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The discontinuous shear thickening (DST) of dense suspensions is a remarkable phenomenon in which the
viscosity can increase by several orders of magnitude at a critical shear rate. It has the appearance of a first
order phase transition between two hypothetical “states” that we have recently identified as Stokes flows with
lubricated or frictional contacts, respectively. Here we extend the analogy further by means of novel stress-
controlled simulations and show the existence of a non-monotonic steady-state flow curve analogous to a non-
monotonic equation of state. While we associate DST to an S-shaped flow curve, at volume fractions above the
shear jamming transition the frictional state loses flowability and the flow curve reduces to an arch, permitting
the system to flow only at small stresses. Whereas a thermodynamic transition leads to phase separation in the
coexistence region, we observe a uniform shear flow all along the thickening transition. A stability analysis
suggests that uniform shear may be mechanically stable for the small Reynolds numbers and system sizes in a
rheometer.

I. INTRODUCTION

The shear thickening of dense suspensions is a counter-
intuitive phenomenon in which, for some range of applied
shear stress, the viscosity of a suspension increases, some-
times by orders of magnitude [1–3]. It is observed in systems
that differ widely in the shape, type or size of the suspended
solid material, or in the type of suspending liquid; it is even
argued that most dense suspensions shear thicken, but the phe-
nomenon may often be hidden by a yield stress [4, 5]. De-
spite being an inherently non-equilibrium phenomenon, shear
thickening shares some strong similarities with an equilbrium
phase transition. In Fig. 1 we show schematically the rela-
tion between the shear stress σ and the shear rate γ̇ as it is
commonly observed in experiments [3, 6–9]. The curves ob-
served at different volume fractions φ are reminiscent of the
isotherms in a P-V diagram for a system undergoing a liquid-
gas transition. This leads to an analogy between discontinous
shear thickening (DST) and a first order transition.

Along this line of thought, Wyart and Cates [10] recently
suggested that a non-monotonic flow curve γ̇(σ), as repre-
sented in Fig. 1, underlies the discontinuity region, just as a
first order transition stems from a non-monotonic equation
of state. (The hypothesis of an S-shaped flow curve is con-
troversial [11, 12]. The arguments of Wyart and Cates [10]
rely on an interpolation between two hypothetical co-existing
states, one frictionless and one frictional.) For the liquid-gas
transition, the S-shaped equation of state is never observed
even in a volume-controlled experiment, because it leads to
a coexistence region where the uniform system is no longer
a global minimum of the free energy and the system phase
separates. For DST, however, one cannot rely on a thermo-
dynamic argument and we are restricted to mechanical con-
siderations. For micellar systems, a mechanical stability anal-
ysis of the “spinodal” region (the region inside the coexis-
tence region with dγ̇/dσ < 0) leads to an instability of the
uniform flow towards shear banding, which is a mechanical
phase separation [13, 14]. Interestingly, even if many DST
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FIG. 1. (Color online). Sketch of the relation between the shear
rate γ̇ and the shear stress σ in a shear thickening suspension, with
increasing volume fraction φ from top to bottom, in solid lines. At
low φ, γ̇(σ) is a strictly monotonic function and the shear thickening
is continuous, appearing as an inflection in the curve. As φ increases,
this inflection deepens, and at φ = φc a “critical” point (σc, γ̇c) ap-
pears in which dγ̇/dσ = 0. For φ > φc the shear thickening is dis-
continuous. The discontinuity region (with constant γ̇) is analogous
to a coexistence region (light gray region). (Hysteresis is sometimes
observed, in which case the discontinuity region would be analogous
to a spinodal region.) The discontinuity region is only accessible un-
der stress-controlled conditions. The putative non-monotonic flow
curves are plotted as dashed lines in the coexistence region, in anal-
ogy to the non-monotonic equations of state underlying a first order
thermodynamic transition.

experiments show the thermodynamic-like behavior described
in Fig. 1 with a shear rate plateau in the discontinuity region
under stress-controlled conditions, some experiments instead
show a non-monotonic rheology [15–17], and a very recent
study [11] clearly maps out a full S-shaped curve for a neu-
trally buoyant suspension of spheres, but with hysteresis and
a rate dependence of the transition in the flow curve. Some
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related granular flows have been studied at fixed shear stress
and showed a similar non-monotonic γ̇(σ) relation, but only
as a transient [18].

Here we address these properties of discontinuous shear
thickening and non-monotonicity with numerical simulations
of a model shear-thickening suspension of hard frictional
spherical particles. The simulation model, which considers
frictional contacts between suspended particles, has recently
been shown to reproduce both CST and DST under rate con-
trol, as observed in experiments [19–22]. Modern shear rhe-
ology experiments are carried under shear stress rather than
shear rate control, but existing methods to simulate stress-
controlled flows of dense suspensions, by introducing walls
or feedback loops, are of limited utility and cannot be used to
simulate DST. We describe here a novel deterministic stress-
controlled scheme employing periodic boundary conditions
that makes it possible for the first time to simulate the flow
in the DST regime. We observe both the S-shaped flow curves
and the arches suggested by analogy to a first order transition
(cf. Fig. 1) in steady state with a uniform flow; there is no
mechanical instability leading to shear-banding or chaotic dy-
namics [23], in stark contrast to a thermodynamic transition.

II. METHODS

We simulate an assembly of inertialess frictional spheres
immersed in a Newtonian fluid under simple shear flow. The
system is binary, with radii a and 1.4a mixed at equal volume
fractions. A stabilizing repulsive force that prevents frictional
contacts between particles at low stresses, as used in our basic
model [21], is a key ingredient in shear thickening; in many
shear thickening experiments this takes the form of an elec-
trostatic double-layer force [15]. The equation of motion is
thus simply the force balance between hydrodynamic (FH),
repulsive (FR), and contact (FC) forces which depend on the
many-body position and velocity vectors X and U (≡ Ẋ ):

0 = FH(X ,U ) + FR(X ) + FC(X ). (1)

The hydrodynamic forces consist of two components, a drag
due to the motion relative to the surrounding fluid, −RFU(X ) ·(
U −U∞)

, and a resistance to the deformation imposed by the
flow, γ̇RFE : Ê∞, where U∞i = γ̇ yi êx and Ê∞ ≡ ( êx êy +

êy êx )/2 is the normalized strain rate tensor. (In very dense
suspensions, the use of U∞ to model the effect of the sur-
rounding fluid is unclear [24]. U∞ tends to reduce the fluctu-
ations around the homogeneous flow, but we have established
that our results are unchanged if we remove this term, which
is much smaller than the lubrication and contact forces.) The
resistance matrices RFU and RFE contain the Stokes drag and
the leading terms of the pairwise hydrodynamic lubrication
interaction regularized to allow contacts [22, 25]. Contacts
are modeled by a linear spring consisting of both normal and
tangential components, with spring constants kn and kt, a sim-
ple model commonly used in granular physics [22]. Contrary
to most granular physics models, however, there is no dash-
pot in our contact model, as the energy dissipation is pro-
vided by the hydrodynamic resistance. The electrostatic re-

pulsion decays exponentially with the interparticle gap h as
|FR | = F∗ exp(−h/λD), with a Debye length λD.

The equation of motion (1) is completed by the constraint
of flow at constant shear stress σ. At any time, the stress in
the suspension is given by:

σ = γ̇η0

(
1 +

5
2
φ
)

+ γ̇ηE + σR + σC (2)

with η0 the suspending fluid viscosity, ηE = V−1 {(RSE−RSU ·
R−1

FU · RFE) : Ê∞
}
xy and σR,C = V−1 (XFR,C − RSU · R−1

FU ·
FR,C

)
xy , where RSU and RSE are resistance matrices giving

the lubrication stresses from the particles’ velocities and re-
sistance to deformation, respectively [22, 26] and V is the vol-
ume of the simulation box. At fixed shear stress σ the shear
rate γ̇ is the fluctuating variable that is to be determined at
each time step by

γ̇ =
σ − σR − σC

η0
(
1 + 2.5φ

)
+ ηE

. (3)

The full solution of the equation of motion (1) under the con-
straint of fixed stress (2) is thus the following velocity U:

U = U∞(γ̇) + R−1
FU ·

(
γ̇RFE : Ê∞ + FR + FC

)
. (4)

We emphasize here that the stress control is deterministic, in
the sense that the shear rate can be computed a priori, be-
fore applying the time step. This is a substantial advantage
over the common technique of stress control using feedback,
which adapts the shear rate based on the results of previous
time steps. In particular, we do not have to introduce the re-
laxation time of the feedback loop as an additional time scale,
and the shear stress of the system is strictly constant along
the simulation. Boundary effects like layering are avoided by
the use of periodic boundary conditions. It is also interesting
to note that the time evolution (3) and (4) is valid even in a
jammed state: we can have γ̇ = 0 and U = 0 if σ = σR + σC
and FR +FC = 0. Lastly, the unit scale is γ̇0 ≡ F∗/6πη0a2 for
the strain rate and σ0 ≡ η0γ̇0 for the stress.

III. RESULTS

In Fig. 2, we show the average shear rate as a function of
the shear stress for several volume fractions φ. At the low-
est values of φ the γ̇(σ) curves are monotonic and show a
continuous shear thickening for 1 . σ/σ0 . 10. The flow
curve becomes non-monotonic at φ = 0.56, and for φ = 0.57
and 0.58 the negative slope for intermediate stresses is clearly
visible, showing that an S-shaped rheology curve lies behind
the discontinuous shear thickening observed at the same vol-
ume fraction under a rate controlled simulation. Lastly, for
φ > 0.58, the flow curves are arches and the system flows only
for small values of the stress, as the shear rate vanishes above
a stress σmax(φ). For σ > σmax(φ) the system cannot flow; it
is in a shear jammed state, similar to the one observed in gran-
ular systems [27]. In our shear jammed states, the entire stress
is supported by the repulsive and contact forces and particles
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FIG. 2. (Color online). Left: The shear rate γ̇ as a function of the shear stress σ for several values of the volume fraction φ in our simulations
at constant shear stress. Continuous shear thickening at the lowest φ is associated with monotonic flow curves, discontinuous shear thickening
appears here as an S-shaped flow curve for φ = 0.56–0.58, and shear jamming is indicated by arch-shaped flow curves with a vanishing shear
rate at high stresses for φ ≥ 0.59. Simulations are run with n = 500 particles except for φ = 0.58, for which we use n = 2000. Two data points
with n = 4500, corresponding to the systems shown in Fig. 3, are indicated by crosses. Right: The same data plotted as viscosity η versus
shear rate γ̇ are compared with simulations at constant shear rate (dashed lines).

have vanishing velocities. Unlike in a dry granular material,
however, the system flows again in steady state with a sub-
sequent decrease in stress for σ < σmax(φ). (There is also
a yield stress above which the system flows again, due to the
deformation of the particles under shear, but this stress scale
is significantly larger than σmax(φ) and we have not probed
it.) This phenomenology is also present for the viscosity η as
a function of γ̇ plotted in the right side of Fig. 2, which shows
the same non-monotonicity for φ & 0.56. The calculations at
constant shear rate are also shown, and the two sets agree very
well out of the DST transition zone.

The system shows no sign of spatial heterogeneity within
the dγ̇/dσ < 0 region, and the uniform shear flow is pre-
served. In the upper panel of Fig. 3 we plot the instanta-
neous velocity profile at a stress σ/σ0 = 2 for φ = 0.54 and
φ = 0.58; both are in the shear thickening regime, but with
dγ̇/dσ > 0 for φ = 0.54 and dγ̇/dσ < 0 for φ = 0.58. The
velocity profile is linear across the sample in both cases, in-
dicating a uniform flow. The normalized fluctuations around
the mean flow at particle level, |Ui − U∞i |/γ̇a, are shown as
colorcoded snapshots in the lower panel of Fig. 3. These nor-
malized fluctuations are larger for the denser φ = 0.58 than for
φ = 0.54 (they may actually diverge with the viscosity at the
jamming transition, as a dissipation argument shows [28]), but
they do not show any structure associated with a phase sepa-
ration. Neither do they show large fluctuations in the time
series, as has been observed in some experiments [16]. We
show the strain series of the shear rate for three system sizes
in the negative slope region in Fig. 4. The variance of the
shear rate decreases with increasing system size n, and there
is no sign of intermittency or macroscopically chaotic behav-
ior. This indicates that the uniform shear is the steady state in
this region.

IV. STABILITY ANALYSIS

For micellar systems, where one can observe a similar de-
creasing flow curve, the uniform flow is mechanically unsta-
ble against perturbations of the velocity field along the flow
direction due to inertia if γ̇ and σ are instantaneously related
through a decreasing flow curve [13, 14, 29, 30]. Our sim-
ulations are strictly inertialess, so it is natural to address the
question of the validity of our results for the small but finite
inertia observed in experiments. We carry out a linear stability
analysis at a simplified scalar level for a suspension at a vol-
ume fraction φ and shear stress σ within the decreasing region
of the flow curve. We show that the system is linearly stable
to perturbations along the flow direction for small Reynolds
numbers and finite system sizes because of a delay inherent
to the microstructural reorganization in the suspension. (This
analysis is close in spirit to the analysis provided by Nakan-
ishi et al. [23] for an effective hydrodynamic model of shear
thickening fluids, and it leads to similar conclusions.)

We perform a stability analysis of the momentum equation:

ρ

(
∂v

∂t
+ v · ∇v

)
= ∇ · Σ (5)

that we restrict to simplified scalar (one-dimensional) pertur-
bations. The unperturbed velocity profile is uniform v(r ) =

γ̇∗ y êx and it is associated with a constant shear stress field
Σxy (r ) = σ∗. We introduce a perturbation δv (y, t) êx in the
velocity field and δσ(y, t) in the stress field. As v · ∇v = 0,
the momentum equation becomes:

ρ
∂δv

∂t
=
∂δσ

δy
. (6)

We then need a relation between the σ and γ̇ that is
valid at any time. If these quantities are linked through
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FIG. 3. (Color online). Top: Instantaneous velocity profiles in the
shear thickening regime (σ/σ0 = 2) for φ = 0.54 (left), where
dγ̇/dσ > 0, and for φ = 0.58 (right), where dγ̇/dσ < 0. The differ-
ent curves are taken at different strains separated by 1 strain unit. In
both cases the shear flow is uniform. Bottom: Configurations of the
system at φ = 0.54 (left) and φ = 0.58 (right) and stress σ/σ0 = 2
as above, color coded with the norm of the non-affine velocity, form
dark gray (small value) to yellow (light gray, large value). Fluctua-
tions are larger at higher volume fraction, but they do not show any
sign of non-uniform flow or phase separation.
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FIG. 4. (Color online). Strain series of the shear rate for φ = 0.58 and
σ/σ0 = 2, for which the steady state flow curve shows dγ̇/dσ < 0.
The system shows no intermittency or exotic fluctuating or chaotic
behavior and is in a simple steady state. Three sizes are shown: n =
500,2000,4500, from which we can see that the variance of the signal
decreases with increasing n, as is expected for a steady uniform shear
flow.

their steady state relation γ̇∗(σ) (that is, if the relaxation
time is strictly zero), the uniform flow is unstable whenever
dγ̇∗/dσ < 0 [14]. However, these two quantities are actually
linked through the microstructure of the system: the number
of frictional contacts and their anisotropy directly affect the
relation between γ̇ and σ. When there is a local perturbation
the microstructure response requires strain to evolve. To a first
approximation, we can account for this microstructural effect
through a scalar variable f , the fraction of frictional contacts,
such that at any time the viscosity (at fixed volume fraction)
is a unique function η( f ) [10, 22]. Building or destroying the
contact network takes strain, and f (y, t) = f ∗ + δ f (y, t) can
be assumed to evolve in the linear regime as

δ f (y, t) =
∫ γ(t )

−∞
dγ′K (γ − γ′)δσ(y,γ′), (7)

where K is a memory kernel that depends on the initial steady
state stress σ∗. Changing the variable of integration to time
and using the fact that δσ = δηγ̇∗ + η∗δγ̇, we then have at
linear order:

δσ = η∗δγ̇ + γ̇∗2
dη∗

d f

∫ t

−∞
dt ′K (γ̇∗(t − t ′))δσ(t ′). (8)

Now, assuming a periodic perturbation δv (y, t) = w (t)eik y

and δσ(y, t) = r (t)eik y , taking the Laplace transform of (8)
and (6), we have:

r̂ (s) =
ikη∗w (0)

s + k2η∗/ρ − sγ̇∗(dη∗/d f )K̂ (s/γ̇∗)
(9)

with r̂ (s) and K̂ (s) the Laplace transforms of r (t) and K (t).
The final value theorem states that r (t) vanishes when t → ∞
if r̂ (s) has no singularity in the right half of the complex plane,
that is, if s+ k2η∗/ρ− sγ̇∗(dη∗/d f )K̂ (s/γ̇∗) has no roots with
positive real part.

In the simple case of an exponential kernel K (t) = K ′e−cγ̇∗t
(with K ′ = c d f ∗/dσ), we are thus looking at solutions of:

s +
k2η∗

ρ
− γ̇∗c dη∗

dσ
s

s/γ̇∗ + c
= 0, (10)

which is a quadratic equation with solutions s1 and s2 satisfy-
ing:

s1s2 > 0, s1 + s2 = −η∗γ̇∗c dγ̇∗

dσ
− k2η∗

ρ
, (11)

meaning that the real parts of both roots are negative if
dγ̇∗/dσ > −k2/(ργ̇∗c). However, when dγ̇∗/dσ <
−k2/(ργ̇∗c), the roots have a positive real part, which means
that the uniform shear flow is unstable. This stems from the
competition between the time needed to build a microstructure
(γ̇∗c)−1 (the longer the more stable) and the damping time
ρ/(k2η∗) on a length scale k−1 (the longer the more unsta-
ble). In the thermodynamic limit the wave-vector k can take
arbitrarily small values and the uniform shear flow will be un-
stable whenever dγ̇∗/dσ < 0. However if the flow occurs in
a finite gap H the smallest wave vector available is k = π/H
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FIG. 5. (Color online). Typical strain response to a step increment of
applied stress in the region dγ̇∗/dσ < 0. These curves are obtained
by averaging 100 simulations at φ = 0.58, for which we impose a
stress σ/σ0 = 2 for strains γ < 2 and increment to σ/σ0 = 3
at γ = 2 (top panel). The average contact number per particle nc
and the viscosity η increase (middle panels), with an exponential-like
relaxation, but the shear rate γ̇ has a non-monotonic behavior, first
increasing and then relaxing to a lower value (bottom panel). The
dashed line is a fit to an exponential relaxation, giving a relaxation
strain of c−1 ≈ 2.3% for these conditions. Hence at short time scales,
and in particular on the inertial time scale, the shear rate increases
with the shear stress and the system is mechanically stable.

and the uniform shear flow is stable for Reynolds numbers
Re ≡ ργ̇∗H2/η∗ smaller than a critical Rec:

Rec = − π
2

cη∗

(
dγ̇∗

dσ

)−1

. (12)

Note that for the simulations shown in this article, the stability
is provided not by the finite size of the system, but by the fact
that the inertia is strictly neglected and Re = 0.

In order to understand this stability from a physical point
of view, we can consider the case of a step increase of the
shear stress at a given strain γstep, so that σ(γ) = σ∗ +
Θ(γ − γstep)δσ, for a stress σ∗ in the region dγ̇∗/dσ < 0.
Using (7), (8) and (6), we find that whereas the local mi-
crostructure variable and the viscosity respond monotonically
to the shear stress increase, the shear rate does not: it first in-
creases before relaxing to its steady state value as γ̇(γ) = γ̇∗+[
(dγ̇∗/dσ)

(
1 − e−c (γ−γstep)

)
+ e−c (γ−γstep)/η∗

]
Θ(γ−γstep)δσ.

As shown in Fig. 5, this nonmonotonic response is observed in
our simulations: following a step increase in stress, the shear
rate, initially at γ̇∗, immediately jumps to a higher value be-
fore decreasing to its steady state value γ̇ < γ̇∗ in a relaxation
that is reasonably fit by an exponential decay with strain scale
c−1 = 2.3 %. This can be understood if we decompose the
stress response: the stress increase in the bulk just after the
perturbation at γ = γstep cannot have its origin from contacts,
because the microstructural reorganization needed to accomo-
date the stress change through a contact network takes time to

build up. The initial stress response is of hydrodynamic ori-
gin, and this component of the stress only increases upon an
increase of the shear rate. As a consequence, if the Reynolds
number is small enough, on the inertial time scale the suspen-
sion always behaves like a stable fluid that flows faster with
increased applied stress.

V. DISCUSSION

Our numerical simulations and the linear stability analy-
sis indicate that it may be possible to observe the S-shaped
rheology in experiments, and S-shaped flow curves have re-
cently been observed for a neutrally-bouyant suspension of
spheres [11], although the simulation does not capture the
hysteresis and rate-dependent onset of the re-entrant portion
of the flow curve seen in these experiments. In some stress-
controlled experiments the DST shows up in the γ̇(σ) curve
as an intermediate plateau with dγ̇/dσ = 0. The Reynolds
numbers involved in these experiments are often within the
range for which our stability analysis predicts a stable uni-
form shear flow, so deep stable S-shaped flow curves would
be noticed in the experimental data. For polymer beads in
glycol [15] and comb polymer coated PMMA beads in various
organic solvents [16] at volume fractions similar to the ones
studied in this article, experiments show first a decrease and
then a plateau for the shear rate above the discontinuous shear
thickening onset stress. For precipitated calcium carbonate
suspensions, a linear decrease of the shear rate is sometimes
observed [31, 32]. A recent experiment on fluidized gypsum
suspensions in water [17] shows the arching flow curves asso-
ciated with shear jamming resembling the ones we obtain in
this work for φ > 0.58. It then seems that the decreasing flow
curve is stable under some conditions, but that most of the
time it is hidden by another phenomenon leading to a shear
rate plateau.

Our stability analysis is highly restrictive, and the absence
of non-monotonic flow curves in some experiments could be
a consequence of another type of instability. To this end, a
stability analysis extended to at least two dimensions would
be valuable, but for now we are limited by the rather simplis-
tic constitutive connection between the microstructure and the
rheology. Furthermore, the “order parameter” f is a scalar,
and we neglect the volume fraction field and its fluctuations.
Finally, another important point may be the neglect of the
small but finite macroscopic elasticity, which can stem from a
conservative interaction between particles or a finite Brownian
motion: this elasticity can sometimes cause an instability [33].
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