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Thermal effects affecting spatio-temporal behavior of cardiac tissue are discussed by relating tem-
perature variations to pro-arrhythmic dynamics in the heart. By introducing a thermo-electric
coupling in a minimal model of cardiac tissue, we are able to reproduce experimentally measured
dynamics obtained simultaneously from epicardial and endocardial canine right ventricles at differ-
ent temperatures. A quantitative description of emergent pro-arrhythmic properties of restitution,
conduction velocity and alternans regimes as a function of temperature is presented. Complex dis-
cordant alternans patterns that enhance tissue dispersion consisting of one wave front and three
wave backs are described in both simulations and experiments. Possible implications for model
generalization are finally discussed.

PACS numbers: 87.19.Hh,87.19.Pp,87.19.rp,87.50.C-,87.18.Hf

I. INTRODUCTION

Excitable media are systems which allow the propaga-
tion of solitary excitation waves without damping. One
of the most striking characteristics of these systems is
the possibility to support rotating spiral waves [1–3]. In
cardiology these have been experimentally observed and
associated to irregular rhythms such as tachycardia and
fibrillation [4, 5]. Thermal effects on chemical excitable
media and biological tissues, are important and can have
large effects in the development of these arrhythmias
starting from the dynamics of a single spiral wave [6]. Hu-
mans and animals have normally a systemic temperature
which is kept approximately constant through many deli-
cate physiological feedbacks. When temperature changes
occur because of pathological conditions, as in case of
fever or inflammation, it is well known that nervous and
cardiac systems result affected [7]. For example, when
the body core temperature is raised because of sport fa-
tigue or heat strokes up to the extreme measured cases of
more than 42◦C (hyperthermia) [8], serious dysfunctions
in brain and heart do occur (in some cases, this could
be a possible cause for sudden death in sports). On the
other hand, when body temperature is lowered to 26◦C
or less (hypothermia) because of surgery or therapeutical
procedures [9] or for unfortunate events as shipwrecks or
avalanches [10–13], death for fibrillation as well as brain
damages are well known to occur [14].

Temperature can strikingly affect many electrophysi-
ological characteristics of nerves and cardiac tissues, as
action potential (AP) amplitude, duration and conduc-
tion velocity [15–17]. In fact, many experimental studies
of alternans, a dynamical period doubling instability that
develops during fast pacing and enhances dispersion of re-
polarization and thus is known to be pro-arrhythmic [18–
20], have used low temperatures to enhance and analyze
the dynamical regions for alternans. Recently, new ex-

perimental evidences on heat transfer in extended sec-
tions of biological media have further shown the impor-
tance of considering directionality in the diffusivities due
to tissue anisotropy and vascularization [21, 22]. These
are all not unexpected results: excitable cells can be seen
as idealized electrical circuits, where resistances and con-
ductances are known by classical electromagnetics to be
affected by temperature changes. In the field of heat
transfer in biological systems, a cornerstone is repre-
sented by the classical work of Hodgkin and Huxley on
nerve action potential [23] in which a simultaneous exper-
imental and mathematical study of a biological nonlinear
system was presented for different axonal constant tem-
perature baths.

From a modeling point of view, excitable media and
thus the electrical dynamics of cardiac cells can be
well described by systems of differential equations of
Reaction-Diffusion (RD) type [24, 25]. In these studies
the electromechanical feedback can be included in order
to account for tissue conduction [26–29] while the sim-
plest way to include temperature in such a mathemat-
ical formalism, is to adopt a chemical thermodynamic
approach, i.e. van’t Hoff and Arrhenius equations [30]
together with Pennes bioheat transfer equation [31, 32].
In cardiac dynamics Literature few studies exist, most
of them of theoretical nature, showing how temperature
affects action potential nonlinear dynamics [33–35] and
current models do not reproduce well the experimentally
observed changes [36].

Such a gap is partially filled in this work. Here we
specifically present both an experimental and theoret-
ical study to analyze the effect of temperature on av-
eraged cardiac restitution curves and alternans dynam-
ics. We synchronously recorded the endocardial and epi-
cardial action potential signals via optical mapping on
whole right ventricular canine hearts perfused at different
temperatures. We introduce then the above aforemen-
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tioned thermo-electric coupling in a minimal cardiac elec-
trophysiological mathematical model, whose parameters
have been fine tuned on humans [37]. We qualitatively
and quantitatively reproduce the experimental results
by introducing two thermal contributions in the model
previously adopted for axonal experiments: a modifica-
tion of (i) the rates of changes of the gating variables,
through an effective Q10 factor (following an Arrhenius’
law), and a modification of (ii) the ionic currents, in ac-
cord with Moore’s experiments [38]. We study the dy-
namics in space by simulating the model in one dimen-
sional cables and rings of cardiac cells [39, 40], on the
lines of standard physiology studies on reentry circuits
in Cardiology. Such an analysis allows us to investigate
emergent phenomena associated with alternans and con-
duction blocks from a dynamical system point of view by
using bifurcation diagrams.

The paper is organized as follows. In Sec. II we in-
troduce the mathematical model adopted. In Sec. III we
compare the experimental measurements with the mod-
eled predictions, highlighting the alternans behavior. In
Sec. IV we critically discuss the model, proposing further
developments and applications.

II. MODELING

Although the level of ionic models complexity has in-
creased significantly in the last decades [24], in this work
we have adopted a four-variable minimal phenomenolog-
ical model (MM) for cardiac action potential propaga-
tion [37]. Such a choice allows us to set the minimal level
of complexity, but at the same time permits to track the
relevant parameters necessary to correctly reproduce the
experimental cardiac action potential restitution proper-
ties and alternans dynamics here synchronously recorded
for both the endocardium (ENDO) and epicardium (EPI)
layers. Model equations are:

∂tu = D∇2u−
(

Jfi + Jso + Jsi
)

(1)

∂tv = φv(T )

[

(1−H(u− θv))
(v∞ − v)

τ−v
−

H(u− θv)v

τ+v

]

(2)

∂tw = φw(T )

[

(1−H(u− θw))
(w∞ − w)

τ−w
−

H(u− θw)w

τ+w

]

(3)

∂ts = φs(T )

[

(1 + tanh(ks(u− us)))/2 − s

τs

]

, (4)

where the ionic density currents are

Jfi = ηfi(T )

[

−H(u− θv)(u− θv)(uu − u)
v

τfi

]

(5)

Jso = ηso(T )

[

(1−H(u− θw))
(u− uo)

τo
+

H(u− θw)

τso

]

(6)

Jsi = ηsi(T )

[

−H(u− θw)
ws

τsi

]

, (7)

and the voltage-dependent time constants

τ−v (u) = (1 −H(u− θ−v ))τ−v1 +H(u− θ−v )τ−v2 (8)

τ+w (u) = τ+w1 + (τ+w2 − τ+w1)
tanh(k+w (u− u+

w)) + 1

2
(9)

τ−w (u) = τ−w1 + (τ−w2 − τ−w1)
tanh(k−w (u− u−

w)) + 1

2
(10)

τso(u) = τso1 + (τso2 − τso1)
tanh(kso(u− uso)) + 1

2
(11)

τs(u) = (1 −H(u− θw))τs1 +H(u− θw)τs2 (12)

τo(u) = (1 −H(u− θo))τo1 +H(u− θo)τo2 . (13)

Here H(x) represents the standard Heaviside step func-
tion; u is the dimensionless membrane potential, rescaled
to dimensions of mV by using the map Vm = (85.7u −

84)mV ; while v, w and s are the three local gating vari-
ables. In the formulation here proposed the time con-
stant τ+w (u) (Eq. 9) has been considered as an hyperbolic
function of the voltage membrane, with respect to the
original model [37], in order to better match the experi-
mental restitution curves given in the following. Finally,
the asymptotic values are given by

v∞ =

{

1, u < θ−v
0, u ≥ θ−v

(14)

w∞ = (1 −H(u− θo))(1 −
u

τw∞

) +H(u− θo)w
∗

∞
, (15)

and the temperature dependent factors are expressed by

φ(T ) = Q
(T−Ta)/10
10 (16)

η(T ) = A(1 + B (T − Ta)) . (17)

These two additional contributions affect the kinetics
of the gating variables and the time constants of the
ionic currents, respectively. Their variation with respect
to temperature is reported in Fig. 1, in which the Q10,
A and B coefficients are physiologically based [16, 33]
(Ta = 37◦C represents the tissue reference temperature),
and fine tuned in order to reproduce the synchronously
measured action potential shapes, restitution curves and
conduction velocities for both the endocardial and the
epicardial surfaces.
a. Experimental Protocol. All experimental proce-

dures were approved by the Institutional Animal Care
and Use Committee of the Center for Animal Resources
and Education at Cornell University. The tissue prepara-
tion has been previously described [5, 41]. Adult beagle
dogs of either sex were anesthetized with Fatal-Plus, and
their hearts were rapidly excised via a left thoracotomy
and placed in cold, aerated normal Tyrode solution. The
right coronary artery was cannulated with polyethylene
tubing, and the right ventricular myocardium was excised
and suspended in a heated transparent tissue Plexiglas
chamber. It was both perfused and superfused with nor-
mal Tyrode solution by that artery. After 20 minutes of
equilibration at physiological temperature (37.0±0.5◦C),
the preparation was stained with the voltage-sensitive
dye Di-4-ANEPPS. Blebbistatin was added to prevent
motion artifact over the first 40 minutes. A total of N=6
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right ventricular preparations were studied. Right ventri-
cles (RV) were laid flat on a bath (that was kept at the
same temperature as the perfused Tyrode solution) so
simultaneous recordings of the electrical activity on the
epicardium and endocardium could be performed. Stim-
ulation was induce by a bipolar electrode situated at the
edge of either the posterior or anterior free wall, so activa-
tions originated almost simultaneously at the epicardium
and endocardium, and the wave propagated perpendicu-
lar to the thickness of the tissue.
The optical mapping setup has been described previ-

ously [42]. Briefly, illumination was provided by high-
performance light-emitting diodes driven by a low-noise
constant-current source. The illumination efficiency was
significantly enhanced by collimator lenses. The epi-
cardium and endocardium were imaged simultaneously
using two synchronized cameras. The fluorescence emis-
sion light was collected for each camera by a Navitar lens,
passed through a long-pass filter (< 610nm), and im-
aged by a 128× 128 back-illuminated electron-multiplied
charge-coupled device array with a high quantum effi-
ciency (peak QE > 90%). The signal was digitized with a
16-bit analog/digital converter at a frame rate of 511Hz
with a spatial resolution of 600µm per pixel for a grid
size of 7.7 cm × 7.7 cm.
We experimentally measured dynamic action potential

duration (APD) restitution curves by pacing the tissue
at twice diastolic threshold current pulses. Pacing cycle
length (CL) was applied starting from high CL (typically
1000ms or higher) and decreasing in 50ms decrements
until reaching 250ms, after which the CL was shortened
in 10ms decrements until capture was lost or ventricu-
lar fibrillation was induced. Such a procedure ensures
that no alternans is present in the tissue at the starting
point of the restitution curve. At each CL, pacing was
applied for at least 1 minute before recording to ensure
that steady state was reached, then recordings were made
for 5 seconds, or more, at each CL. Data were analyzed
with a custom-built interactive Java program. Data were
processed to remove signal drift and fluorescence noise;
normalization was conducted on a pixel-by-pixel basis
and the time averages of length 7 (3 forward and 3 back-
ward) and weighted Gaussian space averages (8 neighbor
pixels) of the signal were performed. Pixels not visual-
izing the tissue were removed by an user define mask.
Optical APD and diastolic interval (DI) were measured
at 25% repolarization threshold (APD75) obtained using
standard linear interpolation [43]. The relation between
these quantities simply reads: CL = APD +DI.
The alternating regime was defined by computing

the difference between two consecutive APDs for every
recorded pixel on the tissue, thus applying the following
rule:

∆APD(x, y)n = APD(x, y)n −APD(x, y)n−1 →

→

{

|∆APD(x, y)n| > 2ms Alternans

|∆APD(x, y)n| ≤ 2ms Node
(18)

where n ≥ 2 denotes the beat number and APD(x, y)

is the duration of the action potential at a pixel in po-
sition (x, y) in the 2D mapped field. Such a definition
allows us to consider the recording temporal resolution
of 2ms inside the difference range of 4ms and to define
the tissue as non-alternating (Node) when ∆APD(x, y)
was greater than −2 and less than +2ms, and as alter-
nating otherwise.

The local conduction velocity (CV) was measured in
the direction of the propagation wave only using the dis-
tributions of activation maps (see Fig. 4), thus minimiz-
ing the effects of curvature [44, 45] on the measured value.
Optical mapping techniques for synchronous dual cardiac
AP wave recordings have been widely validated [46] and
the measurements here performed are in line with other
works (see Sec. III).

b. Numerical Simulations. Numerical simulations
were solved on a one dimensional cable or a ring via
the forward Euler method with dx = 0.025 cm and
dt = 0.1ms. This choice, has been shown to give re-
solved solutions and is in line with several previous works
[39, 40, 47] and for the aims of the present study, al-
lows us to consider diffusion effects, to study propagating
waves and to evaluate conduction velocities other than
alternans dynamics in a minimal computational domain.
Numerical convergence was ensured by a careful control
of the conduction velocity depending on the spatial dis-
cretization adopted (see [48] for details). The modeled
restitution curves and conduction velocities were calcu-
lated following a protocol similar to the experimental one.

III. RESULTS

While the MMmodel was constructed for normal phys-
iological temperature, i.e. 37◦C, we found that by includ-
ing Eq. 16 and17, into the model, the modified equations
on a 1D cable are able to reproduce most of the ex-
perimental cardiac characters at different temperatures
in agreement with previous experimental evidences ob-
tained in different tissues and with different experimental
techniques [15]. In the following we characterize the com-
plex phenomena observed experimentally with the phe-
nomenological model.

A. AP Shapes & Restitutions

In Fig. 2 (left) we compare experimental and modeled
AP shapes from endocardial and epicardial surfaces. We
observed (i) the decrease of AP amplitude and (ii) the
lengthening of APD for both surfaces, together with (iii)
the enhancement of the spike and dome phase for the
EPI signals as temperature decreases. These behaviors
are due to slowing of the sodium and calcium dynamics
at lower temperatures. The model shows faster upstrokes
than experimental signals due to the optical mapping
technique, which induces a signal smoothing due to the
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time resolution (2ms). However, the main quantities are
recovered with good accuracy as discussed below.

In Fig. 2 (right) experimental and modeled restitution
curves are compared. The curves are averaged between
two consecutive APDs, therefore we do not consider the
experimental nor the modeling splitting of the restitu-
tions [49]. (i) Qualitative and quantitative matching of
the modeled trends are obtained in the thermal range
from 29◦C to 40◦C (fitting the temperatures 29, 33, 37
and 40◦C). A steepness quantification of the curves is
reported in the figure caption showing as the maximum
CL at which the slope is ≥ 1 increases for colder ther-
mal baths. The model without any modification other
than the thermo-electric coupling successfully produces
a quick loss of plateau for short pacing periods, resulting
in very small AP durations as in the experimental data.
(ii) The sigmoidal shape slope of the restitution curves
at T = 26◦C requires an ad hoc set of parameters in or-
der to be reproduced by the model. This is mainly due
to the definition of the Q10 factors, which are rigorously
valid in a thermal range of 10 degrees. The complete set
of parameters for the two cases are reported in Tab.1. In
our model tuning we modified the set of parameters with
a minimal variation of the thermal coefficients, Q10, A
and B.

In Fig. 3 we further compare the restitution curves syn-
chronously recorded on the opposite surfaces for the dif-
ferent temperatures tested. In general we observe that:
(1) the ENDO restitution is always higher than the EPI
one, meaning that the corresponding action potentials
are larger at every CL; (2) the two curves assume a max-
imum difference for the highest CL and tend to shrink
when approaching the conduction block CL in the ther-
mal range from 33◦C to 40◦C, as enhances by the dif-
ferences of the fitted APD values (gray bars); (3) for
T = 26, 29◦C a measurable deviation from monotonicity
is visible, and a local maximum in their difference can be
measured in the region of slope changing; (4) however at
lower temperatures the restitution curves tend to remain
parallel, even if sigmoidal. In Fig. 3 (F) the maximum
APD differences for the five cases are summarized for the
highest and lowest CLs, together with two intermediate
cases at T = 26, 29◦C. Such a behavior highlights the
strongly nonlinear effect of temperature on the collective
tissue dynamics between the two surfaces separated by a
wall thickness that is less or equal to about 1 cm at the
thickness section, much smaller than the surface dimen-
sions. The reduction/enhancement of the depolarization
gradients at higher/lower temperatures, respectively, due
to the fastening/slowing of the transmembrane currents,
and the effects of anisotropy, are the main ingredients for
the explanation of the observed phenomena.

The fitting curves of the experimental restitution val-
ues, plotted in the thermal range from 26◦C to 40◦C,
are polynomial or piecewise interpolating functions of the
diastolic interval, i.e. APD = APD(DI). Complete ex-
pressions, parameters and correlation percentages are re-
ported in appendix and in Tab. 2 and 3.

B. CV, Alternans Onset & Conduction Block

In Fig. 4 (Top left) we compare experimental and mod-
eled conduction velocities, for the constant maximum im-
posed CL, observing a monotone CV decrease as tem-
perature decreases for both surfaces. The slowing of the
sodium conductance and time constants reduces the CV
in the model in a similar way as the experimentally mea-
sured velocities. However, as indicated by the error bars,
there is no significative difference between the two sur-
faces. The CV similarity is further appreciated by the
two sequences of synchronous voltage activation maps
shown in Fig. 4 (Bottom), in which a ∆t = 8ms lasts
from one frame to the next on both surfaces. In the com-
parison, an intramural propagation delay, of the order of
10ms, can be measured between ENDO and EPI activa-
tions, however the resulting propagating waves assume a
close CV.
The recorded CVs resulted in general higher than the

usual values reported in Literature [50]. However, the
measurements are in the physiological range for canine
heart velocities [51–53]. All our conduction velocity mea-
surements were obtained from waves initiated at the edge
of the free wall and propagated perpendicular to the
thickness of the right ventricle and were measured on
the epicardium and the endocardium simultaneously. In
all cases electrical waves from the epicardium and endo-
cardium traveled as a single wave front, and effects from
pectinate muscle and purkinje fibers were minimum and
not observed. The use of fluorescence optical mapping
techniques adopted in the present work has been widely
validated in the last two decades for restitution, wave
propagation and CV measurements [49, 54–56] and give
good agreement with micro-electrode recordings despite
small errors in the signal due to optical scattering and
absorption in tissue [44, 50, 57–63].

We further investigated the accuracy of the proposed
measurements by evaluating the percentage of CV decre-
ment during progressive CL fastening and for different
thermal baths. In particular, by comparing the CV val-
ues in the range of the slowest and fastest CLs tested,
we found that at T = 40◦C there is no significative dif-
ference, while CV decreases 11% at T = 37◦C, 40% at
T = 33◦C, 56% at T = 29◦C, and 50% at T = 26◦C. This
large reduction in CV restitution substantially decreases
the velocity of propagating waves. From the modeling
point of view the thermal dependent functions mostly
responsible for such a behavior are the η(T ) ones, which
multiply the ionic current functions. Thus lowering ηs
results in lowering the CV by decreasing the sodium con-
ductance on the wave front.

In Fig. 4 (Top right) we highlight the experimental al-
ternans onset and conduction block as function of tem-
perature. While a conduction block has to be syn-
chronous between ENDO and EPI surfaces alternans on-
set is very different as the dynamics of the wave back
between the epicardium and endocardium can be differ-
ent, in particular the endocardial layer resulted more sen-
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sitive to supporting alternating events at lower CLs: at
the lowest measured temperature, T = 26◦C, alternans is
already present on the ENDO for CL = 1000ms while it
appears on the EPI only for CL = 580ms. However, for
both surfaces, during progressive reduction of the pacing
period we observe the increase of the minimum pacing
cycle length which induces the onset of alternans in tis-
sue as temperature decreases. An explanation for such a
separation could be due to difference in electrophysiology
between the epicardial and endocardial cells.
Our model is able to correctly reproduce with sufficient

accuracy the occurrence of the conduction block in terms
of CLs. However, by applying the criterion of Nolasco &
Dahlen [64] for the prediction of alternans onset depend-
ing on the slope of the restitution curves (comparison of
the slope of the curves with respect to the unitary diag-
onal slope APD = DI as quantified in Fig. 2), the differ-
ence with the experimental data is much higher. In par-
ticular we observed cases of flat restitution curves espe-
cially for the case of hyperthermia (T = 40◦C). However
the Nolasco & Dahlen criteria is only valid for one dimen-
sional maps. It is well known that the APD restitution
is a multidimensional manifold [65–69] and when other
effects such as memory, tissue heterogeneity and complex
calcium dynamics are considered, alternans could appear
even in relatively flat restitutions [49]. However these are
not a target of the present work. In the next Section
we will address the problem of prediction and evolution
of alternans dynamics from a different perspective high-
lighting the role of temperature.

C. Bifurcation Dynamics on a Ring

We further implemented the MMmodel on a 1D circuit
with a single AP propagating wave. The minimum cir-
cuit length (or the equivalent pacing cycle length (CL))
for sustained AP propagation was found by analogy with
sustained reentries during tachyarrhythmias. Therefore,
by imposing a progressive circuit length reduction, more
complex dynamics appeared. In particular, the maxi-
mum circuit length for discordant alternans onset and
the minimum circuit length at which conduction block
occurs present a strong variation with temperature. Fig-
ure 5 demonstrates the onset and amplitude of alternans
(defined according to Eq. 18) at different temperatures
through a bifurcation diagram built during progressive
circuit length reduction. The absolute maximum and
minimum APD with respect to circuit length for both
ENDO and EPI are shown. The curves start at the min-
imum circuit length allowing sustained rotations without
alternans and end when auto-annihilation arise, i.e. con-
duction block.
As a consequence of the different AP shapes and resti-

tution curves modeled on experimental bases (See Fig. 2),
differences can be noted between ENDO and EPI pat-
terns: (1) epicardium presents shorter stabilization pe-
riods than endocardium at every tested temperature in

the 10◦C range; (2) alternans onset does not correspond
to the same circuit length between the two layers, i.e. it
is not synchronous; (3) the modeled lengths are in agree-
ment with the physiological values for sustained reentries,
which reduces at higher temperatures; (4) the progressive
reduction of the temperature gives rise to more enhanced
alternans represented by a higher bifurcation amplitude;
(5) at T = 26◦C, due to the pronounced sigmoidal shape
of the restitution curve, on the endocardial surface the
bifurcation diagram is able to rejoin before conduction
block occurs [70]. Moreover, the proposed analysis is able
to demonstrate the effect of temperature during hyper-
thermia, i.e. T = 40◦C, leading to a well defined alter-
nating regime for both surfaces and appearing for smaller
reentry circuits.
Most of these observations are in agreement with the

experimental results, however alternans onset synchro-
nization between ENDO and EPI is not correctly repro-
duced because of the discrepancy with the standard cob-
web maps theory [64, 71, 72]. From the experimental
point of view, however, the pacing electrode has been
applied on the endocardial surface only, therefore these
differences could be motivated by such a choice.
Finally we point out the range of circuit lengths from

6 to 18 cm can more than double in length for a 10◦C
increase. Such a variation should be carefully taken into
account and further investigated for arrhythmic events
during heart surgery or defibrillating devices as well. In
fact, the physical length for sustained alternating dynam-
ics could be used for a more efficient arrhythmias termi-
nation depending on the thermal setup considered.

D. Tissue Dependent Dynamics

Figure 6 shows the dynamics of the AP during large
gradients of depolarization resulting from discordant al-
ternans (spatial regions alternating in opposite phase)
[18, 73, 74]. During discordant alternans the duration of
action potential can vary between a long and a very short
action potential in consecutive beats, therefore the shape
of the propagating wave can vary substantially from one
beat to the following. In order to obtain a short APD
following a long one, the plateau of the propagating AP
needs to suffer a collapse of the wave back in the center,
which can be very abrupt during large alternans regimes.
Such a phase wave can result on one or multiple non prop-
agating waves left behind depending on the number of
nodes (non-alternating regions) present in the tissue [79].
The darker line reported in Fig. 6, represents the AP at
the time where this ”droplet” wave is created for both
the simulation and the experiment. This ”droplet” wave
can not propagate as it is formed by two wave backs.
Therefore at some point in time along the cable it exists
one wave front, or trigger wave and three wave backs or
phase waves. The simulation and experiment show how
discordant alternans produces a very large dispersion on
the AP dynamics and can be a major cause towards an
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arrhythmic state.

IV. DISCUSSION

Since thermal effects on biological tissues are often as-
sociated with severe sickness [75, 76] and sudden car-
diac death [77], understanding the nonlinear mechanisms
of their interaction with excitable media is of crucial im-
portance in the medical practice. Although previous the-
oretical and experimental studies have discussed the role
of fast cardiac pacing in relation with alternans onset,
arrhythmias initiation and termination in normothermal
conditions [78], we have argued in this work that such a
mechanisms, here experimentally observed and numeri-
cally simulated, are dependent on the thermal setup con-
sidered. We suggest that assessment of clinically mea-
sured temperature values during surgery may help in the
analysis and treatment of arrhythmias.

A. Novel Results

In this work we have presented a methodology to ac-
count for physiological changes due to temperature ap-
plying it to a phenomenological model of cardiac dynam-
ics. The modified model, while relatively simple, success-
fully reproduces most of the phenomena obtained from
experiments including increase in action potential dura-
tion, alternans regime, dispersion and decrease in con-
duction velocity as temperature decreases. It is further
able to compare the synchrony or the delay of propagat-
ing action potential waves on both endocardial and epi-
cardial layers, as well as the averaged restitution curves.
Such a methodology can be similarly applied to generic
RD systems of excitable media [32] or to more complex
models [24], for further studies of thermal effects on ar-
rhythmias.

The strong variation of APD and conduction velocity
due to temperature is of great importance on the over-
all alternans dynamics and would deserve more atten-
tion from both the experimental and modeling point of
view. We demonstrated that in the hypothermic regime,
T = 26◦C, the sigmoidal shape of the restitution curves
in the endocardial case (without considering splitting)
gives rise to a rejoining of the bifurcation diagram dur-
ing progressive reduction of the circuit length, thus lead-
ing to alternans disappearance before conduction block
occurrence. Such a phenomena is not observed on the
epicardial layer, thus highlighting the strongly nonlinear
character of the model. Moreover, in the hyperthermic
regime, T = 40◦C, definite alternans exist and appear
for shorter circuit lengths on both surfaces. These ob-
servations explain the arrhythmic risk in both regimes,
leading to the necessity of a careful control of patho-
logic thermal states, eventually arising from open heart
surgery, inflammations or fever.

B. One wave front, multiple wave backs.

We have shown experimentally for the first time the ex-
istence of traveling waves with one wave front and mul-
tiple wave backs as previously predicted by numerical
simulations [79]. The existence of multiple wave backs
are necessary for the tissue to allow regions of large APD
next to regions with small APD so while the activation
has finished in one portion of the tissue, another region
needs to remain activated. While there could be only one
wave front, the number of wave backs behind the front
will depend on the number of nodal lines during discor-
dant alternans in the tissue. The number of nodal lines
in a tissue is a function of the diffusion and coupling in
the tissue [80].

C. Limitations & Future Perspectives

A limitation of the present study can be recognized
in the range of temperature covered [26 to 40]◦C. A finer
tuning of the model parameters could increase this range,
however a better fitting of the experimental data would
require the description of every single parameter as func-
tion of temperature. Such an approach, if feasible from
a theoretical point of view, does not gain any chance of
applicability due to the tremendous increase of parame-
ters, and lacks of flexibility. A better understanding of
the recovery dynamics via a kinetic based formulation,
on the other hand, would help the overall comprehension
of the highly nonlinear behaviors observed and their in-
teraction with temperature. The introduction of temper-
ature changes on single gap junction formulations would
translate the present model into a multiscale approach,
that is not considered in this work.
In the present study we only considered averaged resti-

tution curves, however it would be of great interest also
to take into account the presence of restitution curve
splitting from both the experimental and modeling point
of view. In this direction, short-memory feedback [81]
and intracellular calcium handling would improve the
actual modeling approach toward reacher and more re-
alistic alternans dynamics. It is well known the mu-
tual feedback between cardiac action potential, that con-
trols the rise and fall of intracellular free calcium and
the excitation-contraction coupling, and the reverse pro-
cess due to calcium-dependent ionic currents [82]. The
latter has been implicated as the mechanism underly-
ing several arrhythmias and heart diseases. However, at
very fast pacing cycle lengths (i.e. less than 200ms), it
has been shown that intracellular calcium and membrane
voltage present a significant delay. The current research
on dual calcium/voltage optical mapping technique and
the study of their mutual information due to photon scat-
tering is still under investigation [63]. The overall effects
are not yet fully explored and their possible uncoupling
during fast pacing or ventricular fibrillation is still de-
bated. These effects, together with the presence of tissue
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anisotropy and heterogeneity would motivate then the
occurrence of alternans even when the slopes of the resti-
tution branches are less than one [49], as shown in the
present work.
Temperature affects also the mechanical characters of

biological excitable media. In particular, lower tem-
peratures induce electromechanical changes in the heart
mainly due to the accumulation of intracellular calcium
concentration [83], thus leading to the consequent APD
increase, developed force, and alternans onset. Also
in this case, intracellular calcium handling instabilities
would be of great importance for a complete cellular
based analysis of the complex phenomena here discussed.
However few mathematical models have been developed
in this direction. On such a basis, it would be very useful

a full coupled thermo-electro-mechanic approach in order
to theoretical validate recent defibrillating techniques in
the low energy regime [28, 29, 41, 48, 84]. Finally, the
proposed approach would be of great interest also for
related problems addressing excitable RD media, i.e. in-
testine [85], brain [14, 76, 86] and chemical systems [87].
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[87] Z.A. Jiménez, and O. Steinbock, Phys. Rev. Lett. 109,

098301 (2012).

Appendix

In Tab. 1 the model parameters are reported distin-
guishing between endocardium and epicardium layers for
the two thermal ranges, [29; 40]◦C and T = 26◦C. In
Tab. 2 and 3 the fitting parameters of the experimental
restitution values are reported, adopting the MATLAB
CFTOOL toolboxes smoothing spline and polynomial, re-
spectively. The parameters p, user defined, are reported
in the first case. In the second case the polynomial coef-
ficients are given and the R-square goodness of the fit is
reported in both cases. The general form of the polyno-

mial fitting curve adopted is:
∑7

i=1 cix
7−i. ENDO26 and

EPI26 values are fitted by linear piecewise interpolating
curves (not reported).
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Tab.1. Model parameters for epicardial and endocardial action potential MM formulation, effective Q10 and Moore thermal
factors. Units are given in ms, cm, mV , mS, µF , g, ◦C.

EPI29−40 ENDO29−40 EPI26 ENDO26

uo = 0 uo = 0 uo = 0 uo = 0

uu = 1.55 uu = 1.56 uu = 1.55 uu = 1.56

θv = 0.3 θv = 0.3 θv = 0.3 θv = 0.3

θw = 0.13 θw = 0.13 θw = 0.13 θw = 0.13

θ−

v = 0.006 θ−

v = 0.2 θ−

v = 0.006 θ−

v = 0.2

θo = 0.006 θo = 0.006 θo = 0.006 θo = 0.006

τ+
v = 1.4506 τ+

v = 1.4506 τ+
v = 1.4506 τ+

v = 1.4506

τ
−

v1 = 20 τ
−

v1 = 55 τ
−

v1 = 10 τ
−

v1 = 15

τ
−

v2 = 1150 τ
−

v2 = 40 τ
−

v2 = 1150 τ
−

v2 = 40

τ
−

w1
= 120 τ

−

w1
= 40 τ

−

w1
= 75 τ

−

w1
= 40

τ
−

w2
= 300 τ

−

w2
= 115 τ

−

w2
= 90 τ

−

w2
= 165

τ
+

w1
= 120 τ

+

w1
= 175 τ

+

w1
= 90 τ

+

w1
= 175

τ
+

w2
= 140 τ

+

w2
= 230 τ

+

w2
= 140 τ

+

w2
= 150

k−

w = 65 k−

w = 20 k−

w = 65 k−

w = 8000

u−

w = 0.03 u−

w = 0.00615 u−

w = 0.02 u−

w = 0.005

k+
w = 5.7 k+

w = 8 k+
w = 6.5 k+

w = 8

u+
w = 0.15 u+

w = 0.0005 u+
w = 0.8 u+

w = 0.0005

τfi = 0.11 τfi = 0.10 τfi = 0.11 τfi = 0.10

τo1 = 400 τo1 = 470 τo1 = 400 τo1 = 470

τo2 = 6 τo2 = 6 τo2 = 6 τo2 = 6

τso1 = 30.0181 τso1 = 40 τso1 = 30.0181 τso1 = 40

τso2 = 0.9957 τso2 = 1.2 τso2 = 0.9957 τso2 = 1.2

kso = 2.0458 kso = 2 kso = 2.0458 kso = 2

uso = 0.65 uso = 0.65 uso = 0.65 uso = 0.65

τs1 = 2.7342 τs1 = 2.7342 τs1 = 2.7342 τs1 = 2.7342

τs2 = 16 τs2 = 2 τs2 = 16 τs2 = 2

ks = 2.0994 ks = 2.0994 ks = 2.0994 ks = 2.0994

us = 0.9087 us = 0.9087 us = 0.9087 us = 0.9087

τsi = 1.8875 τsi = 2.9013 τsi = 1.8875 τsi = 2.9013

τw∞ = 0.07 τw∞ = 0.0273 τw∞ = 0.07 τw∞ = 0.0273

w∗

∞
= 0.94 w∗

∞
= 0.78 w∗

∞
= 0.94 w∗

∞
= 0.78

Q10,v = 1.5 Q10,v = 1.5 Q10,v = 0.9 Q10,v = 1.5

Q10,w = 2.45 Q10,w = 2.45 Q10,w = 3 Q10,w = 2.5

Q10,s = 1.5 Q10,s = 1.5 Q10,s = 1.35 Q10,s = 1.5

Afi = 1 Afi = 1 Afi = 2 Afi = 1.5

Bfi = 0.065 Bfi = 0.065 Bfi = 0.065 Bfi = 0.065

Aso = 1 Aso = 1 Aso = 1.4 Aso = 1

Bso = 0.008 Bso = 0.008 Bso = 0.008 Bso = 0.008

Asi = 1 Asi = 1 Asi = 1.4 Asi = 1

Bsi = 0.008 Bsi = 0.008 Bsi = 0.008 Bsi = 0.008

Tab.2. Fitted curve (smoothing spline). Parameters and Statistic.

Curve p R-square

ENDO29 2.3730462 · 10−5 0, 9991

ENDO33 4.7727621 · 10−4 0, 9987

EPI29 1.1400597 · 10−4 0, 9956

EPI33 4.2275630 · 10−4 0, 9989

EPI40 1.6385054 · 10−4 0, 9988

Tab.3. Fitted curve (polynomial). Parameters and Statistic.

Curve c1 c2 c3 c4 c5 c6 c7 R-square

ENDO37 0 0 0 3.12 · 10−6
−3.683 · 10−3 1, 306 33, 75 0, 9953

ENDO40 −1.759 · 10−14 4.83 · 10−11
−5.279 · 10−8 2.946 · 10−5

−9.076 · 10−3 1, 604 19, 86 0, 9995

EPI37 0 0 −1.946 · 10−8 1.958 · 10−5
−7515 · 10−3 1, 481 33, 69 0, 998
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FIG. 1: (Color online) Temperature dependent factors variations according to the analytical expressions reported in Eq. 16, 17.
The thermal range spans over 10◦C as stated by the thermodynamical assumptions. Endocardial and epicardial surfaces have
been assigned the same numerical values in the thermal range [29, 40]◦C (see Tab.1).
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FIG. 2: (Color online) Endocardial (up) and epicardial (down) experimental (left) vs. modeled (right) action potential shapes
(fixed maximum CL) and APD-DI restitution curves at five different temperatures. Lowering the temperature the restitution
curves shift up; for temperatures below 29◦C APD grows at long pacing periods but dramatically decreases at shorter ones.
The ENDO experimental restitution curves presented a slope ≥ 1 for CL equal to: 65ms at T = 40◦C, 90ms at T = 37◦C,
105ms at T = 33◦C, 160ms at T = 29◦C, 180ms at T = 26◦C. The EPI experimental restitution curves presented a slope ≥ 1
for CL equal to: no CL at T = 40◦C, 70ms at T = 37◦C, 80ms at T = 33◦C, 140ms at T = 29◦C, 180ms at T = 26◦C. The
corresponding simulated restitution curves assume a similar trend of slope variation with temperature in good agreement with
the experimental values (in the range of 10ms difference). The sigmoidal restitution shape at 26◦C, required an alternative
set of parameters (See Tab.1). The error bars in the experimental restitution curves are of the order ±4ms (not reported for
clarity of the figure).
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FIG. 3: (Color online) (A-E) Comparison of the synchronous restitution curves on the opposite surfaces for five different
temperatures (ENDO black, EPI red). APD differences are reported as gray bars. At T = 26◦C the difference is scaled down in
order to fit the graph. (F) Maximum and minimum APD differences collected at the highest and lowest CLs. For T = 26, 29◦C,
an intermediate value is shown corresponding to the inflection region of the sigmoidal curves. Fitting parameters are reported
in Tab. 2 and 3.
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FIG. 4: (Color online) (Top left) Experimental vs. modeled conduction velocities as function of temperature (fixed maximum
CL). Error bars are related to both CV, ±0.3m/s, and temperature, ±0.5◦C, estimations. (Top right) Experimental alternans
onset and conduction block as function of temperature during progressive reduction of the restitution pacing protocol on
endocardium (filled square) and epicardium (filled circle). (Bottom) Endocardial (ENDO) and epicardial (EPI) activation
voltage maps (color code refers to the AP propagating wave over imposed to the gray tissue structure) following endocardial
electrical stimulation at CL = 550ms (arrow for pacing electrode) at T = 37◦C. The sequences of propagation last 8ms and a
measurable difference in the propagating wave front is visible. A white length scale bar of 1 cm is indicated.
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FIG. 5: (Color online) Endocardial (A, C) and epicardial (B, D) bifurcation diagrams obtained during circuit length reduction
for five different temperatures. The modeled temperature T = 26◦C required an alternative set of parameters shown below
(See Tab.1). The curves start at the minimum circuit length allowing sustained rotations at the different temperatures ending
when auto-annihilation arise, i.e. conduction block. Measurable differences can be noted between ENDO and EPI patterns.
The lowest temperature allows the bifurcation rejoining on the endocardial domain before conduction block occurrence.

FIG. 6: (Color online) Simulated action potential propagation, during discordant alternans regime, for the model at 33◦C and
pacing cycle length of 210ms. Nine equally spaced frames in time of an AP propagating from the right to the left show the
complex dynamics of the wave back during discordant alternans. Similar sequence is presented from an experiment on the inset
where the development of a ”double” depolarization phase is shown at 33◦C. The darker signal identifies equivalent signals at
a given time between the simulation and the experiment showing two out of the three wave backs produced by a single wave
front.


