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Previous studies on wetted, particle-particle collisions have been limited to head-on collisions,

but in many-particle flows, collisions are inherently oblique. In this work, we explore such

oblique collisions experimentally and theoretically. Whereas in normal collisions particles re-

bound only due to solid deformation, we observe in oblique collisions a new outcome where

the particles initially form a rotating doublet, and then de-agglomerate at a later time due

to ”so-called” centrifugal forces. Surprisingly, we discover the essential role of capillary forces

in oblique collisions even when the capillary number (viscous over capillary forces) is high.

This recognition leads to the introduction of a dimensionless number, the centrifugal number

(centrifugal over capillary forces), which together with the previously established Stokes num-

ber characterizes the regime map of outcomes. Unexpectedly, we observe a normal restitution

coefficient greater than unity at large impact angles, the mechanism for which may also be

observed in other agglomerating systems.

Individual particulates in a granular material are frequently assumed to be smooth, hard
spheres [1]. However, real systems are often more complex. Sand on the beach, an oft-cited
example of a granular material, often contains water that forms a cohesive bond between
grains. Our focus here is on collisions between liquid-coated, solid particles. A plethora of
such systems that exhibit agglomeration/de-agglomeration behavior exists in nature (e.g.
pollen capture, avalanches, pollution) and industry (e.g. granulation, filtration, inhalers).
Previous experiments on wetted collisions have involved normal (head-on) and oblique colli-
sions between a particle and a wall [2-4], and normal collisions between two or three particles
[5]. Here, we extend experiment and theory to particle-particle, oblique collisions. No under-
standing of agglomeration is complete without studying the rotational motion of two mobile
particles, be it colloids or electrostatically charged particles. Furthermore, this doublet ro-
tation gives rise to a host of new phenomena for wetted collisions, including an additional
outcome (Fig. 1b) in which de-agglomeration stems solely from so-called centrifugal forces,
and the observation of a normal restitution coefficient greater than unity (indicating that
the normal, post-collisional, relative velocity is greater than its pre-collisional counterpart).
The latter counter-intuitive behavior is not limited to wetted collisions, since it results from
hysteresis in the initial and final separation distances, which may be exhibited in other
agglomerating systems.

This work is targeted at low Reynolds number, Re (ratio of inertia to viscous forces in the
liquid gap between particles) such that Stokes flow prevails. Previous low-Re work on wetted
collisions indicated that the primary dimensionless parameter that dictates agglomeration
vs. de-agglomeration is the Stokes number, Stn = mvn,0/6πµa

2 (ratio of particle inertia to
viscous force), where m is reduced mass of particles, vn,0 is normal component of relative
impact velocity, µ is liquid viscosity, and a is reduced radius. Experiments have shown
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FIG. 1. Top-view of collisions that (a) stick (S), (b) stick-rotate-

separate (SRS), and (c) bounce (B) for chrome steel spheres of 25.4

mm diameter, oil layer of 420 µm thickness and 12 Pa·s viscosity, and

45◦ impact angle. The only parameter changed between subfigures

is impact velocity, such that the Stn is (a) 1.0, (b) 1.3, and (c) 1.5.

The time between frames is (a) 79 ms, (b) 61 ms, and (c) 49 ms.

FIG 2. Schematic of pendulum

setup: (a) side view and (b) top

(camera) view.

that, if Stn is below a critical value, St∗n, the two bodies stick (agglomerate), whereas, if
Stn > St∗n, they bounce (de-agglomerate), regardless of whether it is a normal particle-
particle or oblique particle-wall collision [6]. The value of St∗n is found theoretically via a
coupling of hydrodynamics and solid mechanics [7] or measured directly in experiments [3].

Pendulums have proven useful for experiments of normal and oblique collisions, as they
allow for small impact velocities [5,8,9] (as needed for Stokes flow with large particles). In
this work, the striker and target particles are held by pendulum strings spaced one diameter
apart (Fig. 2a). A coating bath is used to coat the target particle; the thickness of the
coating at a given drainage time is measured using a high-resolution camera. The release
position of the striker along the pendulum arc controls the impact velocity, and the string
holding the target particle is attached to a rotating plate that controls the impact angle,
θ0 (Fig. 2b: θ0 = 0◦: normal collisions; θ0 = 90◦: perfectly tangential collisions). The
pre- and post-collisional velocities are measured using high-speed imaging. Data collection
ceases if the doublet is still agglomerated past 180◦, since the pendulum strings cross, or if
the angular velocity of the doublet reverses direction. As illustrated in Fig. 1, three possible
outcomes are observed. At small Stn, the particles stick (S, Fig. 2a) due to viscous losses.
At large Stn, the particles bounce (B, Fig. 1c) due to elastic deformation. These are the only
two outcomes predicted and observed previously for normal collisions of two wet particles.
However, at intermediate Stn for oblique collisions, the particles initially stick due to viscous
losses, rotate through a substantial angle, and then separate due to centrifugal forces (SRS,
Fig. 1b). Note that the “bounce” de-agglomeration mechanism is nearly instantaneous,
whereas the “stick-rotate-separate” mechanism is relatively slow.

For further physical insight into this new de-agglomeration mechanism, we extended
previous wetted-particle theories to our system [3,5,8]. Since Re is small (Re = ρvn,0x0/µ <
0.04 in experiments, where x0 is liquid-layer thickness), viscous (dynamic) forces in the liquid
bridge can be described by Stokes flow. Additionally, since the capillary number (ratio of
viscous to capillary forces, Ca = 3µavn,0/σx0 > 1500, where σ is surface tension) is large,
capillary (static) forces are relatively small. Previous experiments with pendulums, including
oblique collisions of dry particles and wet particle-wall collisions, have shown that the strings
exert negligible tension (in the plane of motion) on the particles [5,8,9]. However, we found
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the inclusion of string tension critical to predicting the correct outcomes and trends, since
the particles rotate through a significant angle before de-agglomerating, allowing for large
string tension forces to act over a long period of time. Finally, based on recent experimental
evidence [10], we do not presume cavitation occurs upon rebound and instead include the
effect of fluid resistance.

Our theoretical description is based on Newton’s equations of motion, including the
centrifugal “force.” Explicit forms for these governing equations are given in Table 1. In
particular, momentum balances for both the translational and rotational motion are solved.
The relevant forces in the former include the normal components of the lubrication force
FL,n adapted for liquid-coated spheres [11] and the string tension FS,n derived such that
its vertical component balances the weight [12], as well as the capillary force Fc between
two wetted spheres [13] (only included in some model predictions, as discussed below). The
relevant forces in the latter include the tangential components of the lubrication (FL,t) [14]
adapted for liquid-coated spheres [12] and the string-tension force (FS,t). These equations
are solved with an initial separation equal to the liquid-layer thickness x0, an initial normal
relative velocity vn,0, and initial rotational velocities of ω0 = vn,0 tan θ0/(4a) and ξ0 = 0
[12]. As the two particles approach each other, the pressure in the gap rapidly increases
(squeezing), causing the particles to deform, which can lead to velocity reversal. If one of
three reversal criteria [5] is met, namely (i) the glass-transition pressure, pgt, is exceeded, (ii)
the separation distance of the particle surfaces, x, equals the elasticity length scale [3], or (iii)
x equals the surface roughness, then the particles reverse direction. Specifically, the relative
velocity is reversed and multiplied by the dry restitution coefficient, edry, to account for the
energy dissipated by the particles upon deformation. These criteria are identical to those
of normal collisions, and are independent of potential reversal caused by centrifugal forces
(which are not present in normal collisions). The particles then separate (de-agglomerate)
from each other when x reaches x0. Due to the lack of well-established data, pgt is estimated
based on the measured St∗n [5]. More details on the theory can be found in [12], which is
identical to the theory herein except that the role of the capillary force Fc is also considered
in some cases here, as described below.

A regime map of outcomes is shown in Fig. 3. The theory and experiments show all three
outcomes and are in good agreement except that the experimental S-SRS boundary occurs
at higher θ0 for a given Stn. Furthermore, the theory captures the experimental trends of
how outcome boundaries change with physical parameters (edry, x0, a, µ), the details of
which are not included here for brevity. In Fig. 3, the value of Stn at which normal collisions
(θ = 0◦) transition from stick to bounce (St∗n) is equal to 1.4. For oblique collisions, the
value of St∗n also demarcates the transition between agglomeration and de-agglomeration
for small impact angles (θ0 ∼< 50◦). At large impact angles (θ0 ∼> 50◦), however, St∗n
serves as the boundary between stick-rotate-separate and bounce. This inability of St∗n to
be used as a predictor of agglomeration vs. de-agglomeration for more oblique collisions is
due to centrifugal forces, which are responsible for the ultimate de-agglomeration of the new
stick-rotate-separate outcome.

In practical applications, pendulum strings are not present. To more realistically model
these systems, we now consider a theory without string tension but with capillary forces.
If two particles in a rotating doublet are to stick together, their relative velocity (and,
lubrication suction force) eventually become zero. Since the centrifugal force continues to pull
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Table 1: Theory Description
Kinematic Equations

mdvn
dt

= FL,n + FS,n + Fc − 4maω2 dx
dt

= −vn

4madω
dt

= FL,t + fS,t + 2mvnω
dβ
dt

= ω; 8

5
madξ

dt
= −FL,t

Relevant Forces
Lubrication String Tension Capillary

FL,n=−
6πµa2vn

x

(

1− x
x0

)2

FS,n=
8mga

l
sin2

(

β
2

)

√

1− 16a2

l2
sin2

(

β
2

)

Fc = 4πσ exp
(

Ax
2a

+B
)

+C

FL,t=−8πµa2(ω−ξ) ln 2a
x0

FS,t=−
4mga

l
sin(β)

√

1− 16a2

l2
sin2

(

β
2

)

A = 1.1V −0.53

B = (−0.34 lnV − 0.96)φ2

−0.019 lnV + 0.48
C = 0.0042 lnV + 0.078

Here, n and t denote normal and tangential directions, respectively, vn(t) is relative normal velocity of two
spheres, x(t) is distance between their surfaces, ω(t) is angular velocity of doublet about its center of mass,
ξ(t) is angular velocity of each particle about its center, β(t) is angle through which the doublet has rotated
from initial contact, l is length of pendulum string, g is gravitational acceleration, V is liquid bridge volume
non-dimensionalized by the particle radius cubed (assumed constant), and φ is contact angle of liquid with
solid sphere (assumed zero). The lubrication force in the normal direction is the classic formula, corrected for
finite film thickness [8]; the tangential component is approximated using the asymptotic analysis for nearly-
touching, fully-immersed spheres [9], but modified by removing the constant term so that no hydrodynamic
force exists on the doublet when in rigid-body motion (ω = ξ). When the first kinematic equation is
non-dimensionalized by aσ, the centrifugal number falls out from centrifugal force.

FIG. 3. Regime map of collisional outcomes

for pendulum apparatus. Symbols represent ex-

perimental data and lines represent theory-based

boundaries between outcomes for edry = 0.99,

x0 = 420µm, xb = 1µm, a = 0.63 cm, µ = 12

Pa·s, m = 34 g, pgt = 12 MPa. Pendulum strings

are responsible for sticking collisions at oblique an-

gles (θ0 > 0).

such particles apart, another force must balance it for the particles to remain agglomerated.
In untethered collision, the additional force is provided by capillary forces. Recall that, here,
Ca is large, implying that capillary forces should be negligible [15]. Therefore, somewhat
surprisingly, even when Ca is large, capillary forces are non-negligible for oblique collisions
and thus included in the theory (but not in the theory for the experiments, since string
tension overshadows capillary forces). The key roles of centrifugal and capillary forces in
agglomeration and de-agglomeration processes were also considered by Petela [16], but for
the very different case where the centrifugal force is due to rotation of the agglomerate caused
by velocity gradients in the stirred, surrounding liquid.

In Fig. 4, we provide a regime map of outcomes by solving Newton’s equations for the
oblique collision of two particles without pendulum strings but with the capillary force in-
cluded, for input parameters representative of granulation and other industrial applications.
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De-agglomeration occurs when the liquid bridge ruptures at xf = 2aV 1/3 [17]. It is impor-
tant to note that while the shape of the boundary between stick and stick-rotate-separate is
similar in Fig. 3 and 4a, the mechanisms for sticking (agglomeration) are surprisingly differ-
ent. In both cases, if Stn < St∗n, the particles initially agglomerate due to viscous forces and
rotate as a doublet. The corresponding centrifugal force tends to pull the doublet apart. In
Fig. 3, with pendulum strings, the centrifugal force is opposed by a lubrication suction force
and string tension. In Fig. 4a, without pendulum strings, the centrifugal force is opposed
by lubrication suction and the capillary force; without the capillary force, de-agglomeration
would always occur for reasons described above. On the contrary, unlike oblique collisions,
normal collisions are practically unaffected by the presence of capillary forces. Normal col-
lisions still agglomerate for Stn < St∗n, even when capillary forces are removed (as indicated
by arrow pointing to θ0 = 0 in inset of Fig. 4a), consistent with previous theories [3,5,8].

FIG. 4. Theoretical predictions for untethered collisions

(no strings): (a) outcome regime map and (b) normal

restitution coefficient for collisions with edry = 0.99,

x0 = 8 µm, xb = 8 µm, xb = 0.2 µm, a = 50 µm,

µ = 2 Pa·s, m = 5.2× 10−6 g, σ = 0.025 N/m, pgt = 20

MPa, V = 0.1 and θ0 = 0◦, 15◦, 30◦, 45◦, 60◦, and 75◦

(bottom to top). The dimensionless numbers Ce∗ = 4.2

and St∗n = 0.11 serve as boundaries for the stick out-

come. The inset of (a) shows the predictions without

capillary forces, where only normal collisions agglomer-

ate. In (a), the Ce+ line is nearly identical to the model

line, making it difficult to distinguish.

Our identification of importance of capillary forces in oblique collisions leads to a new
dimensionless number that, together with St, is key to predicting agglomeration vs. de-
agglomeration. Since the transition between stick and stick-rotate-separate occurs when
centrifugal forces dominate over capillary forces, a relevant dimensionless number is proposed
that we call the centrifugal number,

Ce =
mω2

0

σ
, (1)

where ω0 = vn,0 tan θ0/(4a) is the initial angular velocity. (Note that similar to the Weber
number (We), Ce is a ratio of inertial to surface-tension forces though, unlike We, Ce refers
to inertia stemming from rotation of doublet.) In Fig. 4a, dashed lines corresponding to a
critical value of Ce, namely Ce∗ = 4.2, and a critical value of Stn (St∗n = 0.11), are plotted
on top of the theoretical predictions. The two lines enclose the stick region (agglomeration)
superbly.
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To investigate the collision dynamics in more detail, the predicted wet normal restitution
coefficient, ew,n is plotted against Stn in Fig. 4b. In this work, ew,n = −~vf ·~nf(~v0 ·~n0) , where
the subscripts 0 and f denote pre- and post-collisional values, respectively [18]. Note that
this definition distinguishes between the initial and final direction of ~n, the unit vector that
points between particle centers. The curve for θ0 = 15◦ collisions is almost indistinguishable
from normal collisions (θ0 = 0◦), and only stick (ew,n = 0) and bounce are observed. At
higher angles, the curves also exhibit stick-rotate-separate outcomes (moderate Stn), for
which the curves are qualitatively different than in the bounce outcome (higher St∗n), and
a discontinuity in the slope at St∗n = 0.11 separates the two outcomes. The relevance of
Ce is further illustrated by the inset of Fig. 4b, which shows ew,n versus Ce for the subset
of impact angles large enough so that only centrifugal forces facilitate rebound (no normal
reversal criterion is met). The value of Ce∗ depends little on impact angle. Moreover,
doubling the values of V , x0, µ, σ, m and a leads to a change in Ce∗ by factors of 1.0, 0.79,
0.99, 1.01, 1.01 and 1.13, respectively. Therefore, large changes in inputs result in small
changes in Ce∗. This lack of sensitivity of Ce∗ has important implications in practical flows.
For example, for a nonuniform distribution of liquid, a mid-range value of Ce∗ is expected
to predict agglomeration well in this regime (Stn < St∗n).

A remarkable aspect of Fig. 4b is that ew,n > 1 in some regions, indicating that the
normal component of the post-collisional relative velocity is greater than its pre-collisional
value. This restitution coefficient typically ranges between zero (perfectly elastic collision)
and one (perfectly inelastic). One exception is oblique, dry collisions of a hard particle
impacting a soft wall, where ewm > 1 has been observed for collisions past a critical impact
angle, which is related to the local deformation of the wall [18,19]. However, this same
mechanism is not relevant for (dry) particle-particle collisions. For wetted particles with
initial separation x0, the final rupture distance xf is larger due to stretching of the liquid
bridge. The moment of inertia of the doublet, I = ma2((x

a
+ 4)2 + 32

5
), increases as x

increases, and, since angular momentum (Iω) is conserved, the angular velocity decreases.
Therefore, since the total kinetic energy is 1

2
Iω2 + 1

2
mv2n, vn must increase as the rotational

kinetic energy decreases, if we ignore viscous dissipation. So, when the increase in the normal
velocity due to this hysteresis in the initial and final separation distance is greater than the
amount lost due to viscous dissipation, the magnitude of final normal velocity will be larger
than the initial value, leading to ew,n > 1. This effect may be relevant in other systems
of agglomerates that exhibit hysteresis in the initial and final separation distance, such as
nanoclusters where the object shape may deform.

In conclusion, we have used an experimentally validated theory to study agglomeration/de-
agglomeration in oblique, wetted collisions. In addition to the stick and bounce outcomes
observed for head-on collisions, a new outcome has been observed for oblique collisions in
which particles initially agglomerate, and then later de-agglomerate due solely to centrifugal
forces. Furthermore, even at high Ca, capillary forces are surprisingly essential for agglomer-
ation in oblique collisions. The relative importance of centrifugal and capillary forces is char-
acterized by a new dimensionless number, the centrifugal number, Ce. For oblique collisions,
Ce and the previously established Stn are essential for characterizing agglomeration vs. de-
agglomeration, where only Stn is important for normal collisions. In many-particle systems,
oblique collisions are the norm, so this introduction of Ce is key to predicting agglomeration
vs. de-agglomeration. Similar dimensionless numbers may find use in other agglomerating
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systems, by replacing the capillary force in Ce by a measure of the relevant cohesive force
(for instance, the van der Waals force). Not only do the dimensionless numbers Ce and Stn
aid in our physical understanding, but the associated computational costs of modeling bulk
flow by solving the equations for each individual particle via Discrete Element Modeling
(DEM) simulations can be simplified with knowledge of the dominant physics. Additionally,
we observed a normal restitution coefficient above unity, where the normal relative velocity
increases at the expense of angular kinetic energy. This mechanism is not limited to wetted
collisions, but is possible in any collision in which the initial separation distance is smaller
than the final separation distance, such as in the collision of viscoelastic drops. The micro-
level understanding of the physical mechanisms of wetted particle collisions, as investigated
here, is essential for a macro-level understanding of diverse systems from pharmaceuticals to
interstellar grains.
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