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Abstract

We use the method of dimensional continuation to isolate singularities in integrals containing
products of Green’s functions or their derivatives. Rules for the extraction of the finite part of so-
called hypersingular integrals are developed, which should be useful in methods based on boundary
integral techniques in science and engineering. In applications to potential theory, electromagnetic
scattering, and crack dynamics in continuum mechanics, boundary integrals now can be readily
evaluated using computational techniques without recourse to complex analysis or contour dis-
tortions since the hypersingularities occurring in intermediate steps of the computations can be
isolated and ignored while taking the finite parts of the integrals into account in a consistent man-
ner. We have also identified new forms of the Dirac §-function in D dimensions which are useful and
convenient in the calculations. A summary of the integrable singular integrals is given in tabular
form. We extend the considerations to a wider class of Green’s functions and present a theorem,
with additional results arising from it, which shows that hypersingular integrals associated with
3D potential problems can be reduced to 1D finite integrals rather than 2D integrals, again leading
to direct evaluations in such cases. These calculations are compared with existing results to show

the efficacy of the approach.
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potential theory



I. INTRODUCTION

The properties of Green’s functions and other generalized functions are defined! by the
“company they keep,” in the sense that their behavior is determined by an integration of such
functions multiplied by well-behaved functions.? However, frequently in physical calculations
in science and engineering we encounter derivatives of Green’s functions as in the boundary
integral method, or its numerical implementation in the boundary element method (BEM).

This leads to non-integrable singularities that require careful attention in treating them.

In quantum field theory, we have an analogous situation in which products of Green’s
functions appearing in loop diagrams lead to infinities. Particularly lucid comments on this
issue of the need to define new rules for the evaluation of products of singular functions have
been given by Bogoliubov and Shirkov.®> The method of analytic continuation in spatial
dimension D of the integrals, to isolate the singular part and to identify the relevant finite
values of the integrals, is used in relativistic field theory in perturbative evaluations of
physically relevant quantities. In QFT, the nature of the divergences require “dimensional
regularization” by which the infinities are absorbed into physically observable parameters

through the process of renormalization.*

Fortunately, in potential theory, electromagnetic field computations, and in the theory
of crack dynamics and continuum mechanics, the singularities occurring in intermediate
stages of the calculations can be shown to cancel out. Thus, while renormalization is not an
issue in this case, managing the infinities in the theory and performing numerical analysis
is an issue and it can be troublesome, as evinced by the focus of attention on this in the
literature. Several investigations in the literature refer to the integrals appearing in the
integral representation of potentials and fields, and also in their evaluation by the BEM as

hypersingular integrals.®®

In all the reports in the literature dealing with hypersingular integrals, the approach for
calculating them is to either use a distorted surface (2D) or contour (1D) to directly address
the issue of the singularity. The presence of the hypersingularities typically reduces the
numerical accuracy attained in the integrals, and the separation of the finite and infinite
parts is a particularly lengthy procedure. Transformation of variables and complex analysis
to evaluate the integrals are also employed in these papers. We cite a recent cross-section

of typical articles in this area in Refs. 9-16.



There are a few analytic methods to solve the problem of singular integrals, such as
Galerkin approximation using local polynomials (as in the finite element method),” ! the

12714 or complex

Cauchy principle value technique to obtain the finite part in integration,
analysis through contour deformation.'® These techniques usually consider a local coordinate
system around the singularity. The approaches differ only in the details of the evaluation
of the singular integrals to separate the finite and infinite parts. However, all these earlier
methods require very lengthy procedures due to the arbitrary shape of the discretized ele-
ments, such as triangles, and generally such discretized elements lack symmetry needed to

simplify the integrals. The same complicated procedure has to be applied to each new type

of Green’s function that is appropriate to the problem, as for Laplace problems,? elasticity
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problems, or in fracture analysis.!

Here we wish to present a new, independent method for the evaluation of the hypersingu-
lar integrals, whereby a more universal approach can be implemented. We propose the use of
dimensional continuation in the evaluation of integrals of the well known Green’s functions.
Since the singularities of Green’s functions and their derivatives can be tamed by the radial

P=1"arising in D dimensions, we arrive at a closed form expression

part of the Jacobian, r
for the integrals at high enough values of D. On returning to the dimension of interest by
analytic continuation, the singularity there can be explicitly isolated and shown to cancel

out in all applications. This is the essence of the method of dimensional continuation.

We identify the rules for obtaining consistent results through the use of such methods
for the hypersingular integrals occurring in the BEM.'” We provide a systematic approach
to the treatment of the singularities in typical integrals using the standard example of the
Poisson equation in Sec. II, and show in Sec. II B how to isolate them using the dimensional
continuation method. Further, we define integrable singular integrals that typically occur
in physical applications in Sec. II C. These results are then used in deriving new expres-
sions for the Dirac d-functions in D dimensions in Sec. IID; such expressions help resolve
the singularity in the derivative of the solution of the Poisson equation over the infinite
domain. In Sec. III, we derive further results for a general class of Green’s functions on the
integrability of their derivatives, and show how integrals can be performed over a general
shape in the discretized region around the singularity. In Sec. IV, we prove that the hyper-
singular integrals appearing in potential theory can be reduced by one more dimension; in

other words, the boundary integral method which uses Green’s theorem, and reduces the



dimensionality of the problem from 3D to 2D, can have its singular integrals reduced by
yet one more dimension. This is demonstrated for the Poisson’s equation, and the results
are compared in Table I with extant 2D evaluations in the literature.'®!¥ Examples of such
integrals occurring in electromagnetic scattering are considered in Sec. V, with the example
of fracture analysis presented in Appendix B. A summary of the integrable singular integrals
is reported in tabular form in Tables IL,III, and IV in Appendix C. Concluding remarks are
given in Sec. VI.

It is hoped that the present approach will provide an effective, powerful, and practical
method of evaluating the so-called hypersingular integrals in computational science and
engineering applications, with an automated approach to accounting for these issues in a

direct manner.

II. THE POISSON’S EQUATION IN INFINITE DOMAIN

We consider the usual 3D Laplace’s equation with an inhomogeneous term in order to
identify the problem of singular integrals and illustrate our method in resolving this problem.

We also obtain a new generalized expression for the Dirac d-function in arbitrary dimensions.

A. Poisson’s equation in 3D

In the infinite domain, the solution of the Poisson equation, VZp(r) = —47p(r), is given
by?® o(r) = [ p(r')/|r — r'| &*r’. Here the potential is represented by ¢(r), and p(r) is the
charge density. The Green’s function for the Poisson problem is G(r,r’) = 1/|r —r/|. The
potential’s first and second order derivatives are

o= - [ C 0

v — /|3

0,00 = / ( O 3 )l - Té')) () dPr. (2)

_\r—r’|3 v — /|5

When ¢ = j, we should have the result
3
> 0idip(r) = Vp(r) = —4mp(r), (3)
i=1
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from the standard identity V?G(r,r’) = —4md(r — r’). Thus we should be able to carry out

the above integral explicitly, and we expect to have

> [ (o S ey e = —ampn )

However, the individual integrals are singular as r — r’ because of the factors of 1/|r — r'|?

and 1/|r — r'|° in the integrand. In the following we consider the singularities in detail.
Eq.(4) also suggests that we can define a new form of the Dirac d-function, and we will

consider this issue rigorously in IID below.

B. Singular Integrals

We classify a set of singular integrals that frequently occur in integral equations. Consider

[ 0 -

r|<R ‘I“

singular integrals of the form

where f(r) has a Taylor series expansion around the origin, and D is the dimension of
space which we will take to be continuous. We introduce a shift in the denominator®?! by
substituting |r| = v/r2 + €2 in order to easily isolate the infinite part of the singular integral.

At the end of the calculation, the limit e — 0 will be imposed.

1.  Basic Singular Integrals

We first consider a basic singular integral defined as
W(Rid6) = [ o, (0
lr|<R x|
Doing the “angular” integrations in D dimensions, we note that d°r = AprP~'dr, where
Ap = 2wP/2JT(D/2) is the surface area of the D-dimensional unit hypersphere. We change
r| in the denominator to p = v/72 + €2 to write

R
Iy(R;d,6) = AD/ p~trP "t dr.
0

To leading order in € the integral then becomes

Ip(R;d,6)  ;T(=6/2)T(D/2) R’ 7
A, C 7 2T(d)2) il 0




where 0 = D — d. The details of evaluting this integral are given in Appendix A. We now
consider three limits for the integral I:

(a) When § > 0, the first term vanishes when ¢ — 0. In this case I is not a singular
integral.

(b) When § — 0, we have

Ap 2T(d/2)

Ih(R;d,0) I'd/2) ~ R
§+ln?+0(5). (8)

where v is Euler’s constant v = 0.5772 - - -. In this case, the integral has a logarithmic
singularity as € — 0.

(¢) When 6 < 0, we have

Io(R;d,6) R 5 (T(=0/2)T(D/2)
A, 5 € < 2T(d/2) )

In this case we see that the singular integral has an e % type infinity as e — 0.

Therefore, we separate the infinite part of the singular integral Io(R;d, ) as follows

( RS

= for 0 > 0, no infinity;

Io(R: d, 6) (d/2) v R infini
[t — _ — = — f - l ﬁ ;

T @) "3 n—, or 0 =0, log infinity; (10)
R _ 5 (T(=6/2)T(D/2) e
|4] -9

|5 +e ( 2T (d)2) , for 0 <0, e 1°! infinity.

Notice that the nature of the infinite part is determined only by § = D — d.

2. General Singular Integrals

The general singular integrals are defined as

n1_.no ng
x l’ ---x
. k . 1 2 k D
Iu(R: d. 5, {n: i:l)—/ N SR ST
[r|<R

|r|d+N

(11)
where N = Zle n;. Let us first focus on the form

n

Xz
Li(R;d,o,n :/ — dPr. 12
R W -
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The details of the evaluation of these integrals are given in Appendix A and we only provide

the results here. When n is odd, this integral vanishes, and when n is even, [; is given by

' (D =2)!1(n— 1) '
I(R;d,d,n) = D1n_o) Io(R;d +n,0), (13)
where (n, — 1)!! = (n; — 1)(n; — 3)---1, and (—1)!! = 1. The most commonly occurring

non-zero case in typical applications is when n = 2 (see for example, Eq.(4)), for which we

obtain
2

€T 1
I,(R: 2) = Dy = — I,(R: 2.6). 14
(R;d, 6,2) fﬁlerW+2d r =5 Io(Rd+2,0) (14)

Since the type of infinity just depends on 0, I1(R;d, d,n) has the same singular behavior as

Ih(R;d,d). In fact, the general singular integrals Ij, are always multiples of the above basic

singular integral I,. When all n; are even numbers, [, is given by

hﬁtdéﬂnﬁﬁﬁzzu)_é§fgig%;1wldRuﬁ%NﬁL (15)

and [ vanishes otherwise. We note that these integrals all have the same singular behavior

as Io.

3. e-Singular Integrals

We can have a singular integral that has € in the numerator. We assume that € is a

constant when performing the integration. Hence we will have

En():L..nl',L.TLZ - x"k
€ . k _ 1 %2 k D
I (R;d,6,{n;};_y) = / d"r
[r|<R

‘r‘d+no+N

= EnOIk(R;d+no,5—n0a{ni}i‘€:1)a (16)

where N = >, n;. We only need consider the case when all n; are even, since the integral
vanishes otherwise. For non-zero cases, we have

(D —2)NT5 (n; — 1!
(D+N =2l

Ii(R;d,6,{n;}_y) = € Io(R;d+ N +no, 6 —ng).  (17)
To simplify the notation we define I§(R;d,d,ng) = €™ 1y(R;d + ng,d — ng), so that

. ¢\ (D=UIT (D
(R .8, (i) = = =t S Fi(Rsd+ N8 mo), (18)

Therefore, I} is transformed to I, and hence we need to discuss the properties of I§. This

is done in the following.



4. Basic e-Singular Integrals

With the result for I derived above in Eq.(10), we have

IS(R:;d, 8,m0) = € (F (;2_(@()5» + e (f—_n) . (19)

2 — o

The earlier definitions for I and I§ are convenient because a factor of €© can be pulled out.
Because ng is always greater than 0, the second term vanishes in the limit € — 0 if § # ny.

When § = ny, recall that I§ is a multiple of I, and by Eq.(10) we have

I5(R; d, 6,n9) = €™ Io(R;d + ng,d — ng)
— ™ < I"((d+no)/2) v R)

(T2 2 T

— 0. (20)
Therefore, I§ — 0 as € — 0 for all 6 > 0, even when J = ny. In summary, we obtain:
(a) When 6 > 0, we simply get I§(R;d,d,ng) = 0.

(b) When § — 0, we have

)’
r (d—|—2n0

I§(R;d, d,ng) = ) + O(d), (21)

~ ||

which is finite.

(¢) When 6 < 0, we have

I§(R; d, 0,m0) = ¥ <F (;;_}nif_nf)(g)> , (22)

2

which has a singularity arising from the €% factor.

C. Integrable Singular Integrals

If two singular integrals have the same infinite part their difference is a finite number.
More generally, a linear combination of singular integrals may sum to a finite number when
their infinite parts cancel. We call such combinations as integrable singular integrals (ISI).??
As will be shown below, most of the singular integrals in physics applications of potential

theory and engineering analysis using Green’s functions are ISI’s.?3
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For the non-zero cases, the integrals I, (R; d, §, {n;}¥_,) are always a multiple of Io(R;d+
N, ), so that both classes of integrals have the same type of infinity, logarithmic infinity
when § = 0, and e 1°-type infinity when § < 0. Therefore, we can take the linear combination
of Iy(R; d, 6, {n;}¥_,) and Iy(R;d,d) to cancel the singular parts and obtain ISI’s.?* Such ISI’s
are given by
(d+ N —2)!l

bo(#:d, 5) - (d—2)UTTE, (i — D!

I(R; d, 6, {n;}*_))

d+N—2)(D— 2)!!] Ap

( 5 .

{1_ (D+N—2d—2y| 5 & lro<b
B
>

o(E) o woen

where all n; are even, and W(x) = I''(z) /T'(x) is the digamma function. U ((d+N)/2)—V(d/2)

(23)

can be written as

d+ N d 2 2 2
“’(T)—‘I’(§)—a+m+"'+m- (24)

Another type of ISI includes Ij,. Because I can always be transformed to I§, we just
need to consider /5. We noted earlier that Ij is finite when 6 = 0, and is integrable. When

0 < 0, we have

Io(R;d,8) — (r P(-3) T3+ %)> I5(R; d, 8, ng) = %R‘;. (25)

We call the above as the fundamental ISIs because all the other ISIs can be written
as linear combinations of them. Some simple examples of fundamental ISI’s are given as

follows.

(a) By setting k =1, n; = 2 in Eq.(23), we obtain the simplest ISI which takes the form

1 1'2 AD
. d dPr = =2 RS, 2
/1~<R<|r|d |r|d+2) r=ph (26)

It can be checked that this formula holds for all 6 > 0, or § < 0.

(b) By setting ng = 2 in Eq.(25), we have another ISI obtained from I, and I§, which we
call €2-1SI, for which

1 d 62 AD
@ N gPp = CPps, 2
AKR(\r\d i-D |r|d+2) r= R 27)



D. The Dirac é-function in ISI

We note that 5

1 1 D r?
(D) - - ¢
I = 52 <|r|D |r|D+2) ’ (28)

1=1

is a Dirac é-function in D dimension in the sense that?®

A%i/ (e~ s A4 = ), )

To verify the above we take a series expansion of p(r’)

p(r') = p(r) + (' =) - Vp(r) + O((r — 1)?). (30)

The leading term of the expansion gives

D

1 D(r; —1})? , 1 Ds?
>/ <|r_r,|D - Tl ) e = o [ (- s ) s 6D
1=1

where s = r’ — r. This is the simplest ISI with d = D. So from Eq. (26) we have

i [ (=~ Bl ) ot 9 = gt 3

We can show that the further terms in the series expansion are zero. Actually, any integral

of the following form can be expressed as

D D

1 DS? a; 3D
Z ls|<R @_ |s|D+2 Hsi d”s = Ao(R; d, 9), (33)
i=1 Y I8I<

1=1

where d = D — > a;, with a; being the power of s; in the Taylor expansion of p(r’), and
d=D—d=> a; >0, and ) is a constant that is obtained by doing the angular integration
and is given by Eq.(15). Because § > 0, we know this is a regular integral with no singularity,
and from Eq.(10) we obtain

D D

1 Ds? @ oD R?
> Jo (7~ s Lt s = 4 - (34
i=1 v I8

1=1

On the other hand, by evaluating the difference between two such integrals over the ranges

|s| < Ry and |s| < Ry with Ry > R; we have

D (R /g Ds? \ 12 RS — RS

7 a; jD_, __ 2 1
Z/Rl <|S|D N \S\D”) [1sid% = 402 5 (35)
=1

i=1
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We note that for s # 0

1 Ds? D Ds?
EZQMD‘wPH):wP‘WwﬂfZO (36)

i=1
Hence the left side of Eq.(35) is zero, so that A = 0. Therefore the integral in Eq.(34)
vanishes. Combined with Eq.(32), we reconstruct the relation Eq.(29).

Also, we can write the d-function as a limit

(D) D 1 r
0 (r) = —lim -
Ap =0\ (Vr2 4 2)D  (y/r? 4 2)D+2
D 1 r?
~ i (- ). (37)

This new representation of the Dirac J-funaction can be used to directly prove Eq.(4).

III. FURTHER RESULTS ON INTEGRABLE SINGULAR INTEGRALS

We present here two important additional results that can further substantially simplify

the evaluation of integrable singular integrals.

A. Singular Integrals arising from the Derivatives of Green’s Functions

With the formulas obtained from dimensional continuation in the above sections we can
prove a general theorem which shows that the singular integrals coming from the derivative
of Green’s functions must actually be finite.

Theorem: If the Green’s function G(r) can be expressed as the following series expansion

7,1117,;12 . ‘T%D
G) =D ) ammy =5 (38)

M {n;}

then we have the following equality

oG(r) p 10 D
/KR o r—E@/KRmG(r)d v, (39)

which is always a finite number. We have relegated the proof of this theorem to Appendix

A. With this theorem we can show that the integral of the double derivatives of the Green’s
function is also integrable, as shown below. In fact, this implies that any finite order deriva-

tives of Green’s functions can be integrated.

11



Assume the conditions of the above Theorem hold for G(r). Then the integral of the

double derivative of G is also finite, where we have

Gaagpn_ 10 ..D_li/ Y 8 gD
/KR&@]Gd r = ROk TSerﬁde r = ROk TSR[@(TZG) 0;; G] dr
1o (10 D 10 D
ROk (RaR/TSRr,erd r) %RaR/rgRGd r. (40)

B. Singular Integrals Over A General Shape

In practical applications, we usually have singular integrals over volumes V' of any general
shape rather than necessarily spherically symmetric regions. We now generalize our method
to account for this in the following. Assume the conditions in the above Theorem hold for
G(r). For an analytic function u(r), we have

/ u@,-GdDr:/ [0;(uG) — G 0zu] dPr
r<R

r<R
1 0 / D / D

- —_ r,uGd r — Goud-r. 41
R&R r<R r<R ( )

We employ the characteristic function® defined by

lreV,
Xv(r) = (42)
OregV.
(This is a generalization of the usual step-function 6(z), which is zero for x < 0 and unity

for > 0.) Then if we take a large enough spherical integration range such that it contains

V', we have

/< XVaiGdDr:/V&-GdDr. (43)

<R
By the Stone-Weierstrass theorem,?” the characteristic function Yy can be approximated

closely by polynomial functions. We can therefore apply this result to obtain

10
&-GdDr:——/ T GdDr—/ G O;vy dPr
/v ROR Jicr X e XY
=€ - / n(r) G(r) d”'r, (44)
G1%

where OV is the boundary of V', n(r) is the (outward directed) unit normal vector on 9V
at r, and &; is the i-th unit basis vector. The first term in Eq. (44), having 0/0R, vanishes

because xy is zero outside V', so the integral does not depend on R. The derivative of xy

12



will become (the negative of) the d-function on 0V, as the derivative of the step function
0(z) is the delta-function §(z), so the second term becomes an integration on the boundary.

The above discussion is a physical explanation rather than a strict mathematical proof.
In order to provide a rigorous proof, we need to have several conditions for V', such as the
requirement for compactness and convexity, and by saying that y, can be approximated
by polynomials we actually mean a uniform convergence as stated by the Stone-Weierstrass
theorem. We also note that Eq.(44) can be applied when G has 0~ singularities inside V/;
however, it cannot be applied when G has logarithmic singularities.

The formula in Eq.(44) is especially useful in the boundary integral equation (BIE)
method, where we break up the surface into discrete triangles and have singular integrals of
the forms [ A P0G dS and i) A P0;0;G dS. In a small triangle A enclosing the singularity we

can assume p to be a constant py. With the above formula, we have

3
/&-GdS: > (é,--nk/ Gdl) , (45)
A k=1 b

where the sum over k£ means that we evaluate the integral over the three sides of the triangle,

thereby reducing the BIE integral to a sum of one-dimensional integrals.

IV. POISSON PROBLEM IN A FINITE DOMAIN

A. Poisson’s equation in 3D

Now we consider the boundary integral approach to a typical 3D potential problem for
which the Poisson Green’s function is G(x,y) = 1/|x —y|. The boundary integral equation

is given by

[t 282 as, ~ [n(y) VG y ey ds, — dreld. (19

where ¢(x) is the potential needed to be solved on the boundary I', and n(y) is the unit
normal vector on I' at y. In a numerical approximation of the boundary integral equation
we divide the surface I' into non-overlapping contiguous triangles, so the original integration
can be expressed by a sum of 2D integrations over flat triangles, and we express ¢(y) by
polynomial functions in each triangle. In essence this is the boundary element method. One

problem arising in this calculation is that if x and y lie in the same triangle, the integration

13



over this triangle will become singular because the singularity appearing in G(x,y) and its
derivative (and in other examples its higher derivatives). We note that this problem does
not occur if x and y lie in different triangles because they are separated and their distance
will have a lower bound, and G(x,y) will be a finite number.

In the following, we restrict our attention to the case when x and y are in the same
triangle A, and we define r = x — y. The class of singular integrals that appear in such

calculations are

I — — . IZ — _Z . ['l _ 7 . [’Lj — (R .
1 /A . ds; : /A . ds; i = /A = ds; 3 /A - ds;

5 Is — 31V = /A (5—J - ﬁ) ds. (47)

3 7o

The analytic results for these integrals have been evaluated previously by accounting for
the singularities through lengthy procedures in 2D.'®1928 Here we are using the notation in
Ref. 18 for the integrals. Within our framework, as developed in this report, the analytic
expressions can be obtained more easily because, with the exception of I; which is a finite
integral, the 2D integrals can be transformed to (1D) line integrals, on employing the result

in Sec. 111 B, as follows:

3 3
If:Z(éi-nk/lrdS); I;;:—Z<éi'nk/l%d5)§

k=1 k=1
1 i T
IV — — 0= dS = — & - J T
i /Arj O~ dS ;<e nk/lk - dl) + 6 11,
’ 1 > 1
0 Is — 311 = / 0:0;— dS = > (e g [0 dl) : (48)

For the Poisson Green’s function, it can be verified that the numerical results from the line
integration perfectly match the analytic expressions of the earlier work when they are evalu-
ated numerically.'® We have verified that our line integrals can also be evaluated analytically
to obtain the same expressions. In Table I we give the numerical comparison between the two
methods. We have taken the three vertices of the triangle, shown in Fig. 3, to be (=2, —1),
(2,—2), and (1,1) as a general example for obtaining concrete numerical results.

For more complex Green’s functions, evaluating the analytic expressions on arbitrary 2D
surfaces with singularities appearing inside them will be very lengthy procedures within the

framework of the methods used in the literature. Analytic approaches in 2D would be more

14



Singular Integrals 2D Analytic results'® Present 1D calculations
I 7.161515826913852 (nonsingular)
I 1.373374685494244 1.373374685494246
I 1.549306788877796 1.549306788877799
L -1t 3.484787720187224 3.484787720187223
n? 0.125979758603789 0.125979758603789
Iy — 31 3.412616456100593 3.412616456100595
132 0.978715205225059 0.978715205225061

TABLE 1. Comparison between the 2D calculations based on the final analytic expressions given

by Fata, et al.'® and the results from our 1D reduction of the ISI using the theorem of Sec. IV.

complex than the 1D analytic approach presented here. Secondly, if numerical integrations
are performed over the 2D region, the presence of the singularities reduce accuracy of the
integrals in the intermediate steps of the analysis. The 1D numerical integrals that one
would encounter correspondingly in our method will not have any reduction in accuracy due

to the singularities since the integrations are on the boundary.

B. Poisson’s equation in 2D

For completeness we present a short elaboration of singular integrals appearing in the
2D boundary integral method, even though the following integrals are not ISI’s. In the 2D

Poisson problem, cast in terms of the boundary integral method, we have!”

o) = 1= far (G B8 - oy ZEEED) (49

A on’
where G(r,r’) = —2In|r — r’|. we can assume ¢ and 0,y¢ to be constants, as a worst case

scenario, over a small line element from ¢, to £, so that we need to evaluate the singular

Ly
By :/ Insdl’;
lq

where s = r —r'. Bj is a well-defined integrable end-point singular integral typified by

integrals

Zb . /
B, = / S0, (50)
L

s2

a

R
/ Inrdr =lim(zlnzr — )" = RInR — R. (51)
0

e—0
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The integral By can be evaluated using the point-shifting technique used earlier. We make

use of the geometry displayed in Fig. 1 and write dl’ = sdf/cosa = sdf/§ - n’. Then,

bg.n' sdb b
B, = — = do. 2
2 /ea 2 3 /ea (52)

This integral in the limit ¢ — 0 corresponds to an angle subtended by the contour at the

singular point, so that for a straight contour (See Fig. 2a) we have B, = 7, while for a
corner, as shown in Fig. 2b, we have By = 371/2, as an exterior angle. Further details can

be obtained for 2D treatments of the boundary integral method in Ref. 17.

V. ISI IN ELECTROMAGNETIC SCATTERING

We illustrate the above considerations with a brief application to the evaluation of elec-

tromagnetic fields emitted by a conducting surface,?:3

where again integrable singularities
occur. (An additional example from the field of fracture dynamics is described briefly in

Appendix B.)

A. 3D Scattering

In 3D, the electric field radiated by a conducting surface takes the form?3!
1
E = —ik:Zo/S lG(r, r)J(r') + EVVG(r, r') - J(r')|dS, (53)

where the Green’s function is given by G(r, ') = e'*¢/4rp, with o = [r—r'|, and Zy = \/ju0/ €0
is the impedance of free space.?? The second term in the integral involves a second derivative
of the Green’s function, and therefore the corresponding integral is a hypersingular integral.
It is usual to discretize the surface into small elements. As a simple approximation, we may
assume that the current J(r') is a constant Jo over a suitably small element (in general it
can be taken to be a simple polynomial). We can then write the second term of the integral
explicitly as

/ VVG(I', I'/) : J() dsS = J() : @2@]/ Gij dS, (54)
AS i AS

where AS is an element containing the singularity and

[(3 — 3iko — k292)Qin B 0i;(1 = ZkQ)] pike

Gi' —
! 0° o
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The singular integrals in [ G;; dS are

2 .
K = / (3& - i) dS; Ky = / e dSv (Z 7£ ])7 (56)
AS A

o0 o s 0°

where we have expanded the exponential exp(ikp) ~ (1 4 ikp) for small p to isolate the
singular terms. If we take the region of integration to be a circle around the singularity,
we find K7 = 7/R is the simplest ISI with d = 3, D = 2, and Ky = 0 as is evident from
Eq.(A-13). In the full calculation, we have to take the integral within and outside the
circular region separately; we then note that the integral over the exterior of the circle is
a regular integral and can be computed directly. These identifications of the finite parts

should substantially simplify the computational modeling of electromagnetic scattering.

B. 2D Scattering

In 2D scattering, the Green’s function is given by?
(57)
where ¢ = |r — r/|. Similarly, the components of VVG are

o 5 1 s : -
8283G = |i(1 Q_% — 2tk Q_% - ]{72 Q_z) 0i0; + (_5 0o 2?2+ ik Q_g) (SZJ:| €Zk9

[S][ke}

1 3 1
- = 52']'@_% —+ ik (—— Qigj Q_% —+ 5 52']'@_%) + O <Q_%) . (58)

5
= 7 0i0; 0 9 4

4

It can be easily checked that the singular terms in [ G;;dS also sum to ISI's. For example,

the leading terms of [ G;;dS given by

1 5 07 1 3 07
K - — = — = g d N K = . L d
’ /Q<R <Q5/2 2 09/2) 5 ! /9<R <03/2 2072 5 (59)

where K3 = 7R™'/2 is the simplest ISI with d = 5/2, D = 2, and K, = 7R"/? is the simplest
IS with d = 3/2, D = 2.

VI. CONCLUDING REMARKS

We have used dimensional continuation in the evaluation of integrals of the well known
Green’s functions and their derivatives. We have identified the rules for obtaining consistent

results through the use of such methods for the hypersingular integrals occurring in the BEM,
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potential theory, electromagnetic scattering, and in fracture analysis (see Appendix B). We
have provided a systematic approach to the identification of the singularities in typical in-
tegrals and shown how to isolate them using the dimensional continuation method. We
have identified new representations for the Dirac d-function in D dimensions that are not
stated in the standard literature. These results are then used in the calculation of examples
of such integrals occurring in physical applications. A summary of the integrable singular
integrals is given in tabular form in Appendix C. The Theorem presented in Sec. III shows
how the potential problems in 3D, which are reduced to 2D boundary integrals by Green’s
theorem with hypersingularities, can be further reduced to 1D finite integrals. This pro-
vides a concrete example of the strength of our approach through the further reduction in
dimensionality afforded the application of the theorem.

It is hoped that the present approach will provide an effective, practical method of evalu-
ating the so-called hypersingular integrals in computational science and engineering applica-
tions. Our tabulated ISIs will lead to an automated computation of the physical quantities

of interest without having to recalculate finite parts of integrals for each specific occurrence.
Acknowledgements
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Appendix A: Classification of Singular Integrals

For convenience, we use the substitutions

pF=rt+ € r = (r1,%2,...,%p),
§=D—d 4y 202 (A-1)
= 7 D= r(o) _

We will always use d as the order of the singularity of the integrand, i.e. the power of r in the
denominator of the integrand, and D as the dimension of the multi-dimensional integration.
It will be shown below that whether an integral is singular, and if so the type of the infinite
part, is determined by 6 = D — d. Here Ap is the surface area of the D-dimensional unit

hypersphere.
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1
1. The basic integral Iy(R;d,)) = / i dPr.
[r|<R |I‘|

Doing the “angular” integrations in D dimensions, we note that d”r = AprP~tdr. We

change |r| in the denominator to p = v/12 + €2 to write

R
Iy(R;d,0) = AD/ p~drP= 1 dr.
0

The integral then becomes
Iy(R;d, o o o
o(R;d,0) = / p‘d rP=ldr — / p_d rP=tar. (A-2)
Ap 0 R

The first integral can be expressed in terms of Gamma functions,

[ e (M) A

I 21(d)2)
and the second integral can be expressed as a hypergeometric function
o pb=1 R? d ¢ 5 e
dr=—— ] 2F1 (=, —=;1— = —— A-4
[oe(E)nltosg)
where

oF1(a,b;c; z) = Z (@)n(b)n 2™

z
o
—~ () nl

with (§), = &€+ 1)(E+2)---(§+n—1), (§)o = 1. From the series expansion of the

hypergeometric function, to leading order in €, we have

/: Tp; dr = —%(1 +O(e2)). (A-5)

Therefore,
Ip(R;d,6)  5T0(=6/2)T(D/2) R
A, ¢ T 2@y T (A-6)

n
2. Integrals of the type I1(R;d,0,n) = / 3f1+n dPr.
Ir|<R |I'|

We suppose that the = above coincides with one of the x; in Eq.(A-1). In this case, we

make the usual substitution into hyperspherical coordinates

x1 = 1rcos b, 0<6, <m,
Ty = rsin by cos by, 0 <6, <2m,
rp =1rsinf; sinfy --- sinfp_;
dPr = rP~tsin? 720, .- drdf, - -dOp_1, (A-7)
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and shift the denominator from |r| to p = v/12 4 €2 (with 2 = x; without loss of generality,
and 6 = 0) to write

n

0)
J(RdénzéADl/‘/ Tff rP~1sin?=2 0 dr d6

= AD—l/ p ) plDFn) =1 dr/ cos™ 6 sin? 260 df
0 0

A _ s

— Io(R;d+n,d) =2 / cos™ 0 sin” %6 do. (A-8)
Ap Jo

The angular integrals have been suppressed into Ap_1, Ap, which are the surface areas of

the unit hypersphere in D — 1 and D dimensions. The last integral in Eq. (A-8) is a Beta

function and we have

Apy [T 0, for n odd;
1 / cos” fsin? 20 df = INESINEEY (A-9)

0 for n even.

VAD(2)

When n is even, the Gamma functions can be simplified further to obtain

| . (n=D@n=3)--1
[1(R,d,(5,n)— (D+n—2)(D+n—4)D

Io(R;d +n,9). (A-10)

Since the type of infinity just depends on 0, I1(R;d, d,n) has the same singular behavior as
Ih(R;d,¢). For example, the most commonly occurring non-zero case in typical applications

is when n = 2, for which we obtain

2

. _ " oo, 1 . )
L(R; d’5’2)_/lrl<R c s = bl +2.6) (A-11)

xtzh
3. Integrals of the type I>(R;d,d,m,n) :/ ’dl+m2+n

dPr.
Ir|<R ’I‘

For such integrals we again make the substitutions into hyperspherical coordinates

r1 = rcosb,
To = 1 8in 0 cos by,

dDI' = AD_QTD_I Sil’lD_2 91 SiIlD_3 ‘92 dr d91 d92, (A-12)

20



and as usual change |r| in the denominator to p = v/r% + €2 to obtain

s s R . m+n mY. sin™ @ ng
12(R§d>5,m>n):>AD—2/// ! CoS” Uy Uy COs B2
0o Jo JO
’I“D

pd—l—m—l—n

-1 SiIlD_2 91 SiIlD_3 92 dr d91 d92

= Io(R;d +m+n,d) x

AD_2/ cos™ 6y sin? T2 9, d@l/ cos” Oy sin? =3 6, db,
Ap Jo 0

(L) (mtl) p(ntl
= (2) (D2+rr2+n( 2 )IO(R;d+m+n,5), (A-13)

when both m and n are even, and I, = 0 otherwise. Thus I, also has the same singular

behavior as Iy(R;d, 9).

M pn2 Lk .
4. Integrals of the type I;(R;d, 8, {n;}5_ ;) = /|r|<R W dPr; N =30 n;.

Using the same approach as above, we can obtain a general formula

M2 L
I(R;d, 6, {n;}"_) :/ St S— 2d+N k_dPr
Ir|<R |I'|

" (D+N @2:)1((17;:]\12! 4)---D Iy(R;d+ N, 6), (A-14)

when all n; are even, and [, = 0 otherwise. Also, (n; — 1)!! = (n; — 1)(n; —3)---1, and

(1) = 1.

5. Integral of the Derivative of Green’s Function

Theorem: If the Green’s function G(r) can be expressed as the following series expansion

7,1117,;12 . _,,,gD
Gr) = D> anpny =5 (A-15)

M- {n;}

then we have the following equality

oG(r) p 1 8/ D
/rgR or, d”r = ROk TSRmG(r)d r, (A-16)

which is always a finite number. Here M is any real number and the n; are non-negative

integers.
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We can prove this result for each of the terms in G. Let

ni,.n2 np
_7’1 r2 ...TD

g="2 T (A-17)

M
&g:(@~— ?)g. (A-18)
(&} T
Its integral is
M
/ 81ngr:/ EgalDr— ;lngr. (A-19)
r<R r<R T1 r<r T

If ny is even or any of the other n; is odd, the multi-dimensional integral vanishes because
of symmetry, and the theorem holds trivially. Otherwise, notice that the two terms on the

right side of Eq. (A-19) are respectively given by

ni—1_mno np
ni T o - T
91:/ _ngr:nlf 1 2M DdDI'
T r<R r

<rT1 <
=T ]D(R7d757 {nl - 17”27"'7nD}>7 (A_QO)
and
Mry p / T?lﬂrgm oy p
= — d°r = —-M d
g2 en 17 gar <r M2 r
= —M [D(R;d,é, {nl—l—l,ng,...,nD}), (A—Q].)

where d =M — N +1, N=Y" n,andd=D —~d=D M+ N — 1.
Recalling Eq. (23), we note that it applies to g; and go with & = D, now that we have n;

odd and all other n;’s even. We then obtain

U | TR VN e (A-22)

Nte=pD12)- (DI N -1

which holds for all § and is always a finite number.

From the right side of Eq. (A-16) we have

’f’n1+17’n2 ...pD
/ rlngr:/ ! 2M D_qPr = Ip(R;d, 6, {n, +1,ny ...,np})
r<R r<R r

ol [12(n — 1) |

where d = M — N —1and 0 = D — M + N + 1. The derivative with respect to R only

applies to Iy, so that

% Io(R;M,D — M + N +1) = Ap RP~ M+~ (A-24)

22



which is a finite number, independent of whether I is a singular integral or not. Thus we

dg(r) D.. 10 / D
/rgR o d°r = TR TSerg(r)d r. (A-25)

This equation holds if we take linear combination of different ¢’s, and we can also change ry

have

to any of r;’s. Therefore, in general we have

oG(r) p, 10 D
/TSR ari d”r = E@/?:SRTZ G(I‘)d r. (A—26)

Appendix B: Fracture Analysis

It is important to show the generality of our method. The theory of crack energetics again
illustrates the issue of resolving hypersingular integrals using dimensional continuation. For
the sake of completeness we briefly describe the relation appearing in fracture analysis. The
relation between surface displacements wu;(P) and tractions 7;(P) for a smooth crack is given

by the integral equation®32:33

uy(P) =2 /a U5(P.QIR(Q) ~ T (P Qus(@dse, (B-1)

where OC' is the crack surface. A sum over repeated indices is implied. The displacement
U;;(P,Q) and traction T;;(P, ()) at the observation point P due to source point ) are given

by Kelvin’s solution,

1

Vi=Tomraowa

[(3 — 41/)6”' + 8,-7“ 8]-7’], (B-Q)
and

T%j = {[(1 — 21/) 52']' + 3817” 8]'7’] g—; + (1 — 21/)(71]' 82'7’ — N @»r)} y (B—?))

C8rr2(1—v)
where r = |rp — rg|, v is Poisson’s ratio, and G is the shear modulus. With the normal

force N = N; e;, the traction 7 is given by

2

The derivative of u; can be obtained from Eq.(B-1) to be substituted here, and we have
7i(P) = 2GN; ; {10iUmi(P, Q) + 90U (P, Q) ] 7n(Q)
C
—[0jTni(P, Q) + 0Tj (P, Q) um(Q) } dsg

YN [ (7@ 06Uk (PQ) + 14(Q) T (P.Q) | ds. (B-5)

+1—2V aC
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We assume the boundary condition that the traction 7,,(Q) = 0 on the crack, so the above
integral is simplified to

O = —QGNj 80[8iji(P, Q) + aszy(Pa Q) ] um(Q) dsQ

14”2 GN; [ um(Q) OuToune(P, Q) dso, (B-6)
— v oC

and 0,T;; is given by

1
OTi;(P,Q) = ST =)

{3(5jk &-T + 62]{; 0j7° -5 8,-7’ 0j7° ak’l")g—;:, + 3nk 8,-7“ 8jr

+(]. — 21/) |:6Z]7’Lk — 5jkn,- + 5,-knj + 3 <n, 0j7° ak’f’ — nj &-7’ Okr — 5@' ak’f’ g—;):| }(B-?)

We will show that the first integral of Eq.(B-6) is a singular integral and can be resolved
by the ISI method. The same technique can be applied for the second integral. Invoking
the finite element method, we assume the crack surface is flat over a small element AS,
and choose the local coordinate system so that the normal direction of AS is e3. Here AS
contains the singular point, so that P and () are points in AS. On this element we have

n = e3 and the normal force N = N3e3. Hence the first integral in Eq.(B-6) becomes

_9GN; /A T(P.Q)+ 0Ta(P.Q) (@) s (B-8)

and 0, T;; becomes

1

KT (P, Q) = (m) {3(5jk Oir + b Ojr — 5 Oyr Oy Op1) D31 + 3031, Oy Oy

"—(1 — 2V) |f5ij63k — 5jk53i + 5ik53j -+ 3 <531 8jr 8]&” — (53]' 8Z-r 8k7’ — 52']' 8]&” 837”):| } (B—g)

We further assume that u,,(Q) is a constant u,, over the small element AS, and consider
the integral in Eq.(B-6) to be over a small circle centered at P. We then have the singular

integral

Jim =87 (1 — V)/ [angZ(P, Q) + 82Tm3(P, Q) ] dSQ
r<R

s, / [(3 + 1203) (O57)” + 3(0m1)” — 30(957)* (Omr)”
- 2 — 3(05r)? — 3(Omr)

r3

2
+(1 —2v) d’r, (B-10)
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with no sum over m. Notice that we take the integral to be on the zy-plane, and the
z direction is actually the direction along which we shift the origin. We therefore write
Osr = z/r = €/r. Since Jy, is zero for i # m we are left with

32 32 30e%? 2 37, 3¢
Jmm:/ {LgnjLi_ €7Tm+(1_2y)<_—h—i)}d2r, for m # 3,
r<R LT r

75

and

1 2 4 2 2
Ja3 = / {ﬁ _ 30, (1—2v) (—3 — @)} d’r. (B-12)
r<R r

rd r7

When m # 3, Jpm is a linear combination of the integrals

1 2 1 2 1 2
r<rR \T r r<kR \T r r<rR \T r

Here, J,, J, and Js are all ISI’s with no singularities. In the above, J; = 7R~ is the simplest
ISI withd =3,D =2, J, = —27rR!is an €%-ISI with d = 3, D = 2, and J3 = 7R3 is the
simplest ISI with d =5, D = 2. In fact, we have

Jm = —J1 + Jo + 6 T3+ (1 —20)(Jy + Jo) = 2(v — 2)7 R~ (B-14)
Returning to J33 we see that it is a linear combination of J, and J,; given by
e [ L5 B
Here Jy = —(2rR73/3) is an €2-ISI with d = 5, D = 2. So we have
Jsz = 1862 Jy + 2(1 — 2v)Jy = —4(1 — 2v)w R, (B-16)

In all the above integrals the finite parts are explicitly determined by the ISI method. We
thus see again that dimensional continuation provides a unified approach to all hypersingular
integrals making it easy to isolate the singularities, which actually cancel, leaving a well-

defined finite part.
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Appendix C: Table of Integrable Singular Integrals

1. A Table of the Simplest ISI: /

2
1 z7d dPr —
rep \rd  pdt2 D

AD p(d-D)

Integral D d Value
2
/ <l = x—g) do 1 1 2
r<R \T r
12
/ <—2 = i4> da 1 2 2R~
r<R \T r 9
1
/ <—3 - 3%) da 1 3 2R
r<R \T r 9
1 de' —(d—1
2
/ <32 - 2i4> ds 2 2 n
r<R \T r 9
1
/ <—3 - 3%) ds 2 3 nR™!
r<R \T r 9
1 4
/ <—4 - i6> ds 2 4 nR2
r<R \T r 9
1 d X —(d—2
2
/ <ig - 3%) v 3 3 47/3
r<R \T 9
/ <i4 - 4i6> dv 3 1 ArR™/3
r<R \T 9
/ <35 - 5i7> v 3 5 4mR™2/3
r<R \T r 9
1 d X —(d—3
/T<R<T—d—rd+2>dv 3 d AnR™43) /3
L_da) 4 d 2R—(d=4) /9
<R rd  pdt2 r & /
2
L_do sy 5 d | 8s2R~=9)/15
op \rd  pdi2

ApR~=P)/p

TABLE II. A table of Integrable Singular Integrals for spatial

singular denominators r~¢, with d = {1,...5,d}.
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2. A Table of the Integrals: €>-ISI /

d

€2

1
r<R <T_d - d— D rit?

Al)
D._ —(d—D)
>d r = R

Integral D Value
1 2
/ <—2 —2 i4> da 1 —2R"!
r<R \T T2
1 3 €
——=-—)d 1 —2R7%/2
/r<R <7°3 2 T;) ! R/
1 4
/ <—4 — - 6—) da 1 —2R/3
r<R \T 3r
/ 1od @ da 1 —2R~=1 /(d —1)
<R rd d—1 rdt+2
1 2
/ (—3 -3 6—5> ds 2 —27R™!
r<R \T r
1 €2 -2
r<R \T r
1 €2 -3
— —2rR™°/3
1 d €2
d 2
rer \r% d 2rd+2> 5
1 2
/ <4 45 ) av 3
r<R \T T2
1
/ (5 56—7 dv 3
r<R \T 2r
1 €2
s~ 23 dv 3
r<R \T r
i d €2

— 47 R~
—27R™?
—47R73/3

—47 RT3 /(d — 3)

—2m? R~ /(d — 4)
—8r2R™(475) /3(d — 5)

—ApR~=P)/(d - D)

TABLE III. A table of e2-Integrable Singular Integrals for spatial dimension D = {1,...5}, with

singular denominators r~¢, with d = {1,...5,d}.
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D 1 2
3. The Dirac d-function in ISI: §P)(r) = == lim <— ! > , (PP =14 )

_AD ot pD pD+2

Dimension

o-function

TABLE IV. A table of Dirac d-functions in spatial dimension D = {1,...4} arising in integrable

singular integrals.
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FIG. 1. The contour used to identify the terms in the integrand of the boundary integral approach

for evaluating the 2D Poisson potential.
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(b)

€A

FIG. 2. The geometry used in evaluating the 2D Poisson contour integral in the boundary element

method, (a) for a straight contour and (b) for an angular edge.
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FIG. 3. The 2D triangular region for the evaluation of the hypersingular integrals in the 3D Poisson
problem with a singularity located at (0,0) is shown. The 2D integrals over the triangle calculated
using the expressions given by Refs. 18 and 19 are compared with our 1D line integral along the

edges of the triangle in Table I.
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