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Abstract

Terahertz (THz) radiation via the two-color laser scheme is investigated theoretically and nu-
merically when the second laser is at different harmonic orders of the main laser. It is found that
THz radiation can be generated only when the second laser is an even harmonic and the THz
field strength does not show a simple scaling with the two laser amplitudes, suggesting that it is
different from a nonlinear optics processes. The THz strength generally tends to decrease with the
increase of the even harmonic order. The strength is also sensitive to the carrier envelope (CE)
phases of both the two laser pulses even if their durations are quite long. With different CE phases,
the strength can be proportional to either sine or cosine of the relative phase displacement of the
two lasers. For a given gas target except hydrogen, it increases with the laser amplitude between
several saturation plateaus, each corresponding to a different ionization level. For a given main

laser intensity, there is an optimized intensity of the second laser for the strongest THz radiation.
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I. INTRODUCTION

Recently there is significant interest in generating strong terahertz (THz) waves with
the field strength of MV/cm and above as required for nonlinear THz spectroscopies and
THz nonlinear physics. Such THz waves are usually achieved through some accelerator-based
methods with the limits of the bandwidth, waveform, as well as the availability to most users.
Another possible approach is based on large-aperture photoconductors, which can produce
THz radiation with the strength up to hundreds of kV/cm [1, 2]. However, it is difficult
to further enhance the THz strength because the photoconductors are limited by material
damage threshold and can not bear too high pump fields. Without such damage threshold,
plasma is proposing to be used as a new medium for powerful THz radiation sources driven
by quite high pump fields. The feasibility with plasma has been demonstrated by many
experimental and theoretical investigations [3-33]. For example, THz radiation with the
energy up to 50 mJ/sr was been observed when a relativistic intense laser pulse irradiates
on an solid target, which was attributed to formation of a net current along the target surface
[8]. Similar experimental demonstrations with solid plasma can be found in Refs. [3-7]. Such
THz radiation shows high energy, broad band and however, large divergence. Directed THz
radiation was observed to generated from gas plasma via the transition radiation at a plasma-
vacuum boundary using an electron beam achieved from laser wakefield accelerator (LWFA)
[9]. This scheme demands an ultra-short, ultra-intense laser pulse (< 10 W/cm?) and
proper plasma density to first trigger LWFA and the THz emission direction is sensitive to
the beam and plasma parameters. Via the two-color laser scheme with a fundamental /main
laser mixed with its second harmonic in gases, THz emission along the laser propagation
direction was experimentally illustrated [10-14, 20, 21]. Such THz radiation has a near
single-cycle waveform with the central frequency at the plasma oscillation frequency [16—
19]. So far, the field strength more than 400 kV/cm [12] has been experimentally achieved
via the two-color laser scheme. This scheme has the potential to generate even more powerful
THz radiation with the field strength of MV /cm and above. A few of other schemes based
on gas plasma have also been proposed, such as the linear mode conversion scheme with an
ultraintense laser by driving wakefields in inhomogeneous underdense plasma [24-28], the
Cherenkov-like emission scheme with an intense laser in a plasma-gas channel [29, 30], the

bias electric field scheme in plasma [31, 32], and the mid-infrared laser scheme in gases [33].
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Despite of considerable investigation into the two-color scheme both in theory and experi-
ment since proposed in 2000 by Cook and Hochstrasser [10], there are still many problems to
be clarified with this scheme. First, there are two inconsistent experimental results reported
on THz strength dependence on the relative phase difference between the two laser pulses:
one shows sine dependence [11, 14] and another is cosine dependence [13]. Second, the THz
intensity scaling shows a monotonic increase with the growing laser intensity or energy in
some experiments [10-13], while it shows saturation in some other experiments [14]. Other
issues to be clarified include: How to increase the energy conversion efficiency of the THz
radiation by choosing intensities of the two-color lasers; What are the effects of different gas
species on the THz generation and which gas can produce stronger THz radiation as well as
higher conversion efficiency; Can the two-color laser scheme be extended to use other order
harmonic in addition to the second harmonic?

We will clarify these problems through particle-in-cell (PIC) simulations with the field
ionization of atoms included as well as the ionization current model, which was proposed in
Refs. [11, 14, 15] and developed in Refs. [16-19]. The outline of the paper is as follows. In
Sec. II, THz generation is analyzed with the second laser pulse at arbitrary harmonic order.
The THz strength dependence on the relative phase displacement is also investigated. The
dependence is extended to the case with any CE phases of the two laser pulses in Sec. III.
Then, the THz intensity versus the main laser intensity is studied with various gas species
in Sec. IV. The conversion efficiency is also discussed in this section. In Sec. V, effects of
the second laser intensity are analyzed. The THz saturation strengths at different intensity

ratios are presented in Sec. VI. The paper concludes with a summary in Sec. VII.

II. EFFECT OF THE FREQUENCY AND INITIAL PHASE OF THE SECOND
LASER

We first recall the THz generation mechanism of the two-color laser scheme described
by the field ionization current model [14-16]. First, the second harmonic laser breaks the
symmetry of the fundamental laser ionization in a gas and forms a transverse net current
in the gas plasma [14-16], which can been clearly seen in the PIC simulations [16]. Then,
the net current formed in the plasma is converted into THz radiation at the electron plasma

frequency w, through plasma dynamics [16-18], where w, = /4me?n./m. and n. is the
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plasma electron density. The field strength of such THz radiation is proportional to both
the net current strength and w, [16-18].

Then, we analyze the net current production when the second laser frequency is at certain
harmonic order of the main laser. For simplicity, one dimensional (1D) case is considered,
i.e., taking the two laser pulses as plane waves. We consider the laser pulses with the
durations far longer than a main laser cycle and therefore, the longitudinal profiles of the
pulses can be ignored in our analysis. Take the electric fields of the two laser pulses as
E = agsinjwy(t — z/c)] + azsinjws(t — x/c) + 0], where c is light speed in the vacuum, ag
is the amplitude of the main laser, wy the frequency, as the amplitude of the second laser,
wy the frequency, and # the relative phase. Here we assume that the gas density is tenuous
enough that the phase velocities of the lasers can be approximated by c¢. Consider that the
second laser is a harmonic wave of the main laser and hence the properties of E can be
obtained only through analyzing one cycle of the main laser. Set 1) = wy(t — z/c) and then

the electric fields can be rewritten as

E = apsin(y) + agsin(my + 0), (1)
where m = ws/wy is an integer. The vector potential is given by

A = agcos(v) + % cos(mip +6), (2)

where A is normalized by m.c?/e and E by me.cwy/e. According to Refs. [16-18], an
electron born from laser field ionization gains a net transverse velocity v, /¢ = —A(1)y)
after the passage of the laser pulses, where v is the born position or phase of the electron.
Generally 1)y is around an extremum of E, at which the ionization occurs with the highest
probability. We then study the values of A at extremums of E, since the THz amplitude
scales linearly with v, or A(¢y) [16]. It is clear that the THz wave amplitude depends on
linear combination of the two drive laser amplitudes as well as their relative phases, which
cannot be described by standard nonlinear optical theory as normal optical rectification or
frequency mixing processes.

Any extremum of E appears where the first order derivative of E is equal to zero, i.e.,
OF

T ag cos(¢) + mag cos(my + 0) = 0. (3)
The second order derivative of E is given by

L _ —agsin(y)) — m?aqy sin(m + 0) (4)

8¢2 = 0 Sl 2 81 .



When 0?E/0? > 0, the extremum is a maximum. Otherwise, the extremum is a minimum
for 92E /o? < 0.

In the following, we will first prove that no THz radiation can be generated when the
second laser is an odd harmonic of the main laser. We then will show that THz radiation
can be efficiently generated when the second laser is an even harmonic, according to Egs.
(1)-(4). It should be emphasized that the following analysis and simulations have nothing to
do with a nonlinear optics effect of a medium. On the contrary, the THz generation depends

on only linear superposition of the two laser fields as expressed by Eqgs. (1) and (2).

A. The second laser at an odd harmonic frequency

Assume that OE/0¢ = 0 at ¢ = 1hg. When m = wy/wy is an odd number, one can easily

prove:

0 (i + ) = —2E (1) = 0,
E (Yo+m)=-FE (¢o),
A (o+7)=—A (o),
8B (o +7) = =58 ().

Equation (5) indicates that if a maximum or minimum of E appears at 1)y, there must be

()

a minimum or maximum at ¥y + 7; the maximum and minimum have the same absolute
value; and the values of A at vy and ¥y + 7 are opposite. This is clearly illustrated by Fig.
1. Therefore, if a group of electrons are born at v, there must be another group of electrons
with the same number born at ¢y + w. The two groups of electrons have opposite net
velocities due to A(¢g + ) = —A(t)g). Thus, two net currents formed by the two groups of
electrons can be completely counteracted by each other and consequently no THz radiation
is generated. This prediction are well verified by our PIC simulations with m = 1, 3, 5 and
7. One can see the parameters of gases and laser pulses taken in our PIC simulations in the

appendix.

B. The second laser at an even harmonic frequency

When m is an even number, Eq. (5) does not hold any longer. One can obtain:

g_i(wo + ) = —ag cos(thy) + maz cos(miy + 0). (6)



Usually 2 (wo +7) # g—i(ibo), unless cos(¢) = 0. In terms of cos(¢y) = 0 and 5% 7 (o) =0,
one derives ¥y = 7/2 or 37/2 and § = 7w/2 or 37/2, where we consider g and 0 only
within [0, 27] since E, A, OF /0y and 0*E/d?* are periodic functions with the period of
27. Hence, when 6 is taken as 7/2 or 37/2, there are two extremums of E at 1y = 7/2 and
3m/2, respectively. In this case, A(1n) = A(y + 7) = 0. As a result, electrons born at the
two extremums cannot gain net velocities. This suggests that THz generation is inefficient
when 6 = 7/2 or 37/2.

When m = 4n+2 (n is an integer), E(0 = 7/2,¢y = 7/2) = ap—ag and E(0 = w/2,1 =
3r/2) = —ag—as; E(0 = 31/2,9%¢ = 7/2) = ap+as and E(0 = 31/2,1y = 37/2) = —ag+as.
When m = 4n, E(0 = 7/2,10y = 7/2) = ap + az and E(0 = 7/2,19 = 37/2) = —agp + as;
E0 =371/2,¢%9 = 7/2) = ag — ay and E(0 = 37/2,¢g = 37/2) = —ag — ay. Between the
two extremums at ¢y = 7/2 and 37/2, one of the absolute value of E is larger than the
other. Usually ionization occurs only at the larger one. These properties can be also seen
from Figs. 2, 3, 5(b), 5(e), and 5(g).

When 6 is not taken as /2 or 37/2, 2 5 E (4o +1) # g—i(wo) and aE(%) = 0. This indicates
that THz radiation may be efficiently generated with an even number m, not like the case
with an odd number m. To show it, we first consider two special cases with § = 0 and
7, since it is difficult to analyze for other 6 value. When 6§ = 0 or 7, one can prove that
B(2n—) = —B(), A@2n—v) = AW), Er—v) = (), and £E (2 —) = ~2E(),
Therefore, if a maximum of E/ appears at 1)y, there must be a minimum at 2w —1. Ionization
will occur at the two points with the same probability. At the two points, two net currents
with the same direction and strength are formed since A(2m — ) = A()y) # 0 [A(¢g) #
g—i(wo) and 8E (wo) = 0]. This suggests that THz radiation can be efficiently generated.

In the followmg, we discuss the dependence of A(vy) (or THz generation) on any 6.
According to 2 (wo) =0, A(to) is given by

Alv) = ao (1= -5 ) cos(in), g

where 1 is a function of §. Taking the derivative of 2Z (¢0) = 0 with respect of #, one

derives:

Obg  magsin(mapy + 0)

0~ OPE(in) /00 ®)

We are interested in the case with sin(may+6) sin(1y) > 0, where the main laser is strength-
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ened by the second one at the extreme point ¢)y. Under this condition, one can obtain:

L_ o

—— <5y < 0. 9)
According to the discussion presented above, when m = 4n + 2 and 6 = 7/2, a minimum
appears at 1y = 37/2, which satisfies sin(mig + 0) sin(¢)g) > 0. Using Eqgs. (9) and (7), one
gets that as 6 decreases from /2 to 0, v is increased monontonically from 37 /2 to a value
smaller than 27 and consequently A(t)y) is grown monontonically from 0 (see Fig. 2). As 6
increases from /2 to m, 1) is decreased monontonically from 37/2 to a value larger than 7
and thus A(t)) is reduced monontonically from 0 (see Fig. 2). That is, A(t)) is decreased

monontonically from # = 0 to 7. It can also been shown that A(1)y) grows monontonically

from 6 = 7w to 27 [here the vy is around 7/2 and A(¢y = 7/2,0 = 37/2) = 0], through

g_f; (¢_7T7‘9+7T):_g_5 (¢7‘9)7
E (w_ﬂ->9+7r):_E (¢79)a
A (¢_W’9+7T)Z_A (,lvbae)a

?)ZTEQJ(Qﬁ - 7T,9—|—7T) = _827%1(¢79)

(10)

In a main laser cycle, the extremums of |F| appear twice for § = 0 and 7 and once for
other §. When m is small (e.g. m = 2 and see Fig. 2), the largest |F| is remarkably larger
than the others. Then, ionization usually occurs only at these points (two points for § = 0
and 7 and one point for the other #). Thus THz generation is determined by A(ty) only
at these points. According to Refs. [16-18], the scaling of the THz electric field strength is
given by

ETHZ (0.8 —A(wo)wp. (11)

Note that to get Eq. (11) we have assumed that the number of electrons produced in a laser
cycle does not vary with 6, since the total number of born electrons is nearly the same for
different 6. In terms of the dependence of A(1)y) on € presented in the last paragraph, one
can obtain the THz strength dependence on 6 for a small m (m = 4n + 2). The strongest
THz radiation appears at # = 0 and 7 and the weakest THz radiation at § = 7/2 and 37 /2.
This is verified by our PIC simulation results, as shown by the curves with ws = 2w and
6wy in Fig. 4. Parameters and setup of our PIC simulations can be seen in the appendix.
The positions of laser field ionization are also in good agreement with the previous pre-

dictions, as seen in Fig. 5. When m = 2, the ionization occurs only at 0.75 laser period
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for § = m/2 [see Fig. 5(b)]; For § = 0 the ionization occurs twice at two symmetric points
and the one within 0.5-1 laser period is at the right of 0.75 laser period [see Fig. 5(a)l;
For § = = the ionization symmetrically occurs twice [see Fig. 5(c)]. When m = 6, the
results are similar [see Figs. 5(f) and 5(g)| except that weak ionization occurs where the
values of |E| are slightly smaller than the largest one. With the growth of m, the number
of ionization points will increase and therefore the dependence of THz generation with 6
will become difficult to analyze. Generally, one expects that the THz radiation is weakened
with increasing m because the ionization can occur at many points where the sign and the
magnitude of A(vy) vary continuously. One observes in Fig. 4 that the THz radiation with
wy = 6wy is weaker than that with wy = 2wy [one also sees the comparison between wy = 4wy
and wy = 2w in Figs. 4 and 6]. Actually, our simulations show that as ws is increased to
8wp and 10wy, the THz radiation is gradually attenuated to noise level.

A similar result can be drawn for m = 4n in the same way presented above. Using Egs.
(7), (9), (10) and the maximum at ¢y = 7/2 for § = 7/2, one obtains that A(t) grows
monontonically from 6 = 0 to m and reduces monontonically from § = 7 to 27 [see Fig. 3|. In
terms of Eq. (11), for a small m, the THz field strength (with sign) reduces monontonically
from 8 = 0 to m and grows monontonically from 6 = 7 to 27, where the strongest THz
radiation appears at # = 0 and 7 and the weakest at § = 7/2 and 37/2. This agrees with
the PIC simulation results shown in the curves with ws = 4wy in Fig. 4.

m/2 cos(#), i.e., —cos(d) for

Notice that in Fig. 4 the 6 dependence approaches (—1)
m = 4n+2 and cos(f) for m = 4n. This can be attributed partially to the fact that A(vy) is
a cosine function of ¢y and the latter varies monontonically with 6 according to Eqgs. (7) and
(9). However, the exact dependence is difficult to derive analytically since d1)y/06 expressed

by Eq. (8) is complex.

III. EFFECT OF CARRIER ENVELOPE PHASES OF THE TWO-COLOR LASERS

There are three experimental results about the dependence of THz strength on 6, where
m = 2 was taken. Two of them show sin(f) dependence [11, 14] and the other shows cos(6)
dependence [13]. Although these results look inconsistent, we shall show that both of them
are possible. The reason is that the # dependence varies with the CE phases of the two lasers

even if the pulse durations are far longer than a main laser cycle, as shown in the following.
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We have taken E = agsin(¢) + azsin(my + 6) in the previous analysis and simulations
and obtained that the THz strength is proportional to (—1)™/2cos(f). The dependence
is changed into —sin(#'), if taking the electric field as E' = agcos(v) + ag cos(mi + 6).
This can be proved in terms of E'(¢ — 7/2) = E(¢) and A'(Y — 7/2) = A(y) by setting
0’ = 0+m(m—1)/2, where we have applied the displacement property of a periodic function,
i.e., E'(¢—7/2) is equivalent to E’'(¢)). Therefore, either sine or cosine dependence observed
in experiments is possible since the CE phases of the two laser pulses are not clear in the
experiments.

The dependence of the THz strength on the CE phases provides a robust tool to detect
the CE phases of the two laser pulses even with durations far longer than a cycle. Generally,
the laser fields can be taken as F = agsin(y + ¥cp1) + as sin(my +vops +0), where ¥op; is
the CE phase of the main laser and ¥ cpgo is the CE phase of the second one. By use of the
equivalence between E(v¢) and E(vY — Ycp1) = agsin(v) + ag sin(my + vops — mibopr + 0),
one can achieve that the THz strength

Erg. o< (—1)™2 cos(togs — mpogr + 6). (12)

Providing the minimum stregnth of the THz radiation is detected at 0,,,;, and the maximum
detected at 0,,,,, one can get Yor and Yegs through Yops — miycrr + O = 0 and
Vorpa—mYcp1+0mae = T, where m = 4n+2 is employed. For m = 4n, Ycps—mcr1+0mas =
0 and Yop2 — mbcpt + Omin = .

In the following sections, we take the laser fields as Eq. (1) with § = 0 and wy = 2w unless
otherwise specified, which is favorable for THz generation according to previous analysis.
We take the second laser intensity as 25% of the main laser intensity in our simulations in

Sec. IV and change the second laser intensity to discuss its effect on THz generation in Sec.

V.

IV. EFFECTS OF THE MAIN LASER INTENSITY AND GAS SPECIES

In this section, we will investigate the effect of the main laser intensity I, on THz gen-
eration and energy conversion. When a gas is not completely ionized, A(t) o< /Iy and w,
or \/n. grows monotonically with Iy. According to Eq. (11), the THz intensity increases

monotonically with Iy, although it has complex dependence on Iy due to complex depen-
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dence of /n. on Iy. The monotonic increase of the THz intensity with the laser intensity
has been observed in the experiments employing low intensity laser pulses in air [10-14].
This is also reproduced by our PIC simulations with hydrogen, helium and nitrogen gases,
as shown in Figs. 6(a), 7(a) and 8(a), respectively, for relatively low laser intensities. When
the intensities are increased up to some thresholds, a saturation is observed clearly in Figs.
6(a), 7(a) and 8(a), which has been also seen in the experiments in Ref. [14]. This saturation
can be explained by Fig. 9. For low laser intensity, e.g., 10 W/cm? used in Figs. 9(a)
and 9(c), the ionization occurs around the pulse peak. As the laser intensity is enhanced,
the THz radiation will be strengthened since the ionization positions 1)y are not varied and
thus |A(¢)| and w, grows monotonically. When the laser intensity is high enough to ionize
the gas completely, the ionization positions will shift from the pulse peak towards the pulse
rising edge, which can be observed in Figs. 9(b) and 9(d). Then, the laser intensity actually
experienced by newly born electrons is not increased. Hence, |A(¢))| as well as w, will not

grow with the increasing laser intensity and then the saturation can arise.

Note that Kim et al. [14] attributed the saturation to strong THz absorption in long
gas plasma. In our simulations a very short gas (140 pum long) has been taken (simulation
parameters and setup can be seen in the appendix), which excludes the effect of the gas
and plasma absorption of the THz radiation. Therefore, the current investigation presents
another possible explanation of such saturation. It should be pointed out that the simulation
result in our other paper [16] showed an oscillatory dependence of the THz strength on the
laser intensity. The difference comes from two points. First, § = 7/2 was taken in Ref. [16]
while # = 0 is used in Figs. 6-8. We had considered that the CE phases have no effect
and therefore, took the same relative phase as Ref. [14] but different CE phases, in order
to achieve high THz yield efficiency. Second, different temporal waveforms of lasers and

2 waveform in Ref.

durations are taken. A Gaussian waveform is employed here but a sin
[16]. The full width at half maximum (FWHM) duration of 50 fs is taken here while it is 12
fs in Ref. [16]. We study effect of the duration and find that the saturation disappears and
an oscillatory behavior starts to appear when the FWHM duration is decreased to about
10 fs. With a short enough duration, laser ionization occurs fewer points/cycles and the
shift of the ionization position away from the pulse peak tends to be discontinuous with the

increasing laser intensity. A detailed discussion on such extreme case will be presented in

another paper since the laser duration used in THz experiments is usually longer than 10 fs.
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From Figs. 6(a), 7(a) and 8(a), the laser intensity threshold I, for the saturation can
be read for the hydrogen, helium, and nitrogen, respectively, which are often used in exper-
iments. The thresholds are about 3 x 10 W/cm?, 10 W/cm?, and 1.6 x 10 W /cm?,
respectively. Actually, when I, < 5 x 10'” W/cm? (which is the highest laser intensity taken
in our simulations), there are five I’s for nitrogen, which correspond to the first-fifth orders
of ionization, respectively. In Fig. 8(a) one can clearly see two saturation regions, where
one within 2.5 x 10> W/ecm? and 6 x 10" W /cm? and the other around 1.6 x 10'® W/cm?
due to large differences between the third ionization potential and the fourth one as well as
between the fifth one and the sixth one for nitrogen. For helium, two saturation regions are
also observed in the curve in Fig. 7(a). The curves in Fig. 6(a) show one saturation plateau
only for hydrogen.

One can compare the saturation strengths of the THz radiations generated from the three
kinds of gases according to I;. Considering that the THz strength is linearly proportional to
/e in terms of Eq. (11), we here take such gas densities that hydrogen, helium and nitrogen
are completely ionized to have the same n, at the highest laser intensity of 5 x 1017 W /cm?,
where the nitrogen can experience complete ionization of the fifth order. Then, the THz
strength Erp, s at saturation depends on A(¢)y) only, according to Eq. (11). Due to A(¢y)
VI, Erp. s should be proportional to V/I,. Using the values of Eru.s =1.5 MV/cm and
I, = 3 x 10 W/cm? of the hydrogen, one obtains the saturation strength of the THz

radiation at 10 THz from arbitrary kinds of gases as

I
ETHz,s = \/3 » 1014W/cm2 x 1.5 MV/cm (13)

In terms of this scaling law and the values of I for the helium and nitrogen observed in
our simulations, one calculates Erp, , = 8.6 and 10.9 MV /cm, respectively, for the helium
and nitrogen. The calculated Erp, s are larger than those (7.0 and 6.5 MV /cm) obtained
from Figs. 7(a) and 8(a) to some degree. The reason can be found from Fig. 9(d). One
can see that the ionization appears at three positions, among which the first two on the left
correspond to complete ionization of the first two orders and the third one corresponds to
part ionization of the third order. For a lower order of ionization, the ionization position
is farther away from the laser peak and the corresponding lase field and A(ty) are lower
than those of a higher order of ionization. Therefore, for gases composed with more complex

atoms, the THz saturation strengths are overestimated more by Eq. (13).
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We change gas densities nyqs in PIC simulations and find that the THz strength is linearly
proportional to |/Mg.s. One example is demonstrated in Fig. 6(a), where the ng, in red
curve is 11.1 times of that in the green curve (after complete gas ionization, the red curve
corresponds to w,/2m =10 THz and the green one to w,/2m =3 THz). We have multiplied
3.333 to the THz strengths in the green curve. One can see that the two curves coincide
nearly, which indicates a linear dependence of the THz strength on ,/fgqs or w,. This is
because 1)y and resulting A(vg) is not varied with the gas density and the THz strength is
only determined by w, according to Eq. (11). As a result, through multiplying a constant,
the simulation results presented in Figs. 6(a), 7(a) and 8(a) can be applied to the case with
an arbitrary gas density or any THz frequency when the same laser intensity and the same
kind of gas are taken. With this result, Eq. (13) can also be extended to any gas density or

any THz frequency, i.e.,

I Ne
ETHZ,S = \/1014WCII1_2 ]_018cm_3 x 0.79 MV/Cm, (14)

where n, is the plasma electron density after gas ionization. Equation (14) [also Eq. (13)]
is applicable to any kind of gas and particularly accurate for the first order of complete
ionization of gas. For instance, for the first order of complete ionization of helium, the Erg, s
is 2.7 MV /cm observed at I, = 1.8 x 10W /cm? in Fig. 7(a), which is in good agreement
with the calculated value 2.74 MV /cm by Eq. (14). Double density of helium is taken in
Fig. 10(a) and one see that the corresponding Ery, ¢ is 3.8 MV /cm at 1.8 x 10"W /em? and
the calculated value is 3.7 MV /ecm. For the first order of complete ionization of nitrogen,
the calculated values also accord well with the simulation results shown in Figs. 8(a) and
10(a). It is interesting to compare Eq. (14) with the simulation results within 2.5 x 10
to 6 x 101°W/cm? displayed in Fig. 8(a), where a saturation plateau appears obviously
and such laser intensity range can usually be reached in current THz experiments. The
observed THz saturation strength is Erg. s = 2.6 MV/cm at I, = 2.5 x 10'°W /cm?, which
corresponds to the third order of complete ionization. This approximately agrees with the
calculated value 3.35 MV /cm.

We also present the energy conversion efficiency ng from the two laser pulses to a THz
pulse in Figs. 6(b), 7(b) and 8(b). Here, we take the THz radiation energy contained in the
first cycle as the total energy of a THz pulse and apply the THz pulse with the nearly same

spot size as the drive laser, as observed in our simulations. One observes that peaks of the
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conversion efficiency appear just at the starting points of THz strength saturation regions.
There are one, two and five peaks for the hydrogen, helium and nitrogen, respectively, where
the fourth peak at about 9 x 10W /cm? for the nitrogen is not obvious due to a small
difference between the fourth order ionization potential and the fifth one. In particular, the
efficiency peak with the hydrogen is up to 1.6 x 107°. The scaling of the conversion efficiency
is easily achieved if the same kind of gas is employed. As mentioned previously, the THz
strength is linearly proportional to the root of the gas density n,qs and the THz cycle (or
the THz pulse duration) is inversely proportional to w, or \/Tigas- Therefore, for a given kind

of gas the conversion efficiency ng satisfies

NE X \/Mgas- (15)

The efficiency peaks for different kinds of gases can be approximately estimated by Eq. (14)

as

Ne 5
NE,peak = \/1.2 < 10Bem 3 x 1.6 x107°. (16)

Equation (16) indicates that the efficiency peaks of different kinds of gases depend on the
plasma electron density only. This is accurate for the first order of complete ionization
of gas, as shown in Fig. 10 where the hydrogen, helium and nitrogen with the same gas
density are taken, respectively. However, for higher orders of complete ionization of gases,
the efficiency peaks are overestimated by Eq. (16) due to the overestimation of Ery, s by
Eq. (14). It should be pointed out that ng can be enhanced further providing shorter laser

pulses are used. In our simulations we have taken the laser duration as 50 fs.

We summarize this section briefly. By applying the first order of complete ionization
of any kind of gases, one can achieve the same highest energy conversion efficiency to the
THz radiation at a given frequency. One can obtain a stronger THz radiation at a given
frequency through using a gas with higher ionization potential, which has higher laser in-
tensity threshold for the saturation of the THz strength. Therefore, to get stronger THz
radiation with the highest conversion efficiency, one can take a gas with a higher first-order

ionization potential, e.g., helium.
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V. EFFECT OF THE SECOND LASER INTENSITY

In Sec. II-IV, we have taken the second laser intensity to be 25% of the main laser
intensity in our simulations, i.e., ao = 0.5ag. In this section, we study the dependence of
the THz generation on the second laser intensity. According to discussion above, ionization
occurs around such v that ?9_5(%) = 0. Taking the derivative of g—i(wo) = 0 with respect

of ay, one gets

by cos(¢o)

dagy B a2?:7€ (¢0) '

We consider a small m and the case with § = 0, which can produce THz radiation efficiently.
We here take m = 2 as an example to analyze. According to the analysis in Sec. II, one
maximum of F appears at [0, 7/2] and the other symmetrically appears at [37/2, 27|, which
can be also seen in Figs. 2 and 11. Due to the symmetry, one needs only to analyze the
dependence of the maximum at [0, 7/2] on ay. At this point, cos(iy) > 0, 227]3(%) < 0, and
resulting 0vYy/das < 0, which implies that 1y drifts away from 7/2 with the growth of a
(see Fig. 11). Hence, A(t)y) increases with the growing ay according to Eq. (7) [also see
Fig. 11] and the THz radiation is enhanced. This prediction is verified by Fig. 12 when
as is not large. In Fig. 13 one also observes that with growing as, an ionization position
g drifts away from 7 /2 within a local laser cycle, where the blue line marks the ionization
position for the case of as = 0.1ag. Besides, a whole shift of all ionization positions away
from the lase pulse peak is seen as as increases. The whole shift causes the decrease of
the laser intensity actually experienced by newly born electrons. This is unfavorable to the
enhancement of the THz intensity. This negative effect combining with the positive effect of
the local drift of ¢y away from /2 leads to appearance of a peak shown in Fig. 12. The peak
is at about ay/ag = 1.0 and 0.6, respectively, for the main laser intensity of 10 W /cm? and
10 W/cm?. The difference of the two peak positions is because the complete ionization
appears at a larger ay for the lower laser intensity. An additional effect is also found from
Eq. (17) as [0¢y/0as| o 1/ay, which causes a decrease of the increase of the THz intensity

with growing as.
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VI. THZ SATURATION STRENGTHS AT DIFFERENT INTENSITY RATIOS

We have presented the saturation strength of THz radiation in Eqgs. (13) and (14) when
as/ag = 0.5 or I/Iy = 0.25, where I, is the second laser intensity. For experiments and
application, it is interesting to investigate the impact of I3 on the THz saturation strength.
The THz saturation strength Erp, s versus Iy/I, obtained from our simulations is shown in
Tab. I. We get Erp. s by use of the main laser with the intensity at or slight higher than
the threshold intensity I, where I, is 3 x 10 W /cm?, 101® W/cm?, and 1.6 x 10'® W/cm?,
respectively, for hydrogen, helium, and nitrogen, as presented in Sec. IV. Considering that
the second laser is weaker or much weaker than the main laser in practical experiments [10—
14, 20, 21}, we take I5/Iy within 5%-50% in our simulations. One can see from Tab. I that
Erp. s is nearly the same when I/, within 20%-50%. This suggests that Eqgs. (13) and
(14) obtained for I5/Iy = 25% also hold for other I5/I, values between 20% and 50%. Erp. s
decreases by about 10% and 25% when I5/1j is changed into 10% and 5%, respectively, and
therefore Eqgs. (13) and (14) can be applied through multiplying a factor of 0.9 and 0.75 for
I/ Iy = 10% and /1y = 5%, respectively. Furthermore, Tab. I is the results for the THz
radiation at 10 THz and it can be applied to any THz frequency by multiplying a constant.

TABLE I. Saturation strengths (MV/cm) of the THz radiations at 10 THz are generated from
hydrogen (Hz), helium (H.), and nitrogen (N2), respectively, with different intensities Iy of the

second lasers.

Ho H No
IQ/IO ETHZ,S ETIE—IZ,S ETHZ,S

5% 1.12 5.18 5.05
10% 1.36 6.26 5.88
20% 1.49 6.88 6.47
30% 1.51 7.05 6.52
40% 1.51 7.03 6.47
50% 1.53 6.97 6.40
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VII. SUMMARY

In summary, we have studied THz generation in the two-color laser scheme when the
second laser takes a frequency of arbitrary harmonic of the main laser. We have found that
the THz radiation is not generated when the second laser is at an odd harmonic frequency
and it can be generated only when the laser at an even harmonic frequency. As the harmonic
order increases, the THz yield efficiency decreases, i.e., the highest efficiency is achieved with

the second harmonic.

The THz strength depends on the CE phases of both the two laser pulses, even if
their durations are much longer than the main laser cycle. The strength is proportional
to (—1)™2 cos(VYops — mibepr + 0), where ¥op; and og, are the CE phases of the two
pulses, 6 is their relative phase displacement, and m is the order of an even harmonic. By
detecting the dependence of the THz strength on €, one can determine both ©¥cg; and Yego
at the same time. This may provide a diagnosis of CE phases even for long laser pulses,
such as 100 fs pulses. In particular, for ¥cg1 = Yeops = 0, the strength scales linearly with
cos(f) and the dependence is changed into sin(f) for ¥op; = Yore = 7/2. This can explain
two existing experimental results: one shows sin(f) dependence and the other shows cos(6)
dependence, which seems inconsistent before. These may be obtained due to different CE
phases used in the experiments, which are usually hard to measure for laser pulses with

durations of many cycles.

The THz intensity versus the laser intensity depends on gas species. For hydrogen it
shows a monotonic growth region and followed by a saturation plateau. The saturation arises
when complete ionization occurs, which also corresponds to the maximum energy conversion
efficiency. For gases with more ionization levels, e.g., helium and nitrogen, the THz intensity
dependence curves appear several saturation plateaus, two of which are connected with a
monotonic growth line. Besides, one can obtain stronger THz radiation at a given frequency

by use of gases with higher ionization potentials.

The energy conversion efficiency versus the laser intensity is found to scale linearly with
the square root of the density of a given gas species. Therefore, the conversion efficiency
scaling law found for a certain gas density or a certain THz frequency can be extended
to any density or any THz frequency by multiplying a constant. It is also found that by

applying the first order of complete ionization of any kind of gas, one can achieve the same
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highest conversion efficiency of the THz radiation at a given frequency. Therefore, to get
stronger THz radiation with the highest conversion efficiency, one can take a gas species
with a higher first-order ionization potential, e.g., helium.

Increasing the second laser intensity leads to a drift of ionization positions away from the
phases of /2 or 37/2 in a main laser cycle, which enhances the THz strength. This works
only when the second laser intensity is not too high. Otherwise, all ionization positions will
shift away from the laser pulse peak, which causes the decrease of the laser intensity actually
experienced by newly born electrons. Due to the two effects, an optimum intensity of the
second laser for the strongest THz radiation appears.

The scaling of the THz strength with the intensities of the two-color lasers found in our
simulations (e.g., Figs. 6-8) indicates that the THz generation discussed here cannot be
described simply by the standard nonlinear dielectric polarization in optical media through

frequency mixing processes.
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Appendix: Parameters and setup of PIC simulations

The simulations are performed by our two-dimensional (2D) PIC code developed based
upon Refs. [34-37]. In this code, the field ionization of gases is included according to
the ADK formula [38]. The main laser wavelength is fixed at 1 pm and the second laser
frequency is taken as the main laser harmonic. The two laser pulses propagate along the
+x direction. They are linearly polarized along the y direction with the electric fields
E =exp(—&%/18 — y*/rd) X |agsin(wpf) + ag sin(wy€ + )], where £ =t — /¢, 1o = 100 pm,
and 79 = 30 fs (the full width at half maximum duration 50 fs). A gas slab with a uniform
density profile is distributed between z = 320 yum and x = 460 pm. The resolution in the
laser propagation direction is 0.01 pgm. The resolution in the transverse direction is 0.1 pm.

Nine particles per cell are used. We take wy = 2wy, 8 = 0, as = 0.5a¢, and hydrogen with the
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density of 6.1 x 107cm™3 as the standard simulation parameters, unless otherwise specified.

The PIC simulation results on THz strengths are obtained from the temporal waveforms
of the THz pulses propagating along the —x direction in the vacuum, where the detecting
point is at 10 pm away from the left vacuum gas boundary. Similar results can be achieved
from the THz pulses propagating along the +x direction since a short enough gas length
of 140 um (a few of plasma wavelengths) is used. The reason is as follows that we use the
data of the THz pulses propagating along the —x direction. The strength of the THz pulse
propagating along the +x direction depends on gas length due to laser/THz absorption
and propagation effects [39]. However, the strength of the one propagating along the —x
direction is not varied with gas length providing it is longer than half of a plasma wavelength
(32, 40].

We here do not present the temporal waveform of the THz radiation obtained from our
simulations. The THz radiation has a near single-cycle waveform with the central frequency
of w,, which is nearly not changed with the laser parameters and the gas species. One can

see such waveforms in Refs. [16-18, 32, 33].
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Figure Captions

Fig. 1 (Color online) Numerical calculations of Egs. (1) and (2) with different 6, where
wy = 3wy and ay = 0.5aq are taken. The solid circles/squares mark the maximums and

minimums of the electric field E of the mixed lasers and the corresponding values of A.

Fig. 2 (Color online) Numerical calculations of Egs. (1) and (2) with different 6, where
wy = 2wy and ay = 0.5q( are taken. The solid circles mark the maximums and minimums of

the electric field E of the mixed lasers and the corresponding values of A.

Fig. 3 (Color online) Numerical calculations of Egs. (1) and (2) with different 6, where
wy = 4wy and as = 0.5aq are taken. The solid circles mark the maximums and minimums of

the electric field E of the mixed lasers and the corresponding values of A.

Fig. 4 (Color online) Amplitudes of THz electric fields versus the relative phases of the
second lasers with different frequencies. The circular, square and triangular points show
PIC simulation results and the solid lines are cosine curves. Intensities of the main lasers
are taken as 10" W/cm? in (a) and 10" W/cm? in (b), respectively. The second laser

intensities are taken to be 25% of the main laser.

Fig. 5 (Color online) Number distributions of newly born electrons from field ionization
with ¢t — z. We take the second lasers with wy = 2wy and # = 0 in (a); wy = 2wy and
0 =m/2in (b); we = 2wy and = 7 in (¢); we = dwg and § = 0 in (d); wy = 4wy and 6 = /2
in (e); we = 6wy and 0 = 0 in (f); and we = 6wy and # = 7/2 in (g). Intensities of the main
lasers are fixed as 10" W/cm?. The second laser intensities are taken to be 25% of the main

laser.

Fig. 6 (Color online) (a) Amplitudes of THz electric fields versus intensities of the main
lasers. (b) Energy conversion efficiencies of THz radiations versus intensities of the main
lasers. Different curves correspond to different hydrogen gas densities and different frequen-

cies of the second lasers in each plots.
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Fig. 7 (Color online) (a) Amplitudes of THz electric fields versus intensities of the main
lasers. (b) Energy conversion efficiencies of THz radiations versus intensities of the main

lasers. Helium with the gas density of 6.1 x 10!cm™ is taken.

Fig. 8 (Color online) (a) Amplitudes of THz electric fields versus intensities of the main
lasers. (b) Energy conversion efficiencies of THz radiations versus intensities of the main

lasers. Nitrogen with the gas density of 1.2 x 107ecm ™2 is taken.

Fig. 9 (Color online) Number distributions of newly born electrons with ¢t — =, where

different gases and different intensities of the main lasers are taken.

Fig. 10 (Color online) (a) Amplitudes of THz electric fields versus intensities of the
main lasers. (b) Energy conversion efficiencies of THz radiations versus intensities of the
main lasers. Different curves correspond to hydrogen, helium, nitrogen with the same atom

density of 1.2 x 10¥cm™3.

Fig. 11 (Color online) Numerical calculations of Eqgs. (1) and (2) with different as, where
wy = 2wy and 6 = 0 are taken. The solid circles mark the maximums and minimums of the

electric field E of the mixed lasers and the corresponding values of A.

Fig. 12 (Color online) Amplitudes of the THz electric fields versus the ratio of the two

laser field amplitudes.

Fig. 13 (Color online) Number distributions of newly born electrons with ¢t — x, where
different ratios of the two laser field amplitude are taken. The blue solid line marks a

maximum of the electric fields of the lasers with as/ag = 0.1. Intensities of the main lasers

are fixed as 10 W/cm?.
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