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The ion-ion dynamic structure factor of warm dense matter is determined using the recently
developed pseudo-atom molecular dynamics method [Starrett et al. Phys. Rev. E 91, 013104
(2015)]. The method uses density functional theory to determine ion-ion pair interaction potentials
that have no free parameters. These potentials are used in classical molecular dynamics simulations.
This constitutes a computationally efficient and realistic model of dense plasmas. Comparison with
recently published simulations of the ion-ion dynamic structure factor and sound speed of warm
dense aluminum finds good to reasonable agreement. Using this method, we make predictions of
the ion-ion dynamical structure factor and sound speed of a warm dense mixture – equimolar carbon-
hydrogen. This material is commonly used as an ablator in inertial confinement fusion capsules,
and our results are amenable to direct experimental measurement.

PACS numbers: 52.25.-b, 52.35.Dm, 52.65.Yy

I. INTRODUCTION

Typically, warm dense matter refers to plasmas that
have temperatures of 1-100 eV and are 1-100 times solid
density. It is a state of matter that exists in the interiors
of giant planets [1], in the envelopes of white dwarfs [2],
and in inertial confinement fusion experiments [3]. Due
to the strong electron-electron, electron-ion and ion-ion
interactions, it is very challenging to model. The last few
years have seen an increased interest in modeling warm
dense plasma mixtures, which occur in many systems of
interest in nature and the laboratory. Ab initio simula-
tion methods have been applied to the calculation of the
equation of state and transport properties of D-T mix-
tures [4], LiH [5], and a variety of C-H mixtures [6–8].
The ion-ion dynamic structure factor embodies the

space and time correlations of the ionic positions in the
plasma. From it, one can in principle extract macroscopic
information on state of the plasma, including the adia-
batic sound speed and thermal diffusivity, which are es-
sential input quantities for hydrodynamic simulations of
plasmas. Predicting the ion-ion dynamic structure factor
in warm dense matter has been the subject of a number
of recent publications [9–12]. Its measurement using free-
electron lasers [13, 14] is an imminent possibility, and will
represent an unparalleled test of current models.
To date, predictions of the ion-ion dynamical struc-

ture factor Sαβ(k, ω) from simulations of warm dense
matter have been made using either density functional
theory (DFT) molecular dynamics (MD) [9, 10], or with
classical molecular dynamics using model ion-ion pair in-
teraction potentials with adjustable parameters [9, 11].
The former method, DFT-MD, is the state-of-the-art ap-
proach for modeling warm dense matter but suffers from
being extremely expensive; typically a calculation at a
single density-temperature point requires the use of mas-
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sively parallel supercomputers. This limiting factor is
particularly acute for the calculation of Sαβ(k, ω) since
its evaluation suffers from numerical noise that can only
be reduced by using long simulations and thousands of
particles [12]. So far, DFT-MD simulations for Sαβ(k, ω)
in the warm dense matter regime have been limited to
hundreds of particles, relatively short simulation times,
and to pure aluminum plasmas. In contrast, the rela-
tively inexpensive pair potential based classical molecular
dynamics simulations [9, 11] can use thousands of parti-
cles and long simulation times. However, their predictive
capability is limited by their parametric potentials that
are tuned so that the results match DFT-MD calcula-
tions [9]. Moreover, such matching has been shown to be
problematic [15].

Recently, it has been shown that reliable, and parame-
ter free, ion-ion pair interaction potentials can be cal-
culated with DFT-based approach called pseudo-atom
molecular dynamics (PAMD) [16]. These pair potentials
are not tuned to DFT-MD simulations, but are the result
of DFT-based average atom calculations. The average
atom calculations proceed rapidly, and for a given plasma
density, temperature and composition, pair potentials
can be quickly generated without high-performance com-
puting resources. These pair potentials have already
been shown to give equation of state, diffusion coeffi-
cients and pair distribution functions in excellent agree-
ment with DFT-MD simulations [16–18]. In this paper
we use PAMD to make the first predictions of Sαβ(k, ω)
in warm dense matter based on a parameter-free pair
potentials. We compare to Kohn-Sham based DFT-MD
simulations for aluminum [10], finding good agreement,
and to Thomas-Fermi based DFT-MD simulations find-
ing reasonable agreement. This is a further, very strin-
gent test of the quality of the pair potentials obtained
with this method. The result shows that accurate predic-
tions of Sαβ(k, ω) in warm dense matter using parameter-
free pair potentials in MD simulations are possible. Due
to the vastly reduced computational expense, this opens
the door to wide-ranging explorations of the ionic struc-
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ture of dense plasmas, including mixtures, that can both
guide and be tested by experiments [14].

Here we use PAMD to show that in the hydrodynamic
limit of k → 0 our predictions for the dynamic structure
factor for aluminum recover the known hydrodynami-
cal form. We then make predictions for Sαβ(k, ω) and
the adiabatic sound speed of warm dense plastic (CH),
which is commonly used as an ablator material in inertial
confinement fusion capsules [19]. We extract the sound
speeds from each component of the dynamic structure
factor and show that in the hydrodynamic limit they con-
verge to a common value – as they should. Finally, the
quasi-elastic electron-electron dynamic structure factor is
calculated from Sαβ(k, ω). Such a quantity is in principle
directly accessible in X-ray scattering experiments [13].

II. METHODS

In pseudo-atom molecular dynamics (PAMD) the elec-
tronic density of the plasma for a given set of nuclear
positions is constructed through a superposition of spher-
ically symmetric pseudo-atom electron densities that are
identical for all ions of a given species. The pseudo-atom
density contains contributions from bound electrons (to-
gether with the nucleus, they form the ion) and the elec-
trons that screen the ion [16]. The pseudo-atom electron
densities are found using DFT [17, 18, 20], for which
we use the Dirac exchange functional [21]. By apply-
ing the integral equations of fluid theory to the plasma
[17, 20], one can determine the ion-ion pair interaction
potentials. These pair potentials are uniquely determined
by the pseudo-atom electron densities; there are no ad-
justable parameters or assumed functional form. The
nuclear positions are found with classical molecular dy-
namics using these pair potentials. The only inputs to
PAMD are the plasma density, temperature and com-
position (i.e. atomic masses, nuclear charges and the
number fractions of the species). Our classical MD sim-
ulations are carried out in the micro-canonical ensemble.
The simulations are guided to equilibrium using velocity
rescaling to achieve the target temperature; no thermo-
stat is used during the production phase. Due to the
short range nature of the pair interaction potentials for
the systems considered here there is no need to use the
Ewald summation technique. Specific simulation param-
eters are given for each calculations presented in section
III.

The dynamic structure factor is evaluated by first cal-
culating the Fourier transform of the ionic number den-
sity

nα(k, t) =

Nα
∑

i=1

exp(ık · ri(t)) (1)

where there are Nα ions of species α in the simulation
with positions ri(t) at time t. The intermediate scatter-
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FIG. 1: (color online) S(k, ω) for aluminum at 5.2 g/cm3 and
3.5 eV. Solid lines are PAMD calculations and the numbers
beside each curve indicate the k-value. The dashed lines are
from QMD simulations [10] and the legend indicates their
k-values. Despite the very different simulation methods in-
volved, the agreement is good. The differences result from
a combination of physical approximations and computational
limitations (see text).

ing function is then constructed

Fαβ(k, t) =
1

√

NαNβ

〈nα(k, t)nβ(−k, t)〉 (2)

where the angular brackets imply an average of direc-
tions as well as the ensemble average. Finally, the dy-
namic structure factors are the time Fourier transforms
of Fαβ(k, t)

Sαβ(k, ω) =
1

2π

∞
∫

−∞

dt exp(ıωt)Fαβ(k, t) (3)

III. RESULTS

A. Aluminum plasmas

In figure 1 we compare PAMD calculations of Sαβ(k, ω)
to QMD1 results [10] for an aluminum plasma at 3.5 eV

1 QMD – Quantum Molecular Dynamics, refers to Kohn-Sham

DFT-MD simulations.
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FIG. 2: (color online) Dispersion relation ωs (top panel) and
adiabatic sound speed cs = ωs/k (bottom panel) for alu-
minum at 5.2 g/cm3 and 3.5 eV. Solid lines with triangles
are PAMD calculations using 10,000 particles. The blue dots
are QMD results from [10], where 256 particles were used. For
comparison, we also plot the results of a PAMD simulation
using 256 particles (solid lines with squares).

and 5.2 g/cm3. For the smallest k-vectors2 both calcula-
tions predict a strong ion acoustic (Brillouin) peak, and
a small central diffusive (Rayleigh) peak. This is also
where the quantitative agreement of the two approaches
is at its worst. Increasing k to values corresponding to
the first peak in the static structure factor (see figure 5),
and beyond, the agreement improves and both methods
recover the free particle limit (a Gaussian) at the largest
k value.

In figure 2 we show the dispersion relation ωs(k) of the
ion acoustic peak for the same aluminum plasma com-
pared to the QMD results of [10], and the correspond-
ing sound speed cs = ωs/k. The scatter in the QMD
data is partly a result of suppression of long time oscil-
lations in F (k, t) using a Gaussian window function [10]
with two different choices of the decay time scale. These
long time oscillations must also be damped in the PAMD
simulations; we apply the method described in [22]. The
combination of this method as well as long and large

2 The use of periodic boundary conditions in both QMD and

PAMD restricts the k values that are accessible to each simu-

lation, hence the slight differences in the k values in figure 1.
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FIG. 3: (color online) Static structure factor (top panel) and
S(k, ω) (bottom panel) for aluminum at 2.7 g/cm3 and 5 eV
compared to TF-DFT-MD simulations [9]. We show PAMD
results using both Thomas-Fermi (TF) and Kohn-Sham (KS)
functionals. ωp is the ion plasma frequency. For KS-PAMD
h̄ωp = 0.123 eV, for TF-PAMD h̄ωp = 0.125 eV.

PAMD simulations result in very little numerical noise
in ωs and cs. The PAMD simulations predict a slightly
larger sound speed (15.0 km s−1) than the QMD sim-
ulations (12.5–14 km s−1), but the overall agreement is
good.
The differences in the predicted S(k, ω) from the two

methods (PAMD and QMD) are likely to be caused by
a combination of numerical limitations and physical ap-
proximations. The well-converged PAMD simulations
used 10,000 particles for a total simulation time of 0.36 ns
3. In contrast, the QMD simulations of [10] used 256 par-
ticles for a total simulation time of 3.08 ps. Due to the ex-
pensive nature of the QMD simulations convergence tests
using a larger number of particles and longer simulations
are impractical. We verified that PAMD simulations us-
ing 256 particles and 3.08 ps do not significantly change
the resulting sound speed, although it becomes much
noisier (figure 2). However, QMD and PAMD should
have different size effects due to the different methods
involved. A modest reduction of ∼ 2.5% in the PAMD
cs was found when the Dirac exchange potential was re-
placed by a finite temperature exchange and correlation
potential in the local density approximation [23]. One the

3 We used a cubic simulation cell with a time step of 0.95 fs.
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FIG. 4: (color online) Dispersion relation ωs (top panel) and
adiabatic sound speed cs = ωs/k (bottom panel) for alu-
minum at 2.7 g/cm3 and 5 eV. We show PAMD results using
both Thomas-Fermi (TF) and Kohn-Sham (KS) functionals.

other hand the QMD simulations [10] used a generalized
gradient approximation [24]. Other physical approxima-
tions that may affect the results include the superposition
approximation in PAMD, and the use of a pseudopoten-
tial in the QMD simulations [10]. We note that PAMD
does not use a pseudopotential; bound states are treated
in the same way as the continuum states. In summary
the agreement between the methods is good, given the
very different approaches used.
In figure 3 we show the static structure factor and

S(k, ω) for an aluminum plasma at 2.7 g/cm3 and 5 eV.
Both Thomas-Fermi (TF) and Kohn-Sham (KS) PAMD
results are shown and compared the DFT-MD simula-
tions of White et al. [9]. The simulations of White et al.
used the Thomas-Fermi functional and a pseudopotential
derived by inverting the Kohn-Sham equations for bulk
aluminum [25]. This effectively corrects the poor behav-
ior of TF-DFT-MD at low temperatures by recovering
the proper limit, and makes the TF-DFT-MD behave
like KS-DFT-MD at low temperature. The KS and TF-
PAMD results are similar, and there is reasonable agree-
ment with the TF-DFT-MD results of White et al. How-
ever, the agreement is worse than for the KS-DFT alu-
minum plasma shown in figure 1. In particular, PAMD
gives a smaller value for S(k, ω = 0) than the results of
White et al and higher frequencies for the acoustic peak
at small k values. The corresponding sound speeds and
dispersion relations for are shown in figure 4. TF-PAMD
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FIG. 5: (color online) Static structure factor (top panel) for
aluminum at 5.2 g/cm3 and 3.5 eV. The bottom two pan-
els show the calculated dynamical structure factor and the
hydrodynamical fit (equation (4)). The four fit parameters
are determined by a least squares fit of the calculated data
for k = 0.143 Å−1. On increasing k (values are marked be-
side the corresponding lines) this hydrodynamical fit begins
to deviate from the calculated curves, as is expected.

predicts an adiabatic sound speed of 12.7 km/s compared
to 10.4 km/s from TF-DFT-MD. Our PAMD simulations
used 5000 particles in a cubic simulation cell with a time
step of 0.84 fs for a total simulation time of 1.34 ns. In
contrast the TF-DFT-MD result used 864 particles with
a time step of 0.25 fs for a simulation time of 1.5 ps. The
most likely source of the differences observed in figure 3
is either the superposition approximation in PAMD or
the pseudopotential in TF-DFT-MD.
In summary, the comparison of PAMD to KS- and OF-

DFT-MD simulations of Sαβ(k, ω) and the corresponding
sound speed reveals good to reasonable agreement. The
differences are most likely due to physical approxima-
tions: the superposition approximation in PAMD, the
pseudopotentials in KS- and OF-DFT MD, and the dif-
ference choices of exchange and correlations potentials.
Numerical limitations of the much more expensive DFT-
MD methods may play a part. The dynamic structure
factor Sαβ(k, ω) is a very sensitive test of the forces on
the ions. That a parameter-free pair potential method
(i.e. PAMD) attains the level of agreement seen with
the DFT-MD methods is quite remarkable, and supports
the underlying assumptions of PAMD. These compar-
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FIG. 6: (color online) Static structure factor from PAMD (top
panel) for a carbon-hydrogen mixture at 10 g/cm3 and 10 eV.
The bottom three panels show the dynamic structure factors
for C-C, H-H and C-H at various fixed values of k.

isons also give us confidence that predictions of Sαβ(k, ω)
with PAMD are reasonably accurate and that PAMD can
be used as a relatively inexpensive tool for investigating
Sαβ(k, ω) in warm dense matter.
In figure 5 we show S(k, ω) for an aluminum plasma at

3.5 eV and 5.2 g/cm3 at small k values. For the smallest
k value available from the simulation (k = 0.143Å−1) we
use a least squares fit to the hydrodynamical form of the
dynamic structure factor [26]:

SH(k, ω) =
S(k)

2π

[(

γ − 1

γ

)

2DTk
2

ω2 + (DTk2)2

+
1

γ

(

Γk2

(ω + cs k)2 + (Γ k2)2
+

Γk2

(ω − cs k)2 + (Γ k2)2

)]

(4)

The four parameters of this fit are γ = cP /cV , the ra-
tio of specific heats, DT , the thermal diffusivity, Γ, the
sound attenuation coefficient which is related to the kine-
matic viscosity [26] and cs, the adiabatic sound speed.
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FIG. 7: (color online) Elastic part of the electron-electron
dynamic structure factor for CH at 10 eV and 10 g/cm3. The
k-values and line labels in this figure and inset are the same
as in figure 6.

In principle, fitting the form (4) to the small-k Sαβ(k, ω)
provides all four material properties. For reference the
values of the four fit parameters found for this case are
(in atomic units) γ = 1.18, DT = 1.68× 10−2, Γ = 3.21×
10−3 and cs = 6.84×10−3. The agreement between the
PAMD S(k, ω) and the fit is very good. Keeping these
parameters fixed, but increasing k we can see that the
hydrodynamical fit starts to deviate from the calculated
curves, with noticeable differences for k ∼> 0.3Å−1.

B. Carbon-hydrogen plasma

We now turn to Sαβ(k, ω) for a carbon-hydrogen mix-
ture relevant to inertial confinement fusion experiments
[8]. Figure 6 shows the PAMD SCC(k, ω), SHH(k, ω) and
SCH(k, ω) for an equimolar carbon - hydrogen mixture
at 10 eV and 10 g/cm3. Bonds can occur in CH plasmas
at lower temperature and density [8]. We have previ-
ously shown that the ion-ion pair interaction potentials
used in PAMD result in static structure predictions that
agree well with QMD calculations under similar condi-
tions for a carbon-hydrogen mixture [20], consistent with
the complete breakup of bonds found in [8]. The PAMD
simulations here used a total of 8,000 particles and a to-
tal simulation time of 0.12ns in a cubic simulation box
with time step of 0.068 fs. The partial structure factors
Sαβ(k) for the CH plasma (figure 6, top panel) shows that
the hydrogen ions are uncorrelated, the carbon ions are
moderately coupled, and that there is no sign of incipient
bonding in the system. The partial dynamical structure
factors Sαβ(k, ω) reveal significantly different behavior of
the carbon and hydrogen ions. The H-H diffusive peak
is ∼10 times larger than that of C-C, owing to the much
lower mass and charge (i.e. coupling) of the hydrogen.
For the same reason the acoustic peak of SHH(k, ω) is
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always at a higher frequency than for SCC(k, ω).
X-ray scattering experiments measure the double-

differential cross section which is proportional to the total
electron structure factor [27]. For small ω the dominant
contribution to this is from quasi-elastic scattering by
the bound and screening electrons. This is related to the
ion-ion dynamic structure factors by [20, 27–29]

Sel
ee(k, ω) =

∑

α,β

√
xαxβn

PA
α,e (k)n

PA
β,e (k)Sαβ(k, ω) (5)

where the sums are over species index, xα is the number
fraction of species α and nPA

α,e (k) is the Fourier transform
of the pseudo-atom electron density for species α [20, 28].
The result for the carbon-hydrogen mixture is shown in
figure 7. Unlike the pure aluminum cases, the central
diffusive (Rayleigh) peak is comparable in magnitude to
the acoustic peak at small k. This is due in roughly equal
parts to the larger value of S(k) for CH compared to that
for Al (see equation (4)), and a larger value of the ratio
of specific heats γ.
The dispersion relations and corresponding sound

speeds extracted from SCC(k, ω) and SHH(k, ω) are
shown in figure 8. As k → 0 these sound speeds converge
to a common value, as they should in the hydrodynamic

limit. Even with these large simulations, at the small-
est k value available the two sound speeds still differ by
∼ 8%; their average value predicting a sound speed of
41.3 km s−1. For comparison, we also show the disper-
sion relations and sound speeds for pure hydrogen and
pure carbon plasmas at the same density and tempera-
ture as the mixture. Also shown in figure 8 is the disper-
sion relation and sound speed extracted from Sel

ee(k, ω).
Qualitatively this follows the carbon-carbon result but is
shifted to larger sound speeds.
As k increases from the hydrodynamic limit the sound

speeds for hydrogen and carbon split into fast (H) and
slow (C) sounds, with hydrogen showing a slight positive
dispersion (figure 8). This phenomenon, known as “fast
sound”, was first predicted in molecular dynamics simu-
lations of liquids [30] and later observed in neutron scat-
tering experiments on a cryogenic He-Ne mixture [31] and
in a low-density, hot Be-Au plasma [32]. To our knowl-
edge, this is the first time the fast sound phenomenon has
been predicted in the warm dense matter regime. This
effect arises as a consequence of transitioning from the
hydrodynamic to kinetic regimes [33], where the behav-
ior of particles of each species is less collective and reflects
more their different masses and interaction potentials.

IV. CONCLUSIONS

In conclusion, we have demonstrated that the recently
developed pseudo-atom molecular dynamics simulation
method for warm dense matter can be used to investi-
gate the ion-ion dynamic structure factor, giving results
that agree well with the much more computationally ex-
pensive KS-DFT-MD methods. A comparison with TF-
DFT-MD simulations also gave reasonable agreement.
These comparisons give us confidence that PAMD can
be used as reasonably accurate and relatively inexpensive
tool to investigate the properties of Sαβ(k, ω) in warm
dense matter. In the hydrodynamic limit, the known
form of the ion-ion dynamic structure factor is recov-
ered by PAMD simulations for an aluminum plasma. We
have used PAMD to make predictions of the ion-ion dy-
namic structure factor and the adiabatic sound speed of a
warm dense mixture of carbon and hydrogen. From these
we have calculated the quasi-elastic part of the electron-
electron dynamic structure factor, a quantity that is mea-
surable in X-ray scattering experiments.
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