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5 Abstract

6 Binary Polymer-Colloid (PC) composites form the majority of biological load-
7 bearing materials. Due to the abundance of the polymer and particles, and their simple
8 aggregation process, PC clusters are used broadly by nature to create biomaterials with
9 a variety of functions. However, our understanding of the mechanical features of the
10 clusters and their load transfer mechanism is limited. Our main focus in this paper
11 is the elastic behavior of close-packed PC clusters formed in the presence of polymer
12 linkers. Therefore, a micromechanical model is proposed to predict the constitutive
13 behavior of isolated polymer-colloid clusters under tension. The mechanical response
14 of a cluster is considered to be governed by a backbone chain, which is the stress path
15 that transfers the most of the applied load. The developed model can reproduce the
16 mean behavior of the clusters and is not dependent on their local geometry . The
17 model utilizes four geometrical parameters for defining six shape descriptor functions
18 which can affect the geometrical change of the clusters in the course of deformation.
19 The predictions of the model are benchmarked against an extensive set of simulations
20 by Coarse Grained-Brownian Dynamics, where clusters with different shapes and sizes
21 were considered. The model exhibits good agreement with these simulations, which,
2 besides its relative simplicity, makes the model an excellent add-on module for imple-
23 mentation into multi-scale models of nano-composites.

»  Keywords: polymer colloid, micromechanical model, backbone chain, Brownian Dynamics,
»s  Coarse Grained-Brownian Dynamics

» 1 Introduction

a7 Colloidal systems represent an attractive class of soft materials whose properties can be tai-
lored by exploiting the individual and collective properties of colloids and their surrounding
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media. These systems host assemblies of large numbers of colloidal clusters formed by col-
loids attaching to each other through specific forces or media. While colloidal systems may
exhibit different properties at macro-scale, their micro-structure properties are similar. An
important class of colloidal systems is binary PC composites, which consist of two major
elements: attractive polymer and nano particles. The interactions between colloids in PC
clusters are mediated by bridging polymers in a supra-molecular fashion. PC clusters exist
in a variety of biomaterials. Their assembly yields materials with adjustable properties and
a great variation in functionality. However, mechanical properties of these materials have
barely been investigated as compared to those of other constituents , such as polymer matrix
or particle interface. Part of this difficulty lies in the complex geometry of these structures
and part in their inhomogeneous stress distribution pattern [Il 2].

At low particle concentrations, scaling and micro-structural models have advanced to
describe the rheological [3, 4], 5] and mechanical properties [6, [7, 8] of PC structures. At
high particle concentrations, complicated scaling approaches are developed to account for
inelastic features that appear [9, [10].

There are two types of load distribution patterns to describe the mechanical response of
colloidal systems: (i) wave-like stress distribution in materials such as granular materials,
sand piles and jammed systems [I1], and (ii) inhomogeneous path-like stress distribution in
close-packed clusters such as PC clusters [I, 2, [12]. Generally, due to the fractal nature of
PC clusters, when they are subjected to a force, several stress paths are formed inside. One
stress path, often the shortest one, transfers the most of the applied load [13]. This stress
path is called the backbone chain [5].

In 1990, Shih et al. [5] introduced the concept of the effective backbone (BB) chain
to explain the stress propagation inside the isolated clusters. Several models have been
developed to calculate the energy of the backbone chain [14] [I5], by representing the chain
by a set of thin elastic rods [I6] or using the concept of nodes-links-blobs chains [I7, [18].
Most recent works on the behavior of PC clusters under deformation are numerical studies
based on finite element analysis of accurate substructures [19, 20, 21, 22, 23]. Following
the concept of the backbone chain, few physically-motivated models have been developed
to describe the behavior of clusters [6], [7, [§], but the underlying changes in the structure of
clusters are rarely taken into account. For the moment, to the best of our knowledge there
does not exist any physics-based theory describing the structure-property relation of isolated
clusters.

Numerous simulations, experiments and empirical studies on mechanics of PC composites
have provided us with a good understanding of their behavior at macroscales [10], 24], 25].
In particular, the mechanical behavior of PC clusters is extensively studied by the rubber
community in order to describe the role of silica and carbon black networks on rubber
softening during deformation. There are different theories on contribution of clusters to the
deformation-induced damage of the matrix, and rubber in particular. Some associate damage
to the yielding and reformation of the clusters [26, 27, 28 29]; some to gradual softening of
the particle-particle bonds [30, 31} 32]; and some to the changes in cluster sizes and structural
rearrangement [33, [34], B5]. So far, no consensus on the micromechanics of PC clusters has
emerged and, despite its ubiquity and significance, it remains far from understood; even the
classification of interparticle forces is not agreed upon.

While the formation of the backbone chain and stress paths have been shown in several
experimental studies [36],[37, 2 B8], few analytical and simulation studies have investigated



75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

the load transfer mechanisms in the aggregates with respect to the stress path formation
[39, [40] [41], [23]. This study mainly focuses on polymer-colloid clusters in which the stress
path formation occurs. The process of formation of the backbone chain and its contribution
to the mechanics of clusters in different types of aggregation fall has been addressed in a
separate study [42].

The mechanical behavior of a cluster is governed by two factors: cluster morphology
and the particle interactions. The latter is based on the attraction forces between particles
which are mainly induced by polymer chains wrapped around the particles. The attraction
forces are categorized into centro-symmetric and tangential forces. Centro-symmetric forces
acting along the line that connects centers of the particles to each other are known to play
a major role in cluster tensile/compression elasticity [43], [44]. Tangential forces acting along
the contact surface are known to resist the shear and bending loads; however, our general
understanding of them is quite limited [45] 46], [47]. While the presence of tangential forces
can be inferred from different experiments [48] 49, their contribution to the elasticity of
clusters is not clear. The backbone chain is considered to be made of several links, where
the elongation, bending and torsion resistance of each bond is mainly derived from the
centro-symmetric and tangential forces between the particles. To understand the behavior
of clusters, the magnitude of these forces at different places within the cluster should be
predicted.

Due to the limited understanding of structural changes in isolated clusters under defor-
mation, micro-mechanical modeling of the constitute behavior of clusters has remained as a
challenging task. So far, the behavior of the clusters is best described by the phenomeno-
logical models, which are useful but only relevant in specific cases. Due to large variety of
cluster types, inhomogeneous profiles and complex structures, the load transfer mechanism
in polymer-colloid clusters has not been thoroughly understood and is often excluded or
oversimplified in current models. Part of this difficulty lies in correlating the mechanical
response of clusters to its structure without getting engaged with its elaborate local topol-
ogy, part in the complexity of characterization of the clusters geometry, and part in the
limitations for coupling of the developed models across different length-scales.

To address the concerns, a generalized micro-mechanical model is developed to describe
the averaged behavior of isolated PC clusters in the course of deformation. Accordingly,
a two-scale computational-analytical model is presented to describe and validate the mean
behavior of clusters regardless of their individual geometry and topology. By excluding
the role of local geometry by using shape descriptors, the model can be generalized to
all other polymer-colloid clusters aggregated by the attractive forces between polymer and
particle surface. In the meso-scale, a micro-mechanical model is proposed that can calculate
the energy of the clusters with respect to four geometrical parameters {N, (,dy, d,} which
are used to represent geometry of clusters. Since the experimental tests on the mechanical
behavior of isolated clusters are not available, the results of the model have been compared to
Brownian Dynamics simulations in micro-scale. By representing the analytical model in form
of a closed-form strain energy equation, the model can be used as a simple add-on module
in other multi-scale models of PC composites . Such a model can significantly reduce the
computational time in concurrent models by replacing the coarse-grain simulations currently
use to simulate the behavior of clusters.

This paper is organized as follows. In Section 2, the assumptions and simplifications
underlying the derivations of the model are discussed. The constitutive formulation of the
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Figure 1: (a) A schematic view of a cluster subjected to a tensile force, (b) The main
stress path; the gray and green particles illustrate the single-particle and multi-particle
links, respectively, (c) The radius of gyration of the cluster R, and the radii of gyration R,
and Ry, of the projections of the cluster onto planes parallel and normal to the force vector
F, respectively, (d) Vectorial representation of a backbone chain with N bonds.

model is presented in Section 3. The derivation of the related shape descriptors and probabil-
ity functions are discussed in appendixes A-C. In Section 4, Brownian Dynamic Simulations
are introduced. Several simulations are performed to provide the sample pool required for
the verification of the model predictions.

2 Geometry of the Backbone Chain

Considering the backbone chain as an intrinsic part of the cluster, and in view of different
deformation states of the backbone chains, we have defined the following three states of
deformation:

e Initial Unperturbed State (IUS): The backbone chain is in a stress free state, where
no external forces are applied. This state is purely hypothetical and does not exists in
reality. It is introduced for convenience of mathematical formulation. In view of the
polymer models, this state describes the situation where the backbone chain behaves
similar to the freely jointed chain.

e Stress Free State (SFS): The cluster is in the stress-free state, although the backbone
chain is under stress due to the internal forces. The residual force is caused by the
adjacent volume filling particles which prevent chain from taking the optimal confor-
mation with respect to the applied load. An illustrative example here is the human
body. When no extensional force is applied on the body, the backbone is still under
stress due to internal forces forming from the body shape and the gravity.

e Current State: The cluster and its backbone chain are both subjected to deformation.

Hereafter, IUS will serve as a reference state and will be used to formulate a boundary
condition for differential equations governing the evolution of the cluster geometry. The IUS
is characterized by the homogeneous spatial distribution of bonds each of which has the
initial length of [, where there is no correlation between their orientations.

Clusters are considered to be fractal at length scales up to ( and homogeneous at larger
length scales. Cluster correlation length ¢ (see Figllh) is defined as the average distance
between two mirrored points on the surface of the cluster in any arbitrary direction [50].
The parameter is calculated when the system is at the stress-free state (SFS).

4
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The correlation length of a backbone chain is related to its number of bonds N as

(-

where [ is the interpatricle distance, d, is the fractal dimension of the BB chain [51] and
v =1/dp. In view of the fractal nature of aggregated clusters, d; is mostly smaller or equal
to the fractal dimension of the cluster, ds. In general, d; defines the compactness of the
cluster and is highly influenced by the aggregation procedure [52]. The lower bound of d, is
1 corresponding to the straight path of the chain. The upper bound of d, is min [dy,5/3],
where 5/3 corresponds to the fractal dimension of chains simulated by self-avoiding walk. In
Fig. b, a force F is applied on a cluster and the resulting backbone chain is depicted.

o
IUS SFS Deformed State

L, ¢ L

Figure 2: Conceptual representation of the deformation states and corresponding stretches.

With respect to the IUS, the SFS is characterized by a residual stretch, \,.s (see Fig. ).
Denoting the applied stretch with respect to SE'S by A, a (pseudo) stretch A with respect
to the IUS can be defined as

A:Am&:rﬂ,l%:Nﬂ (2)
Ly
where Ly and L denote the end-to-end distance of the backbone chain in the IUS and current
configuration, respectively.

A vectorial representation of a backbone chain with N bonds is shown in Fig. [Ild where
it is subjected to the volumetric force F' (force per unit volume). The interparticle bonds
are represented by solid-like beams with identical tensile, bending, and torsion constants.
The beam vectors at the IUS configuration are denoted by I; (7 = 1,2,...,N), the cross-
sectional area by A, , and their volume by V;, = Ayl. The angle between two bonds i and j
is represented by ¢; ; and (]3” in the IUS and current configuration, respectively. In Fig. [Id,
the vector 7; connecting 0" particle to " particle is expressed by

The spatial position , Cg, of the center of gravity of the chain can be defined by the position
vector r¢ from particle 0 as

1
=S . 4
TN 14" )
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With respect to Cy, the position vector of " particle will be denoted by R;. Accordingly,
|rn|] = L and ¢ = Ry. The length of a vector « is denoted by = = ||x|. Hereafter, the
projection of vector X; on a plane P normal to the force direction will be represented by X’
(see Fig. [Id).

The radius of gyration, R, = ||R¢||, is calculated as the mean-square distance of chain
particles from the center of gravity, namely

N
1
2 . .
Ry= < ;:o: R R.. (5)

The projection of Rg on the reflection plane P is given by R4

N
1
2 e — ,. . ,A
RLQ_N+1;0RZ R27 (6)

and has significance in describing the topology of clusters. A detailed description on the
geometrical parameters introduced here can be found at [53, 15 51l 54 55]. The length of
a backbone chain, at any stage of deformation can be then derived from

N N N N-1 N N-1 N
12— (le> . <le> :Zli'li+22 Z li-lj:NF+2FZ Z COS @
i=1 j=1 i=1

i=1 j=i+1 i=1 j=i+1

= NI+ N (N —1)Pb(\). (7)

Moreover, in view of Eqgs. (2) and ([7), one can describe the applied stretch as

2\ = G) (14+ (N —=1)b(N)), (8)

where b(\) represents the expected value of cos ¢;; with respect to a random parameter ¢
over all segments distributed in the space, namely

b(A) = E[cos (¢)], - (9)

3 Micromechanical Model

3.1 Principles and assumptions
The proposed constitutive model is based on the following assumptions:

1. The backbone chain is considered as the principal source of integrity in the cluster.
The contribution of other stress paths is neglected. Thus, the mechanical response of
the cluster is assumed to be identical to the response of its backbone chain.

2. In the backbone chain, more than 60% of all links are single particle links [Il 2]. The
multi-particle links have considerable influence on the stability of the backbone chain
in compression and prevent further folding and compactification of the cluster. Under
tension the multi-particle links act similar to single-particle links. Accordingly, in this
study all the links in the backbone chain are represented by single-particle links.

6
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3. The model does not consider damage, and thus is valid as far as the massive breakage
of bonds has not taken place [56]. The bonds are assumed not to be broken or created
in the course of deformation.

4. All particles are assumed to have the same mass and diameter [ at TUS. Adjacent
particles are assumed to be close enough to each other so that the interparticle distance
can be approximated by [ at the IUS and [ > [ at the current state, respectively.

5. In the backbone chain, the center of gravity, Cg, is located on the reflection plane P
placed in the middle of the end-to-end distance (see Fig. [Ik).

6. The stretch applied on the backbone chain is considered to be far smaller than the
maximum deformation, \,,.., in the fully stretched state with L,,.,. = NI. No four
consequent particles centers are co-planar.

3.2 Strain Energy

Three types of load are considered to be transferred by the inter-particle bonds: tensile-
compression force F, bending moment M and torsion load T'. Assuming the bond to behave
elastically in response to these loads, the bond behavior can be represented by three nonlinear
elastic springs. Accordingly, following the framework of the Born model [57], the strain
energy of a backbone chain in the three-dimensional space is given as the sum of the tensile,
bending and torsional energies by [58, 59, [60]

a N J N Q N
_ 2 e 2 hiZ 2 s s
W—Q;A¢i,j+2;A%+2;€ia J=1—1, (10)
Be;Lging Togion Tension

where Ag; j = q;” —¢i; Api=¢;i—p;i €=1— ;—’ Note that X represents a reference

7

vector X in current configuration.

(@ i=2

Figure 3: A four particles
strand of the backbone chain
under torsion, where the tor-
sion angles in the (a) ref-
erence ;, and (b) current
©; configurations, are shown
separately.

Accordingly, ¢; ; and ¢; represents the twist angle of bond 7 in the current and reference
configuration, respectively (see Fig. Bl). @, G and J denote the averaged linear tensile,
bending and torsion moduli of the bond, and are considered to be constant for all the
bonds. Such a simplified representation of the elastic moduli of bonds is resulted from the
assumption of identical linear springs (ILS) which is adopted here for predicting the energy of
the polymer-colloids aggregated clusters. The ILS assumption suggests that all inter-particle

7
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bonds in an aggregated polymer-colloid cluster can be represented by identical linear springs.
If we consider that the behavior of the bonds can be described by 3 individual nonlinear
elastic springs with moduli of, Q;(z), G;(¢) and J;(6), then the ILS assumption is defined as
the combination of the following two parts

e Part 1: The elastic moduli of bonds is assumed to be linear,
Qi(z) = Qi; Gilp) — Gy Ji(0) — J.. (11)

e Part 2: The spring constants of all bonds are assumed identical,

Qi — @ G = G Jp — (12)

The ILS assumption, despite being popular, is an oversimplification of the aggregated struc-
tures. It has been rejected by experimental studies in many materials such as disordered
fiber networks [61], granular solids, and particulate packings [62]. However, in some mate-
rials the error associated to ILS is found to be sufficiently low so that it can be adopted
163, 64, 28, [65], [66], 4] [5, 67, [68]. Our recent studies show that the ILS assumption is relevant
only in certain binary composites and the error associated to it varies based on the aggre-
gation process [69, 42]. While an analysis of the ILS assumption is out of the scope of this
paper, our results suggest that the ILS assumption is relevant for close-packed clusters and
thus can be used here.

By neglecting the volume of the particles in the lattice, the angle, ¢;; € [0,2n], is

N N

a random variable at the TUS. Accordingly, one can show that > A¢? ~ > Ap? (See
i=1 i=1

Supplemental Material at [] for calculating the relation between torsion and bending angles).

The centro-symmetric and tangential forces in 3-dimensional settings can be represented
by linear elastic elements with an average tensile modulus ) and an average bending-torsion

modulus G. Thus, Eq.(0d) is simplified to

G*,N*l N 1
\I]:— A 2 AAZQ 1
2; ¢Z+Q;2l§l, (13)

where G = G+ J while G = M A(b;jl and J = TA(b;jl. The strain energy derived in Eq. (I3)
is the expansion of the 2D formulation of [57] into 3D featuring a new function definition for

G.

3.3 Elastic modulus

By considering the the behavior of a cluster to be described as nonlinear elastic [2 [7], its
strain energy with respect to the applied force F is given by

F2

where H is the compliance of the backbone chain. To calculate H, we have to review Eq.
(I3). Bearing in mind that F represents the volumetric force, the force, and moment balance

8
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Figure 4: The (a) reference
configuration and (b) current
configuration of a backbone
chain under bending. (Inset)
the resultant load balance on
bond 4.

in bond ¢ (see Fig. M) is given by

FVil. Fll; ; Al _
o= Qe ZA*’ ~ C;)S (@) _ QT IFV x r| = ViGAg, (15)
b

where w; represents the angle between the direction of bond ¢ and the force direction F'.

Accordingly, the balance equation for one bond gives Fr, = GA¢; and  Al; = l@F -
in which

F x z;
ZFxl Z;z (R~ Ry), Ri—Ry=r, (16)

Q|

Here, z; = Z;zl Fl; represents the unit vector in the direction of the moment. Inserting

Eq. (I6) into (I3) yields

U — Z ((F x zf) . 'r'i)2 N LZ (F - li)Q' (17)

: (18)

where the parameters L, and L; represent the normal and parallel relative length of the
backbone chain, respectively. Considering R’; — R}, = r’;, these parameters will be

N N
L= rri =Y R Ri+ (N+1)Ro-Ro=(N+1) (R, + R?), (19)
1=1 =

N N
Lﬁ = Z Z R;cosb; — R;_ 1cosei_1)2, (20)

i=1 i=1
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where f denotes the unit vector of F. Here, the 2D model of Kantor and Webman [57]
in which H is a constant, has been adopted and modified. The proposed model can consider
the deformation induced structural changes of the cluster with respect to H and certain
shape descriptors as functions of deformation in 3-dimensions. Accordingly, to the best of
our knowledge, the proposed model can express the elasticity moduli of clusters in the case

of deformation for the first time. In view of Eq. (I4), we have - (%27—[) = F. The force
and the overall stiffness of the backbone chain K, in the course of deformation are given by

I F 1 Al
F \/77/0 \/;T[du, K (N\) s 1)\/7__[/1 \/ﬂdA’
where u = (A — 1) Ly is the chain elongation. Such a formulation agrees well with a broad
range of experimental observations on the behavior of isolated polymer-colloid clusters. It
successfully describes the reduction of the elastic moduli for larger sizes of clusters previously
reported by Dinsmore & Weitz [I]. Tt also takes into account the contribution of bending
moments in the behavior of clusters as characterized by Pantina & Furst [7], 67, [70].

(21)

3.4 Shape Descriptors

Using the following averaged trigonometric functions

a(X) = E [R*sin*0],, b()\) = E[cos 9l,, cA\)=FE [cos?0],, d(X) = E[sin26],, (22)

the formulations of the shape descriptor functions L2 and Lﬁ given in Egs. (I9) and (20)
can be further expanded and simplified to

I ~ NQ%(l — b(\) + Na(\) (23)
C(?l <b()\)N3 (1= c()\)) + 2N? <<1 — () - W)

Li ~ — N (mwd(\) +2 — 40()\))> :
(24)

A detailed discussion on the derivation procedure of these formula has been provided in

Appendix [Al

3.5 Constitutive Model

The constitutive behavior of the backbone chain is derived by implementing Eq[I8linto Eq 21l
Accordingly, K, can be derived as a function of shape descriptors L7 , Lﬁ and A namely as

Kc(\) =g (L3, L, A) - (25)

Substituting L2 and Lﬁ with their expanded formula (derived in EqsB9 and 23] of Appendix
B), the stiffness K, (\) will be derived as a function of deformation which uses four geo-

metrical parameters. The expected value of the aforementioned trigonometric functions (see
EqR22]) is calculated using

E[®(o)], = /(ID(T)PQ(T, A)dr, (26)
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where ®(«) can be any trigonometric function and « can be either 6 or ¢ angles. Accordingly,

we have
s iy

Elcos¢], = /COS(T)P¢(T, Ndr, El[sinf], = /Sin(T)Pg(T, A)dr. (27)
0 0
The expected value evolves with deformation due to changes in the angular § and ¢ distri-
butions. Accordingly, the probability distribution function (PDFs) of the angles 6 and ¢ are
required for calculation of Eq.(25]). The derivation of the PDFs Py(¢,\) and (0, \) are
discussed in details in Appendix [B] and [C], respectively.
To represent the changes of the geometry of a cluster in the course of formulation, the
trigonometric functions b, ¢ and d for a relatively long chain of 100 segments have been
calculated and plotted against applied deformation in Fig. [Gh.

1.2
a()\!)_ T T T T T 450
1L
208 5
— U. =]
g 2300
1ao'ino.é g
§ 0.4 2
< = 150
wn
0.2
0 1 | | 1 | 0 l L L
1 2 3 4 5 6 7 8 2 4 8
(a) Stretch), (b) Stretch A

Figure 5: (a) Angular functions b, ¢,d and, (b) the shape descriptor parameters, R, and r,
of a backbone chain with 100 segments plotted versus stretch.

4 Validation

The predictions of the developed model will be bench-marked against tests performed on clus-
ters assembled by the coarse grained Brownian Dynamics (BD) simulations.
Since the model provides the mean behavior of clus-
ters, its results will be compared to the average of a
large number of simulated clusters.
Three-dimensional PC clusters are assembled by
Brownian Dynamics Simulation [71, [72], where the
particles are connected to each other through sticking
polymer chains (see Figlf)), [73 [74]. The interparti-
cle forces depend mainly on the polymer film between
two particles. Such classification can be also consid-
ered for other types of colloidal structures, even those
without polymer media.
Three major challenges in simulating binary ‘ Colloid = Polymer Chain = Bead
polymer-colloids clusters exist: (i) accurate represen-
tation of their structure, (ii) modeling of the aggrega-
tion process, and (iii) representation of interparticle

Figure 6: Representative snapshot of
11 the assembly of an aggregation under
strong shear flow.
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forces and moments by spring constants. While the

structural properties of clusters can be very complex,

studies show that it depends on the aggregation pro-

cedure and can be controlled by it [25] [72] [75]. In this

work, PC clusters are assembled with mechanical and structural details close to real clusters,
which are formed in shear flow. After formation, the properties of the clusters are measured
outside of the flow.

4.1 Simulation of clusters by Brownian Dynamics

Polymers and colloids are simulated with standard simulating techniques under the frame-
work of the fluctuating Lattice Boltzmann (LB) equation [71] in three-dimensional grids with
resolutions N, x IV, x N, = 64 x 32 x 32. A solid bounce-back boundary condition is applied
in the z direction while x and y directions are with periodic boundary conditions. The lattice
spacing Ax and LB time step At are set to unity. The colloids were then simulated using the
“Raspberry Model” [76, [77], where each colloid is made by Ny = 64 beads together forming
a spherical shell of diameter [ = 20a. The shell beads interacted with each other on the
same shell through the potential Uy = (ks/2)%,;(d;; — D;;)?, where d;; and D;; represent the
actual and equilibrium distance between beads i and j, respectively.[77] The parameter k;
is an arbitrary spring constant. We used ks = 100kpT/a? to ensure that the colloids will
keep their spherical shapes during simulations. The radius of colloids r. = 2.5 and their
volume fraction ¢. &~ 3%. Each polymer consists of N = 40 monomers with radius a = 0.025
connected with strong springs with a spring constant k& = 1200kgT'/a® and spring length 2a,
which renders the polymer freely jointed chain model [74]. Polymers have a volume fraction
¢p ~ 0.5%. A Lennard-Jones potential is considered for each monomer with strength u to
control the solvent properties of the polymers. It has been demonstrated that v = 0.41 and
u = 2.08kpT are suitable choices for simulating polymers in the © and bad solvent [73], [78].

The monomers interact with the colloids at discrete binding sites on the colloid surfaces
through the Bell model [79, 80], which is a new method to include microscopic associating
reactions in highly coarse-grained polymer simulations (see Fig[th). In the Bell model, the
probability of binding P and unbinding Py p reactions are given by

PB :exp(—EB/kBT), PUB :ea:p(—(EUB —fTo)/kBT), (28)

where Ep and Eyp are the binding and unbinding energy barriers, respectively. Here, f
is the average force loaded on the bond, and ry is the characteristic bond length which
is set 7o = 0.01a for the simulations. Moreover, kg is the Boltzmann constant and 7" the
thermodynamic temperature. The binding energy is set to EFg = 1kgT to ensure fast binding
dynamics for bond formation. In order to have a good averaging of the bond force and enough
time for the unbinding monomers to diffuse away from its bound partner, the binding and
unbinding attempts are performed every 100 LB time steps (7o = 100) [8I]. The rest of
the parameters for the fluid is as such: the density p = 1, the kinematic viscosity v = 1/6,
and the relative temperature kg7 = 5 x 10~°. The characteristic monomer diffusion time is
7 = 6mpa®/kgT ~ 103, where i = vp is the fluid dynamics viscosity.

Figure [1 shows the process of the assembly of a dense aggregate under strong shear
flow. In shear flow, the formation of polymer-colloid aggregates is mainly controlled by the
competition between the timescales of the polymer unbinding from the colloid versus the
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rotation or collision time of the colloid. If the polymer unbinding time is significantly longer
than the rotation and collision time of the colloid, the polymers wrap around the colloids
and initiate the aggregation process [75, 25]. Depending on partial or full wrapping of
the polymers on the colloids, the shear-induced aggregates are classified into “no”, “loose”,
“dense” and “log-rolling” aggregates under shear rates 47 ~ 0.01 to 0.1, 0.2 to 0.5, 0.6
to 1, and 2, respectively. Here, we focused only on the dense aggregates assembled under
shear rate 47 = 0.8 with characteristic unbinding energy Eyp = 6kgT [75, 25], in which
the colloids are wrapped by the polymers and the film of polymer layer between adjacent
particles is the main source of attractive forces between particles.

To measure inter-particle forces in a cluster under tension, hydrodynamic interactions are
neglected due to their insignificant effects on the mechanical properties of the aggregated
clusters under quasi-static tension [77]. Therefore, we implemented only the free draining
Brownian Dynamics method without LB method for calculation of the elasticity of the inter-
particle bonds. After mixing interactive colloids and polymers in shear flow, colloids were
linked with “sticky” polymers [25]. Permanent links were simulated with stiff springs which
are put between monomers and colloid shell beads. Since yielding is not considered here,
we set polymer-colloid links non-detachable during the mechanical tests. Therefore, the
simulation results cannot be used in large deformation regime where local yielding of the
bonds takes place. The dynamics of the ith bead (monomer or colloid shell bead) at position
r; is given by the Langevin equation

%Tz‘ = —po Vr, Ui + &(1), (29)
where pg = 1/(6mnpa) is the Stoke mobility and 7y the solvent viscosity. The potential
energy U;, which depends on the specific type of the beads (monomer or colloid shell bead),
is the summation of all the potentials of bead i. The random force &; satisfies the equation
&)E(t)) = 2poksT Ay A(t — t'). We discretized Eq. with a time step 107*7, where
7 is the characteristic monomer diffusion time 7 = a?/nokpT. Lastly, to prevent nonphys-
ical penetrations of materials, a harmonic potential was also used between colloids and/or
polymers if the distances between their center of masses were smaller than the sum of their
radii.

Polymer Chain Colloid Particles  z z

(Bead & Spring Model) (Raspberry Model) —
“e0-0 LNy T
«—>
o’ — W -
< »
= ¥ of° - . .
© 73

—— ~

() Reaction Coordinate (b) —E (c — X

Figure 7: (a) The bonding mechanism in PC mixtures, and representative snapshots of the
assembly of a dense aggregate under strong shear flow (b) before and (c) after aggregation.

Experimental Verification of the Simulation: The aggregation model was initially
built to analyze the blood clotting process. Special attention has been given to the model
with the ability to describe different shapes the clots formed by the shear flow of the media.
In our recent studies [69, 42], the microscopic structure, connectivity, and bond stiffness have
also been validated by comparing the assembled clusters against the results of experimentally
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confocal microscopy tests performed by Dinsmore et al. on PC clusters [2, [I]. Moreover,
the effective spring constants as of the interparticle bonds can be determined as functions
of deformation by measuring the thermal fluctuations of particles in assembled clusters. To
validate the simulation results, we have compared the particle fluctuations of the simulated
clusters against experimental measurements provided in literature [I, 2], 12].

4.2 Benchmarking of the Model Predictions

The elastic behavior of different isolated PC clusters will be derived from the two sources:
the presented model and the simulations. Next, the results are compared with each other.
The model predictions are based on the mean conformation of the backbone chain and thus
are not influenced by the local geometrical properties of clusters that does not influence
any of the parameters {N, (,ds,dy}. Accordingly, the model considers the geometry of two
clusters to be identical if their geometrical parameters {N, (,dy, d,} are identical.

We have previously assembled 16 dense clusters, five clusters with N & 32 particles,
five with 64 and three clusters with N = 96 and 128. Note that the initial structure of
the PC cluster is obtained by aggregation in shear flow simulated using fluctuation lattice-
Boltzmann method [72, [75]. The mean inter-particle elastic moduli @), G and J were derived
by averaging over the spring moduli of all bonds. While the back bone chain is identified,
tracking its changes during deformation is computationally expensive. At this stage, we
average over all bonds since we cannot clearly identify and separate those of the backbone
chain in the course of deformation. In the next step, the bonds will be categorized based on
their connectivity index. Our recent study shows that the bonds with similar connectivity
index behave similar whether they are in the backbone chain or not [42]. Inter-particle
bonds control thermal motions of the particles. By measuring the thermal motions of a
bond 7 , its spring moduli in different DoF's, namely Q;, G; and J; are approximated using
the equipartition theorem [82]. Excluding thermal noises, these moduli are measured at
short time intervals in the course of deformation using the following relations

1
i () —=
Qi (1)) 0
Gi ((djin) (Bjin — (Djan))” = kT,
Ji (i) (@i — (pijan))” = kpT,

(I, — (I))? = kgT, (30)
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Where <> represents the average value. We previously discussed the process of derivation
of the mean elastic moduli of inter-particle bonds [69]. Implementing the mean inter-particle
elastic moduli @), G and J along with {N,(,ds,dy} into the model, the model provides
us with K(\) (according to Eq20). The model presented above includes eight material
parameters: three mechanical {Q, G, J}, and four geometrical ones {N,(,dy,dy} and A,.
All parameters will be imported from the simulations, except A, which is obtained by fitting
to the response of one aggregate using the Levenberg-Marquardt algorithm. Here, in figures
and [0 A, = 0.4a? is obtained by fitting of the model predictions against the behavior of
the first cluster with 32 particles.

T T T T
1500 |~ Elastic Phase

1200 | Figure 9: Force-
displacement curves

< 900 derived from the sim-

=4 .

5 ulation compared to

S 600 the predictions of the

Simulation
Direction | ——=
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Direction 5 .
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The overall mechanical response of the clusters under applied tension can be divided into
three main phases: (i) elastic phase, (ii) reformation phase, and (iii) yield phase. Each phase
can be related to the state of the active backbone chain. Phase one illustrates the elastic
phase where the backbone chain deforms and orientates towards the load direction. This
phase is fully reversible as no permanent change occurs in the backbone chain structure.
Phase two is associated with the partial or complete changes of the backbone chain. The
changes take place due to the limited extensibility of the former backbone chain. Upon
further deformation, the multi-particle links in the former backbone chain are debonded into
several connected single-particle links. This process shortly adds the extensibility limit of
the backbone chain; however, once all the soft multi-particles links are debonded, the cluster
reaches its maximum extensibility limit and thus enters the next phase. Phase three describes
continuous rearrangement and failure of the stress paths during the yielding process where
local necking of the end bonds happens as illustrated in Fig B(4). The proposed model is
only relevant in prediction of the elastic phase.

During the yield phase, affine or non-affine deformation of the clusters has been experi-
mentally observed and reported [68]. The proposed model is only relevant in prediction of
the elastic phase. However, the mechanical behavior of the clusters in the yield phase can
still be formulated using recent approaches [68] which describe yielding as the decomposition
of a cluster into smaller ones. To this end, the strain energy should be calculated as the sum
of the energies of the newly formed clusters.

In view of the strong anisotropic geometry of the clusters, each cluster has been subjected
to uniaxial tension test at five different directions. These directions are chosen such that the
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end-to-end distance of the formed backbone chain are similar in all cases. The behavior of
a cluster in different directions versus the model predictions has been depicted in Fig.

Using the same geometrical parameters, the model predictions were then compared
against the measured response of other four clusters assembled with N = 32 particles.
Although the local geometry of these clusters is different, their geometrical parameters are
almost similar. However, the mechanical parameters are different for each cluster. The good
agreement between model predictions and measured values from simulations shown in Fig.
10((a), were obtained automatically.

The error bars here represent the vibration of clusters, not the standard deviation. Their
magnitude mainly describe the amplitude of the vibrational expansion and compression of
the clusters which results from the Brownian movement of the particles in small time window.
The vibration of the polymers provides the cluster with a beating behavior resembling the
one of heart. Thus, tracking the midpoint, peak or minimum of the vibration curve through
deformation will give the same profile. In Fig. [ and @ the vibration range is shown by
a shaded area. The lower bound depicts the behavior of the minimum value in vibration,
the upper bound describes the behavior of the peak, and the solid line represents the mean
behavior.

Moreover, the model predictions of the clusters were compared against simulations. As
expected from the model, a strong correlation was observed between the elastic behavior
of the chain (for A > 1.3) and its overall length (see Fig. [MQ(b)). No fitting procedure
was performed here, and the illustrated agreement is obtained analytically which shows the
predictive capability of the proposed model.

Due to the irregular shape of the cluster, the length of the cluster varies at different
directions. The results, however, show that the elastic behavior of the clusters remains almost
identical regardless of the loading direction. This fact confirms the relevance of the proposed
model, which describes the behavior for a cluster independent of the loading direction. In fig
9, the behavior of five clusters, assembled in different shear flows, were compared against the
model predictions. Despite the considerable difference between the shape of these clusters,
their four shape descriptor parameters {N, (, ds, d,} were similar and thus their measured
behavior were close to each other. Interestingly, the behavior predicted by the model aligns
with the simulation results for all cases, which confirms the relevance of the chosen shape
descriptor parameters.

The model predicted the mesoscale behavior of PC clusters in elastic regime by repre-
senting the interactions resulted from the polymer film around the particles as linear springs
[68]. By adopting the ILS assumption, the model can be used for the clusters with variety
of inter-particle bonds and interactions. All the material parameters defined in the model
are physical, and have measurable quantities.

The proposed model is mainly applicable for the dense clusters formed by aggregation
of colloids and attractive or non-attractive polymers in shear flow. The load transfer mech-
anism in these clusters is dominated by the formation of the backbone chain, which is a
necessary condition for the proposed model. Such clusters are prevalent in nature and can
be found in many binary solutions ranging from carbon black and silica aggregates in elas-
tomers or thermoplastics, to platelets in blood clots to particulate nano-composites such as
polymer bonded explosives. The proposed model is relevant when (i) the temperature is
above the glass transition temperature of the matrix; (2) the particle concentration is below
the percolation threshold and (3) only one type of particles exist in the solution.
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Figure 10: Force-displacement data measured from Coarse-Grained Brownian Dynamics
simulation against the prediction of the proposed model for (a) different clusters with 32
particles, and (2) against different sizes of clusters.

5 Conclusion

The load distribution in the cluster is best described by an entangled network of stress
paths, where one stress path transmits most of the load. This path, which is referred to as
the backbone chain, governs the response of the whole cluster.

A new micromechanical model is proposed to predict the mechanical behavior of clusters
under deformation by describing the response of backbone chains. The model takes into
account two sets of geometrical and mechanical parameters. Four geometrical parameters
are used to formulate six shape-descriptor parameters to define the changes of the cluster
morphology in the course of deformation. The shape descriptors are derived through a
generic statistical approach and are as follows

e the end-to-end length L (see Eq. ([2)),
e the position vector to the center of gravity r¢ (see Eq. (),
e the radius of gyration R, (see Eq. ({)),

e the radius of gyration R, of the chain projected to the plane normal to the end-to-end
direction (see Eq. (@),

e the relative normal length of the chain L, projection on the plane normal to the
end-to-end direction [I8, 57] (see Eq. (I9)),
e the relative parallel length L of the chain projection on the end-to-end direction (see

Eq. 20)).

The mechanical behavior of the clusters is formulated in terms of to the applied defor-
mation and consequently in terms of the four geometrical parameters. Further information
on the local geometry of the clusters is provided. All the material parameters of the model
have physical meanings, except A,; all can be derived experimentally. The model benefits
from a simple derivation procedure, low computational costs and independent from the local
geometry, which makes it an excellent choice for multi-scale simulations of binary compos-
ites. The nonlinear elastic response of different sizes of PC clusters in large deformation can
be predicted. Since no direct experimental tests on mechanical behavior of isolated clusters
exist, the model predictions have been compared with an extensive set of simulated tests on
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clusters assembled with Brownian Dynamics simulations. In previous studies, the simulation
results were validated against several experimental tests. The model predictions show strong
agreement with the simulations.
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A Appendix: Relative Parallel and Normal Length

A.1 Relative Parallel Length
The relative parallel length of a relatively long chain (R; > I; and N > 1) is given by

N
Lﬁ = Z (Rz COS QZ - Ri—l COS Qi_l)Q, (31)
i=1
N
= Z Ri*cos®0; + R? | cos®0;_1 — 2R;R;_, cos 0; cos 0;_,. (32)
i=1
It can be shown that for a long chain, limy_,o E'[0; —0;_1], = 0. Considering A =

E10; —0;_1], = %, one can assume sin(A) ~ A and cos(A) = 1 in case of large N. Ac-
cordingly, the last term of Eq. ([B2) gives

R;R;_1cosf;cosl;,_; = 12;875251 cos 0; cos 6;_1, (33)
where
1 1
cosB; cos ;1 = 3 (cos (0; +0;—1) + cos A) =~ 3 (cos (0; +60;1) + 1)
1 A
=5 (cos 20; + Asin 20; + 1) ~ cos®6; + Bl sin 26;, (34)
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i
&

RO ZTZ+RO Zrz 1+Zrz i

N

ZRQ""I‘Z 1‘204""Z 1)
;

Z Rj+

:NR§+2RO-Zri—RO-L+Z (ZZS-ZQ)
i=1 n=2 s=1 t=1

= NR§ —2(N+1)R; — Ro- L+1*> ((n—1)+ (n—1)*b()))
(N+2)RO+N—Z2>\2+ ZQN(N— 1) ((2N = 1)b(\) + 3). (35)

6
The radius of gyration given in Eq. ({) can be expanded as

N 1 N
nz:% n—Taq) n_rG):m;rn.rn—rG-rg. (36)

The first term which is also used in Eq. () is given as

grn'rn—z<2l Zl) fj W43 Peosdy

=Y Pn+nmn-1)bN\) = %QN (N+1)(2b(A) (N —1)+3).  (37)

n=1

Here, although the expected value b(\) of the parameter A is calculated in terms of small
number of bonds n, the error is negligible as long as /n >> 1. This is a common assumption
in the classical perturbation theories [83]84]. Studies on the influence of the bond correlation
on the chain end-to-end distance showed that this average scheme yields satisfactory results
even for short chains as well [85]. In view of Eqs. ([#3) and (37, the radius of gyration given
in Eq. (B0) takes the form

= LNWNED (N )+ 2) ~ ]Yé

= 5V (NB(A) +2), (38)

se0  which coincides with the predictions of the linear models [I8] [84].
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Accordingly, the relative parallel length given in view of Eq. ([32)) is formulated as

N
Lﬁ = Z (R;*cos®6; + R;_| cos® 0;_1 — 2R;R;_y cos b; cos b;_;)

i=1

N
=c(2(N+1)R, —2R3) — (2c+Ad) Y R Ri,

i=1

%_2 {NQ(N—l) ((1—0)—%)b+4(]\7+1) (c—%) 4 (2= N)wd+ 2N2(1 — o)
(39)

Q

A.2 Relative Normal Length

The relative normal length is formulated with respect to the parameters Rig, and R62 (see
Eq. [9) . The projection of the radius of gyration Rig can be written by using (@) as

(N+1)R, =) R;-R'i=> (Rysin6;)- (R;sinf;) = (N + 1)a()), (40)

where a(\) = F [R2 sin? 0} , represents the expected average of the geometrical parameter
R?sin? §; with respect to random parameter 6. The second term of Eq. (@0) can be calculated
by Eq. ([[9), using the following decomposition

R)? = Ro® — Ryo?, (41)

where R is the projection of the position vector of the first particle along the force direction.
The parameter R = rg can be derived from Eq. (@) as

(N +1)° rG_zN:ZN:m r; = Zrl r,+22 Z <Zl th>

i=1 j=1 1=1 j=i+1 \s=1 t=1
N—-1 N
=> rieri A28 ) (i+i(j—1)b) (42)
i=1 i=1 j=i+1

Zri~ri—|—f—22N(N—1)(N+1)((3N—2)b+4).

The first term can be further simplified ( as discussed in Eq. (1)), and rewritten as

, B N
TG -
12 (N +1)

((BN* =N —=2)b+4N +2). (43)

Moreover, considering the length of the chain in the IUS given by Eq.(2), the parameter R

can be expressed in terms of the stretch A as Rﬁo = 1)\2N I2. Simplifying this equation with

respect to Eq. (®) gives

N(N —=1)(1—0b)
12(N +1)

Ry =1 (44)
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Inserting this expression along with Eqs. ([@3]) into ([I9) gives the relative normal length as

NN -D(I=b) o F
= ~NPS(L=b() + Na(h).  (45)

L7 = (N + a(\) + 1P

B Appendix: PDF of Interparticle Angles

The PDF of the angle ¢ evolves in the course of deformation. To describe this evolution,
two stages of deformation are considered where the profile of the PDF is known (i) bell
shape distribution at the ITUS A = 1, and (ii) Dirac delta profile at the fully stretched state
A = ez With peak at ¢ = 0 where all the bonds are completely aligned.

To approximate the PDF Py(¢, A) that can describe both of these profiles, we consider
the following Gamma distribution function.

Flafo ) = gz te (46)
where I'(a) denotes the Gamma function [86]. The parameters a and § are both functions
of A and N. Under tension, the bond vectors I; gradually align with the force direction (see
Eq. Bl) so that the angles ¢;; between these vectors tend to zero. The mean value of the
distribution function pg (A, N) = % varies with the applied deformation as shown in Eq.
(a). Random distribution of bond directions at the IUS and the complete alignment of bond
in the force direction at the maximum deformation \,,,, imply that

Bleos(@)ly| =0 = p(LN) =12, (47)

A=Amaz

ol

=

E [cos (Qb)]qb’ =1 = Heo (Amaz

=0 48
- ) =0, (48)

where \je = lm%\/ N. Considering ¢ € [0, |, normalization of the density Gamma distri-
bution Eq. (46]) to this range gives

Py(d, A) = gs(N) [f (@la(A), B(N)) + f(m = o7 (A), BN)] (49)

where g4 is a normalization function to ensure [ Py(¢, A\)d¢ = 1. An additional condition on
0

the distribution function P, is applied by Eq. (7). Indeed, inserting Eq. (@9)) into Eq. (&)
yields
N> f
= (1) [+ =1 [ R ncos(@s | (50)

0

which can be used in order to evaluate the PDF of a(\), S(\) and v(\). Note that any
other type of distribution function can be used here as long as it satisfies Eqs. (A1) and
(B0). The Gamma distribution here is chosen due to its ability in describing eccentric peaks
in distribution of ¢. The assumed PDF is consistent with the simulation results, and can
describes the boundary conditions quite well (see Fig{I2b). The choice of PDF here can be
optimized for clusters with different morphologies, e.g. ultra-dense clusters with wave-like
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stress propagation mechanism. Derivation of the analytical solution of Eq. (B0) is very

2
difficult because of the complexity of the mathematical representation of (%) . Here, by
using the least-square-method, the residual of Eq. (B0) is calculated by

™

AN
R = (Z) % 1+ (N — 1)/P¢(¢>, A)cos (¢)do | . (51)
0
Amaz
Next, the stationary of the residual Il = [ R2d\ is calculated over a class of test functions

1

defined by
. . . A
aza:zpi(kmam_k)qlv VQVIZPW <)\—

i
) , BQB:ZQ)\SZ’(N—D“,
(52)

where, @&, ﬁ , and % represent the approximate solutions of the «, 5, and v that can satisfy
EqB0 Their magnitude can be derived from the boundary conditions of the distribution,
namely

(i) the sharpness of the PDF at the pole described by 5= such that limy_ gz = oco.

(ii) The distribution function flattens where the number of bonds tends to infinity.

(iii) At the IUS, the bond vectors are completely uncorrelated, so we have

1
Py (61) = 5 sing. (53)
(iv) In the fully stretched state, all the bond vectors are aligned and thus ¢;; = 0. Hence,
P(b <¢7 )‘ma:v) =0 (¢‘O> ) (54)

where d denotes the Kronecker-Delta. The residual function (Eq. (5I])) are minimized with
respect to variables p;, ¢i, Ti, Si, Dy, @y and t; (i = 1,2) using of the Levenberg-Marquardt
algorithm. The calculated values for a backbone chain of 100 particles are given in Table
[ and the estimated distributed function Pj (¢, \) is plotted in Fig. [[i(b) against ¢ for
different values of \.

Table 1: Numerical values of the parameters in Eq. (G2

[ Di i r; 8; t; Dry,i Qi
11 0.008 2589 0.0007 2.385 0.509 169.2 6.057

210954 0.0856 0.030 -0.870 0.921 23.37 -0.168

In Fig. [l (a), the calculated changes in the chain end-to-end distance given in Eq. (G0)
is plotted against A for different clusters sizes based on the values given in Table[Il The plot
illustrates the accuracy of the approximated functions. In the vicinity of the fully stretched
state, the error become stronger as more terms of the series a, § and v (Eq. (52)) are
required. However, backbone chains are ruptured far before reaching their theoretical fully
stretched state. For this reason the error will not become critical in the range of validity of
model which is the elastic phase.
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Figure 11: (a) Square root of the right hand side of Eq. (B0) plotted versus A for clusters
with different lengths. (b) Interparticle angular distribution of P, plotted for different stretch
levels. The movement of the peak toward zero angle with increasing stretch implies gradual
alignment at larger deformations.

B.1 Deformation of interparticle bonds

The length of the backbone chain in the deformed configuration is given by

N
L= Z (lcosw;) = NIE [cosw],, (55)
i=1
which in view of the Eq. (2)) yields % = g [cosw] . By implementing this result into Eq.

(B0), we have

oG (£ ff] e o

where the variables ¢;; and 7} are independent of each other. gZA> and ¢ are weakly correlated
since their interaction is defined by the random parameter w;. The magnitudes of E [¢] sP=1

and E [(ﬁ] obtained from Eq. (26) and plotted in Fig. [2 (b) against A\. The mean value of
¢

E [%] , Will then be obtained by using the PDF of 6 through specific procedure described in
Appendix D. Considering the symmetric distribution of w around w = 0 at different stages
of deformation, one has F [cosw] = 1. Consequently Eq. (B6]) yields

_ VN
VN + g)\z (E [¢]¢|A:1 - L [QZA)} ¢) K [%]9

: (57)

o~ =~

which can be inserted in Eq. (B0) in order to calculate b.

C Appendix: PDF of Angles of Position Vectors

The PDF Py(0, \) of the angle 6 is formulated through discretization of the sample space of
the backbone chain which defines the minimum space volume that host all possible confor-
mations of the backbone chain.
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Figure 12: (left) Mean values of the bond angles E (¢;;) and E (f) plotted versus stretch.
Note that at A = A\p,qz, the values of both these parameters become zero. (right) The angular
distribution of the position vectors FPy(6, \) at different stretch levels.

Figure 13: (a) The ellipsoid representing possible positions of the backbone chain particles.
The dark gray zone illustrates a cone element of all particles positioned between the angles
0 and 0 + df. (b) The front view of the cone element df.

Consider a backbone chain with an end-to-end distance L and a contour length Lo = NI,
the sample space is represented by the ellipsoid shown in Fig. I3l The ellipsoid represents
all the possible positions of the particles of the backbone chain in space.

The center of gravity Cg of the backbone chain lies on the reflection plane P with an
approximate offset R’y from the end-to-end connecting line. Now, by representing the volume
of the solid angle at angle 6 by dVj (the dark gray-zone in Fig[I3]), the PDF of 6 can be
formulated as

dVvy
Py(0, A)do = ==, (58)
Veu
where Vo = [dVj is the sample space and represents the volume of the ellipsoid. Here,

0
the value of dVj is defined based on integration of two parameters; (i) the volume of the
infinitesimal element dV,qe, and (ii) P,(r, #, ®) which denotes the probability of existence of
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a chain particle at dV, 9. Accordingly,

2r R(0,P)
dVy = df / / r*sin 0P, (r, 0, ®)drd®, (59)
0 0

where P,(r, 0, ®) denotes the probability of existence of a particle at a particular position
defined by the coordinates 7,6 and ® (see appendix C). Here, R(6,®) denotes the outer
radius of the ellipsoid at the angles 6 and ®).

C.1 Cross-sectional Averaging

The expected value of trigonometric functions can be derived by implementing Eq.(5S]) into
Eq.(28]). The procedure should be altered for calculation of £ [%] ) represented in Eq. (51),
since it requires an averaging of the % over projected probability space.

An accurate estimate of upper and lower bounds of E [ﬂ p can hardly be obtained using
statistical approaches. Here, the mean values of % = Tl, are calculated by deriving the value
of <%> , at different cross-sectional planes of the ellipsoid sample space, and then averaging
it over the whole ellipsoid (see Fig. [3b). The average of % in a cross-sectional plane P, of

the ellipsoid is expressed by
21 R(6,®)sin6

<P>a Ae/ / ()rPrQ(b)dr’d(ID

o2 R(@ P)sind

Ay = / / P,(r, 6, ®)dr’d, (60)

where Ay is the area of the cross-sectional plane Py and " = rsinf. Then, one can obtain
the mean value <%> , over the whole ellipsoid by

£ (L] = [(2) aom0.0 cosoas o

C.2 PDF of Backbone Chain Particles

Here, we calculate P,(r, 0, ®) which denotes the probability of existence of a particle of chain
at dV,ge (see Eq.(59)). In the TUS state, the probability density of the n'* particle to be at
distance between r and 7 + dr from the 0" segment is

4 252 3
Pyey(n, 7)dr = ﬁB3f2e’B "dr, where Py,(n,7)=0Yn<7 and B= o (62)

Implementing this equation to all the particles of the chain, the probability of finding a
particle at the spherical shell of radius r and thickness dr with the origin at particle 0, is
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given by

1 A yon/ 2\3
Pa(N,7)dr = — S P(n,7)dr = —7° < %)
n(N, 7)dr N; (n,7)dr N ; ne (63)
AT 2 6
’7‘2 T2
~ —/ (neT) ’ dn, where A= ?>f2\/j
N s

Accordingly, the PDF of existence of a particle at an infinitesimal element dV, 4 is given by
P,(N,7)dr as

sh (N, T)d r | 3r* _
P,(N,r)dr = Phijxr;n) Lo 2737\” (erf (\/322> —erf ( %)) dr Vr>0. (64)

Since the position of the needs of the chain is known, let us divide the backbone chain in the
IUS into two chains with N; and N, segments which are connected to each other by their
last links. The probability of the connecting particle to be at a particular position is given
by Py(N1,71)Pa(Na,72), where 7y = 7 and 7, = " denote the normalized distances of the
particle from each ends of the chain. Since the positions of the first and the last particle are
known and their volume is considered non-zero, the total sample space V is divided into two
following regions.

e V}: the space occupied by the 1°¢ and last particles at the ends of the BB chain-
hatched area in Fig. [[4. Two particles exist in this region.

e V45 the volume of the ellipsoid excluding V1 - plain area in Fig. [4 N — 1 of N +1
particles exist in this region.

Moreover, we know P,(r, 8, ®) satisfies the following conditions

N —1
/Pp('r,e, BYAV = 1, /Pp('r’,e, D)V = /Pp(r,ﬁ, DV = (6)

_l’_
14 Vi Vs

Since Vj is fully occupied by the end particles, P,(r, 0, ®) has a constant value there. Thus,
one can write

2 31
i Vi
P,(r,0,®) = N +18 7l _ 66
(.9, 2) {%—ﬁipa(Nlarl)pa(N%'f’z) Vo o (66)
where
gp:/pa<N17f1>pa<N27f2)dV7 (67)
Vo

is the term normalizing P,(Ny,71)P,(N2,72) in V5. The parameters r; and r5 can be derived
from

rm2=r+ Ry + Rﬁo — 2rR'osin 0 cos ® — 2r Ry cos 6. (68)
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Figure 14: (a) Dividing the backbone chain into two ideal chains to formulate the probability
of a particle in space and (b) schematical view of this probability.

where Ny and Ny represent the estimated numbers of segments that connect the particle
in consideration with the ends of the backbone chain as shown in Fig. M4l The entropic
force of a chain with N segments and the normalized end-to-end distance 7 is written by
F(r,N) = g(%) (see e.g. [87]). Since the entropic forces at both parts of the backbone
chain are identical, one has ]’;,—11 = ;[—22 Keeping in mind that the number of segments of the
backbone chain with N 4 1 particles is Ny + No = N, one can further write

T2

Ny = N-— —, No=N- —.
1+ 72 1+ 72

(69)
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