusion approximation (DA) for
a RTE of the form

K- Vol + (fta + ps)] — p LI = Q (58)

where p, is the absorption coefficient and @ is the source.
The DA is obtained by expanding I in angular harmon-
ics [27]. To lowest order, it can be seen that

I(x,k) = i (U(x) ~ k- VU(X)) . (59)

Here the energy density U obeys the diffusion equation
1
—gf*AU—i—,uaU =5, (60)

Here the source S = [ Qdk and the transport mean free
path £* is defined by

O =10 gt 9= [k Rk R
(61)
where ¢ is the anisotropy of scattering. We note that
—1 < g <1 and g =0 for isotropic scattering. The DA
holds when ¢*|VU| < U and breaks down in optically
thin layers, in weakly scattering or strongly absorbing
media, and near boundaries.

Using the above results, we can immediately construct
the DA for (53)—-(56). We find that

Too(x, k) = % (Uoo(x) k- VUOO(X)) . (62)
Tor(x, k) = % (Vo0 = k- VU () . (63)
(%, k) = % () k- VUL)) - (64)
Here the corresponding energy densities obey
—%K*AUOO + paUgo = 0(x — %o) , (65)
—ée*AUm + paUo1 = %7607?0 cos(Q - x)Uoo , (66)

1 1
_gé*AUll + ,UaUll = 5’)/60]% COS(Q . x)ImU01 s (67)
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FIG. 2. Contour plot of U1 in the y = 0 plane.

where X is the position of a unit-amplitude point source.
Since Uyp = Uj;, we have omitted the diffusion equation
obeyed by Ujp and the corresponding specific intensity
Ig. Note that we have introduced the absorption co-
efficient pg in (65)—(67) by hand. This is necessary to
regularize the divergence arising from the scattering res-
onance.

In an infinite homogeneous medium, the energy density
Upo due to a unit amplitude point source located at xg
is given by

3 e—m\x—x0|

Uoo(x) (68)

= dntr |x — xq| ’
where k = /311, /¢*. Using this result, we find that Uy,
is given by

i

Up1(x) = 4'ysoko/d3$’GD(x,x’)cos(Q -x"YUoo(x')

(69)
where

o , 3 efn|x7x'\ -
X,X)=——

D( ’ ) Al |X _ X/| ( )

is the diffusion Green’s function. Carrying out the above

integration, we obtain

_ Yeoko
A l0*2

e~ ol cos(Qx) [1+ O (Qfx — xol)] -
(71)

The above formula holds in the regime of low acoustic

frequency. It follows from (67) that Uy is given by

U01 (X)

1
Upi(x) = ifysoko/d?’x’GD(x,x') cos(Q - x)ImUp; (x') .

(72)
Using (71) and performing the indicated integration, we
find that

Un(x) = me_mlbxo cos®(Qx) [1+ O(Qx — xol)] -
(73)



FIG. 3. Illustrating the geometry of the experiment. The
source and detector are located on the z = 0 plane and the
absorber is located at a depth z = 2.

Note that when x — 0, which corresponds to a non-
absorbing medium, the above formulas for Uy, and Uy
exhibit a divergence.

A more careful evaluation of the integral (69) yields

. 1 -8
Z’YEO‘Z{:O imQ-xq ismQr® 7 T
i Z e /0 dse B(s) )
(74)

(8)|x—x0]

U01(x) =

where the sum is over m € {—1,1} and

B(s) = /K2 + m2Q2s(1 — s2). (75)
Using this result and (72) we obtain

5 ]{Z 2 . 1 1—s
U () = USR0S S i) /0 s /0 dt

ef¢(s,t)\xfx0| 9
e (k) @

P*(s,1)
p(s,t) = (ms —nt)Q , (77)
$(s,1) = VK2 + (s +1)Q2 — p2(s,t) . (78)

See Appendix C for the derivation of (76). In Figure 2
we show a contour plot of the energy density U;; for a
source located at the origin. The physical parameters
were chosen to be @ = 10 cm™! and x = 1 em™!, which
are typical in biomedical applications.

x efzp(s,t)»r

where

V. SMALL ABSORBERS

In this section we consider the acousto-optic effect gen-
erated by a small absorbing inhomogeneity. As an ap-

plication, we calculate the sensitivity of detection of the
absorber. For simplicity, we work in the half-space geom-
etry in which the optical source and detector are located
on a planar boundary, as illustrated in Figure 3.

A. Half-space geometry

We consider a homogeneous medium that occupies the
half-space z < 0. The half-space z > 0 is taken to be
vacuum. In this setting, the energy densities Uyg, Uyt
and Uy obey

1

=30 AU + ptalioo = 0., (79)
1 v

_gg*AUOI + /.tanl = Z’)/EQk‘o COS(Q . X)UOO 5 (80)

1 1
—gé*AUn + paUrr = §7€0k0 cos(Q - x)ImUp; , (81)

and satisfy the boundary conditions

UOO(X) + /n - VUoo(X) = 305(X — Xo) 5 (82)
UOl(X) + /n - VU(H(X) =0 5 (83)
Ui (x) + h - VU (x) =0 (84)

on the plane z = 0 with outward unit normal n. Here the

parameter ¢ is the extrapolation distance and the right

hand side of (82) corresponds to a point source located

on the boundary at the position xy with strength Sy.
The Green’s function Gp obeys

1
—gf*AxGD(x, x)+ paGp(x,x') =5(x—x')  (85)
along with the homogeneous boundary condition
Gp(x,x')+n-VGp(x,x')=0. (86)

It can be seen that the half-space Green’s function, de-

noted G(DO) can be expanded into plane waves of the
form [28]

d’p /
6B ex) = [ e gt (87

where x = (p, z) and

9(2,2;p) = Ar(p)e PN 4 Ay (p)e AP

1 1—Xp)!

Ai(p) = ) Ax(p) = 2X(p)(1 + A(p)?) ’

Ap) = VK> +p*. (90)

B. Point absorber

We now consider the effect of a small absorbing inho-
mogeneity. The absorption coefficient is taken to be

pa(X) = fla + 0paVO(x — X1) , (91)



where i, is constant and du,, V', and x; are the strength
of the absorber, its volume and position, respectively.
The Green’s function Gp obeys the integral equation

GD@ndw=G£%xxv+1/J@GSNXQOMyxhx»x®,

(92)

where 1 = pg — fig. If the absorber is relatively weak,
so that du, < [ig, then we can calculate the Green’s
function Gp by making use of the Born approximation.
We thus obtain

Gp(x,x') = Gg)(x, x') + 6MGVG(£)(X, xl)Gg)(xl,x') ,
(93)

where we have replaced Gp on the right hand side of (92)
with Gg). Using this result, along with

Uin() = 2 Gl x0) (9)

we can now calculate Uy and Uyq from (69) and (72),
respectively. For simplicity, we assume that the source
and detector are located at the origin. We then find that

U()l(O) = iCOl Z [Fm<0) — 2041%2 Re GD(O,Xl)Fm<X1)]
: (95)

and

Un1(0) = c11 Y, [Hin(0) — 205 Re {Gp (0, X1) Hyn (x1)}

— ak%Fm(xl)F;(xl)], (96)

where @ = (0uyV)/fq. Here F,, and H,, are de-
fined in Appendix D, co1 = 3vekoSo/8¢*¢?, and c;; =
9v2edk3 Sy /32022

We now estimate the sensitivity of the acousto-optic
measurement to the presence of a small absorbing object.
We work in the half-space geometry, in which the source
and detector coincide, and are collinear with the point
absorber. We define the relative change in intensity as

A |U11 — Ur1(dpa = 0)]
|U11(6pta = 0)]

(97)

The quantity A can be interpreted as the precision with
which the intensity I7; o< U1 can be measured relative to
the intensity in the absence of the absorber. For a fixed
value of A, we can then estimate the threshold for the
detection of the absorbing object, namely if A exceeds
the experimental noise level we will say that an object is
detectable.

Figure 4 shows a plot of A as a function of the dis-
tance z; of the absorber from the source and detector
with the contrast du,/fia = 3, volume V = 1073 cm?
and £ = 0.1 cm. Also shown is the dependence of A on
the contrast for an inhomogeneity at a depth z; =1 cm.
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FIG. 4. (Color online) Top: A as a function of the depth z;
of the absorber for a contrast duq/jic = 3. Bottom: A as a
function of dpe/fia for z1 = 1 cm. Parallel and perpendicular
orientations of the acoustic wavevector Q are shown.

We consider separately the cases where the acoustic wave
vector Q is parallel or perpendicular to the line contain-
ing the source and detector. At lower contrast, the depth
at which the object can be detected decreases, while at
higher contrast, the depth increases. We note that the
parallel orientation of Q is more favorable.

VI. DISCUSSION

We have derived the radiative transport equations that
govern the acousto-optic effect in a random medium.
Several comments on our results are necessary. First,
the regime € < §, which corresponds to large-amplitude
pressure waves, requires a theory that accounts for hydro-
dynamic interactions. Such interactions introduce short-
range correlations in the susceptibility that would neces-
sitate an analysis beyond the theory we have presented.
Second, effects due to polarization of the optical field
have not been discussed. Recent progress on polarized



radiative transport and diffusion may lead to new results
in this direction [36, 37]. Third, the detection thresholds
we have obtained must be considered to be best-case es-
timates. We have not directly considered the effects of
systematic errors in positioning of the source and de-
tector or other experimental parameters. Fourth, when
the medium is not known to consist of isolated inhomo-
geneities, it is of interest to recover the spatial depen-
dence of the absorption. This inverse problem has so far
only been studied for the case of the incoherent acousto-
optic effect [20, 29-35]. This paper provides the neces-
sary radiative transport and diffusion equations to study

J

the coherent problem. These and other topics will be the
subjects of future works.
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APPENDIX A

In this Appendix we derive (36)—(38). To proceed, we introduce the Wigner transform of the vectors F' and G by

WIF, G](x,k) = / e kp (x - %y) el (x + %y) &3y (98)

We also define F(¥) = F(x + 5y). If ¢ is a solution of (30) we find that

0=WI[EAd. + k§ (e0 + 4m/en(x/€)) de + %

(’750 + 477\/E77(X/6)) COS(Q . X)A¢e ) (be}_

(99)
]4}2
Wb, €A¢c + k§ (g0 + dmv/en(x/€)) de + 670 (veo + 4my/en(x/€)) cos(Q - x) Age].
We now write (99) in terms of W, (x,k) = W{e, ¢.](x, k), where ¢, satisfies (30). First, we observe that
. P 1 2 2 t
(200) 6" =5 (vx - Evy) o, (100)
and
_ o1 2 e T
¢ (200 =5 (vx + evy) o). (101)
Thus
k
W[A¢ev ¢e] - W[d)m A¢e] = _22.; : vae~ (102)
Next, we observe that
eip-x/e A p
W [nge, ¢c] = / Wﬁ(p)we (X,kJr 5) d®p, (103)
and
eip~x/e p
W ge, nde] = / WU(P)We (X,k - 5) d*p. (104)
In addition, for a constant matrix A we have
i L €
W feos(Q )46 0 (x.k) = [ P73 166~ Q) + b+ Q) AW.(x K-+ 5p)
(105)

= %A [eiQ"‘VV6 (x,k+ §Q> + eI, (X,k — gQ)} .
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Likewise
W [¢e, cos(Q - x)Ad] (x,k) = % [e‘iQ"‘W6 (x, k + %Q) + "X, (x7k - %Q)} AT, (106)

Finally we have,

ip-x Lip/-x/e 271)3 !
W [ cos(Q - x) A, pe] = A/ (627)3 e(%)g ﬁ(p/)( 727) [f(p—Q)+d(p+Q) W, (x,k + % + ;p) d®pd®p,
B 1 et x/e ., iQx p € i p’ € 5
_§A/ (271_)3 ’I’}(p)|:€ W€<X,k+2+2Q>+€ W6<X,k+2_2Q):|d 5

(107)

and

1 ip’-x/e ) ’ ) /
W [pe, cos(Q - x)Ad] = = / i) {elQ'xWE <x,k B ;Q> + ey, <x,k - % - ;Q)} Atdyp.

2/ (2n) 2
(108)
Applying the above identities to (99), we see that W, satisfies
1
k- VWE<X) k) + (\/>L1 + L2 + \/EL3) WE(Xa k) = 07 (109)
€
where
ip-x/e
o [€R Py _ _P\] 8
L7 = 2mk0/ 1) {Z (x,k+ 2) Z (x,k 2)] Bp,
_ V€0l , o iQ-x € —iQx €
Lo7 = T k3A [e 7z (x,k+ 2Q> temiQxy (x,k 2Q)]
_ 0800 [ i € iQx _ i
3 kg [e Z(x,k+2Q>+e Z(x,k 2Q)}A, (110)
_ Ty [P T o p_ e ~iQx P_ o)
LsZ = 2k:OA/ 2n)? N(p) [e Z(x,k—|—2—|—2Q)+e Z(x,k—i—2 2Q>}dp
B T‘l ) e'P x/e R —iQx B E iQ-x B _ E T3
2Iﬂo/i(zﬁ)gn(p)[e Z(x,k+2+2Q)+e Z(x,k+2 2Q)}Adp.
APPENDIX B
In this Appendix we derive (47). We begin by defining
< _ Wo(x,k+q/2) — Wo(x, k —q/2)
k) = 27kg ’ ’ 111
Wl(xaqa ) ™ 077((1) qk—|—29 ’ ( )
where 6 is a small positive regularization parameter. Note that if
(n(r)n(r’)) = C(|r —x'), (112)
then
(H(k)7(k")) = 2135 (k + k' )C(k — K'|/2). (113)
We define the quantity T by
d3p ipXx/€ />
1. = on)° (n(P)Wi(x,q,k + p/2)). (114)

From (111) it follows that

3, 73 < - x -
] = e e (115)




Upon substitution of (113) into (115) we obtain

( k) — Wo(x,k +p)
p-(k+p/2)+ib

Ti:izwk?)/( £5C(lp)

Making the transformation p — p — k we find

d3 (x k) WO(X,p)

Ty = +21k3 /

from which we see that

5p —(20)i
T, —T. = 27rk§/ (gﬂl)’?)c*(kpl) [Wo(x, k) — Wo(x, p)] (9)2+(,$9_) P2)2/4

Using the fact that

0
i Gz = @)

we obtain

3 2 2\
v 1= antind [ g (5 - ) €k b i) - Wt ).

which corresponds to the right hand side of (47).

APPENDIX C

In this Appendix we derive (76). We proceed by taking the Fourier transform of (69), noting that

~ 3 1
Gplk)=————.
p(k) 0 k2 4+ k2
Thus
7 i’yE()kO —ik-x imQ-x 1 1
Upi (k) = ——— 0 0
o1(K) g ¢ %:e k2 + k2 (k — mQ)2 + k2’

where the sum is over m € {—1,1}. We next observe that for positive constants A and B,

1 /1 1
— =/ ds )
AB ), " [As+ (1—s)BJ?

Upon application of this identity and taking an inverse Fourier transform, we find that (122) becomes

1yeok i ome [ e (% —x 1
UOl( ) 8’2/20 )g £imQ 0/ ds/d3k: ek ( 0)
m 0

Next, let r = x — x¢, k' = k — smQ and

= VK2 +m2Q2s(1 — s2).
Then

k K 1
[]01 1760 0 ZezmQ xo/ dsezr st/dBk/ ik’-r k/2+ﬂ2)2.

Performing the integral over k’ we obtain
ivenk _ 1 , —B(s)r
Uo1(x) = Yreo%o ZezmQ'x"/ ds e”mQ'rie .
0
m

64m B(s)

[(B2 + Kk2)(1 — 5) + s(k — mQ)2 + sk2]?’

11

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)
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Similarly, we can obtain an expression for Uy; of the form

~veoko
2

Ui (x) = /d?’ac’GD(x —x') cos(Q - x" ) ImUp; (x)

m//d?’x’di” "Gp(x —x')cos(Q-x)Gp(x' —x")cos(Q - x")Gp(x" — x0)

eok . O inO-x" (128)
_ ('Y 320) Z ddx/ de//GD (X _ X/)ezmQ x Gp (X/ o X//)ean x Gp (X// o XO)
_ (’Yf‘?oko)z ZeiQ»(mernxo)/ P’k 1 1 1 eik~(x7x0)'
32 (2m)3 (k+mQ)2 + k2 k2 + k% (k —nQ)? 4+ K2
Next, we observe that for positive constants A, B and C,
1—x 1
— =2 d d . 129
ABC /0 x/o y[Ax+By+C(1—x—y)]3 (129)

Upon substitution of (129) into the final line of (128) and letting r = x — X, we obtain

(’}/Eok’o) et mx4+nx e d3k ik~r 1
U () = 0501 n Q- o)/ ds/ dt/ EEG T (130)

m,

where p = (ms — nt)Q and

= /K2 + (sm2 + tn2)Q? — = VK2 + (s +1)Q% — p(s,t). (131)

Changing variables in (130) yields

(’)’€oko) Q- (mxt O)/l /15 Cinene [ PR a 1
ANV 1Q-(mx+nx d dt ip(s,t)-r ik-r
Uni(x) = 16 mne ; s ) e (271.)36 (k2 +~2)3

2 1 1—s —~r
e S R B e ()
5127 o 0 0 v gl

APPENDIX D

(132)

In this Appendix we derive (95) and (96). Substituting (91) and (93) into (69) and (72), respectively we obtain

So
Uoo( ) 62 [GD(X 0) — K aGD(X Xl)GD(Xl,O)] 5
U 3veokoSo 3. ’ / / 2 3. ’ / ’
01(x) = —E d&’2'Gp(x,x") cos(Q - x")Gp(x',0) — ar’Gp(x,x1) d’z'Gp(x1,x") cos(Q - x')Gp(x',0)
z'>0 z'>0
/@2%/ d*s'Gp(x,x') cos(Q - x')Gp(x',x1)Gp(x1,0),
2’20
212
Uii(x) = W [/ A2’ d3z" Gp(x,x") cos(Q - x')Gp(x',x") cos(Q - x”)GD(X",O):|
>0
2,272
2970k 5 50762050 GD(x,xl)/ d3z’ / d*2" G p(x1,%x") cos(Q - x')Gp(x',x") cos(Q - x")Gp(x",0)
8(£*)%L 2/>0 >0
2,212
QM / a3z / 2" Gp(x,x') cos(Q - x')Gp(x',x") cos(Q - x")Gp(x",x1)Gp(x1,0)
8(£*)2% [0 2>0
2,2).2
2970k 50 53 2050 / d*z’ Gp(x,x") cos(Q - x’)GD(X’,X1)/ d*x"Gp(x1,x") cos(Q - x")Gp(x",0).
8(£ ) ¢ z'>0 2'"">0

(133)



To proceed further we write Q = (QL, Q) ), and define the functions F,,, and H,, by
Fulx) = [ dGpx)em @ em s Gy, 0),
z'>0
Hypn(x) = / d3z’ / A2 Gp(x,x)e™ A% MAP G (x! x")e A= QP G (x, 0).
>0 7>0
Observe that Gp(x,x’) = G5 (x',x) and thus

/ d?’x’GD(O,x’)eimQ”Z,ei"‘Ql'p,GD(x’,x) :/ 2’ G (x, X’)e“"QllZ/eimQL"’/GB(X’,0)
z'>0 z'>0
=Fr,(x).

Similarly,

—n,—

/ dst‘/ / 3 " G ( ) imQ) Z/eimQL'Pl GD (X/, X”)einQ”Z”ei"Qi'p”GD (x//7 x) e m(x)
>0 " >O

Using the above results, we can write the data Uy1(0) as

(J{KZQC

U11(0) = U1((1))<0) -3

> [Gp(x1,0)Hy,, (x1) + G (x1,0)Hyp (X1) + Fon (x1) Fy (x1)]

m,n

13

(134)

(135)

(136)

(137)

where ¢ = 9v2e2k2S,/8(¢*)2¢? and Ul((l)) = £ 2 mn Hmn(x1,0) is the part of the measurement due solely to the

homogeneous medium.
To evaluate F,,, we begin by observing that if A(p) # 8,

e’s} —Bz —A z
/ 4o =A@z =B _ 2;‘(1?)6 Bz e ’
N(p)— B2 Ap)—B

and
e~ APz

dZ/ —A(p)|z+2’| —ﬁz/ L ——
/ Alp) + 8

Thus, if A(p) # 5,

/ dz'g(z, z’;p)e‘ﬂzl = Ly(B)e P* + Rp(ﬂ)e_)‘(p)z,
0

where

Additionally, if A(p) = 8, then

> : e~ Mp)z R
/ dz'g(z, 7' p)e P = [A1(p) + As(P)]———— + Ay (p)ze *P)=.
0 2A\(p)

Hence, if Q={p€R? : p#p+Q., p#p+2Q.},
3 ! . / g / . / . ’
S e P PP PP imQup (imQi2 g (4 A p) g(2, 0;p)

= [ [ [ [ o

0 3o’ N /
= / dz// (275261(1) HmQL) P o= (AP)=m@ g o p 1 mQy) [AL(p) + As(p')]
0

p+mQ.L +mQ_L

3 .
:/ d’p i(P+mQL)-p [Al(p)+A2(p)][ [\ P)=imQy —(A(p)- ian)Z+R;(p)*lmQHe*>\(p+mQL)z
R

2\Q (27T)2

.

(138)

(139)

(140)

(141)

(142)

(143)



Similarly,

2 /

dz’

/ dz’ / 27T 2(p+(m+n QL) [Al( ) + AQ( )] (27 Z/; p+ (m n n)QL) eimQHz/
r2\0 (

(P)=inQ)__(x
X[Lp+nQ Ie=(A(p)—

Note that if m +n # 0,

_ d’p
o) = [ G

ciP+(m+n)QL)-

{LMP) i(m+4n)Q r A(p)—inQ o~ (AP)—i(n+m)Q))=

p+(m+n)QL p+nQL

+ L A(p+nQL)— “WQHR)\(P) nQ o~ AP+nQL)—imQ))z

p+(m+n)Q.L p+nQ.L

and if m+n =0,

_ d’p
Hmn(x) - /]R2\Q (271')2

e'®P [A1(p) + A2(p)]

{ [A1(p) + A2(p)] JAPZInQ —(A(p)—i(nt+m) Q)2

2\(p) p+nQ.

+L>\(p+nQL) lanR)\(P —inQ) e~ (A(P+nQL)—imQ) )z _’_RA(P-‘F”QL) lmQuR)\(p

p+nQ.L

ip'(P*P')eimQL -’ Mm@ '

P [A1(p) + A2(p)]

14

g(Z, Z/; p) Fn(plv ZI)

(144)

nQy)z | R;(fQQTQ” —A<p+nQi>z} ,

+R>\(P)—i(m+n)Q\\ A(p)—inQ) e~ AP+(m+n)Q1)z
p+(m+n)Q.L p+nQ.L
AMp+nQL)—imQ| pA(P)—inQ e~ ANP+(m+n)QL)z
+ Rp+ (m+n)Q L Rp+nQL P -
(145)
)\( )—inQ) _
+ Ai(p)L panL lg=A(P)z (146)
—inQ —A(p)z}
P+nQ.L :
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