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Abstract: Free-living biofilms have been subject to considerable attention, and basic physical principles for them
are generally accepted. Many host-biofilm systems, however, consist of heterogeneous mixtures of aggregates of
microbes intermixed with host material and are much less studied. Here we analyze a key property, namely
reactive depletion, in such systems and argue that two regimes are possible: (1) a homogenizable mixture of
biofilm and host that in important ways acts effectively like a homogeneous macro-biofilm and (2) a distribution
of separated microbiofilms within the host with independent local microenvironments.
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I. INTRODUCTION

Biofilms, collections of microorganisms living in self-
secreted polymeric matrices, occur throughout natural
and engineered systems and, wherever they occur, can
significantly impact transport of many chemical quan-
tities through reactive depletion or production mecha-
nisms [1]. This influence is often the most important de-
termining factor in how microbes interact with and affect
their environment, and its consequences have been well
documented under controlled, homogeneous conditions.
A common consequence of transport in reactive-diffusive
systems, central to biofilm function and ecology, is active
layer formation [2]. As one example, though an especially
important one, a thin, homogeneous layer of aerobic mi-
crobes (say 10-20 µm thick) can rapidly deplete available
oxygen, creating an anaerobic region, with resulting ef-
fects that can be profound in many instances [3, 4].

Formation of active layers is predicted in mathematical
models as a consequence of interaction of diffusion and
reaction [5]. For example, modeling biofilm as a layer z ∈
[0, H] with single substrate concentration C(z) satisfying

DC ′′ = r(C),

together with C(H) = C0, C ′(0) = 0, see Figure 1, re-
sults in exponentially decaying substrate concentration
for reasonable choices of reaction function r (D is a dif-
fusion coefficient). That is, reaction depletes substrate
within a layer near the exterior biofilm boundary z = H.
Consequentially, the biofilm is divided into two environ-
ments, one with substrate available and one with sub-
strate depleted, with a relatively sharp interface between
them.

Reactive depletion and its effects have been exten-
sively studied in in vitro lab settings. However, outside
of the lab, microbial communities are generally uncon-
trolled and heterogeneous. This is particularly so for in
vivo microbe-host interactions where biofilms often take
the form of patchy aggregates, for example, in the mu-
cus of the cystic fibrosis lung, on prosthetic joints, or in
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chronic dermal wounds, and usually do not closely resem-
ble in vitro biofilms [6, 7]. Generally, though, the domi-
nant form of interaction between biofilm and host likely
still involves diffusive transport, so active layer forma-
tion and its effects on that transport are as important in
host-biofilm systems as elsewhere. Formation of anaer-
obic regions, for example, can have profound medical
consequences for the host [8]. Complementarily, trans-
port efficiencies can qualitatively affect microbial commu-
nity function. Thus understanding the influence of local
heterogeneity on large scale transport, although already
of interest in pure biofilms, is particularly important in
host-biofilm systems.

To address this issue, we hypothesize that aggregates of
microbes distributed within a host could either effectively
combine into a dense formation that acts like a homoge-
neous biofilm with similar reactive depletion properties,
or else form a system of isolated aggregates with localized
fluctuations (i.e., microenvironments) and altered impact
on host-scale transport. We present empirical evidence
for this and provide a theory to distinguish between effec-
tive host-microbe homogenization versus isolated within-
host microbial colonies.

II. METHODS

To approximate host-biofilm systems in a controlled
setting, artificial host-biofilm mixes, called gel-biofilms,
were formed by inoculating a green fluorescent protein
expressing strain of Staphylococcus aureus (strain UAMS-
1 containing plasmid pEM87 [9]) into liquid low melting
temperature agarose and depositing small droplets on a
glass-bottomed dish, see Figure 2(a)-(b). Oblate hemi-
spheres were formed with a radius of approximately 680
µm. 4 ml of 1/10-strength tryptic soy broth was added
to the dish. The dish was placed in an environmental
chamber on the stage of an inverted Leica TCS SP5 con-
focal scanning laser microscope and incubated at 37oC
for 24 h. Specimens were stained with 40 µg ml pro-
pidium iodide for 1 h then imaged on the confocal using
standard FITC/TRITC fluorescence parameters and a
10x dry objective. Stacks of red and green fluorescent im-
ages were collected through the entire gel thickness, from

mailto:klapper@temple.edu


2

  

                  BIOFILM
 
                  DC''=r(c)

z

  C = Co

0
C'= 0

 H

FIG. 1. One dimensional homogeneous biofilm model: sub-
strate from an exterior region (where it is possibly replenished
by a flow), diffuses and reacts in the biofilm region. Substrate
concentration near z = 0 may be small due to depletion via
reaction in an active layer near z = H.

top to bottom and were analyzed using MetaMorph soft-
ware (Molecular Devices). 22 images corresponding to
the bottom 10% of the gel biofilm (adjacent to the glass
attachment surface) were combined into a single projec-
tion. Average green (GFP, indicating anabolic activity)
and red (propidium iodide, indicating cell mass indepen-
dent of activity) intensities were computed in a series of
concentric circles and normalized to area.

We introduce a mathematical model of diffusive trans-
port and reaction in a host-biofilm system as follows.
Substrate profile is determined by the reaction-diffusion
equation

D∇2C = r(C)χ(x) (1)

where C(x) is concentration of dissolved substrate and r
is a reaction function [10]. Note the assumption of quasi-
equilibrium – other than the diffusion-reaction equili-
bration time, the other time scale of principle interest,
that of biological growth, is typically long in compari-
son. Also, we suppose that diffusivity D is independent
of x, reasonable for small molecules like oxygen. We do
not expect qualitatively different results if D varies. The
host domain is seeded randomly with circular microbial
aggregates and the characteristic function χ is defined
to be 1 within aggregates and otherwise 0, i.e., reaction
only occurs in aggregates. We employ a Monod form
r(C) = ρY −1µC/(K + C). r has units of substrate
concentration per time, and parameters in r are rate
µ (time−1), half-saturation K (substrate concentration),
yield Y (cells per unit substrate), and ρ (cells concen-
tration). Choices of parameter values, for both reaction
function r and for aggregate distribution, have little effect
on results except through key dimensional quantities de-
scribed below. For generality we solve (1) in a rectangu-
lar host domain Ω, defined by x = (x, z) ∈ [0, L]×[0, H],
with Dirichlet conditions C = C0 on the boundary z = H
and no-flux conditions ∇C · n = 0 on the others (other

boundary conditions than no-flux do not have a signifi-
cant effect on results).

To solve (1), a high-order discontinuous Galerkin (DG)
finite-element (FE) numerical scheme with mesh refine-
ment was employed. Since finite elements generate a
variational formulation of (1), reactivity in the colony
supported function χ(x) can be efficiently captured
using high-order numerical quadratures in conjuction
with compatible meshes and isoparametric elements [11].
Curved microcolony boundaries were matched with el-
ements that have curved boundaries (isoparametric el-
ements) and adaptive mesh refinement. Mesh adaptiv-
ity was also employed to better resolve the effect of
the aggregates on the oxygen profile [12]. A marking
strategy [13–15] was used to drive the mesh adaptation.
Adaptive mesh refinement is computationally challeng-
ing, so the DG method was used as it produces meshes
with fewer degrees of freedom by allowing for hanging

FIG. 2. (Color) (a) Sagittal confocal microscopy image of
an example gel-biofilm (sideview), (b) diagram illustrating
agarose gel (yellow) containing dispersed biofilm aggregates
(magenta), grown for 24h, (c) bottom 10% of a densely col-
onized gel biofilm (topview), (d) its green fluorescence inten-
sity, (e) bottom 10% of a sparsely colonized gel (topview), (f)
its green fluorescence intensity. Scale bars are length 200 µm
in (c),(e).
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FIG. 3. (Color) Top row: a realization of a low volume fraction (θ = 0.5%, I ≈ 0.631) substrate concentration profile (left)
and micro-colony placement (right), with ` = 0.198. Middle row: a realization of a high volume fraction (θ = 10%, I ≈ 6.62)
substrate concentration profile (left) and micro-colony placement (right), with ` = 1.89 × 10−2. Bottom row: (left) substrate
concentration for homogenized system, (right) averaged relative flux error (Fh − F )/Fh (over 20 realizations) versus I. (Blue)
I varied by changing the number of micro-colonies with micro-colony reactivity fixed, (red) I varied by changing micro-colony
reactivity with number of micro-colonies fixed. In all computations, colony diameter d = 0.025 and effective active layer depth
λ = 0.125. λ, d and ` are in units of domain height.

nodes, whereas continuous FE methods may require addi-
tional refinement or constraints in order to preserve mesh
conformity. Specifically, due to its local nature, the DG-
FE method allows quantities of interest to be expressed
on single mesh elements without the requirement of ad-
ditional globally prescribed conditions. An assortment of
DG variants can be found in the literature [16].

The discrete DG approximation Ch ∈ Vh to the solu-
tion of (1) satisfies

αh(Ch, vh
)

+ (r(Ch)χ(x), vh) = 0, ∀vh ∈ Vh (2)

where vh ∈ V h is a DG basis function and V h is the
DG finite dimensional space consisting of piecewise poly-
nomial elements [16]. Here the usual L2-inner product
is denoted by (·, ·), and αh(·, ·) is the DG bilinear form
corresponding to the Laplacian operator in variational
form with prescribed BCs [17]. Third order DG basis
polynomials provided O(h4) accuracy in the L2-norm of
the spatial error at each time step, verified by Cauchy-
convergence tests. Fixed-point inner iterations were used
for the nonlinearities present in (2). Multilevel solvers
tailored to the adaptive multilevel mesh were used to
solve the linearized algebraic system arising from the nu-
merical discretization. A conjugate gradient solver with

multigrid preconditioning (PCG) was employed [18–20].
Use of the symmetric interior penalty variant of DG-
FE [16] resulted in symmetric positive-definite mass and
stiffness matrices that have block structure benefiting the
design of the iterative solver and preconditioner.

III. RESULTS

Observations suggest a qualitative crossover, see Fig-
ure 2(c)-(f) for representative examples. As measured
by microbial activity, a signature of oxygen penetra-
tion, densely placed microbial aggregates act as a ho-
mogeneously spread biofilm forming an active layer near
the air-gel interface (Fig. 2(c)-(d)). However, when ag-
gregates are sparsely distributed, isolated micro-biofilms
show activity even far inside the gel, likely indicating
deep penetration of oxygen (Fig. 2(e)-(f)).

To understand this behavior, we study model (1) of
diffusive transport and reaction in a host-biofilm sys-
tem. In agreement with measurements, the host-biofilm
model also suggests qualitatively different behaviors, see
Fig. 3: (A) the entire system acts effectively as a homo-
geneous biofilm or (B) individual microbiofilms function
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effectively in isolation within the host. We explain using
homogenization procedures, with the host-biofilm system
being replaced by a homogeneous mixture [27]. Standard
homogenization of (1) leads to equation

D
d2

dz2
Ch = r(Ch)θ (3)

for the homogenized concentration Ch, where θ is the
biofilm volume fraction (we suppose that θ does not
vary even on large scales, though this assumption can
be relaxed). The host-biofilm system acts like a ho-
mogeneous biofilm at the macroscale if solutions of (3)
are close to solutions of (1) in the sense that total sub-
strate usage is similar. We use total substrate reac-
tion rates

∫
Ω
r(C)χdx and

∫
Ω
r(Ch)θ dx as a compar-

ison statistic. Note that these rates reduce to fluxes
into Ω given, respectively, by F = D

∫
z=H

∂C/∂z dx and

Fh = D
∫
z=H

dCh/dz dx. Thus we compare the relative
flux difference (F − Fh)/Fh.

The determining length here is λ =
√
DC0/r(C0)θ,

roughly the depth to which substrate would penetrate be-
fore being reacted in a homogenized host-biofilm system,
i.e., the effective active layer depth of the homogenized
model (3). On the other hand, the local length scale is
`, the heterogeneity scale, which we set to be a measure
of the distance between microcolonies and is estimated
by an average of all the the minimum distances between
an individual aggregate and the rest. That is, for each
of the m colonies, Bi, i = 1, . . . ,m, the minimum dis-
tance `i between the boundaries ∂Bi and ∂Bj for j 6= i
is calculated. Then, ` is taken to be the average of `i.
For example, Figure 3, top and middle rows, correspond
to ` = 1.98 × 10−1 and ` = 1.89 × 10−2, respectively, in
units of domain height.

We propose the nondimensional ratio I = λ/` as a
homogenizability indicator. Large I, i.e., biofilm micro-
colonies close together relative to active layer depth, in-
dicates that transport in the homogenized system is simi-
lar to that in the host-biofilm over large distances. Small
I, i.e., biofilm microcolonies far apart relative to active
layer depth, indicates that substrate fluctuations are sig-
nificant, for example in the form of transport over large
distances through the host-biofilm system. Large dis-
tance is quantified relative to the effective active layer
depth.

Note that I might be considered to be a cousin to the
commonly quoted Thiele modulus Φ, a non-dimensional
parameter that measures the ratio of a system (macro)
length scale to the active layer depth λ [21, 22]. Typically,
Φ provides a measure of biofilm thickness in some general
sense relative to a particular macroscale of interest [23–
26]. I, however, measures the ratio of λ to a system mi-
croscale ` and so carries a different meaning, namely an
indication of the importance of microscale heterogeneity
on transport at larger scales. The domain defined Thiele
modulus is pertinent here in one sense, though; we as-
sume that the active layer depth λ is smaller than the
domain depth H, i.e., that the Thiele modulus is greater

than 1. If not, diffusive transport is not significantly
limited across the entire domain and the concept of an
active layer is not applicable. For Thiele modulus less
than 1, the appropriate indicator ratio would compare `
with domain depth H rather than λ.

In Figure 3, we vary the volume fraction of the aggre-
gates but also at the same time, importantly, their indi-
vidual reactivity in such a way so as to keep the effective
active layer depth constant at λ = 0.125 in units of do-
main height (in particular, µ is increased with decreasing
volume fraction; similar results can be obtained varying
other parameters). That is, though there are fewer ag-
gregates in some simulations as compared to others, the
total system reactive capacity is always the same, regard-
less. For each choice of volume fraction, 20 realizations
are computed. In Figure 3 bottom right, average relative
flux differences versus I is plotted. Observe that for low
values of I the system is more heterogeneous and for high
values of I the system is less heterogeneous. (The associ-
ated homogenized system for all computations in Fig. 3
has solution shown in the bottom left panel.) Thus the
degree of heterogeneity can be effectively measured by
I. Note consistency with empirically observed values in
Table I. It is also illustrative to fix ` and vary λ, see
Figure 4 where the aggregate distribution is unchanged
from computation to computation but instead aggregate
reactivity varies. Fig. 4 demonstrates that the “eye test”
(effectively, comparison of heterogeneity scale ` to sys-
tem scale L) fails – knowing only the aggregate density
and placement is not sufficient to predict homogenizabil-
ity. Rather, heterogeneity scale ` must be considered in
comparison to he effective active layer length λ, which is
not possible by eye.

Note that, in Fig. 3 bottom right, error bars for
the blue curve (I varied by changing number of micro-
colonies, with micro-colony reactivity fixed) and for the
red curve (I varied by changing micro-colony reactivity,
with micro-colony number fixed) overlap, supporting the
claim that the non-dimensional ratio I is the determining
quantity. Also note two computational limitations: (1) it
is difficult to extend the red curve to I . 4 because of the
large reactivities that would be required, and (2) large I
values on the blue curve are somewhat suspect due to the
requirement for large numbers of micro-colonies. In this
second instance, the fixed micro-colony radius causes ex-
cluded volume effects that likely lead to under-population
of biofilm material near the top, z = H boundary, thus
artificially increasing diffusive transport resistance and
so reducing flux.

Values of I for the experiments shown in Fig. 2 can be
estimated [28], see Table I. Classical chemical engineering
theory predicts the flux of a reactant into catalytic aggre-
gates in terms of the effectiveness factor (η) and Thiele
modulus (here taken as Φ = droplet radius/active layer
depth) [22]. Useful bounds on the behavior of Monod
kinetics, assumed in this work, are provided by zero or-
der (η0 = 1 − (1 − 1/Φ)3 for Φ > 1) and first order
(η1 = (3/Φ2)(Φ coth Φ − 1) kinetic results. Values for
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FIG. 4. (Color) As in Fig. 3 except varying λ instead of `. Top right: aggregate placement used for all computations, same
as shown in Fig. 3, middle row. Bottom right: resulting relative flux error as a function of I. Left column: two solutions, with
λ = 0.274, I = 14.8 (top) and λ = 0.0670, I = 3.6 (bottom), λ given in units of domain height. Note that bottom left shows
flux error for a single micro-colony realization (that shown in top right). Average flux error of an ensemble of realizations in
shown in Figure 3, bottom right, red curve.

Exp. Image ` (µm) θ λ (µm) R (µm) I η0 η1 ηexp err
1 (denser) Fig. 2(a) 5.3 0.198 71 706 13 0.385 0.385 0.375 0.025
2 (sparser) Fig. 2(c) 72 0.071 118 654 1.6 0.449 0.443 0.407 0.09

TABLE I. `, θ, λ, and resulting I, as well as efficiencies and errors, for gel biofilms shown in Fig. 2.

these predictions, which correspond to the homogenized
flux in dimensionless form, are given in Table I along
with an experimental estimate of the actual effectiveness
factor calculated from the images in Fig. 2 by integrating
the green intensity over the hemisphere and dividing by
the product of maximum green intensity and volume frac-
tion. The values of η0 and η1 for the denser gel biofilm
(Fig. 2(c)) were corrected by multiplying by

√
2 to ac-

count for the non-uniform distribution of biomass which
was approximately twice as dense in the active region of
the gel biofilm compared to the average density. Consis-
tent with the theory developed here, the error incurred
by homogenization was larger for the sparser aggregate,
which had a smaller value of I.

FIG. 5. (Color) Left: realization with two colonies, I = 1.25.
Right: same computation except colored as in Fig. 2 with
active (green) and inactive (red) biomaterial.

IV. DISCUSSION

Host-biofilm systems, and even biofilms themselves,
are heterogeneous materials. For large scale physical phe-
nomena, effective averaging of heterogeneity is appropri-
ate when small scale variation does not play an impor-
tant, direct role at the macroscale, at least for questions
of transport. It is argued here that such is the case when
the heterogeneity scale is small compared to the active
layer depth, in which case the system acts, at least for
purposes of transport, like a “classical” biofilm. When
homogenization is not appropriate, however, i.e., when
the heterogeneity scale is significant, then fluctuations
cannot be neglected. Such fluctuations can lead to mi-
croenvironment formation even within individual aggre-
gate, e.g. compare Fig. 2 and Fig. 5, which can lead to
phenomena not seen in homogenized systems. (Relat-
edly, interactions between leucocytes and microcolonies
can result in local active layers with inner depleted oxy-
gen zones with significant consequences [29].) Local vari-
ation occurs at a third length scale, the local active layer
depth λL =

√
DC0/r(C0), and can become important

when λL/λ =
√
θ is small. However,

√
θ ∼ `−d/2, so that

small λL/λ requires small I and thus significant fluctu-
ations are not expected to occur in the homogenizable
regime. Note, localized active layers and depletion zones
are seen in non-homogenizable systems, see Fig. 2 and
Fig. 5.

Biofilm function, and that of naturally occurring mi-
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crobial communities generally, is closely coupled to en-
vironment. When that environment is a host system,
it is important to understand how transport in and out
of the community is affected. Indeed, this can be the
most important physical characteristic in the context of
overall system function and hence characterization of
homogenizability is a necessary starting point for un-
derstanding form and function of biofilms in host sys-
tems. The difference between homogenizability versus
non-homogenizability has important consequences; re-
ductions and alterations in transport in a biofilm dom-
inated system may significantly degrade host function,
including ability of the host to defend against biofilm
infection [30]. Further, beyond statics, there are also im-
plications for dynamical properties: while biofilms are

generally considered as chronic, the fact that they are
actively growing (or possibly, in the presence of host re-
sponse, decaying) systems also presents the possibility of
transitions and bistability [31] between transport active
and reactive depleted dynamics resulting in acute pre-
sentations.
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