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Abstract

The dynamic equilibrium model suggests that surface nanobubbles can be stable due to an influx
of gas in the vicinity of the bubble contact line, driven by substrate hydrophobicity, that balances
the outflux of gas from the bubble apex. Here, we develop a new formulation of this mechanism
that predicts rich behavior in agreement with recent experimental measurements. Namely, we
find that stable nanobubbles exist in narrow temperature and dissolved gas concentration ranges,
that there is a maximum and minimum possible bubble size, and that nanobubble radii decrease

with temperature.

Body

Interfacial nanobubbles form on solid hydrophobic substrates when immersed in water with
dissolved gas (e.g. nitrogen, oxygen, argon, etc.), and are spherical-cap-shaped gaseous domains
with heights of ~20 nm and widths of ~100 nm [1-18]. Due to the small radius of curvature, a
typical nanobubble has extremely high internal capillary pressure (~2-10 atm), which provides a
substantial driving force for dissolution. Simple diffusion arguments therefore suggest
microsecond dissolution times, yet nanobubbles have been observed to persist for days [16]. This
mysterious stability represents a fundamental problem in nano-scale interfacial phenomena, even
though nanobubbles have become important for increasing slip along surfaces [19—22], removing

biological fouling [23], and in a host of other technologies [24,25].



Why are nanobubbles stable? A dynamic equilibrium mechanism proposed by Brenner
and Lohse [26] has received increasing attention, and it offers an alternative to earlier ideas like
contamination that now appear insufficient as a complete explanation [27-29]. This model (Fig.
la) suggests that the outflux of gas from the top of the bubble is recirculated and re-absorbed
near the three-phase contact line due to the attraction and enrichment of dissolved gas at the
hydrophobic substrate. It was later suggested that the recirculation currents are induced by shear
stresses imposed on the liquid-gas interface due to Knudsen diffusion of the gas inside the
bubble [30]. While the ultimate driving force for recirculation is unknown at present, one
possibility is subtle temperature gradients due to evaporation [25]. It is worthwhile to note that
another transport-based explanation recently proposed that nanobubble lifetimes are due to slow
gas diffusion (a ‘traffic jam’ effect) across the liquid film [31]; however, it is yet unclear whether
this provides the full picture, since convective currents would dramatically expedite mass
transfer in real experiments. Other recent work suggests nanobubbles may exist in a
thermodynamically metastable state due to contact line pinning [32], although bubbles have been
observed to adjust their lateral size [33] and may be moved along the substrate using the tip of an
atomic force microscopy apparatus [7,34].

In this Rapid Communication, we develop a new formulation of the dynamic equilibrium
mechanism and show that a stability analysis explains many unexpected experimental
observations regarding the influence of temperature and gas saturation on nanobubbles. In
particular, there is remarkable qualitative agreement with the results of Seddon et al. [35], who
reported that nanobubbles nucleate in a narrow temperature range, and that the total volume of

nanobubbles decreases with temperature. Moreover, by using a realistic, empirical potential for



the hydrophobic attraction, we find that the dynamic equilibrium mechanism does not require
unphysical parameters for a contact angle correction, as in the original model.

Our model treats the influx and outflux components of the dynamic mechanism
independently by assuming that the relevant length scale for the outflux (which is O(R), where R
is bubble radius) is much larger than that for the influx (which is on the order of the thickness of
the gas-enrichment layer, around a nanometer). Moreover, this approach focuses on the region
immediately surrounding the bubble, where mass transfer is diffusion-limited, rather than the full
convective recirculation problem. Given the observed small contact angles of
nanobubbles [7,12,18,34,36], we first approximate the steady-state diffusive gas outflux using a

completely flat bubble, which is readily solved using oblate spheroids [37,38],

J,
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Here, D is the diffusion constant for the gas in the liquid, R is the bubble radius, C(R) is the

liquid-side gas concentration at the bubble surface, and C_ 1is its concentration infinitely far
away. C_ can be related to the ambient pressure Py if the bulk liquid is open to the atmosphere
and saturated, with C_ =k, F,, where ky is a temperature-dependent Henry’s law constant.
Similarly, C(R)=k, (2ysin6./R+F,) through the Young-Laplace equation, where 6, is the

bubble contact angle. y gives the surface tension, here described by the Eotvos relation with

parameters for an air-water interface. Because experiments [7,12,18,34,36] suggest the contact
angle of small bubbles deviates from the macroscopic value (e.g., due to surface inhomogeneities

or line-tension effects [36,39-44]), we introduce an R-dependent 8, [26,36]:
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In this expression, @ is the macroscopic gas-side contact angle, which we take to be 40°. 6, is

the contact angle as R — 0, and equals zero. J sets the length scale for the onset of microscopic
corrections; we pick 0 =3.2 nm to yield realistic predictions, in agreement with experimental
fits to this parameter [36]. Because we use a more realistic hydrophobic interaction (described
shortly), we avoid the unrealistically high values of ¢ previously required for the dynamic
equilibrium model [26].

The influx is determined by J, = —DIVC -ndS , where the integral is over the bubble
surface. Gas molecules experience an attractive interaction with the hydrophobic substrate

according to a potential @ (z); therefore, using DVC =-CV®/{ for diffusion in a field, we

obtain

J, (R)= @ [V -nas z$ ] B—TLM cos 6.rdrd6 3)

where {=k,T /D is the solute mobility and 4 is the shape function for the bubble in the vicinity
of the contact line, which we approximate as A (r)=(R—r)tan6,. Unlike previous work [26],

we choose a continuous, decaying exponential potential proposed from experiments to describe



the hydrophobic attraction [45], ®(z)= —Ae™™ . Eq. 3 can be evaluated analytically by assuming

that ®(z) decays rapidly to yield
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It is worthwhile to note that for very small values of R and 6., J;, becomes positive and

inaccurate since the separation of length scales and the linear shape approximation fail when the
bubble radius or height approach the potential decay length, which is known from experiment to
be B! = 1 nm [45]. The magnitude of the attractive potential at the solid-liquid interface (set by
A) is treated as approximately constant, and a value of 4 = 0.40 kcal/mol was found to yield
realistic results. This value is on the order of magnitude of the hydrophobic interaction between
two methane molecules in water [46], and similar to the values used by Brenner and Lohse [26].
Fig. 1b shows that the net flux of gas into the bubble, normalized by C(R), can have a
non-monotonic dependence on bubble radius that is quite sensitive to temperature. These results

are shown for the fully saturated case. Stable bubbles of radius R occur when
Jou (R)+Jin(R")= ) (R7)=0 and dj,, (R")/dR>0. The derivative condition must be
satisfied so that a bubble will return to its original size in response to small perturbations to
radius (i.e., perturbations to smaller R cause a net influx, j ,6 <0, and vice versa). Fig. 1b
illustrates that there is only one unstable point at 7 = 26 °C, but at 7 = 36 °C, a stable point

occurs at R = 40 nm in addition to two unstable ones. As temperature is raised, the stable point

shifts towards smaller bubble radii, and ultimately vanishes at 7" = 56 °C. Therefore, this



formulation of the dynamic equilibrium model suggests that, for fully saturated liquid in contact
with a hydrophobic substrate, stable nanobubbles exist in a narrow range of temperatures, with a
minimum and maximum possible bubble size associated with the maximum and minimum
temperatures, respectively. The exact breadth of the temperature range depends on the specific
parameters used.

Surprisingly, the temperature dependence of gas solubility does not affect nanobubbles in
this model, since both influx and outflux scale linearly with &y . Surface tension only weakly
influences nanobubbles since it does not vary dramatically over the considered temperature
ranges. The temperature dependence of R” (Fig. 2a) is primarily introduced through the influx,
which scales as ~I/T due to the solute mobility. With rising temperature, solute mobility
increases and dissolved gas molecules more readily overcome the attractive influence of the

hydrophobic potential, which shrinks the gas-rich region (as evidenced by the solute

concentration profile in the absence of a bubble, given by C(z)=C._ exp [—Cb(z)/ k,T ] ). This

lowers the influx and the outflux shrinks bubbles until the fluxes balance again. Above some
temperature (Tax =~ 48 °C), the effect of the potential falls to levels where the influx is too small
to ever balance the outflux. Bubbles above this temperature will thus shrink and dissolve.
Similarly, below some temperature (7, = 35 °C), the action of the attractive field dominates and
bubbles grow without bound until the gas is locally depleted or the thermodynamic work
required to sustain the influx becomes too great. If a bubble becomes sufficiently large, it may
also detach from the substrate due to buoyancy.

The result in Fig. 2a qualitatively agrees with the observations of Seddon et al [35] for
the case of a saturated liquid in thermal equilibrium with the substrate. The model presented in

this Rapid Communication accounts for the sudden appearance of a high density of nanobubbles



at a minimum critical temperature, the finite temperature range where bubbles were observed,
and why bubbles at lower temperatures appear coarser. The decrease in bubble size (Fig. 2a),
coupled to an experimentally observed increase in bubble number density with
temperature [8,12], might also explain the observed maximum in the total nanobubble volume
versus temperature [33,36]. Furthermore, the prediction of larger bubbles at lower temperatures
possibly accounts for the increase in average nanobubble separation with decreasing
temperature [33], since larger bubbles require a greater surrounding unperturbed gas-rich region.

We do note that other studies have reported more complicated behavior. Recent work
finds non-monotonic changes in the average nanobubble radius with decreasing
temperature [33,47]. Differences between the model predictions and these observations are
possibly due to the complicated temperature dependence of the hydrophobic attractive potential,
which we ignore here. The complex nature of this potential may explain the sensitivity of bubble
morphology to the hydrophobicity parameter 4 (Fig 2a) in our simple model. This sensitivity
may also be partly responsible for the earlier difficulty in reproducibility among nanobubble
experiments [35].

Beyond temperature, a second important control parameter is the dissolved gas

concentration (C_ ), and Fig. 2b shows how it affects the stable radius R". There exist large

regions in the space of temperature and saturation where stable bubbles cannot exist, which may

provide further interpretation for reproducibility problems. Where they do exist, lowering C._

reduces bubble size since this elevates the driving force for outflux but has no effect on the
influx (the concentration immediately next to the bubble at the surface is unaffected), as also
described by Ref. [26]. As previously, perturbing bubbles to a state outside of the viable region

will lead to bubbles either dissolving or growing until the influx expires. The result in Fig. 2b is



in agreement with experiments indicating that bubbles in supersaturated fluid are larger than
those in undersaturated conditions [12]. Interestingly, this model also suggests that there may be
middle-range temperatures (e.g., 45 °C in Fig. 2b) at which the stable bubble radius is quite
insensitive to saturation, as reported by Ref. [34], while near the lower temperature limit it can
be rather pronounced.

In the model described thus far, we constrained the contact angle such that it depends
explicitly on the bubble radius. We now relax the ad hoc constraint imposed by Eq. 2 and
examine the stability of bubbles to perturbation in 6.. Fig. 3 shows the net flux versus both
contact angle and radius, where the two are treated as independent. The solid black curve
corresponds to the points where the fluxes balance (j, , =0). For a fixed contact angle, it is not
possible to generate stable bubbles with respect to perturbation in R; a bubble perturbed to the
left of the stable curve at constant angle enters a region where the sum of fluxes is positive and
the outflux dominates, and thus will shrink and disappear.

Bubbles are stable, however, to perturbations in 6, at fixed R. If a bubble pinned at the
contact line begins to dissolve and lose vertical height, the contact angle decreases, which leads
to an increase in the bubble surface area that is situated within the gas-rich region (which has
fixed width). Ultimately, this increases the influx and stabilizes the bubble. The size of a pinned

bubble exhibits the same qualitative behavior as described previously, with increases in 7 leading

to smaller €., and increases in saturation leading to a taller bubble with larger 8., as observed

by Ref. [48]. Without the constraint posed by Eq. 2, however, the model no longer predicts

physical limits on the temperature and saturation ranges where bubbles can exist.

Note that the stable contact angle @’ is less than 30° for a wide range of bubble radii in

Fig. 3, as reported in numerous experimental nanobubble studies. Furthermore, a bubble



perturbed in any arbitrary direction from the black curve in Fig. 3 may be stable if the bubble’s

response to perturbation in €, is more rapid than its response to perturbation in R. This is likely

to be the case since surface roughness and inhomogeneities will inevitably lead to at least partial
contact line pinning. With this in mind, the predicted curve indicating possible combinations of

6. and R that yield stable bubbles (solid black curve) looks remarkably similar to the ad hoc R-

dependent contact angle constraint that we applied previously, which is shown for comparison as
the dashed curve. Therefore, this model suggests that a possible dynamic phenomenon may also
explain deviations from macroscopic contact angles in nanobubbles.

Even if the dynamic equilibrium model cannot ultimately describe long-term stability, it
may still be relevant to the nucleation process since it poses a means by which bubbles may
grow. As indicated by the stability analysis, a bubble will tend towards a preferred radius
determined by the solution conditions, and may begin as a fluctuation in gas density that inflates
via the dynamic equilibrium mechanism until it reaches this size. At this point, the influx may
expire and the bubble might be stabilized by different means, such as the diffusive traffic jam
effect described by Weijs and Lohse [31], contact line pinning [32], or some other hitherto
undiscovered means. This would also explain why our predictions agree with experimental data
where bubbles were explicitly nucleated for every data point.

While the dynamic equilibrium model predicts rich behavior, it may also have
limitations. First, the source of energy for recirculation remains an unresolved issue. Also, the
model cannot explain the presence of nanoscopic bubbles along hydrophilic substrates. A
transient localized gas-rich layer, similar to those in systems with hydrophobic substrates, can
develop along a hydrophilic interface during solvent exchange [10], but it is unclear what

mechanism might draw gas solute molecules from this gas-rich region into the bubble.



Furthermore, a recent study [49] using tracer particles in the vicinity of nanobubbles reported no
evidence for an influx near the contact line. However, the particles used are comparable in
diameter to the actual nanobubbles, and it is not clear whether velocities localized to a region just
a few nanometers over the substrate can be resolved with this technique. Lastly, a study using
optical interference-enhanced reflection microscopy [50] reports that nanobubble sizes remained
constant over a broad temperature range, in conflict with other experimental studies and our
predictions. Ultimately, a more consistent experimental picture is needed under varying
conditions, but expounding the detailed behaviors and implications of models like the dynamic
equilibrium one remains an essential step in guiding such efforts and in building a deeper
understanding of the phenomena at play, even if eventually they are not the full picture.

In summary, we demonstrated through a stability analysis that the dynamic equilibrium
hypothesis for nanobubble stability indicates that nanobubbles should only be observed in a
narrow range of temperatures and that their radii should decrease monotonically with
temperature. Both predictions have been observed in experiment. Interestingly, the model also
predicts large regions of temperature-gas saturation state space where nanobubbles cannot be
observed. We believe a thorough understanding of the consequences of this hypothesis may
finally settle whether it is a valid picture of nanobubble stability or nucleation through future
experimental work.
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FIG. 1 (color online). (a) Schematic of the dynamic equilibrium mechanism for nanobubble

stability. (b) Sum of influx and outflux, scaled by the concentration at the bubble surface (
Jouw =S ! C(R), j,, =J,,/C(R)), versus bubble radius for several different temperatures. The

blue (solid) curves denote temperatures at which stable points are found.
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FIG. 2 (color online). (a) Stable bubble radius versus temperature according to dynamic

equilibrium model, shown for different values of 4 (dashed curves). (b) Stable bubble radius

versus solute concentration for several different temperatures. Arrow indicates direction of

increasing 7.
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FIG. 3 (color online). Sum of influx and outflux versus both radius and contact angle for 7= 27

°C. Points where the fluxes balance are shown by the solid curve. The dashed curve is Eq. 2, with

6. =30°and 0 =10 nm.



