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A finite quantum system evolving unitarily equilibrates in aprobabilistic fashion. In the general many-
body setting the time-fluctuations of an observableA are typically exponentially small in the system size.
We consider here quasi-free Fermi systems where the Hamiltonian and observables are quadratic in the Fermi
operators. We first prove a novel bound on the temporal fluctuations ∆A2 and then map the equilibration
dynamics to a generalized classical XY model in the infinite temperature limit. Using this insight we conjecture
that, in most cases, a central limit theorem can be formulated leading to what we callGaussian equilibration:
observables display a Gaussian distribution with relativeerror∆A/A = O(L−1/2) whereL is the dimension
of the single particle space. The conjecture, corroboratedby numerical evidence, is proven analytically under
mild assumptions for the magnetization in the quantum XY model and for a class of observables in a tight-
binding model. We also show that the variance is discontinuous at the transition between a quasi-free model and
a non-integrable one.

PACS numbers: 03.65.Yz, 05.30.-d

I. INTRODUCTION

Out of equilibrium and equilibration dynamics of closed
quantum systems have been recently at the center of a renewed
and intense interest [1–7]. In particular the issue whether
quantum integrability plays a key role in equilibration and, if
so, which one, has been investigated by several authors [8–
10]. In this paper we will address this problem along the
lines of the probabilistic approach to quantum equilibration
advocated in [6, 7, 11]. Here the central object is the (infinite
time) full time statistics of the expectation value of a quan-
tum observable. We will focus on a particular, yet very impor-
tant class of quantum integrable systems: quasi-free fermionic
systems, i.e. systems where both the Hamiltonian and the ob-
servable are quadratic in the canonical Fermi operators. Using
fairly general central-limit type arguments as well as explicit
analytic examples we will argue that a sharp distinctive feature
of these systems, as opposed to the general interacting ones,
is an exponential enhancement of the amplitude of the tem-
poral fluctuations of a quadratic observable around its mean
value. This appears to be a precise and quantitative way to
make sense of the common folklore that integrability leads to
a poorer (or no) equilibration.

The system is initialized in a generic stateρ0 with N parti-
cles and both the evolution HamiltonianH and the observ-
ableA are quadratic in the fermionic operators [26]. The
Hamiltonian isH =

∑

x,y c
†
xMx,ycy = c†Mc (notation

c† =
(

c†1, . . . , c
†
L

)

,L number of sites). The general quadratic

observable has the formA =
∑

x,y c
†
xax,ycy = c†ac. We

will assume that‖a‖∞ = O (1) [27] as this guarantees that
the expectation values ofA scales at most extensively with
the system size [28]. The main object of investigation is
A (t) = tr

(

Ae−itHρ0e
itH

)

. Exploiting the quadratic na-
ture of the problem and introducing the covariance matrix
Ry,x := tr

(

ρ0c
†
xcy

)

(0 ≤ R ≤ 1I) one can show that the
expectation valueA (t) reduces to a trace in the one-particle

space:

A (t) = tr
(

ae−itMReitM
)

. (1)

Eq. (1) is perfectly analogous to its many-body version
A (t) = tr

(

Ae−itHρ0e
itH

)

with R playing the role of the
initial stateρ0. There is however one importance difference:
while trρ0 = 1 one hastrR = N = νL , i.e. isextensive (we
definedν = N/L the filling factor).

For unitary evolution in finite systems, the density matrix
ρ (t) = e−itHρ0e

itH does not converge neither in the strong
nor in the weak topology [6]. Equilibration must be formu-
lated in probabilistic terms. Given the observation time win-
dow [0, T ], the observableA (t) has probabilityPA (α) dα of
being in the interval[α, α+ dα], where the probability den-

sity is given byPA (α) = δ (A (t)− α)
T , and the time aver-

age operation isfT = T−1
´ T

0
f (t) dt. For simplicity we will

always take the limitT → ∞ when taking time average and
write simplyf in place off∞. Roughly speaking an observ-
ableA equilibrates if its probability densityPA (α) is highly
peaked around its meanA (t) = tr (Aρ) [6]. The role of equi-
librium state is played by the time-averaged density matrixρ.

The question we are going to address here is: what is the
size of the fluctuations ofPA (α) for observablesA in this
quasi-free setting?

Before tackling this question and concentrate on fluctua-
tions, let us point out a few remarks on the nature of the equi-
librium state itself. If the spectrum is non-degenerate, the av-
erage, dephased, stateρ has the formρ =

∑

n pn|n〉〈n| where
|n〉 are many-body eigenstate ofH corresponding to energy
En andpn = 〈n|ρ0|n〉. The powers of the HamiltonianHn,
n = 0, 1, . . . , d− 1 are linearly independent if there ared dif-
ferent eigenvaluesEn and if the spectrum is non-degenerated
coincides with the Hilbert space dimension [29]. In this latter
case the average state can always be written in the formρ =

exp
[

∑d−1
k=0 αkH

k
]

, the so called GGE (generalized Gibbs

ensemble) [8]. The coefficientsαn depend on the initial state
ρ0 and on the eigenvectors{|n〉}. The condition to write the
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coefficientsαn in terms of thepn is precisely that of the invert-
ibility of the Vandermonde matrixVn,k = (En)

k−1 (n, k =
1, . . . , d), i.e., once again, non-degeneracy of the spectrum,
sincedetV =

∏

n<k (Ek − En). The relation expressing the

pn’s in terms of theαk ’s is: pn = exp
[

∑d−1
k=0 αkE

k
n

]

. Since

ρ = exp
∑

n ln pn|n〉〈n| = exp
∑d−1

k=0

∑

n αkE
k
n|n〉〈n| , the

inverse relation is, in vector notationα = V −1 lnp. The in-
verse of the Vandermonde matrix can be found explicitly by
expanding the identity|n〉〈n| = ∏

k 6=n
H−Ek

En−Ek
, multiplying

by ln pn, summing overn and exponentiating see [30]
Let us now go back to the context of Eq. (1). Since0 ≤

R (t) ≤ 1I the time averaged covarianceR = e−itMReitM

satisfies0 ≤ R ≤ 1I and so defines a Gaussian stateρR with
covarianceR. Moreover, sincetrR (t) = N , for all t, trR =
N , ρR is a Gaussian state withN particles. Now, for what
concerns quadratic observables of the kindA = c†ac, their
time average expectation value is the same as that obtained
with ρR: A = traR = trAρR. In other words the statesρ
andρR are the same when restricted to quadratic observables.
A generic Gaussian state can be written in the formρR =
N exp

(

c†G(R)c
)

whereG(R) := log[R(1−R)−1] [12] and
N is a normalization constant. From this it immediately fol-
lows thatρR can be written asρR = N exp

∑

k λkc
†
kck where

ck ’s are eigenmodes ofH and coincides with equation (8) of
[8]. When the system equilibrates i.e.,A(t) → tr (AρR) this
remark shows the validity of the GGE forany initial stateρ0
andall quadratic observables. Indications thatρ converges
to ρR in some sense as the size increases were indeed already
present in the literature. For instance in [13] it was shown that,
in the thermodynamic limit,ρ (t) → ρR weakly ast → ∞,
while in [14, 15] a particular form of strong convergence was
derived, when considering subsystems (though for a Bosonic
system).

II. A BOUND ON THE VARIANCE

Assuming the non-resonant condition on the energies (En−
Em = Ep − Eq impliesn = m andp = q or n = p andm =
q), Reimann has shown [16] that the temporal fluctuations

∆A2 =
(

A (t)−A
)2

satisfy∆A2 ≤ diam (A)
2
trρ2 where

diam (A) is the maximum minus the minimum eigenvalue of
A. Now in general, for most initial statesρ0, the puritytrρ2

is exponentially small in the system size implying exponen-
tially small fluctuations. Here is one argument. First note that
trρ2 = L (t) with L (t) being the Loschmidt echo:L (t) =
∣

∣〈ψ0|e−itH |ψ0〉
∣

∣

2
which admits the following cumulant ex-

pansionL (t) = exp
[

2
∑∞

n=1

(

−t2
)n 〈H2n〉c/ (2n)!

]

[6].
Here〈H2n〉c are the cumulants ofH computed withρ0. The
point is that ifρ0 is sufficiently clustering, but not an eigen-
state ofH , all the cumulants are extensive in the system size
and non-zero. ThenL (t) = exp

[

−LDg (t) + corrections
]

whereg (t) ≥ 0 does not depend on the size and, for suffi-
ciently largeL one hasL ≤ exp

[

−LD mint g (t)
]

[31].
In the quasi-free setting the non-resonant condition does

not hold. Let us then seek for the analogous of the

bound of Reimann in our quasi-free case. Let the one-
particle Hamiltonian have the following diagonal formM =
∑

k Λk|k〉〈k|. The time averaged covariance matrix is
then R =

∑

k〈k|R|k〉|k〉〈k|. We also defineFk,q =
〈k|a|q〉〈q|R|k〉. Assuming the non-resonance condition
for the one-particle spectrum, one gets∆A2 = trF 2 −
∑

k (Fk,k)
2 ≤ trF 2 =

∑

k,q |〈k|a|q〉|
2 |〈q|R|k〉|2. Now

R is a non-negative operator and so induces a (possibly
degenerate) scalar product which satisfies Cauchy-Schwarz
inequality: |〈q|R|k〉|2 = |〈q|k〉R|2 ≤ 〈q|q〉R〈k|k〉R =
〈q|R|q〉〈k|R|k〉. This leads us to

∆A2 ≤ tr
(

aRaR
)

≤ ‖a‖2∞ trR
2

(2)

Now, since0 ≤ R ≤ 1I, trR
2 ≤ trR = trR = N , we

finally obtain∆A2 ≤ ‖a‖2∞ νL . While equation (2) is the
quasi-free analog of the Reimann’s bound it implies some
important differences with respect to the general (non-free)
case. Consider the situation where the observableA is ex-
tensive. In the non-free case the diameter ofA is extensive,
i.e. diam(A) = O

(

LD
)

in D spatial dimensions. More-
over, the minimum value of the puritytrρ2 is 1/d and so
is exponentially small in the system size. In the quasi-free

setting, instead, the minimum value oftrR
2

in Eq. (2) is

min trR
2
= N2/L = ν2L, sinceR/N defines a density ma-

trix for which the minimum purity is the inverse of the matrix
dimensionL. All in all, recalling that‖a‖∞ = O (1) , for
extensive observables, the minimum of the bound to the vari-
ance isO

(

L2e−γL
)

, γ > 0, (for systems of linear sizeL),
whereas in the quasi-free setting one hasO (L). This seems
to hint at the fact that fluctuations in the quasi-free setting are
proportional to the system size and are hence much larger than
in the non-free case where they are exponentially small in the
volume. Of course Eq. (2) is just an upper bound, and noth-
ing prevents, in principle, from having a much smaller vari-
ance. For example, whenever the initial state or the observ-
able commute with the Hamiltonian,A (t) is constant and its
fluctuations are zero. We will always avoid such pathological
situations. In the following, instead, we will argue that the ex-
tensive behavior of the fluctuations, in quasi-free systems, is
in fact quite general, leading to a1/

√
L scaling of the relative

error
√
∆A2/A for a generic observable. Indeed such a1/

√
L

scaling has been observed to hold for a quadratic Hamiltonian
even for more general observables (see SM of [17]) and even
in presence of disorder except for quenches into a localized
phase [18].

III. MAPPING TO A CLASSICAL XY MODEL

Let us write again the generic expectation value
(1) in the basis which diagonalizesM : A (t) =
A + 2

∑

k<q |Fk,q| cos (t (Λk − Λq) + φk,q) with φk,q =
argFk,q . To obtain information on the probability den-
sity PA (α) we consider the generating functionχA (λ) :=

eλ(A(t)−A). Now we observe thatif the (one-particle) ener-
gies are rationally independent (RI), as a consequence of a
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theorem on the averages, the infinite time average ofA (t) is
the same as the uniform average over the torusT

L. In this
case the generating functionχA (λ) is exactly given by the
partition function of the generalized, classical XY model with
energyE (θ) = 2

∑

k<q |Fk,q| cos (θk − θq + φk,q) and in-
verse temperatureβ = −λ. The matrix |Fk,q| defines the
lattice of the interactions while the phasesφk,q give the offset
from which the angles are measured. Note that the behavior
of the densityPA (α) is dictated byχA (λ) in a neighborhood
of λ = 0 which corresponds to infinite temperature of the
classical XY model.

It is not difficult to engineer a situation which exactly repro-
duces the standard XY model inD-dimension. For example, it
suffices to consider the HamiltonianH =

∑

x µxc
†
xcx, with

µx RI (x is a point of aD-dimensional lattice), choose the
observableA =

∑

〈x,y〉 c
†
xcy (〈x,y〉 indicates nearest neigh-

bor) and initial state|ψ0〉 = L−1/2
∑

x |x〉 = c†k=0|0〉. In
this case the partition functionZ (free-energyF ) of the clas-
sicalD-dimensional XY model is precisely the characteristic
function of the observableA: Z = χA (λ) (F = lnχA (λ)).
In fact in this caseax,y = δ〈x,y〉 while Rx,y = 1/L so that
Fx,y = L−1δ〈x,y〉 which defines the nearest neighbor hyper-
cubic graph.

We would like to stress here that the one-particle space has
a natural underlying geometric structure. For instance, the
labelsk, q represent points in momentum (real) space in a
superfluid (localized) phase and the distance|k − q| is well
defined. Now, when the matrix elements|Fk,q| decay suf-
ficiently fast as|k − q| → ∞ the corresponding XY model
is well defined in the thermodynamic limit, i.e. the intensive
free energy has a limit asL → ∞. This happens for instance
in case|Fk,q| decays exponentially in|k − q| or if one has
|Fk,q | ∼ 1/ |k − q|γ with γ > D. When this is the case one
hasχA (λ) = expLDf (λ) wheref (λ) is the free energy
per site. Moreover, under these conditions, one expectsf (λ)
to be analytic in the high temperature,λ = 0, limit, implying
that all the cumulants ofA (t) are extensive. From this we im-
mediately draw the central limit theorem (CLT): asL → ∞
the variable(A (t)−A)/LD/2 tends in distribution to a Gaus-
sian with zero mean and finite variance given by∂2λ=0f (λ).
We call this situationGaussian equilibration. It is important
to stress that one cannot have Gaussian equilibration in the
non-free setting otherwise all the cumulants would scale inthe
same way. Instead in the non-free setting one expects exten-
sive average but variance exponentially small in the volume.

We will now further corroborate these arguments with two
examples where indeed Gaussian equilibration can be proven
or shown.

-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03
0

10

20

30

40

50

60

70

x-m

P
m

Figure 1: Full distribution for the transverse magnetization per site
m (t) = 〈σz

i (t)〉 around its mean forL = 40. The quench is per-
formed from (γ0 = γ1 = 1) (h0 = 2) → (h1 = 4). The histogram
is obtained samplingm (t) at 200,000 random times uniformly dis-
tributed in [0, Tmax] with Tmax = 100, 000. The thick curve is a
Gaussian with zero mean and varianceσ2 = L−2

∑

k>0
W 2

k /2 as
computed in [6].

IV. QUENCH ON THE QUANTUM XY MODEL

The Hamiltonian is given in terms of Pauli spin operators
σx,y,x
i (we use periodic boundary conditions)

H = −
L
∑

i=1

[(

1 + γ

2

)

σx
i σ

x
i+1 +

(

1− γ

2

)

σy
i σ

y
i+1 + hσz

i

]

(3)
In the quench scenario, the initial state is the ground state

|ψ0〉 of the Hamiltonian with parameters(γ0, h0). The param-
eters are then suddenly changed and|ψ0〉 is evolved with the
Hamiltonian corresponding to(γ1, h1).

The model in Eq. (3) has been long used as a testbed for
the study of quantum phase transitions in many body sys-
tems, and more recently in the realm of out-of equilibrium
unitary dynamics. See [19, 20] and the more recent mon-
umental [21] for more details and references. A Jordan-
Wigner transformation brings Eq. (3) to a quadratic form
in Fermi operators. Sinceσz

i in terms of Fermi opera-
tors isσz

i = 2c†ici − 1, the transverse, total magnetization
M(t) =

∑

i〈σz
i (t)〉 is a quadratic observable. Its expecta-

tion value in the quench setting is given by [6, 20]:M (t) =

2
∑

k>0 cosϑ
(1)
k cos (δϑk) + sinϑ

(1)
k sin (δϑk) cos

(

tΛ
(1)
k

)

where tanϑ
(i)
k = −γi sink/ (hi + cos k), δϑk = ϑ

(1)
k −

ϑ
(0)
k andΛ(i)

k = 2

√

(γi sin k)
2 + (hi + cos k)2 are the one-

particle energies. The quasi-momenta are quantized according
to k = π (2n+ 1) /L, n = 0, 1, . . . , L/2 − 1. At this point

it seems quite natural to expect that the energiesΛ
(1)
k are ra-

tionally independent. Indeed one can show that the numbers
cos(kn) kn = π (2n+ 1) /L, n = 1, 2, . . . , (L − 1)/2 are
rationally independent forL prime [7]. Given the form of the
dispersion we may expect that the requirement thatL is prime
may be removed.

Assuming rational independence of the one-particle ener-
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giesΛ(1)
k , the corresponding classical XY model has energy

E (θ) =
∑

k>0Wk cos(θk) with Wk = sinϑ
(1)
k sin (δϑk).

Each classical spin ’k’ interacts with an external field along a
fixed axis with strengthWk. The partition function factorizes,
each integral overθk gives a Bessel functionI0 (λWk) and

we obtaineλ(M(t)−M) = exp
∑

k>0 ln (I0 (λWk)). Clearly
M (t) −M is a sum of independent random variables, each
with zero mean and varianceW 2

k /2.

Now, under the –quite reasonable– assumption of ratio-
nal independence of the one-particle energies, one can prove
Gaussian equilibration for the observableM (t). More
precisely one can show that for any value of parameters
(γ0, h0) 6= (γ1, h1), the variable(M −M)/

√
L asL → ∞

tends in distribution to a Gaussian with zero mean and vari-
ance(2π)−1 ´ π

0
(W 2

k /2) dk.

We can prove this result by showing that the Lyapunov con-
dition is satisfied so that the central limit theorem follows
from Lindeberg’s theorem (see e.g. [22]). Following the no-
tation of [22] we haves2L =

∑

k σ
2
k =

∑

k>0W
2
k /2 →

L (4π)
−1 ´ π

0 W 2
k dk. Then, with δ = 1 |Xk|2+δ

=

4/(3π) |Wk|3. The Lyapunov’s condition withδ = 1 amounts
to the vanishing of the following quantity asL→ ∞:

1

s3L

∑

k>0

|Xk|3 L→∞−→ 1√
L

16

3
√
π

´ π

0
|Wk|3 dk

(

´ π

0
|Wk|2 dk

)3/2
. (4)

Indeed the RHS of Eq. (4) goes to zero asL → ∞ since
|Wk| ≤ 2 for all k and |Wk| 6= 0 for almost anyk for
(γ0, h0) 6= (γ1, h1).

Remark For small quench close to a critical point, the
function Wk ≃ sin(ϑ

(1)
k )(∂ϑk/∂x) dx (x is the quenched

variable,x = λ, h), becomes highly peaked (for instance, the
peak is aroundk = π close to the Ising critical point ath = 1
andWk/dx diverges as1/k). For finiteL and sufficiently
small quench, few termsWk dominate and one can obtain (for
finite L) a non-Gaussian distribution. Indeed, as discussed in
detail in [11], this is the case in general: for small quenches
close to a quantum critical point, observables become a sum
of few independent random variables and the distribution ac-
quires a universal double-peaked form.

In figure 1 we show a plot of the distribution of the trans-
verse magnetization per sitem (t) = M (t) /L for the equili-
bration dynamics undergoing a quantum quench. The distri-
bution agrees very well with a Gaussian with varianceσ2 =
L−2

∑

k>0W
2
k /2 obtained consideringm (t) as a sum of in-

dependent variables [6]. This in turns shows that the assump-
tions of rational independence seems to be justified or at least
that the number of relations among the frequencies is suffi-
ciently small as not to break the CLT. Note thatL is not a
prime in fig. 1. By only checking that the one particle spec-
trum is non-degenerate, it is easy to prove that the variance
is ∆m2 = L−2

∑

k>0W
2
k /2 [6]. SinceWk is a bounded

function this implies immediately that∆m2 = O
(

L−1
)

, in
accordance with the Gaussian equilibration prediction.
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Figure 2: Full distribution for the observableA =
∑ℓ

x=1
c†xcx

around its mean forL = 201, N = 100, ℓ = 101. The histogram
is obtained samplingA (t) at 240,000 random times uniformly dis-
tributed in [0, Tmax] with Tmax = 180, 000. The thick curve is a
Gaussian with zero mean and varianceσ2 = 0.0208L as computed
in the text.

V. TIGHT BINDING MODEL

We consider here the 1-D tight binding model
H =

∑

x

(

c†xcx+1 + h.c.
)

with twisted boundary con-
ditions cL+1 = c1e

iθL as proposed in [23]. As quadratic
observable we takeA with diagonal one-particle matrix:
A =

∑ℓ
x=1 c

†
xcx. The system is initialized setting all theN

particles say to the left of the chain, i.e. the initial covariance
matrix isR = diag (1, 1, . . . , 1, 0, . . . , 0) with N ones and
L−N zeros on the diagonal. The observableA is extensive for
ℓ = αL, and the thermodynamic limit is given byα = ℓ/L,
ν = N/L constant andL→ ∞. The time evolved observable
readsA (t) =

∑

k,q gN (k − q) gℓ (q − k) e−it(Λk−Λq) where

the functiongℓ (ξ) is given bygℓ (ξ) = L−1
∑ℓ

x=1 e
−ixξ.

The matrix Fk,q depends only on the differencek − q:
Fk,q = f (k − q) = gN (k − q) gℓ (q − k). The eigen-
energies are given byΛk = 2 cos (k + θ) and the quasi-
momenta can be considered quantized ask = 2πn/L,
n = 0, 1, . . . , L− 1. Forθ = 0 the energies are degenerate as
Λk = Λπ−k but for most of theθ, π−k does not belong to the
Brillouin zone and the energies are non-degenerate. In this
case the average isA =

∑

k gN (0) gℓ (0) = Lνα. Still the
Λk cannot be RI as0 = trM =

∑

k Λk, however it is likely
that there are few relations among the energies. In fact Tasaki
showed [23] that forL odd and for most of theθ ∈ (0, π/L),
the one-particle energies satisfy the non-resonant condition.
This implies that, for mostθ, the variance is given by

∆A2 =
∑

k,q

|gN (k − q) gℓ (q − k)|2 −
∑

k

[gN (0) gℓ (0)]
2
.

The double sum above can be evaluated going back to
real space with resultL−2

[

Nℓ2 − ℓ
(

ℓ2 − 1
)

/3
]

(assuming
N ≥ ℓ otherwise swapN with ℓ). This proves analyti-
cally that, besides the average, also the second cumulant –
the variance– is extensive and in particular one has∆A2 =

L
(

να2 − α3

3 − ν2α2
)

+O
(

L−1
)

.
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On the other hand, using methods borrowed from sta-
tistical mechanics, we can get an approximate analytic ex-
pression for the whole cumulant generating function. In
this approximation all the cumulants will turn out to be ex-
tensive implying Gaussian equilibration forA (t) (see fig-
ure 2). We first assume rational independence of the ener-
giesΛk so that the problem is mapped to an classical XY
model. A single (or a few) relation among the energies is
a sort of boundary condition for the classical model and is
not expected to change the leading, bulk, term. The energy
of the classical model for the translation invariant case is
E (θ) = 2

∑(L−1)/2
d=1 |f (d)|∑L

x=1 cos
((

θ̃x+d − θ̃x

)

+ φd

)

(φd = arg f (d) and θ̃x is a periodic extension ofθx,
i.e. θ̃x+nL = θ̃x). Now we note thatf (d) is highly
peaked aroundd = 0, so we approximate the energy
keeping only the nearest neighbor term, i.e.E (θ) ≈
2 |f (1)|∑L

x=1 cos
((

θ̃x+1 − θ̃x

)

+ φ1

)

. This is precisely a

one-dimensional (classical) XY model with periodic bound-
ary condition (and off-setφ1) and can be solved via transfer
matrix method [24]. The partition function becomesZ =
trKL where the transfer matrix operator is[Kh(θx)](θx+1) =
´ 2π

0 dθxe
λ|f(1)| cos(θ̃x+1−θ̃x+φ1)h(θx)/(2π). The transfer

matrix is non-hermitian because ofφ1. Using the identity
eK cos(α−β) =

∑

p∈Z
Ip (K) eip(α−β) whereIp are Bessel

functions (satisfyingI0 > I1 > I2 · · · and Ip (K) =
I−p (K)) one sees that plane waveseimϑx are eigenfunc-
tion of K with eigenvalueIm (2 |f (1)|λ) e−imφ. The largest
eigenvalue in modulus, withm = 0, gives immediately
the free energy in the large size limit:F = lnZ =
L ln (I0(λ |f(1)|). As expected, in this approximation, the cu-
mulant generating function is extensive and analytic inλ = 0.
One then has again the CLT in its standard form: the variable
(A (t) − A)/

√
L, tends in distribution to a Gaussian in the

thermodynamic limit with variance∂2λ=0F/L = |f(1)|2 /2.
The Gaussian prediction is clearly confirmed by a numerical
experiment see fig. 2.

VI. FLUCTUATIONS AND INTEGRABILITY

From the previous discussion it appears that the variance
∆A2, for a quadratic observableA, can be used as an effec-
tive tool for the characterization of integrable-non-integrable
transition, at least in the case where integrable models are
identified with quadratic systems. In particular we expect an
increase of∆A2 when the evolution Hamiltonian crosses a
quasi-free point. To check this conjecture let us add a next-
nearest neighbor interaction term to Eq. (3) (for simplicity we
setγ = 1) which is known to break integrability (see e.g. [25]
and references therein). Hence we consider the model

H = −
L
∑

i=1

[

σx
i σ

x
i+1 + hσz

i − κσx
i σ

x
i+2

]

and perform numerically simulated quenches from(h0, κ0) to
(h1, κ1). At κ = 0 the model can be mapped to quasi-free
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Figure 3: Variance ofm (t) = 〈σz
i (t)〉 of as a function of the inte-

grability breaking parameterκ. The quench parameters are (γ = 1)
(κ0 = 0, h0 = 2.0), → (κ1 = κ, h1 = 2.7). The size isL = 8.
Data are obtained via full diagonalization of the Hamiltonian.

fermions while for any non zeroκ the Hamiltonian is not in-
tegrable. As shown in fig. 3, the variance ofm (t) = 〈σz

i (t)〉
is discontinuous at the integrable pointκ = 0. As expected
∆m2 (κ = 0) is larger than∆m2 (κ→ 0). We would like
to stress here that the appearance of a discontinuity in an
infinity time average, is perfectly legitimate even for finite
size systems. The origin of the discontinuity of the variance
stems from a massive violation of the non-resonant condition
at κ = 0. Note that the averagem (not shown) is smooth
at κ = 0, indicating that the degeneracies of the energies are
constant aroundκ = 0. We also performed numerical sim-
ulations keeping the observation time windowT finite. The
effect of a finiteT is to make the variance smooth atκ = 0,
approaching the discontinuousT = ∞ value with corrections
of orderT−1.

As noted previously, it is easy to prove that at the inte-
grable point the variance scale as∆m2 = O

(

L−1
)

. On the
contrary, checking the exponentially small scaling expected
at non-integrable points is very difficult numerically as the
computation of the variance requires full exact diagonaliza-
tion which limits the analysis to very short sizes.

Finally, a compelling question is whether similar results
generalize to more complex integrable models such as those
integrable by Bethe Ansatz. To investigate this scenario we
performed preliminary numerical simulations with the follow-
ing Hamiltonian

H =

L
∑

i=1

[

σx
i σ

x
i+1 + σy

i σ
y
i+1 +∆σz

i σ
z
i+1+

α
(

σx
i σ

x
i+2 + σy

i σ
y
i+2 +∆σz

i σ
z
i+2

)]

, (5)

with periodic boundary condition. Atα = 0 the Hamiltonian
is integrable by Bethe Ansatz. In our simulations we quenched
from (∆0, α0) to (∆1, α1), and looked at the statistics of
A (t) = 〈σ+

i σ
−
i+1 (t)〉 + h.c. as this is a quadratic observable

in the fermionic setting. Our numerics shows that the fluctu-
ations are smooth asα1 crosses the integrable point, which
indicates that the non-resonant condition is satisfied (when re-
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Figure 4: Full time statistics PA (x) for the observ-
able A (t) = 〈σ+

i σ−
i+1 (t)〉 + h.c. for the Hamiltonian

Eq. (5). The quench parameters are(∆0 = 2, α0 = 1.7) →
(∆1 = 1, α1 = 0, 0.02, 0.04, 0.06) for a sizeL = 10. At α1 = 0
the Hamiltonian is integrable by Bethe-Ansatz. Data are obtained
with full diagonalization of Hamiltonian Eq. (5). For the time
statistics, the observableA (t) has been computed at 200,000
random times distributed uniformly in[0, T ] with T = 100, 000.

stricted to the relevant subspace) also at the integrable point.
This indeed has to be expected from the form of the many-
body energies arising from the Bethe Ansatz [32]. However
it is still possible that a lack of rational independence of the
many-body energies, for Bethe Ansatz integrable models, will
show up in a non-analytic behavior of higher cumulants of
A (t) as a function of the non-integrability parameterα.

In figure 4 we plot the distribution functionPA for A (t) for
various quench experiment. At the integrable point the distri-
bution looks qualitatively different from the distribution ob-
tained atα1 6= 0. However further investigations are needed
to ascertain whether the dependence ofPA onα1 is analytic at
the integrable pointα1 = 0. A lack of analyticity would be a
signature of a lack of rational independence of the many-body
energies.

VII. CONCLUSIONS

In this paper we addressed the question of equilibration in
quasi-free Fermi systems. The initial state is a general state
while the evolution Hamiltonian as well as the observable are
quadratic in the Fermi operators. While for general non-free
systems the variance∆A2 is typically exponentially small in
the volume, we find that in the quasi-free setting (for extensive
observables) both the mean and the variance are proportional
to the volume. This hints at the possibility of an underlying
central limit theorem, a circumstance that we termedGaus-
sian equilibration. In this case the properly rescaled observ-
able becomes Gaussian in the largeL limit, and in general the
relative error satisfies∆A/A ∼ 1/

√
L. We proved Gaussian

equilibration for the magnetization in the quantum XY model
assuming rational independence of the one body energies and
gave evidence for a class of observables/initial states evolving
with a tight-binding model. In all cases Gaussian equilibration
was confirmed by numerical simulations. The key insight is a
mapping of the equilibration dynamics to a generalized clas-

sical XY model at infinite temperature. As a by product we
obtain a quantum setting (initial state, Hamiltonian, and ob-
servableAXY ), such that the equilibration dynamics ofAXY

gives the solution of a classical XY model inD-dimension,
and vice-versa.

A consequence of the above scenario –confirmed by nu-
merical simulations– is that the variance∆A2 turns out to
be discontinuous at the quasi-free point of an otherwise non-
integrable Hamiltonian. This shows that the enhancement of
the temporal fluctuations of∆A2 (for a quadratic observable
A) may provide a universal andexperimentally testable sig-
nature of integrability in the context of out of equilibriumdy-
namics, at least when integrable systems are identified with
quadratic models.

Ultimately the origin of the exponential decrease of the sig-
nal to noise ratio illustrated in this paper lies in the exponential
reduction of the effective phase space entailed by the quasi-
free nature of our setup i.e., the many body space gets effec-
tively replaced by the single particle one. A natural question
for future research is whether a similar mechanism is at place
for a more general class of integrable systems such as Bethe-
Anstanz integrable models. Preliminary numerical resultsin-
dicate that, in this case the variance is smooth and a possible
non-analytic behavior at the integrable point must be sought
in higher order cumulants.
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