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We simulate the bond and site percolation models on the simple-cubic lattice with linear sizes
up to L = 512, and estimate the percolation thresholds to be p.(bond) = 0.248 81182(10) and
pe(site) = 0.311 607 7(2). By performing extensive simulations at these estimated critical points, we
then estimate the critical exponents 1/v = 1.1410(15), 8/v = 0.47705(15), the leading correction

exponent y; = —1.2(2), and the shortest-path exponent dmin = 1.3756(3).

Various universal am-

plitudes are also obtained, including wrapping probabilities, ratios associated with the cluster-size
distribution, and the excess cluster number. We observe that the leading finite-size corrections in
certain wrapping probabilities are governed by an exponent ~ —2, rather than y; ~ —1.2.

PACS numbers: 05.50.4q (lattice theory and statistics), 05.70.Jk (critical point phenomena), 64.60.ah (per-
colation), 64.60.F- (equilibrium properties near critical points, critical exponents)
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I. INTRODUCTION

Percolation ﬂ] is a cornerstone of the theory of critical
phenomena @], and a central topic in probability B, @]
In two dimensions, Coulomb gas arguments ﬂﬂ] and con-
formal field theory [6] predict the exact values of the bulk
critical exponents 8 = 5/36, v = 4/3, which have been
confirmed rigorously in the specific case of triangular-
lattice site percolation ﬂ] Exact values of the percola-
tion thresholds p. on several two-dimensional lattices are
also known [§]. In particular, it is known rigorously [d]
that p. = 1/2 for bond percolation on the square lat-
tice. For all d greater than or equal to the upper critical
dimension [10] of d. = 6, the mean-field values for the
exponents 3 = 1, dv = 3 are believed to hold; this has
been proved rigorously , ] for d > 19.

For dimensions 2 < d < 6 by contrast, no exact values
for either the critical exponents or percolation thresholds
are known. Significant effort has therefore been expended
on obtaining ever more accurate estimates, especially in
three dimensions.

In addition to percolation thresholds and critical ex-
ponents, crossing probabilities ﬂﬂ, @] also play an im-
portant role in studies of percolation. For lattices drawn
on a torus, the analogous quantities are wrapping prob-
abilities ﬂﬂ], and in two dimensions their values can be
determined exactly [16]. The three-dimensional case [17]
has been far less studied however. Precisely estimating
wrapping probabilities on the simple-cubic lattice repre-
sents one of the central undertakings of the current work.

In addition to their intrinsic importance, wrapping
probabilities have proved to be an effective practical
means of estimating percolation thresholds ﬂE, @] Us-
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ing Monte Carlo (MC) simulations and performing a
careful finite-size scaling analysis of various wrapping
probabilities in the neighbourhood of the transition, we
obtain very accurate estimates of p. for both site and
bond percolation. We observe numerically that the lead-
ing finite-size corrections for certain wrapping probabili-
ties appear to be governed by an exponent ~ —2, rather
than by the leading irrelevant exponent y; ~ —1.2.

We then estimate the thermal exponent y; = 1/v by
fixing p to our best estimate of p., and studying the diver-
gence with linear size L of the derivative of the wrapping
probability, which is proportional to the covariance of its
indicator with the number of bonds. We find this pro-
cedure for estimating y; preferable to methods in which
y; is estimated by studying how quantities behave in a
neighbourhood of p values around p.. In particular, we
believe the current method produces more reliable error
estimates.

The remainder of this paper is organized as follows.
The simulation method and the sampled quantities are
discussed in Section[[Il The results for the wrapping prob-
abilities and thresholds are given in Section [Tl Critical
exponents and the excess cluster number are discussed in
Section [[Vl We then finally conclude with a discussion in
Section [V]

II. SAMPLED QUANTITIES

We study bond and site percolation on the periodic
L x L x L simple-cubic lattice with linear system sizes
L = 8, 12, 16, 24, 32, 48, 64, 128, 256, 512. For each
system size, we produced at least 2.5 x 107 independent
samples. Each independent bond (site) configuration is
generated by independently occupying each bond (site)
with probability p. The clusters in each configuration are
identified using breadth-first search. The number of sites
in each cluster defines its size.
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TABLE I: Fits of the wrapping probabilities R(z), R®, R(3), and the ratios @1, Q2 for bond percolation. We did not obtain
stable fits with y; free for R®),

Lunin | X°/DF | p. Yt O, q b1 Yi b2

16 |53/40 |0.24881203(5) |1.16(1) |0.86537(1)|—0.36(1)|—0.0423(5) | —1.2 0.341(5)

24 [33/33 |0.24881198(6) |1.16(2) |0.86535(2)[—0.31(2)|—0.040(2) |—1.2 0.31(2)

32 |28/26 |0.24881193(7) [1.19(3) |0.86533(2)|—0.31(3)| —0.036(3) |—1.2 0.25(5)
Q1 g 124/39 [0.24881184(3) [1.16(1) [0.86539(3)|=0.36(1)[=0.10(4) [=1.34(9)| 0.50(8)

24 [31/32 [0.24881188(9) [1.19(2) [0.86529(4)[—0.32(3)|—0.10(8) |—-1.3(2) | 0.5(2)

32 [28/25 |0.24881196(14)[1.19(3) [0.8654(2) [—0.31(3)|—0.02(4) |—1.0(5) | 0.2(3)

32 |28/25 |0.24881120(5) |L.17(2) |0.63358(3)|—0.80(5)] —0.104(4) |—1.2 0.05(7)

48 |16/18 |0.24881195(6) |1.14(2) |0.63350(3)|—0.89(8)|—0.088(9) |—1.2  [—0.3(2)

64 |10/11 |0.24881184(11)[1.12(3) [0.6334(2) |—-1.0(2) |—0.05(4) |-12  |—1(1)
Q2 55158736 [0.24881202(6) [1.17(2) [0.633 58(5) | —0.80(5) | —0.007(3) |—T.08(3)| -

48 |16/19 |0.24881193(7) |1.14(2) |0.63346(7)|—0.89(8)|—0.15(4) |—1.22(7)| -

64 |10/12 |0.24881182(11)[1.12(3) |0.6333(2) |—1.0(2) |—0.5(6) |—1.5(4) | -

16 [41/37 [0.24881181(4) |1.143(7)|0.257 77(2)|—1.22(3)| 0.005(2) |-1.2  |—0.23(1)

24 [30/31 |0.24881183(4) |1.15(2) |0.25778(3)|—1.22(6)| 0.003(3) [—1.2  |—0.26(4)
|32 |25/24 |0.24881182(6) |1.15(2) |0.25776(5)|~1.20(8)| 0.006(7) |-1.2 | -0.20(10)

16 [41/37 [0.24881182(4) |1.144(7)]0.25779(2)|—1.22(3)| 0.18(2) |—-1.83(4)| -

24 [31/31 |0.24881184(4) |1.15(2) [0.25779(2)[—1.22(6)| 0.22(8) [-1.9(2) | -

32 |25/24 |0.24881182(6) [1.15(2) |0.25777(4)|—1.20(8)| 0.1(1) |-1.7(3) | -

16 [40/39 [0.24881182(4) |1.149(7)|0.45999(3)|—1.65(4)| 0.004(2) |—1.2 0.73(2)

24 |25/32 |0.24881182(5) [1.14(2) |0.45997(5)|—1.74(9)| 0.003(4) |—1.2 0.72(6)
gl |32 ]22/25 |0.24881183(6) [1.14(2) |0.45998(7)|~1.7(2) | 0.005(9) |-1.2 0.7(2)

16 [40/39 [0.248 81182(4) |1.149(7)|0.45997(2)|—1.65(4)| 0.81(6) |—2.06(3)| -

24 [25/32 (0.24881182(4) |1.14(2) [0.45995(3)|—1.74(9)| 0.8(2)  [—2.05(8)| -

32 |22/25 |0.24881182(5) [1.14(2) |0.45996(5)|—1.74(2)| 1.0(9) |-2.1(3) | -

16 |44/38 |0.24881185(6 ) |1.14(1) |0.08041(2)[—0.66(2)] 0.010(1) |-1.2  |—0.076(8)
R® |24 |35/31 |0.24881191(6 ) [1.15(2) |0.08043(3)|—0.63(5)| 0.007(3) |-1.2  |—0.04(3)

32 [23/24 (0.24881185(8 ) [1.17(3) [0.08039(4)[—0.59(5)| 0.014(6) [—1.2  |—0.15(9)

We sampled the following observables in our simula- e The mean size of the largest cluster C; = (Cy),
tions: which at p. scales like Cy ~ LY with y,, = dy =

d — /v, where dy is the fractal dimension;
e The number of occupied bonds N, for bond perco-

lation, and the number of occupied sites N for site e The cluster density p = (N.)/L%;
percolation; . o
e The mean size of the cluster at the origin, xy =
e The number of clusters N;; (S) /L%, which at p, scales like y ~ L2¥»~4;
e The size C; of the largest cluster; e The dimensionless ratios
s - i Cy° S,?
e The cluster-size moments S,, Yoo |C™ with O = (€17) Oy = (S27) ) (1)

m = 0,2,4. The sum runs over all clusters C, and
So is simply the number of clusters;

(C1)?”’ (382 —284)

e The shortest-path length S = (S), which at p.
scales like S ~ Lmin with dy, the shortest-path

termine the shortest-path exponent. Here d(x,y) fractal dimension;

denotes the graph distance from site x to site y, and

zc is the vertex in cluster C' with the smallest ver-

tex label, according to some fixed (but arbitrary)

vertex labeling.

e An observable § := max max d(z¢,y) used to de-
Cc  yeC

e The wrapping probabilities

R®) :<R(w)> — <R(y)> — <R(Z)> ,

R@W =1 —(1-R™)(1 -RW)(1 -RH®)), 2

e The indicators R®), R and R*), for the event 3) (j)( @) (Z))( I ) @)
that a cluster wraps around the lattice in the z, vy, RY =(RYWRWRY) .

or z directions, respectively.
Here R®*) gives the probability that a winding

From these observables we calculated the following exists in the z direction, R(* gives the proba-
quantities: bility that a winding exists in at least one of
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FIG. 1: Plots of R (p, L) (top) and R (p, L) (bottom) vs
L for fixed values of p, for bond percolation. In both cases,
the curves correspond to our preferred fit of the MC data for
R(p, L) by the ansatz ([{@)); the dashed curve corresponds to set-
ting p = 0.248 811 82. The blue strips indicate an interval of
one sigma above and below the estimates R = 0.257 78(6)

and RY = 0.45997(8).

the three possible directions, and R gives the
probability that windings simultaneously exist in
all three possible directions. Near p., we expect
each of these wrapping probabilities to behave as
~ f((p — pe)LYt), where f is a scaling function;

e The covariance of R(*) and N,

g = (RWNG) — (RO (AG)

(@) (3)
=p(l=p) a];p :

At p., we expect géfg ~ LY. An analogous defini-
tion of ggg, with A, being replaced with N, was

used for site percolation.

To derive (@), one can explicitly differentiate (R(*))
with respect to p, and use the fact that (N,) = p|FE]
where |E| is the total number of edges on the lattice.

The complete set of data for all observables, for
both bond and site percolation, is contained as a file
percolation.tar.gz in the preprint version of this pa-
per at jarXiv.org [28].
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FIG. 2: Plots of Q1 and Q2 vs L™'2 (top), and R® and R(®)
vs L2 (bottom), with p = 0.248 811 8, for bond percolation.
The solid lines are simply to guide the eye.

III. ESTIMATING p.
A. Bond percolation

We estimate the thresholds of bond and site percola-
tion by studying the finite-size scaling of the wrapping
probabilities R*), R(®) R®) and the dimensionless ra-
tios 1, Q2. Around p., we perform least-squares fits of
the MC data for these quantities by the ansatz

2
O(e,L) = Oc + Y que" LMt + by LV + 0,172, (4)
k=1

where € = p. —p, O, is a universal constant, and y; is the
leading correction exponent. We perform fits with both
b1 and by free, as well as fits with by being set identically
to zero. By performing fits with y; free we estimate that
yi = —1.2(2). We also perform fits with y; fixed to y; =
—1.2.

As a precaution against correction-to-scaling terms
that we have neglected in our chosen ansatz, we impose a
lower cutoff L > L, on the data points admitted in the
fit, and we systematically study the effect on the x? value
of increasing Lyin. In general, our preferred fit for any
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given ansatz corresponds to the smallest Ly, for which
x? divided by the number of degrees of freedom (DF) is
O(1), and for which subsequent increases in Ly, do not
cause x2 to drop by vastly more than one unit per degree
of freedom.

Table [l summarizes the results of these fits. From the
fits, we can see the finite-size corrections of Q1 and Q2
are dominated by the exponent y; ~ —1.2. From @; and
Q2, we estimate p. = 0.2488119(3), and their universal
critical values Q1. = 0.8654(2) and Q2. = 0.6335(2).

For R®) and R, fixing y; = —1.2 and including both
the by and by terms we find that by is consistent with
zero, while by is clearly nonzero. Furthermore, if we set
ba = 0 and leave y; free, we find y; ~ —2. This suggests
that either the amplitudes of the leading corrections of
R@) and R(® vanish identically, or at least that they
are sufficiently small that they cannot be detected from
our data. Due to these weak finite-size corrections, the
values of p, fitted from R and R(® are much more
stable than those obtained from Q; and Q. From R®)
and R(®), we estimate p, = 0.24881182(10). For R,
we report only the fits with corrections by L =12 4+ by L2,
If y; is left free the fits become unstable, regardless of
whether the by L2 term is included. From R, we esti-
mate p. = 0.248 811 85(15) which is consistent with the
value obtained from R*) and R(*). From these fits, we es-

timate the universal wrapping probabilities to be Rﬁ””) =

0.25778(6), R = 0.45997(8) and R'® = 0.08041(8).

In Fig. [ we illustrate our estimate of p. by plotting
R@) and R(® vs L. Precisely at p = p., as L — oo the
data should tend to a horizontal line, whereas the data
with p # p. will bend upward or downward. Fig.[Ilshows
that our estimate of p, lies slightly below the central value
0.248 8126 reported in [20].

In Fig. @ we plot the data at p = 0.248 8118 for R(*)
and R vs L =2, and for Q1 and Q2 vs L~'2. The figure
strongly suggests that the correction L =2 dominates in
Q(l )and Q2, but vanishes (or is very weak) in R®) and
R\,

B. Site percolation

For site percolation, we again estimate p. by fitting
Q1, Q2, and R®, R RG) by Eq. @). The fitting
procedure is similar to that of bond percolation, and the
results are summarized in Table [l From the table, we
can see the fits of ()1 and @ are less stable for site perco-
lation than bond percolation. The ratio x?/DF remains
large until Ly, > 32 for Q7 and Ly, > 48 for @2, and
the resulting estimates of p. range from 0.311606 9(2) to
0.3116077(3).

The fits of the wrapping probabilities are better be-
haved, as was the case for bond percolation. For R®),
fixing y; = —1.2 and including both the b; and by terms,
we find that by is consistent with zero, while by is clearly
nonzero. Furthermore, if we set by = 0 and leave y; free,
we find y; &~ —2. This suggests that the amplitude of the
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FIG. 3:  Plots of R®(p, L) (top) and R (p, L) (bottom)

vs L for fixed values of p, for site percolation. In both cases,
the curves correspond to our preferred fit of the MC data for
R(p, L) by ansatz ([@l); the dashed curve corresponds to setting
p = 0.3116077. The blue strips indicate an interval of one
sigma above and below the estimates RS = 0.257 82(6) and

R = 0.45999(8).

leading correction of R(® is smaller than the resolution
of our fits, and might possibly be zero. The fits of the
R(® data, however, quite clearly indicate the presence of
the b1 L =12 term. For R, we report only the fits with
corrections by L™12 + by L™2; if y; is left free the fits be-
come unstable, regardless of whether the by L2 term is
included. As for R(®, the amplitude b; appears to take
a nonzero value. These observations suggest the leading
correction L~12 does not generically vanish for all wrap-
ping probabilities, but rather that the amplitudes in some
cases are smaller than the resolution of our simulations.

Comparing the various fits, we estimate p. =
0.3116077(2) for site percolation, which is consistent
with the previous result 0.3116077(4) [21]. In ad-
dition, we estimate the universal wrapping probabili-
ties to be RS = 0.25782(6), R = 0.45999(8), and

R =0.080 46(6), which are consistent with those esti-
mated from bond percolation. In Fig. B we show plots
of R®) and R(® which illustrate our estimate of p,.



TABLE II: Fits of the wrapping probabilities R® R R®) and the ratios Q1, Q2 for site percolation. For R™) we obtain

unstable results when y; is free.

Lmin XZ/DF Pe Yt Oc q1 b1 Yi b
32 [19/16 |0.3116069(2) |1.14(2)[0.86505(2) |—0.22(2)| 0.062(2) [—1.2 0(3)
48 |11/11 0.3116070(2) |1.11(3)|0.86509(3) |—0.25(3)| 0.054(6) |—1.2 0.2(2)
64 | 3/6 (0.3116077(3) |1.12(6)[0.86526(7) |—0.24(6)| 0.01(2) |—1.2 1.4(5)
Q1 33 179/16 [0.3116069(2) |1.15(2)]0.865 06(3) [=0.22(2)| 0.063(4) [=T.11(2) -
48 [10/11 |0.3116071(2) [1.11(3)]0.86512(4) |—0.25(3)| 0.09(2) |—1.22(7) -
64 | 3/6 |0.3116077(3) [1.12(6)|0.86527(5) |—0.24(6)| 0.9(10) |—1.8(3) -
64 | 3/6 |03116076(2) |1.12(4)]0.6333(1) |—056(9)] 0.02(3) |-1.2 51(7)
Q2 [48 [13/11 [0.3116072(1) |1.14(2)][0.63306(4) |—0.52(4)] 0.9(1) |—1.52(3) -
64 | 2/6 |0.3116076(2) |1.12(4)]0.63329(8) |—0.56(9)| 4(2)  |—1.9(2) -
16 [42/39 |0.31160785(5) |1.13(1)]0.25789(2) |—0.76(4)| 0.004(1) |—1.2  |—0.22(1)
R@ |24 [30/31 [0.31160774(6) |1.14(2)|0.25784(3) |—0.75(5)| 0.009(2)|—1.2  |-0.29(3)
32 [24/24 0.31160766(7) [1.14(2)|0.25780(3) |—0.73(5)| 0.015(4) [-1.2  |[—0.39(6)
16 [39/40 [0.31160770(5) |1.12(2)]0.46002(2) |—1.09(6)| 0.023(2) |—1.2 0.08(2)
24 |25/32 0.31160767(7) |1.13(2)]0.45999(4) |—1.05(6)| 0.025(3) [—1.2 0.05(4)
R |32 [19/24 |0.31160765(8) |1.13(2)]0.45998(5) |~1.06(7)| 0.027(6) | ~1.2 0.02(9)
16 [36/40 |0.31160775(6) |1.12(2)]0.46006(3) [—1.09(6)| 0.055(5) |—1.33(4) N
24 |25/32 (0.31160768(8) |1.13(2)|0.46001(5) |—1.05(7)| 0.039(9)|—1.21(9) -
32 [19/24 |0.31160765(9) [1.13(2)0.45999(7) |—1.06(7)| 0.03(2) |—1.1(2) -
16 |50/38 [0.31160801(3) |1.14(2)|0.08055(1) |—0.38(3)|—0.010(3)|—1.2 | —0.30(1)
24 |27/30 0.31160779(9) [1.14(2)|0.08049(2) |—0.39(4)|—0.004(2)|-1.2  |—-0.38(3)
R |32 |18/23 0.31160765(11) |1.15(3) |0.08045(3) | ~0.38(4)| -0.002(3)| ~12 | -0.47(5)
16 [40/38 [0.31160789(7) |1.15(2)]0.080510(9) | —0.38(3)|—0.21(1) |—1.77(2) -
24 [26/30 |0.31160777(8) |1.14(2)]0.08048(2) |—0.39(4)|—0.30(5) |—1.88(5) -
32 |18/23 |0.31160766(10)|1.15(3)|0.08046(2) |—0.38(4)|—0.6(2) |—2.1(2) -
IV. RESULTS AT p.
TABLE III: Fits of covariances g and g(x)
In this section, we estimate the critical exponents y;, Lo [ 2/DF [y a0 o b
Yh, and dmim as well as the excess cluster number. FiXing 16 4/4 1.1404(9) [0.231(1) |—0.03(2) 0.1(2)
p at our estimated thresholds for bond and site percola- @24 |4/3 1.1406(13) [0.231(2) |—0.02(5) | 0.0(4)
tion, we study the covariances g( ) and gi?, the mean Jor [T6 [4/5  |1.1409(4) [0.2307(3)|=0.012(3) -
size of the largest cluster C7, the mean size of the clus- 24 |4/4 1.1406(6) 10.2311(6)|-0.017(7)| -
teor at the oris the shortest. th | th S, and th 16 [5/4 |1.1416(4) [0.155 1(3)]|—0.004(7)|—0.06(5)
cer at the orgi x, the shortest-pa eng and the @24 |4/3  |1.1411(6) |0.1554(6)|—0.02(2) |-0.1(2)
cluster density p. The MC data of gbR, gsR7 C1, x and 9sr (16 [7/5 L1411(2) [0.1555(1)|—0.013(1)] -
S are fitted by the ansatz 24 |4/4  |1.1414(3) |0.1553(2)|—0.010(2)| -

A= L¥(ag+ b L™ %+ b L72) . (5)

We perform fits using different combinations of the two
corrections b1 L~ and by L2 and compare the results.

A. Estimating y;

We estimate y; by studying the covariances gl(j%) and

gi?, both of which scale as ~ LYt at the critical point.
We find this procedure for estimating y; preferable to
methods, such as that employed in ], in which y; is es-
timated by studying how quantities behave in the neigh-
bourhood of p. as the system deviates from criticality. In
particular, we believe the current method produces more
reliable error estimates.

We fit the data for gé? at p = 0.2488118 and gi?
at p = 0.3116077 to Eq. (@), and the results are shown

in Table [[TIl The estimate of y; from g( 2) produces a

smaller error bar than that from gl()R). From these fits
we take our final, somewhat conservative, estimate to be
ye = 1.1410(15).

In Fig.[d we plot (In gl()R) y¢In L) and (In g(R) y:In L)
vs In L using three different values of y;: our estimate,
as well as our estimate plus or minus three standard de-
viations. Using the true value of y; should produce a
horizontal line for large L. In the figure, the data using
yr = 1.136 5 and y; = 1.1455 respectively bend upward
and downward, suggesting that the true value of y; does
indeed lie within 3 sigmas of our estimate. The data
with y; = 1.141 appear to be consistent with an asymp-
totically horizontal line. We note that while the curve
appears to be increasing around the point at L = 512 for
bond percolation, it instead slightly decreases for site per-
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FIG. 4: Plots of (In gé? —y¢In L) (top) and (In gi? —y:InL)
(bottom) vs In L illustrating our estimate y, = 1.1410(15).
The dashed curves are simply to guide the eye.

TABLE IV: Fits of C7 and x. The superscripts b and s denote
bond and site percolation, respectively.

Lunin | X°/DF |y, ao b1 ba
16 [3/4 2.52286(5)]0.9394(3) |—0.014(6) | 0.22(4)
o[22 [3/3 2.52289(7)|09893(4) |~0.009(11)| 0.2(1)
15T [5/4  |2.52208(3)[0.9388(2) | 0.000(2) | -
32 [3/3  [2.52294(4)[0.9390(2) | 0.005(3) | -
16 |4/4  [2.52303(4)[1.1257(5) | 0.14(1) | 0.18(7)
124 133 12.52300(5)[1.1262(7) | 0.12(2) | 0.3(2)
X124 [6/4 [252308(3)[1.1251(3) | 0.157(4) | -
32 |4/3  |2.52305(3)|1.1255(4) | 0.151(6) | -
oo [16 574 |252299(3) [0AT116(7) | 0.024(2) |—0.44(2)
U24 [5/3  |2.52300(5)[0.4711(2) | 0.024(4) |—0.45(4)
32 [0.0/2 12.52291(5)[0.2841(2) |—0.001(7) |—1.15(9)
48 [07/1 12.52294(9)]0.2840(4) | —0.007(18)| ~1.3(3)
X' 132770.0/3 [2.52292(1)[0.28406(3)| - ~1.16(1)
48 |0.9/2 |2.52291(2)]0.28408(7)| - —1.17(5)

colation, suggesting that in fact this movement is domi-
nated (or even entirely caused) by noise.

B. Estimating y;

We estimate y;, by studying the divergence of C7 and
x as L increases with p fixed to our best estimates of
pe. We fit the MC data for C; and y by Eq. (@), with
the exponent y4 then corresponding to y, and 2y, —
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v,=2.52295 +—e—
yh=2.52340 —a— ‘&
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FIG. 5: Plots of (InC? — y, In L) (top) and (InC§ — yp, In L)
(bottom) vs In L to show our estimate y;, = 2.52295(15). The
dashed curves are simply to guide the eye.

TABLE V: Fits of S. The superscripts b and s denote bond
and site percolation, respectively.

Lunin | X°/DF | dmin ao b1 ba
|24 [2/3 [1.37526(5) [1.8149(5)| —065(2) |~3.8(2)
32 |12 |1.37533(7)[1.8142(7)| —0.59(5) |—4.4(4)
48 |0/2  |1.37530(9)[1.815(1) | —0.63(9) |—4(1)
16 [5/4  [1.37580(2)|1.3834(2)| —3.432(5)]2.72(3)
sel24 |4/4  |1.37577(3)|1.3836(3)| —3.45(2) |2.82(3)
32 |4/2  |1.37576(5)|1.3837(4)| —3.45(3) |2.9(3)

d, respectively. The results are reported in Table [[V]
We use superscripts b and s to distinguish bond and site
percolation. For C? and x*®, the amplitude by is quite
small, while b; in x® and C¥ is clearly present. In the fits
of x* with one correction term b; L~12, the ratio x?/DF
remains large until Ly,;, > 64. We therefore show the
fits with correction by L2 instead. Comparing these fits,
we estimate y;, = 2.52295(15).

In Fig. Bl we plot (InC? —y,In L) and (In C§ —y;, In L)
vs In L using three different values of y,: our estimate,
as well as our estimate plus or minus three standard de-
viations. As L increases, the data with y, = 2.52250
and 2.52340 respectively slope upward and downward,
while the data with y, = 2.52295 are consistent with an
asymptotically horizontal line.



TABLE VI: Fits of p. The superscripts b and s denote bond
and site percolation, respectively.

Lmin XZ/DF Pe b bl
16 |3/5 |0.27293283(1) [0.679(3) | 0.1(6)
»124 174 ]0.27293283(1) [0.674(6) | 3(4)
P16 [2/7 |0.27293283(1) [0.6789(6)| -
24 [2/6  |0.27293283(1) |0.679(2) -
12 |4/6 |0.052438218(3)[0.6745(5)| 0.02(8)
<16 4/5  ]0.052438218(3)]0.674 7(8) [—0.02(21)
P l2a  |4/4  |0.052438218(3)|0.674(2) | 0.2(10)
12 |4/7 |0.052438218(3)[0.6746(2)| -
16 [4/6  |0.052438218(3)[0.6746(3)| -
24 |4/5  |0.052438218(3)|0.6746(5)| -
10000 F bond - ‘ ]
site =
slope 1.3756
1000 B
%)
100 1
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10 100 1000
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FIG. 6: Log-log plot of S versus L for bond and site perco-
lation. T'wo straight lines with slope 1.3756 are included for
comparison.

C. Estimating dmin

We estimate the shortest-path fractal dimension dpyin
by studying the quantity S at our estimated thresholds.
The MC data for S are fitted to Eq. (@) with the expo-
nent y4 replaced by dpyin, and the results are reported
in Table [Vl We again use the superscripts b and s to
distinguish bond and site percolation. In the fits, both
b1 and by are clearly observable for S? and S°. And
when we set by = 0, the ratio x?/DF remains relatively
large. We also did the fits by replacing the correction
with be by a constant term ¢y in Eq. (@), and obtained
dmin(bond) = 1.37555(6) and dpin(site) = 1.37559(6).
Comparing these fits, we estimate dpi, = 1.3756(3).

To illustrate this estimate, Fig. [6] shows a log-log plot
of S versus L.

D. Excess number of clusters

The cluster density tends to a finite limit p. =
limz o0 limyy, p at criticality. While the value of
pe is non-universal, the excess cluster number b =

7

limp, o0 lim,, . L%(p — p) is universal [27]. To estimate
b, we study p with p fixed to our estimated thresholds for
bond and site percolation and fit the data to the ansatz

p=pc+L30b+bL72). (6)

The resulting fits are summarized in Table [VI where
we again use superscripts b and s to differentiate the
bond and site cases. We report fits both with b; free
and by = 0. We find that p can be well fitted to (@)
with b = 0 fixed. Leaving b; free, we find that b; is
consistent with zero, suggesting that the leading correc-
tion exponent might be even smaller than —2. We also
performed fits in which the leading correction exponent
was fixed to —1.2 and —3, and in both cases the resulting
estimates of p. and b were consistent with those reported
in Table[VIl Leaving the leading correction exponent free
produces unstable fits however. Comparing these fits, we
estimate b = 0.675(2).

To our knowledge, no estimates of b on the periodic
L x L x L simple cubic lattice have previously been re-
ported in the literature; on the L x L square lattice
b= 0.8835(8) [27]. The excess cluster number was stud-
ied in [20] on an L x L x L' lattice with L’ >> L. Naively,
extrapolating their results to L' = L gives an estimate
of b ~ 0.412 which is significantly below our estimate.
We also note that our estimate of the number of clus-
ters p. = 0.272 932 83(1) differs slightly with the estimate
pe = 0.272931 0(5) reported in HZ%]

V. DISCUSSION

We study in this paper standard bond and site perco-
lation on the three-dimensional simple-cubic lattice with
periodic boundary conditions. Using extensive Monte
Carlo simulations and finite-size scaling analysis, we re-
port the estimates: p. = 0.24881182(10) (bond) and
pe = 0.3116077(2) (site). The bulk thermal and mag-
netic exponents are estimated to be y; = 1.1410(15) and
yn = 2.52295(15), the shortest-path fractal dimension
to be dmin = 1.3756(3), and the leading irrelevant ex-
ponent to be y; = —1.2(2). The universal value of the
excess cluster number is estimated to be b = 0.675(2).

We emphasize that the reported estimates of p. are
obtained by studying wrapping probabilities, which are
found to have weaker corrections to scaling than dimen-
sionless ratios constructed from moments of magnetic
quantities such as C; and S,,. In particular, we find evi-
dence suggesting the leading correction exponent in cer-
tain wrapping probabilities (R(x) and R(® for bond per-
colation, R®) for site percolation) may be ~ —2 rather
than —1.2, although the reasons are not clear. The uni-
versal values of the wrapping probabilities we studied are

estimated to be: RS”) = 0.25780(6), R\ = 0.459 98(8),

and R£3> = 0.08044(8), by comparing the results for
bond and site percolation.



TABLE VII: Summary of estimated thresholds, critical exponents, universal wrapping probabilities, and excess cluster number
of bond and site percolation on the simple-cubic lattice. We note that the values of y; and y; in ] marked by superscript
x contained typographical errors. The final error bars reported in ﬂ2_1|] were also underestimated, taking insufficient account of

systematic errors.

Ref. pe(bond) pe(site) ye =1/v  yn =dy

dmin Yi R™ R R® b

[20]
(22]
(23]
[17]
[21]
[24]
(25]
(26]

This work 0.24881182(10) 0.311607 7(2)

0.2488126(5) 1.12(2) 2.523(4)
0.311 608 0(4)

0.311608 1(13) 1.141(2)
0.3115(3) 1.15(2)
0.3116077(4) 1.1450(7)* 2.5226(1)*

1.142(3)  2.5235(8)

2.5230(3)
0.2490(2)

0.2488120(5)

1.142(8)

1.1410(15) 2.52295(15) 1.3756(3) —1.2(2)

—1.61(13)

0.265(6)  0.471(8)  0.084(4)

1.3756(6)
—1.0(2)
0.25780(6) 0.45998(8) 0.08044(8) 0.675(2)

From these values we can estimate other wrapping
probabilities discussed in the literature, such as

RW = (R@(1 - RW)(1 - RP)Y)
= %(2}3(“) +R® —3R®@)
R . — <R(I)R(y)(1 _ ’R(z))>

_ _(3R(w) —9R®) _ R(“)) ,

Wl =

REY) . — (REORW)Y — %(3 R 4 R®) _ R@) |

In words, RV is the probability that a winding exists in
one given direction but not in the other two directions;
R® is the probability that a winding exists in two given
directions but not in the third; and R*¥) is the probabil-
ity that a winding exists in two given directions, regard-
less of whether a winding exists in the third direction.

We obtain R = 0.07567(14), R® = 0.05085(14), and

RV =0.13129(12).

Table [VIIl summarizes the estimates presented in this
work. For comparison, we also provide an (incomplete)
summary of previous estimates.
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