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We analytically investigate the heat current I and its thermal fluctuations ∆ in a branching
network without loops (Cayley tree). The network consists of two type of harmonic masses: vertex
masses M placed at the branching points where phononic scattering occurs and masses m at the
bonds between branching points where phonon propagation takes place. The network is coupled
to thermal reservoirs consisting of one-dimensional harmonic chains of coupled masses m. Due to
impedance missmatch phenomena, both I and ∆ are non-monotonic functions of the mass ratio
µ = M/m. Furthermore, we find that in the low temperature limit the thermal conductance
approaches zero faster than linearly due to the small transmittance of the long wavelength modes.
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Despite the research efforts that have been invested
during the last twenty years in the study of thermal
transport, it still possesses many challenges [1–6]. For
example, the macroscopic laws that govern heat conduc-
tion in low dimensional systems and, in particular, the
conditions for validity of the Fourier law remain unclear.
By now it has been clarified that chaos is neither suffi-
cient nor necessary for the validity of Fourier law [7–9].
Further research indicated the importance of the spectral
properties of heat baths [10] and the existence of conser-
vation laws [1, 2] (though see [11]). The situation is even
less clear as far as the statistics of heat current [12–14] is
concerned.

At the same time, a variety of real structures such
as biological systems [15] and artificial networks in thin-
film transistors and nano-sensors [16] do not fall into the
categories of standard one- or two-dimensional lattice ge-
ometries. Instead, they are characterized by a complex
topology that, nevertheless, can be easily realized in the
laboratory [17–19]. It is therefore useful to employ an-
alytically simple models which allow us to investigate
the underlying physical mechanisms associated with heat
transport in complex networks. Along this line of think-
ing, previously, a fully connected network (each mass is
connected to all other masses) has been studied with the
help of random matrix theory [14].

In the present paper we study heat current and its
thermal fluctuations in a class of harmonic mass net-
works which are topologically equivalent to Cayley trees.
This class of networks does not include any closed loops
and has been extensively used in various areas of physics
[20, 21]. Recently it was argued that these networks
can provide a description of the thermal properties of
nanowires and nanoribbons coated with amorphous ma-
terials and possessing rough surfaces and edges [22, 23].

A phononic Cayley tree consists of vertices (branching
points) and branches in which the metric information
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FIG. 1: (Color online) (a) The schematic figure is a Cay-
ley tree of generation N = 2 with Nb = 2 ‘small’ masses m
on each branch. The basic unit, is indicated with a dashed
square and it consists of a branch and a vertex attached to
the right end of the branch. A monochromatic incident wave
eikz−iωt is reflected back as r(N)e−ikz−iωt, where r(N) is the
total reflection amplitude. For the study of thermal trans-
port, the Cayley tree is connected to two heat baths at differ-
ent temperatures, TH and TL respectively. (b) A scattering
process occurring at a basic unit associated with the lth ver-
tex. The basic unit is connected to three semi-infinite leads
(blue boxes). Three incoming waves from the leads are trans-
formed to three outgoing waves at each of the leads attached
to the basic unit.

is introduced. To be specific, each branch is an one-
dimensional chain consisting of Nb equal masses m and
(Nb + 1) springs with the same equilibrium length and
spring constant κ. The vertices are occupied by masses
M . The tree is characterized by its connectivity Z (num-
ber of branches emanating from a vertex) or equivalently
by the associated branching number K = Z − 1, and its
generation N (number of branching repetition). For each
generation N , the total number of vertices and branches
are (KN −1)/(K−1). We will consider trees with Z = 3
which are connected to two heat baths H and L kept at
temperatures TH , TL respectively with TH > TL. The
bath H consists of one-dimensional semi- infinite spring
chain of equal masses m coupled with spring constants κ.
The bath L contains KN similar one-dimensional semi-
infinite spring chains. An example of a Cayley tree for
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N = 2 and Nb = 2 is shown in Fig.1(a). We find that in
the N →∞ limit the transmittance, as a function of fre-
quency of the incident wave, exhibits stop bands (total re-
flection) and pass bands (only partial reflection). A direct
consequence is that in the N → ∞ limit, both the heat
current I∞ and its thermal fluctuations ∆ acquire some
constant value thus reflecting the ballistic nature of the
heat transport in such trees. Furthermore we show that,
due to impedance mismatch phenomena, they are non-
monotonic functions of the mass ratio µ = M/m: they
get their maxima at µ ∼ 1 while increasing/ decreasing
µ leads to a decrease of their value. In particular, there
are cases where both heat current and its fluctuations
are strictly zero below some critical value µ∗. Finally, we
find that in the low temperature limit the universal ther-
mal conductance approaches zero faster than linearly due
to the small transmittance of the long wavelength modes.
These results clarify the role of surface roughness – which
is usually modeled by Cayley tree structures- in thermal
conductance of nanoribbons and nanowires [22, 23]. Our
analysis applies equally well to Cayley trees with and
without an on-site pinning potential κ0.

The steady-state thermal current for the Cayley tree
is obtained by using the Landauer-like formula [2]

I =

∫ ∞
0

dω

2π
~ωT (ω) (fH (ω)− fL (ω)) , (1)

with fα = {exp (~ω/kBTα)− 1}−1 being the Bose-
Einstein distribution for the heat bath α = H, L and
T (ω) is the transmittance. The latter can be expressed
via the total reflection amplitude r(ω) to the left reser-
voir as T (ω) = 1− |r(ω)|2. The simplicity of the Cayley
tree set-up permits us to express the full counting statis-
tics in terms of T (ω). For example, the current noise [24]
is

∆ =

∫ ∞
0

dω

2π
(~ω)

2 {(fH + fL + 2fHfL) T (ω)

+ (fH − fL)
2 T 2 (ω)}. (2)

Thus the analysis of the full counting statistics of heat
current in a Cayley tree reduces to the study of the trans-
mittance T (ω) which is best carried out using a wave-
scattering approach [25, 26].

We first derive the scattering matrix for a basic scat-
tering unit. The latter consists of a mass M placed at
a generic vertex l and Nb masses m associated with a
branch attached to the left of the vertex (see Fig. 1a).
The equilibrium position of the j-th mass is zj = aj
where a is the equilibrium distance between consequent
masses and j = 1, · · · , (Nb + 1). Below we set a = 1.
The vertex l is placed at the right end of the branch at
j = Nb + 1. The scattering problem associated with the
basic unit is defined by attaching one semi-infinite lead
with masses m at the left end of the branch and two other
identical semi-infinite leads extended at the right of the

l-th vertex. The distance zj at the leads is always mea-
sured from left to right (see Fig 1b). The displacement
of any of these masses can be expressed in terms of two
counter-propagating waves

u(l,j)n =
(
A(l)
n e

ikzj +B(l)
n e−ikzj

)
e−iωt, (3)

where the subindex n = 1 indicates the branch and
the associated left lead and n = 2, 3 the remaining two
leads extended to the right of the vertex l. The fre-
quencies ω are given by the dispersion relation ω =√

2κ
m (1− cos k) + κ0

m , with k ∈ [0, π], so that the propa-

gating waves Eq. (3) satisfy the equations of motion for
the masses m at the branch and leads [27]. Furthermore
Eq. (3) has to satisfy a consistency relation at the vertex:

u
(l,Nb+1)
1 = u

(l,0)
2 ; u

(l,Nb+1)
1 = u

(l,0)
3 (4)

together with the equation of motion for the mass M

Mü
(l,0)
2 = κ(u

(l,1)
2 −3u

(l,0)
2 +u

(l,1)
3 +u

(l,Nb)
1 )−κ0u(l,0)2 (5)

Substituting into Eqs. (4,5) the expressions Eq. (3)
we find the basic unit scattering matrix S(l) which con-

nects incoming to outgoing waves as (B
(l)
1 , A

(l)
2 , A

(l)
3 )T =

S(l)(A
(l)
1 , B

(l)
2 , B

(l)
3 )T :

S(l) =
1

3 + iF

−(1 + iF )e2iα 2eiα 2eiα

2eiα − (1 + iF ) 2
2eiα 2 − (1 + iF )

 ,
(6)

where F = (3− 2µ) tan k
2 + κ0(1−µ)

sin k , and α = k (1 +Nb)
accounts for the accumulated phase due to the wave prop-
agation through the branch n = 1. The scattering matrix
S(l) satisfies the unitarity condition (S(l))†S(l) = I and
the time-reversal symmetry constraint (S(l))T = S(l).

Next, we build up a tree from many scattering units
and calculate the total reflection amplitude to the left
lead. To this end we connect two trees of N -generation,
with identical reflection amplitudes r(N), into a single
tree of (N + 1)-generation. This is done with the help
of a single vertex with scattering matrix S(l) Eq. (6).
The reflection amplitude r(N+1) of the (N + 1) gener-
ation tree can be calculated in terms of the reflection
amplitudes r(N) and the matrix S(l) which connects in-
coming to outgoing waves. Then, using the relations

B
(l)
1 ≡ r(N+1)A

(l)
1 , A

(l)
2 ≡

B
(l)
2

r(N) , A
(l)
3 ≡

B
(l)
3

r(N) we establish
the following recursion relation

r(N+1) = x
(3− iF )r(N) − 1− iF
3 + iF − (1− iF )r(N)

, r(1) = −x1 + iF

3 + iF
(7)

where x = e2iα. The initial condition r(1) = S
(l)
11 is pro-

vided by Eq. (6). From Eq. (7) we get

r(N) =
2x (−i+ F )(

2
−1+Y N + 1

)
U − (x+ 1)F − 3i(x− 1)

, (8)
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where U(ω) = ±
√

2yeiα, y(ω) =
(
F 2 − 9

)
cos 2α −

6F sin (2α) − F 2 + 7 and Y (U) = 1/Y (−U) =
U+F (x−1)+3i(x+1)
−U+F (x−1)+3i(x+1) . The last relation can be used to show

that r(N) is insensitive to the choice of sign ± in U .
When y < 0 the modulus of Y is different from unity

and Eq. (8) converges to a fixed point r∗ with |r∗| = 1
for N → ∞. In contrast, when y > 0 we have |Y | = 1
and Eq. (8), does not converge. We conclude therefore
that the convergence of the reflection amplitude r(N) is
determined by the sign of the band-gap parameter y.

In the frequency domain for which Eq. (8) converges,
i.e. y < 0, we have T (N→∞) = 0. We refer to this
frequency domain as Stop Bands (SB). The situation is
more complicated in the frequency domain for which y >
0. In this case Y is unimodular and thus it can be written
as Y = eiϕ. Substituting back into Eq. (8) we obtain the
following expression for the transmittance

T (N) =
y

y − (1 + F 2) (1− cos (Nϕ))
(9)

which fluctuates between a maximum value Tmax = 1
and a minimum value Tmin = 1 − 1+F 2

(F cosα−3 sinα)2
which

is independent of N . We refer to the frequency domain
for which y > 0 as Pass Bands (PB). Within each PB we
define a smoothed version of transmittance as

T ≡ Tmin + Tmax
2

= 1− 1 + F 2

2 (F cosα− 3 sinα)
2 , (10)

while within the SB we can approximate the transmit-
tance with its asymptotic value i.e. T = 0. We will see
below that these approximations describe well our nu-
merical results for the heat current and its fluctuations
in the limit N →∞. The transition points between a PB
and a SB correspond to frequencies for which y(ω) = 0.

In Fig. 2 we present two typical transmission spectra
for a Cayley tree of N = 3 and N = 8. We see that they
consist of alternating SB and PB as the wave number k
changes from 0 to π. A peculiar feature of our system
is that when k → 0 the transmittance approaches zero
i.e. T → 0 as the generation N increases. This is in
contrast with translational invariant systems where the
transmittance of acoustic phonons with finite group ve-
locity is unity at k = 0. This discrepancy has to do with
the fact that a Cayley tree with Z = 3 is not translation-
ally invariant. On a formal level T (k = 0) is zero since
the band-gap parameter y(k = 0) = −2 < 0 and thus
according to our previous discussion T (N→∞) = 0.

Next we consider the scaling of the steady-state ther-
mal current IN , calculated using Eq. (1), with respect
to N . Our analysis indicates that IN converges to its
asymptotic value exponentially fast i.e. IN − IN→∞ ∼
exp(−γN) (inset of Fig. 3a). Below we will use N = 50
as a good approximation for the asymptotic current I∞.

In the main panels of Fig. 3 we report the dependence
of I∞ and its fluctuations ∆, Eqs. (1,2), on the mass ra-
tio µ = M/m for two representative values of the number

FIG. 2: (Color online) Transmittance T (N) = 1 − |r(N)|2 vs
wave number k for various N -values obtained using Eq. (8).
For comparison, we also plot the mean value approximation
T and the band-gap parameter y (scaled by 160 to fit the
figure). Here m = 1, κ = 1, µ = 1.5, κ0 = 0 and Nb = 3.

of masses Nb = 0, 3 at the branches. The solid lines in
these figures correspond to the numerical results obtained
from Eq. (8). For comparison we plot the theoretical
predictions (symbols) associated with the approximated
expression for the transmittance T (ω) given in Eq. (10).

Generally, the asymptotic value I∞ is nonzero, reflect-
ing the ballistic nature of the thermal transport across a
Cayley tree. We find that I∞ is a non-monotonic func-
tion of the mass ratio µ. Indeed, in the two limiting cases
of µ � 1 and µ � 1 there is a considerable impedance
miss-match between the masses m of the leads attached
to the reservoirs and the mass M at the vertices. This
impedance miss-match is, in turn, responsible for the re-
flection of the energy flowing from the lead to the tree
and thus for the decrease of the heat current. As the
mass ratio µ approaches unity the impedance match is
restored and heat current flows from the hot reservoir
towards the cold reservoirs via the Cayley tree.

Although the Nb = 3 case is representative of the de-
pendence of heat current on µ, the Nb = 0 case shows
some non-generic features. Specifically, we find that I∞
vanishes for a restricted parameter range 0 ≤ µ ≤ µ∗.
The critical value of the mass ratio can be evaluated ex-
actly once we take into consideration the band-gap struc-
ture of the transmittance spectrum T (ω). Specifically for
Nb = 0, we find that y(ω) < 0, for any ω given by the
dispersion relation as long as

µ ≤ µ∗ =

(
3− 2

√
2
)
κ+ κ0

4κ+ κ0
. (11)

In this case we only have a SB with T (ω) = 0 and thus
I∞ = 0. For Cayley trees with Nb 6= 0, the band-gap pa-
rameter y(ω) changes sign at least once as the wave num-
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FIG. 3: (Color online) (a) The steady-state thermal current
I
[
~ κ
m

]
versus the mass ratio µ for Nb = 0 (black line), and

Nb = 3 (red line). We have used Eq. (1) where the total
transmittance has been calculated numerically using Eq. (8)
for N = 50. Black circles and red diamonds indicate the the-
oretical results for Nb = 0 and Nb = 3 when we use the mean
value approximation for the transmittance. Inset: The expo-
nential convergence of I with generation N to its asymptotic
value I∞.Two typical cases with µ = 0.05 for the Nb = 0
(black line) and Nb = 3 (red line). (b) The same as in (a) but
now for the thermal fluctuations ∆. The parameters used are
TH = 0.41 ~

kB

√
κ
m

, TR = 0.39 ~
kB

√
κ
m
, κ0 = 0.

ber varies in the interval [0, π]. Therefore the asymptotic
current is different from zero for any finite µ.

Finally, as an example, we report in Fig. 4 the
temperature-dependence of the asymptotic thermal con-
ductance σ(N→∞) ≡ limTH→TL

I(TH , TL)/(TH − TL) for
κ0 = 0 and µ = 3

2 . In the low temperature limit we find
that the universal quantum value of thermal conductance
[28] is not observed. Instead we find a zero-slope of con-
ductance vs. temperature. This discrepancy can be un-
derstood by recalling that in the low temperature limit
only the low-frequency modes contribute to the conduc-
tance. In our case, however, we have found that at zero
wavenumber k the transmittance T = 0 (see Fig. 2).
This unexpected result might explain the decrease of the
”universal” conductance in nanoribbons and nanowires
at low temperatures[22, 23, 29]. Indeed, the decrease can
be attributed to surface roughness which has been suc-
cessfully modeled by a Cayley tree structure [22, 23].

In the high-temperature limit, the asymptotic current
approaches its classical value leading to a saturation of
the conductance. It is thus instructive to calculate the
classical limit of I∞. In this case the Landauer-like for-
mula Eq. (1) reduces to

ICl∞ =

∫ ∞
0

dω

2π
T [ω] kB (TH − TL) (12)

which is analytically evaluated using the mean value
approximation for the transmittance Eq. (10) within

FIG. 4: (Color online) Numerical values of conductance
σ∞

[
kB
√

κ
m

]
versus temperature Tmean = (TH + TL)/2[

~
kB

√
κ
m

]
for Nb = 0 (black solid line) and Nb = 3 (red

dashed line). The horizontal lines (of the same type and
color) are the classical results of Eq. (13). Inset: Numeri-
cal values (black circles) and classical values Eq. (13) (solid
black line) of conductance versus Nb. The numerical results
corresponds to N = 50 and we have used Eq. (1) where the
total transmittance has been calculated using Eq. (8). Other
parameters are µ = 1.5, κ0 = 0. For the inset we have used

Tmean = 3
[

~
kB

√
κ
m

]
.

the PB frequency range. The PBs frequency range can
be obtained from the analysis of the band-gap param-
eter y. The corresponding wave-numbers take values

in the interval k ∈
[
arccos 7

9+2πn

2(Nb+1) ,
2π(n+1)−arccos 7

9

2(Nb+1)

]
for

n = 0, 1, . . . , Nb. The classical current is then

ICl∞ =
kB
√
κ

π
√
m

sin
(

δ
4(Nb+1)

)
sin
(

π
4(Nb+1)

)T ∆T
Nb→∞−−−−−→ kB

√
κδ√

mπ2
T ∆T

(13)

where δ = π − arccos 7
9 and ∆T = TH − TL. In Eq. (13)

we have used the simplification that T is a constant in
all PBs.
Conclusion- –We study heat transport through a Cay-

ley tree. The tree is built out of masses M (vertices)
connected by branches which consist of masses m linked
by identical springs. First we calculated transmission of
phonon waves through the tree and show that, depending
on the frequency, waves are either totally reflected (stop
band) or get partially transmitted (pass band). Then we
studied the heat current through the structure and show
that, in the limit of an infinite tree, both the average cur-
rent and its variance approach a well defined limit which,
in some particular cases, can be strictly zero. Finally, in
the low temperature limit the thermal conductance ap-
proaches zero in a super-linear fashion (in contrast to the
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”universal” thermal conductance predictions) due to the
small transmittance of the long wavelength modes.
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