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0dd elasticity describes active elastic systems whose stress-strain relationship is not compatible
with a potential energy. As the requirement of energy conservation is lifted from linear elasticity,
new anti-symmetric (odd) components appear in the elastic tensor. In this work, we study the
odd elasticity and non-Hermitian wave dynamics of active surfaces, specifically plates of moderate
thickness. These odd moduli can endow the vibrational modes of the plate with a nonzero topological
invariant known as the first Chern number. Within continuum elastic theory, we show that the
Chern number is related to the presence of unidirectional shearing waves that are hosted at the
plate’s boundary. We show that the existence of these chiral edge waves hinges on a distinctive
two-step mechanism. Unlike electronic Chern insulators where the magnetic field at the same time
gaps the spectrum and imparts chirality, here the finite thickness of the sample gaps the shear modes

and the odd elasticity makes them chiral.

I. INTRODUCTION

Membranes driven by active, energy consuming, pro-
cesses play a role in processes ranging from cell division
and deformation [1-5] to morphogenesis [6-8] and soft
robotics [9-11]. In order to model these systems, one
typically combines the elasticity of passive surfaces [12—
17] with active forces, leading to self-organized behaviors
ranging from shape instabilities to traveling waves, and
oscillations [18-24]. Yet, elasticity itself can also be modi-
fied by internal energy sources: the elastic tensor relating
stress and strain can include so-called odd elastic coef-
ficients, which describe the part of the elastic response
that is not compatible with energy conservation [19, 25—
27]. Odd elasticity is expected to naturally emerge in
effective descriptions of active mechanical systems. While
odd elasticity has not yet been observed in naturally
occurring biological membranes, signatures of odd elas-
ticity have been reported in bulk systems such as robotic
metamaterials [28, 29], collections of spinning magnetic
colloids [30], starfish embryos [31], and models of muscular
hydraulics [32].

In this article, we investigate the odd elasticity of mem-
branes and its effect on vibrational dynamics. The po-
tential role of odd elastic moduli in membranes has been
proposed on the grounds of symmetry in sheets of vanish-
ing thickness [19]. In the limit of vanishing thickness, the
cross section of the membrane is slaved to the out-of-plane
bending of the membrane. For linear deformations, the
relevant odd moduli do not affect the out-of-plane mo-
tion of the membrane subject to the vanishing thickness
assumption. Here, we extend the analysis to plates with
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finite thickness, focusing on the so-called moderately thick
regime, in which the tilting of the plate cross-section is
independent from its midplane deformation. A symmetry
analysis reveals that an isotropic, free-standing, moder-
ately thick plate can exhibit two independent odd elastic
moduli that affect the linearized, out-of-plane dynamics
of the membrane, one of which disappears in the limit of
vanishing thickness. By analyzing the normal modes of
vibration of odd-elastic plates, we show that odd elasticity
affects both wave propagation in the plate and its linear
stability. Furthermore, we show that odd elastic plates
can support edge modes in which waves propagate in a
unidirectional fashion at the border of the plate. The
waves propagating in these edge modes do not backscat-
ter when they encounter sharp edges or defects, owing
to the topological nature of the edge modes [33-46]. We
show that the existence of these chiral edge waves hinges
on a distinctive two-step mechanism. Unlike electronic
Chern insulators where the magnetic field at the same
time gaps the spectrum and imparts chirality, here the
finite thickness of the sample gaps the shear modes and
the odd elasticity makes them chiral.

II. ODD ELASTICITY OF MODERATELY
THICK PLATES

In this section, we set up the description of an odd
elastic plate. We first review the framework of odd elas-
ticity [25, 26] (Sec. ITA) and the Reissner-Mindlin theory
of moderately thick plates [12, 47, 48] (Sec. IIB). We
then derive the elastic constitutive relations of the plate,
starting from the three-dimensional bulk elastic tensor of
the material constituting the plate (Sec. II C). Finally, we
obtain the equations of motion describing the dynamics
of the deformation of the plate (Sec. IID).
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A. 0Odd elasticity

Linear elasticity is the continuum theory that describes
the behavior of solids under small long-wavelength defor-
mations. The deformation of the solid is described by the
displacement field &;(x) = z} — x; giving the difference
between the original position of a point x of the elastic
solid and its current position x’. We assume that only
the variation of the internal relative distances modifies
the physical state. The internal forces then depend only
on the strain tensor u;; = (9;§; + 0;&;)/2 at linear order.
The forces between parcels of the elastic continuum are
described by the stress tensor o;;. In linear elasticity, one
assumes a linear relation between stress and strain

0ij = Cijretpe. (1)

where Cjjie is the elastic tensor, assumed here to be homo-
geneous in space and frequency independent. Symmetry
constrains the structure of Cj;ie. The strain tensor is
symmetric by construction and, if internal torques are
absent, the stress tensor is symmetric too. In this case,
the elastic tensor is symmetric under the exchanges i <> j
and k < £ [49]. See Refs. [19, 25] for cases in which the
displacement gradient tensor and the stress tensor are not
assumed to be symmetric.

If the system is conservative, another symmetry exists:
the elastic tensor satisfies Cjjre = Chei;. To see why, note
that the forces are conservative if the net work done is
zero for every sequence of deformation that begins and
ends in the same configuration. The work per unit volume
of an infinitesimal deformation is given by o;;du;; and the
work per unit volume under a finite cycle of deformation is
calculated as the line integral of this quantity. We consider
a closed path % in the strain space, parameterized by
u;(N). Let 045(A) = Cyjreure(X) be the associated stress
tensor. By applying Stokes’s theorem, we can express the
work # as the surface integral

1 0oy,
W = iidu;; = —— L du;; Nd 2
%g(]’] Ui j /y28ukg Ui Uk ()

in which A is the exterior product and .¥ is a surface in
strain space such that 0. = %. Using the antisymmetry
of the exterior product, we can see that the forces are
conservative (# = 0 for all ¥) if and only if

80’@‘ 80’;@@

(3)

aUk[ o 5‘u1-j’
or equivalently, if and only if
Cijke = Chruij- (4)

This property is known as Maxwell-Betti reciprocity [50].
A system is said to be odd elastic when Eq. (4) does not
hold, i.e. when its elastic tensor has components that are
odd under exchange ij <+ k¢ [25]. Note that we have made
no distinction between the Cauchy and Piola-Kirchhoff
stress tensors, because we have assumed that there is no
pre-stress in the system, see Refs. [26, 51] for details.

Fig. 1. Kinematics of a moderately thick plate. In
the Reissner-Mindlin theory of moderately thick plates, the
deformation of a plate (drawn in its undeformed reference
state in grey and in a deformed state in black) is parame-
terized by five fields (1z, 1y, ¢z, ¢y, and w) defined on the
midplane (dash-dotted line). The fields 7z (ny) and w describe
respectively the horizontal and vertical displacements of the
midplane (a). The field ¢ is the angle between a deformed
normal line in the = direction and the z axis. The quantity
—0;w quantifies the slope of the midplane in the x direction.
If —0,w is different from ¢, then u,. is non-zero (b).

B. Reissner-Mindlin theory

We consider a moderately thick and initially flat surface,
i.e. a plate, whose midplane (the longitudinal plane that
cuts the plate’s thickness in half) lies at rest in the z-y
plane, see Fig. 1. The plate has uniform thickness h
along the z-axis at rest. In the Reissner-Mindlin theory
of moderately thick plates [12], the full three-dimensional
displacement field of the plate &;(x,y, z) is expressed in
terms of fields defined on the horizontal midplane as

§o(®,y,2) = m2(2,y) + 2¢2(2, )
gy(xvyaz) :ny(l’vy)+z¢y(l’:y) (5)
§z(x,y,z) = w(w,y)

The field 7, represents the horizontal displacement of the
midplane (z = 0) in the direction « € {z,y}, while w
describes the vertical displacement. A line of points that
lies vertical at rest is inclined of an angle ¢, between
the z-axis and the a-axis after the deformation (Fig. 1).
While the full displacement field is defined over a three-
dimensional space, the fields 7,, ¢, and w are defined
over the midplane, which is a two-dimensional manifold.

The strains can be decomposed into two terms: z-
independent and z-linear wu;; = u; + zu};. Here, ul,

describes strains in which the top face and the bottom



face of the plate are deformed oppositely. Explicitly

2ugﬁ = 0an + 08Na 2uiﬁ = 0a¥3 + 0304
200 = b + Oqw ul, =0 (6)

ul, =0 ul, =0.

The bending of the midplane is quantified by —0d,w,
and u?, is half of the angle between a deformed vertical
line and the normal to the deformed midplane, projected
in the « direction (Fig. 1). No z-linear term is present in
the transverse strain. The vertical strain u,, is identically
zero because the vertical displacement is independent from
2z (a strain tensor with u,, = 0 is known as a plane strain).
Since &, = 1o + 204, an originally vertical straight line
remains straight after the deformation, and since u,, = 0,
the line does not elongate.

C. Constitutive relations of odd elastic plates

We now derive an elastic constitutive relation for the
plate, starting from the three-dimensional bulk elastic
tensor of the material constituting the plate.

1. Basis tensors and bulk constitutive relations

We first define a basis of symmetric rank-two tensors
appropriate to the plate geometry, that we will then use
to represent the tensorial constitutive relations in matrix
form:

000 1 (100
Z=1000 D=-—1010
001 ZAUKK!

1 (1 00 1 (010
St=—10-10] S$*=—(100 (7)
V210 0 o0 vV2\0 00
; (001 1 (000
T"=-—(000 T"=—1(001

vV2\1 00 V2o 10

These basis tensors are collectively referred to as B® with
a=0,...,5 (50 B = Z, B! = D, B> = S!, etc.). We
then decompose the strain and stress tensors on this basis
as

045 = UaB;-lj and Ui5 = 'LLang (8)
in which the sum over a is implied. The tensor D describes
cylindrical symmetric strains and stresses, S describe
the planar shears and 7™ the cross-section shears in x
and y direction. This basis separates the irreducible rep-
resentations of the group of rotations SO(2) around the z
axis: D is invariant, S transforms as a two-headed arrow
in the plane, and T transforms as an ordinary vector in
the plane. All basis tensors except Z have a vanishing

zz entry, and therefore represent plane stresses/strains,
while Z describes non-plane stresses and strains.

The constitutive relation (1) for the 3D bulk can then
be written in matrix form as

o = CEPuP o)

in which o3P and ujP are the components of the stress
and strain in the basis (7), with a,b=0,...,5.

2. Effective in-plane constitutive relation

The elastic tensor of the plate is then derived from
the elastic tensor of the bulk 3D material by eliminating
the variables o = 0., and ug = u,, under the so-called
plane-stress hypothesis o,, = 0 [52]. This is detailed in
Appendix B. The constitutive relation for the plate then
read

Oq = C’abub (10)

in which we now have only a,b = 1,...,5 (as the non-
plane components oy and ug have been eliminated), and
in which Cy, is an effective elastic tensor related to C3P
by the non-linear relation (B2) in Appendix B.
Assuming that the 3D bulk is described by the most
general elastic tensor 031])3 compatible with cylindrical
isotropy (i.e. invariant under rotations around the z-axis),
which is given in Appendix A, we show in Appendix B
that the elastic matrix of the plate in Eq. (10) reads

B 0 0 0 0

0 m KP 0 0
Cwp=2|0 -K? p1 0 0 (11)

0 0 0 pu K¢

0 0 0 —K$ ps

in the basis {D, S, 5% T TY}. Here, B is an effective
2D bulk modulus (given by Eq. (B4)) which relates 2D
isotropic dilations to the 2D isotropic stress, pu; and ps
are passive shear moduli that couple respectively pla-
nar shears (ug1,ug2) and cross-section shears (urs,ury),
while the odd moduli K7, K$ build the antisymmetric
part of the elastic tensor. Namely, K7 maps ug1 to —og2
and ugz to og1. K3 acts analogously on the basis elements
T, TY.

3. Constitutive relation for the net stress and moment

The dynamical quantities that are relevant for the
plate’s dynamics are the net stress tensor N;; and the
moment tensor M;; defined by

h/2
Nij = / dZO'ij
—h/2



These are respectively the zeroth and first moment of the
stress in z. Integration in the z-direction produces a net
stress that depends only on ©” and a moment tensor that
depends on the bending terms u!. Using the constitutive

equations (1) with the elastic tensor in Eq. (11), we find
that the in-plane stresses are governed by
Np B 0 0 u,
Ngi | =2h [0 u K¢ Uy (13)
NS2 0 —Kf J25% 'LLsz
while the bending moments are governed by
Mp B3 B 0 0 U})
Mg | = 5 0 w K? Uk, (14)
MSQ 0 _Ki) M1 US2

and the cross-sectional stresses by

NT” 2 K2 Upa
=2h . 15
(NTy) (‘ 2 /~‘2> (“OTy (15)

A visual representation of the components of the strain,
net stress and moment tensor in the basis of Eq. (7), is
given in Table I. We note that the constitutive equations
in Egs. (13) to (15) assume that the plate arises as the
thin limit of a homogeneous three-dimensional solid. How-
ever, if the plate is not homogeneous along its thickness,
additional moduli can appear that couple the independent
equations in Egs. (13) to (15), see Appendix B. Notice
that the moduli o and K9 set the stresses in response
to the cross-section shearing. The matrix in Eq. (15) is
proportional to a rotation matrix whose chirality is set
by the modulus K§. This will play a crucial role when we
discuss the spectrum and topological modes in Section III.
In the limit of zero thickness, the constitutive relations
Egs. (13) to (15) match the flat limit of the constitutive
relations in Ref. [19] (see Appendix C).

Having the constitutive relations, we can examine the
linearly independent cycles in strain space over which
work is extracted € = 0.. The work per unit surface is

h/2
/ z/ dug, Copup
h/2 ¢
h? 1 1
=h [ dud Cabub + — dua Capuyp (16)
v 12
h3
/ Cup du A dub + — 2 C’ab du}l A du}).

There are three independent ways to extract energy
with a cycle of deformations, represented in Fig. 2. Cy-
cling in the plane ugl—ugz, the energy density extracted
is equal to 2h K7 times the area enclosed in the strain
space (Fig. 2a). A bending cycle that involves ug, and
ug, extracts (h3/ 6)K1 tlmes the area enclosed (Fig. 2b).
With a cycle in the u%.-u$., plane, the density of work is
2hK$ times the area enclosed (Fig. 2¢).
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Fig. 2. Energy cycles in the elastic plate. Illustrations of
the three linearly independent cycles that extract energy from
the plate. Panel (a) utilizes in planar shear deformations, Panel
(b) utilizes bending deformations, and Panel (c) utilizes cross-
section shearing. See Table I for definitions of the deformation
icons.

D. Equations of motion

We now study the dynamics of the system. To do so,
let us assume that the elastic material evolves according
to a Newtonian dynamics, and is subject to an external
friction force f&*' = —T'¢; summarizing the effect of the
environment. The evolution of the plates is then described
by the following conservation laws for linear and angular
momentum (derived in Appendix D)

h(pija +Tne) = aBNBa (17)
h(pis + D) = 9o Nas (18)

h3 . .
E(pgba + F¢o¢) = aﬁMﬁa — N.q- (19)

where p is the density of the plate, assumed to be uniform.
Using the constitutive relations, Egs. (13) to (15), we
obtain

Piia + Tila = (BOaOp + 11V?6ap + K{V?eap)ns  (20)

Pt + T = o V2w + 1190000 + KSeaplads  (21)
h2
E(Baaag + ,u1V26a5 + Kfv2€ag)(z55

— (u20ap + K3eap) (0w + ¢p)
(22)

2

13 (#da+Tée) =

We first note that horizontal displacements 7, are decou-
pled from the other degrees of freedom. Their dynamics
are identical to that of a purely two dimensional isotropic



TABLE I. Plate strains and stresses. Here, u’ and u! are respectively the zeroth and first order contributions to the
strain in a power expansion in z; N is the net stress and M is the bending moment. The column is labeled by the tensor basis
element on which the stresses, strains, and moments are projected. The arrows are visual cues for the forces and torques on
each of the shown surfaces (Light arrows are pointing towards the inside of the plate).

odd elastic system, which has already been studied in [25].
The out-of-plane dynamics governed by Egs. (21) and (22)
will be the focus of the following sections.

In the limit A — 0 of thin plates, Eq. (22) implies
OqW + ¢, = 0 and the equations of motion become those
of the Kirchhoff-Love theory of plates [12] where ug, is
identically zero. Namely, the out-of-plane deflection w
obeys the equation

pi + T = —Deg V0w (23)
where
(B + p1) 13 — (K3)%) — 212 KV K3
12 13 + (K3)°]

Do = h? (24)

as derived in Appendix D. Notice that this equation is
structurally identical to that of a passive plate, but with
the effective bending stiffness D.g renormalized by odd
moduli K7 and K$.

III. NORMAL MODES AND TOPOLOGICAL
WAVES

We now analyze the normal modes of vibration of the
odd elastic plate. As illustrated in Fig. 3, we first show
how the flexural eigenmodes behave in the bulk of the
plate (i.e. far from any edge). Then, we show how to
assign a topological invariant to the band structure of the
system. This step allows us to predict the existence of
unidirectional edge states exponentially localized to the
boundary of the plate (Fig. 7), under certain boundary
conditions [53-56].

A. Normal modes of vibration

The out-of-plane deformations of the plate are described
by Egs. (21-22). As these equations are linear, all solu-
tions are obtained by considering solutions of the form

Do (X,1) = o &>~ and w(x,t) = we&*"«) and
solving the resulting eigenvalue problem. Using the di-
mensionless quantities q = (v/12h)k and @ = w/(v/12h),
we obtain

L+t (2) =M (5) @9

in which we have introduced the dynamical matrix

M(q) = M*(q) + M°(q) (26)
in which
B@+ma*+p2  Baug, it24a
M(q) = Baxq, B@2 + nq® + pi2 ipagy
_iIU’Zqz _ZNqu /142612
and
0 K{¢® + K¢ iK3q,
M°(q) = | -K7¢* — K3 0 —iK3qy,
iK3qy —iK3q, 0

When p > 0, the allowed complex frequencies w, solutions
of Eq. (25), can be expressed in terms of the eigenvalues

A of M as
1 |T [48\ T2
=— |-t/ - —= 2
Q:ﬁ: 2 [p ? h2p p2‘| ( 7)

In general, w = w + i0 are complex numbers: their real
part w is the (angular) frequency, while their imaginary
part o is the growth rate of perturbations. In our conven-
tion o < 0 indicates that perturbations decay and o > 0
indicates that perturbations grow, a sign of instability.
The spectrum of the dynamical matrix M depends only
on g = |q| because of the cylindrical isotropy of the con-
stitutive relations. It contains three bands in the complex
plane, symmetric under reflection with respect to the real
axis.
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Fig. 3. Perspective and top view of bulk, gapped eigenmodes. We illustrate the eigenmodes implied by Eq. (25). As a
guide, a deformed cross-sectional slice of the plate is coloured by the local component of cross-section shears u%s.y (see Fig. 2
and Table I for illustration of cross-section shears). a. A passive eigenmode (K{ = K3 = 0) traces out a line (red-blue) in strain
space. b. An eigenmode with K§ > 0 and B = u = K7 = 0 draws an ellipse in the strain plane (full color wheel present). The
energy injected in the system after a complete oscillation is proportional to the area covered in the strain plane.

When odd elastic moduli vanish, the dynamical matrix
M is Hermitian, and therefore has real eigenvalues s +
paq? and X £ /X2 — po(B + pn)g* with X = [ps + (B +
w1+ p2)q?]/2. When py, ps and B are positive, these
eigenvalues are also positive, and the growth rates are
negative, which means that the system is linearly stable
(except for two marginal modes at ¢ = 0 that correspond
to rigid body motions). When X\ < \. = h21'?/(48p),
the frequency w vanishes: perturbations are overdamped.
In particular, perturbations with ¢ — 0 are overdamped
whenever s < A. (Fig. 4a-b).

When odd elastic moduli are non-zero, the dynami-
cal matrix becomes non-Hermitian. When q = 0, the
dynamical matrix reduces to

p2 K3 0
M(q=0)=|-K7 pz 0]. (28)
0 00

The eigenvalues of M(q = 0) are A = ug + K3 and
Ao = 0. Hence, odd elastic moduli can induce (damped)
oscillations at ¢ — 0 in an originally overdamped system,
in a way similar to 2D odd elasticity [25]. More precisely,
an arbitrarily small K§ does so when ps < A. (Fig. 4c).

In addition, odd elastic moduli can induce linear insta-
bilities: K9 tends to induce instabilities at ¢ = 0 (because
it couples to cross-sectional shearing), while K¢ tends to
induce instabilities at large ¢ (because it couples to bend-
ing), see Fig. 4d-e. This is illustrated in Fig. 5, in which
we plot the regions in parameter space which the system
is linearly stable (i.e. ¢ < 0 for all ¢ > 0) or unstable.
For the parameters chosen, we observe that high enough
odd elastic moduli always lead to instabilities. A second
important case is the limit in which p = 0, wherein the
frequencies are given by:

W= —i——"\ (29)

In this case, the membrane is always stable (o < 0) so
long as B, uy,pue > 0. When B, 1, pus = 0, then w is

entirely real (since M° is anti-Hermitian), and so waves
propagate without attenuation in this limit.

To summarize, odd elastic moduli have qualitative ef-
fects on the dispersion relation and modes of vibration
of a moderately thick membrane: they affect wave prop-
agation in the membrane, as well as its linear stability.
This suggests that shape instabilities and oscillations pre-
dicted in active membranes [18, 19, 22, 23, 57, 58] may
be affected by the presence of odd elasticity, which should
therefore be taken into account in order to describe living
and robotic tissues.

B. Unidirectional edge states and bulk topology

Up to this point, we have focused on the bulk prop-
erties of the system, that correspond to the vibrational
modes of an infinite, unbounded plate. These proper-
ties are contained in the eigenvalues and eigenvectors of
M(q). We now utilize the topological properties of these
bulk eigenvectors to show that unidirectional edge states
may appear at the boundary of a finite plate (subject
to appropriate boundary conditions). To do so, we first
note that the spectrum of M(q) has a gap when odd
elastic moduli are present: Fig. 6 shows that the spec-
trum consists of two gapped modes whose deformation
is dominated by cross-section shearing. When the odd
moduli are nonzero but sufficiently small (Fig. 6 ¢,d), the
spectrum has a nonzero imaginary part, but the gap is
still sorted by the real (blue) part of the spectrum. By
contrast, for sufficiently large K3 /us2, the gap opens in
the imaginary part of the spectrum (Fig. 6 e,f). Finally,
when the even moduli vanish, the spectrum is entirely
imaginary (Fig. 6 g,h). When the gap is in the imaginary
part, the chiral modulus K§ dominates over p2, and hence
we may intuitively expect chiral phenomenology in the
wave mechanics.

The reason for this band gap is the finite thickness A of
the beam. Recall that plane waves in a three-dimensional
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Fig. 4. Effect of odd elasticity of the dispersion relation. We plot the eigenvalues A in Eq. (25) and the corresponding
(angular) frequency w and growth rate o obtained from Eq. (26) in different cases. We have used the parameters h = 0.1, p = 1.,
I' =20., B = 1. in all panels. In addition, we have set (a) pu1 = 0.25, p2 = 0.04, K{ = 0., K3 =0, (b) pu1 = 0.5, pu2 = 0.2,
K? =0, K3=0, (c) pn = 0.25, u2 = 0.04, K¢ = 0., K3 = 0.05, (d) u1 = 0.25, po = 0.04, KY = 0.7, K3 =0, (e) u1 = 0.25,
2 = 0.04, K9 = 0., K$ = 0.2.
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Fig. 5. Odd elasticity induces instabilities. We have
used h =0.1, p=1.0, ' =20.0, B=1.0, u1 = 1., pu2 = 1.0.

solid are described by a wave vector with three compo-
nents (¢g, gy, ¢-). Since the plates we consider are thin
the z direction, the minimum nonzero value of g, is pro-
portional to 1/h, resulting finite frequency modes even
when ¢, = g, = 0. This gap is proportional to the moduli
to and K§ because these moduli respond to cross section
shearing, which involves gradients in the z direction (cf.
Eq. (15) and Table I). Accordingly, the frequencies in (25)
and (27) depend on the eigenvalues \ as pw? +il'w oc A\/h2.
As h — 0, the gapped cross-sectional shearing modes
are pushed to arbitrarily high frequencies regardless of
wavenumber. For sufficiently small h, the hydrodynamic
description is no longer valid, and the theory is purely
two-dimensional and gapless, as considered in Ref. [19]
and described by Eq. (23).

We now show that when the gap is open at sufficiently
large K§, the combination of chirality and a band gap
gives rise to a nonzero topological invariant known as
the Chern number, which leads to unidirectional wave
propagation at the boundary of a finite system. In Ap-
pendix E, we compute a topological invariant known as
the first Chern number. This quantity can be expressed
as the integral of the so-called Berry curvature over the
momentum space. In most applications of topological
band theory, the structure under consideration takes the
form of a discrete lattice, and so the momentum space is
a compact manifold (namely a torus). By contrast, here
we analyze continuum equations for which the momentum
space corresponds to the real plane. This introduces ad-
ditional subtleties regarding meaning and interpretation
of the Chern number [53-56, 59-63]. These aspects have
been studied in the context of fluids with broken micro-
scopic time-reversal and parity symmetries exhibiting a
property known as odd viscosity [64]. In Appendix G, we
provide an explicit mapping between the odd-elastic plate
and these fluids. Other (distinct) topological properties

that have been studied in elastic continua include topo-
logical softness associated with floppy mechanisms in the
micro-structure [44, 45].

For simplicity, in the main text, we concentrate on
the simplest scenario in which the bands are gapped is
the purely active plate, where all even moduli vanish
(B = p1 = p2 = 0). In this case, the dynamical matrix
reads

0 K{¢> + K§ iK3q,
M(q) = | -K?¢* — K3 0 —iK3q, | (30)
iK3qy —1K5q, 0

has a flat band of eigenvalues A\o(g) = 0 and two purely
imaginary bands

M) = +i\/(K39)? + (Kpg2 + K9)2. (31)

The spectrum has a gap whenever K9 # 0. As detailed in
Appendix E, if K¢ # 0 the eigenvectors of M(q) do not
depend of the direction of q in the limit q — oo. This
allows us to compactify the momentum space to a sphere,
identifying all the points at infinity. It is then possible to
associate a topological invariant to the bulk eigenvectors
associated with each band, the first Chern number C. Its
values are (see Appendix E)

Co=0
Ct = sign K§ — sign K7 (32)
Cf = _C+.

The presence of non-zero Chern numbers suggests that
edge modes could appear at the system boundary [65]. In
the continuum, the precise boundary conditions play a
subtle role in determining the number of edge modes [55,
56].

To illustrate the existence of the localized edge mode,
we perform a numerical simulation of Eqgs. (21-22) in
the overdamped limit p = 0, see Fig. 7. We consider a
finite plate that has its midplane defined over a region
with boundary B and assume that the displacement field
vanishes at the boundary:

wlg=0 ¢.l5=0 ¢,p=0. (33)

In the top row (a-c) of Fig. 7, we have taken K7/K3 >
0, which implies that the gapped vibrational bands are
topologically trivial [Cy = 0 in (32)]. Accordingly, when
the membrane is periodically forced near its boundary, the
deformation remains localized. By contrast, in the bottom
row (d-f), we have taken K?/K$ > 0, which implies that
the gapped vibrational bands are topologically nontrivial
[C4+ =2 in (32)], and accordingly the system displays a
unidirectional edge mode confined to its boundary. See
appendix F for details of the numerics and Supplemental
Videos 1 and 2 for full renderings of the simulations.
Finally, we comment that our analysis relies on the
Reissner-Mindlin theory of thin plates. This theory is
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Fig. 6. Eigenvalues of the dynamical matrix in the complex plane. In (a,c,e,g) we plot real and imaginary part of
the spectrum, and in (b,d,f,h) we plot the spectrum parametrically in the complex plane for ¢ € [0,5]. The eigenvalues are
expressed in units of G = y/u2 + K$2. In (a,b) the odd moduli are zero and thus the spectrum is real. B/G = 5.7, 1 /G =
1,u2/G =1,K?/G = 0.0, KS/G = 0.0. In (c,d) the odd modules are turned on and the spectrum shows an imaginary part.
B/G =5.4,11/G = 0.95, ua /G = 0.95, K /G = 0.3, KS/G = 0.3. Lowering the (passive) bulk modulus and raising the odd
moduli in (e,f), the spectrum becomes gapped. B/G = 1.3, u1/G = 0.4, 2 /G = 0.4, K¢ /G = 0.66, K /G = 0.92. In (g,h) the
spectrum is completely imaginary as only the odd moduli are nonzero. KY/G = 0.7, K5 /G = 1.
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Fig. 7. Simulation of topological edge mode. A numerical solution to Egs. (21-22) with K7/K3 > 0 (a~c) and K7/K$ <0
(d-f). Panels (a,d) are 3D renderings, panels (b,d) show the height field w, and panels (c,f) depict ¢. The red arrows (b,c,e,f)
indicate the location of the driving, and the grey arrows (e,f) indicate the direction of wave propagation. When K7 /K3 > 0,
the gapped vibrational bands are topologically trivial [C+ = 0 in Eq. (32)]. When K{/K3 < 0, the gapped bands are
topologically nontrivial [C4 = 2 in Eq. (32)], resulting in a boundary mode. See appendix F for details of the numerics, including
nondimensionalization of the variables. In all panels, the nondimensionalized moduli are K$ =2, fiz = 0.05, BNZ 0,1 =0
while K7 = 1 in (a-c) and K{ = —1 in (d-f). The membrane is driven near its right boundary at a frequency = 0.1. See
Supplemental Movies 1 and 2 for renderings of the full simulations.



applicable for low frequency modes. Hence, our anal-
ysis is only valid when the band gap is small enough
to lie withing the range of validity of the low frequency
approximation. The precise range of validity often re-
quires experimentation, but is generally larger for floppier
materials with a lower shear modulus.

IV. CONCLUSION

In this work, we studied the equations of motion for
an odd-elastic plate in the Reissner-Mindlin moderately
thick limit. The in-plane dynamics of the plate follows the
equations of two-dimensional odd elasticity. The out-of-
plane dynamics displays additional odd elastic responses.
We have shown that the dispersion relation and normal
modes are qualitatively affected by odd elasticity, which
can induce linear instabilities and affect wave propagation
in the plate. We have also shown that the spectrum is
gapped as long as the active elastic moduli are dominant
with respect to the passive ones. Moreover, the bands
can acquire a non-zero Chern number, and this leads
to the emergence of unidirectional waves at the bound-
ary of a finite plate. In more complex geometries, odd
elastic responses may also affect shape instabilities and
self-actuation in active membranes.

The continuum theory developed in this work may
serve as a guide to design active mechanical metama-
terials with desired waveguide properties, for instance
using piezoelectric materials [28]. All that is generically
required is the breaking of 2D chirality, effective noncon-
servative forces that depend on strain, and a geometry
consisting of a moderately thick cross section. Possible ex-
tensions of our analysis include frequency-dependent (i.e.
viscoelastic) moduli [26, 66-68], the role of background
curvature, and odd elasticity coupled with other effects
such as flows [19, 20]. Beyond artificial systems, shape

10

sensing and active stresses naturally occur in biological
media such as membranes with protein pumps [69, 70],
the actomyosin cortex [71], macroscopic tissues [72], or
rafts of living organisms [31]. The nonconservative me-
chanics of odd membranes may provide a lens to interpret
naturally occurring dynamics, or control bio-synthetic
media.
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Appendix A: Odd elastic moduli in 3D with cylindrical symmetry

Odd elasticity cannot arise in systems with spherical isotropy (i.e. invariance under all rotations in 3D). However, it
can arise in systems with cylindrical isotropy (i.e. invariance under all rotations preserving the z-axis) [25]. In this
Appendix, we construct the most general elastic tensor in a bulk 3D system with cylindrical symmetry i.e. a rank-four
tensor which does not change when the coordinate system is rotated around the z-axis. Since both the strain and the

stress are symmetric, we introduce a basis for symmetric rank 2 tensors G = {¢°,...,¢°} by:
. 1 (100 ) 1 (~1 00
=75 |0 L0 =50 1o (Ala)
, 1 (1 00 , 1 (010
SR i (10 =
\ 1 (001 . 1 (000
i (04 ariit e

In this Appendix, Greek labels refer to the element of the basis G in Eq. (Al). Notice that G can be decomposed
into irreducible representations of SO(3): ¢° lies in the trivial representation, and g',...,¢° (symmetric traceless
matrices) lie in a “spin 2” irreducible representation. The basis is orthonormal with respect to the trace scalar product
(a,b) = tr(ab). Hence, an arbitrary symmetric tensor ¢;; can be decomposed as t;; = >, tags; with:

toa = > tijgs) (A2)
ij

The elastic tensor is a linear operator over the space of rank two tensors, and its representative matrix can be calculated
by:

Cop = Zg?jcijklg][j[ (A3)
ijke
Hooke’s law can thus be expressed as:
Oq = Z CaﬂUg. (A4)
B

Under a rotation r of the reference system, the matrix g changes into ¢’ = rg®r® (t denotes transposition). Since
g’ is also symmetric, it can be decomposed on the G basis, defining the representation of rotations R over the rank-two
tensors: g = R gg Under rotations, the elastic modulus tensor transforms as: C7,5; = RovC,,(RY)¥P. Cylindrical
isotropy means that C is invariant under rotations about the z-axis, i.e. C = RCR'. Equivalently, C commutes with
the representation of the generator of rotations about the z-axis, L,, which is given by

00 0 0 0 O
00 0 0 0 O
00 0 2 0 O
L==100 200 0 (A5)
00 0 0 0 1
00 0 0-10
Imposing [C, L.] = 0, one finds that the most general elastic tensor with cylindrical isotropy reads
%B D+H 0 0 0 0
D—-H puj 0 0 0 0
. 0 0 w K? 0 0
Csp =2 K om0 0 (A6)

o OO
[N~}

0
0 0 0 pp K¢
0 0 0 —K$ u
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Here B is the bulk modulus, which couples spherically symmetric dilations to pressure, 1, 2, 13 are shear moduli,
which couple shear deformations to the corresponding shear stress, D is a passive mixed modulus that couples passively
the cylindrically symmetric shear strain to pressure and spherically symmetric dilations to cylindrically symmetric stress.
The modulus H is the antisymmetric (or odd) counterpart of the modulus D. The modulus K¢ is an anti-symmetric
coupling between the shears 2 and 3 in the z-y plane, while K3 is an anti-symmetric coupling between shears 4
and 5, which could be respectively called xz an yz shears. In three dimensions, one can show that an isotropic (i.e.
SO(3)-symmetric) elastic tensor cannot contain odd elastic moduli [25].

Appendix B: Plate constitutive relations

Directly from the parameterization of the displacement field in the plate, and thus from the kinematic assumptions
on the allowed displacements, we have that u,, vanishes identically. Then its conjugate variable, the vertical stress
0., does not affect the dynamics and it is common practice [12] to set it to zero — imposing the so called plane-stress
condition. The constitutive relations of the bulk three-dimensional material with cylindrical isotropy (Eq. (A6)) are
modified by this assumption and a reduced elastic tensor for the plate, that maps the non-zero strains into the non-zero
stresses, is calculated.

To do so, we decompose the stress vector o*P = (0, ...,05) = (07, o) into a in-plane component o/ = (01,...,04)
and a out-of-plane component oz = 0y, and similarly for the strain vector u3P = (uz,u /). Here, the components o,

and u, of the stress and strain vector refer to the basis vectors B® defined in Eq. (7). The elastic matrix C3P in the
bulk constitutive relation (A6) can then be seen as a block matrix:

oz 3p Uz Czz CZ//) (UZ)
=C = . B1
<0'//) (W/) (C//z Crr) \uy (B

Please note that the matrix in Eq. (A6) is written in the basis (A1), while Eq. (B1) is written in the basis (7). A
change of basis matrix has to be applied to Eq. (A6) before carrying out the procedure delineated in this paragraph.
Assuming oz = 0, solving for uz (leading to uy = —C’géCZ//u//) and replacing, we find

o)=C"y  where CT=C,,—C)zC;;Czy. (B2)

In the main text, we use the simplified notations 0 = o/ and C' = Cef,
Using the constitutive relation (A6) for the 3D bulk, this leads to

B 0 0 0 0
0 mwm K2 0 0
Cp=CH=210 -K? g 0 0 (B3)
0 0 0 p K3
0 0 0 —K9 po

with
—6D? +6H? + 9B

B= :
3B+ 4(V2D + u3)

(B4)

Notice that B is a nontrivial function of the 3D bulk modulus B, 3D axial shear modulus w3, as well as the moduli D
and H which relate 3D dilations and axially symmetric shear in a symmetric and antisymmetric way, respectively (see
Appendix A for more detail). In contrast, the remaining shear moduli are inherited in a straightforward way from
three dimensions.

More generally, we can consider moduli that are consistent with planar isotropy, but do not arise from the thin limit
of a 3D structure. The constitutive relation in this case take the more general form

ND COO 0 0 003 0 0 0 0 U%
NSI 0 011 012 0 014 015 0 0 U%l
st 0 —012 011 0 7()15 C714 0 0 Uslvrz
MD o Cigo 0 0 033 0 0 0 0 Up (B5)
Mg | | 0 Cuy Cio 0 Caa Cgi5 O 0 ul,
MS2 0 7042 041 0 7045 C44 0 0 ui
NTm 0 0 0 0 0 0 066 067 uiw
NTy 0 0 0 0 0 0 _067 066 u%y
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to be compared with Eqs. (13- 15) in the main text. In Eq. (B5), the coefficients in red (namely, Co3, C14, C15, Cso,
Cy1, Cy2) do not arise from the thin limit of a 3D structure.

this work Ref. [19]

in-plane stress tensor Nag t
in-plane bending moment M,z m
midplane curvature 0o Opw ¥
planar isotropy limit of 3D material even/odd Coo Ey + E1/2
Eq. (B5) Egs. (13- 15) Cu Ey /2
- Ci2 Epc
Coo 2hB even Cos Ga+ G1/2
C11 2hpy even o G /2
glz QhKf odd d 015 GC
0 mixe
C?i 0 mixed elastic coefficients gzz ?j /+2 B2
015 0 B Odd FPC 045
Css3 (h®/6)B even Cso Ko+ K1 /2
Cia (h3/6) 1 even Cu Ki/2
Fpc (h3/6) K% odd Cls “Kc
Cso 0 mixed Ceo n/a
Cu 0 mixed Cer n/a
042 0 odd
g23 gZHKQg iﬁiﬂ TABLE III. Comparison of the notations used in this
work and the notations of Ref. [19]. The coefficients Ceg
and Ces7 do not appear in Ref. [19] because these terms
TABLE II. Comparison between all moduli compatible couple explicitly to the finite thickness degree of freedom ¢
with planar isotropy and those obtained from a 3D bulk which is not studied in the h — 0 limit. Likewise, the elas-
material Mixed coefficients may be replaced with even and tic coefficients Hi, Hy, Ha, Hc, Hc and Hpc in Ref. [19]
odd combinations (for instance, C3o 4 Cos is even while do not appear in our work as they are coefficients of a
C30 — Cos is odd). geometric term §2; which involves background curvature

and higher-order gradients of the displacement field not
considered in the present work. See Table II for a corre-
spondence with the notations used in the main text.

Appendix C: Relation with the notations of Salbreux et al.

In this Appendix, we compare our notation to that of Ref. [19], which considers active membrane mechanics in the
limit A — 0. In our notation, we use Greek letters for in plane-indices and we do not distinguish between up and
down indices since we linearize about a flat membrane. In our notation (their notation), the in plane stress tensor is
denoted N, (%), the linearized 2D strain tensor is denoted u,g (u%), the in-plane bending moment is denoted M,z
(m%), midplane curvature is denoted 9,dsw (c*/). Using the notation of Eq. (B5) in our work and Egs. (66-67) in
Ref. [19], we can also compare the elastic moduli: this is done in Table III. We note that Cgs and Cg7 do not appear
in Ref. [19] because these terms couple explicitly to the finite thickness degree of freedom ¢ which is not studied in the
h — 0 limit. Likewise, the elastic coefficients Hy, Hi, Ho, Hc, Hc and Hpc in Refs. [19] do not appear in our work as
they are coefficients of a geometric term (2; which involves background curvature and higher-order gradients of the
displacement field not considered in the present work.

Appendix D: Derivation of the equations of motion and explicit h — 0 limit

In this appendix we calculate the equations describing the evolution of the plate in the bulk using the principle of
virtual work. We consider a plate that is infinite along  and y directions, and has finite thickness along z € [—h/2, h/2].
The region occupied by the plate at rest is then V = R? x [~h/2,h/2]. The displacement field configurations are
assumed to vanish at infinity. We consider an external drag force given by f&** = —T§;.
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The virtual work principle states that the actual field configuration in its time evolution from ¢; to ¢y must satisfy

ty )
/ (5K — Wt — W) = 0 (D1)

t;

where K is the kinetic energy, W™ is the internal infinitesimal work and §We** is the external infinitesimal work,
given by

1 ..
K 5/ d*x p&i€,;
14
5wint:/ d3x0ij(5uij (D2)
14
5wext :/ d3x fiextégi
14

in which the variations ¢ are performed within the allowed displacements [12]. Notice that the principle of virtual work
is valid even for nonconservative forces (like f¢** or odd elastic forces) because it only requires energy differential 6W.
While §W is integrated over space and time, allowing for integration by parts of spatiotemporal derivatives, it is not
required to integrate W over the variation of the fields to obtain an explicit potential W. When the explicit potential
W exists (which is not required in the derivation below), the differential § may be pulled outside of the space-time
integral and an action is obtained for a Lagrangian theory.

In the following, we express the three-dimensional displacement field with respect to the plate fields, then we
integrate over z, assuming a uniform density. The terms that survive are the ones that contain an even power of z.
Finally we integrate by parts in order to isolate the variations of the fields. For the kinetic energy, we have:

tf tf . .
/ dt 6K = / dt / 2 p[(1a + 20a)6(Na + 2¢a) + W]
t; t; \%4

t 3. .
= / dt / d?x p[hie0ne + hibdw + %%5%] (D3)
ti R2

tr 3.
— / dt / d?x p[hijadne + hidw + h—(l)aéqﬁa].
ti ]RZ 12

For the internal elastic forces, we have:

ty ty
/ dt SWing = / dt/ 3 [008(0a0ns + 200008) + 020000 + Taz0a0W)]
t t; 1%

i

ty
= / dt/ d*x [Naﬁé)a&nﬁ + Mog0adds + N0 ddo + Nazaaéw] (D4)
t; R2

ty
_ /t at ||| [0 Nupdnp — 0 Moty + N — DoNozbu.
For the external forces, we have:
ty ty h3 .
/ dt Wy = / dt/ d?2 T[hi)e 01 + hadw + E(éa&ba]. (D5)
ti R2

t;

Finally, requiring Eq. (D1) to be satisfied for all the variations of the plate’s fields, we get

h(pija + o) = 0 Nsa (D6)
h3 . .
E(p¢a+1—‘¢a) :aﬁMBa — N.q. (D8)

Substituting the constitutive relations we get Egs. (20) to (22).
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We now discuss the h — 0 limit of Egs. (21) and (22). Let L be a typical length scale over which the membrane
deflects and treat € = h/L as a small parameter. Let D; = pd? + I'd;, and normalize the z coordinate by L. Then the
equations of motion Egs. (21) and (22) read:

Dyw =04 [(1200p + K5eap) (Opw + ¢p)] (D9)
€ Dydo =€* (B0 + 111 V0ap + K{Veap)ds — 12(11260p + K5€ap) (0w + ¢3) (D10)

To understand the e — 0 limit, we organize the fields as

w(z, t) = w® (z,t) + w® (z,t) + ... (D11)
alw,t) = o) (,1) + €3 (w,8) + ... (D12)

To 0-th order in €, Eq. (D10) implies that

65 = —05uw® (D13)
Plugging in Eq. (D13) into Eq. (D9) implies that D;w(®) = 0 and hence, by virtue of Eq. (D13), thﬁ&o) = 0. Using the
fact that thsﬁf” =0, the €2 contribution to Eq. (D10) reads:

1

= 13 (BOa0s + 11 V?6ap + K7 Veap) ¢y (D14)

(nas + Kgeas) (050 + 02
Combining Eq. (D10) and Eq. (D13) yields

 Buzda s + K§Beoy 0595 + (p1p2 — KPKS) 00V + (12 K7 + K1) Veagp Dyw®

Daw® 4 2 — : (D15)
12 [u% + (K3) ]
Plugging Eq. (D15) into the € contribution to Eq. (D9) yields:
th@) =04 [(,U'Q(;aﬁ + ngaﬁ) (8ﬁw(2) + ¢,(6’2))] (D16)

1214 + (k87|

Therefore, the equation of motion for w is closed unto itself to leading order in hA/L. In original units, it is given by
the Kirchhoff-Love theory of plates

(p0? +T0)w = —DegV*w (D18)
where Deg is a bending-stiffness whose value is re-normalized by the odd-moduli K¢ and K§
2 (B + i) 3 — (K9)?) — 2un KK
12 113 + (K3)?|

Deg = h (D19)

with the constraint ¢, = —0,w.

Appendix E: Calculation of the first Chern number

Here we show that for a purely active plate, as long as K3, K{ # 0, momentum space can be compactified to a
sphere. Once momentum space is compactified, we may define the first Chern number as a topological invariant for the
eigenvector bands, which is later calculated. The reader is directed to Ref. [54] and references therein for more details.

We write the purely active dynamical matrix as a linear combination of the matrices

00 0 001 0 —i0
Sp=[0 0 -1 Ss,=|000] S.=[i 00 (E1)
0 -1 0 100 000
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with M(q) = iM(q) - S, and M(q) = (K$qs, K$q,, K{q® + K$). Since a multiplicative factor does not change the
eigenvectors of a matrix, the Hamiltonian N'(q) = 7(q) - S, with 7 = M /||M||, has the same eigenvectors as M(q)
and thus the properties of the bands of eigenvectors of M can be studied equivalently on A/. Explicitly, we have

1 qz

= qy
2 o 042)\2
V@ + 1+ EYKS) \ (K9 /KS)g? +1

n(q) (E2)

which is well defined on the whole momentum space if K9 # 0. If in addition K¢ # 0 then limg_ 72(q) does not
depend on the chosen direction. Identifying all the points at infinity, we compactify the momentum space to a sphere.
In this case, the eigenvectors of each band form a vector bundle over a compact manifold and the first Chern number
is a well-defined topological invariant.

The Berry curvature F' of the bands of M coincides with the Berry curvature of the bands of N, so we will focus on
the latter. We define the following map from three-dimensional unit vectors to 3 x 3 complex matrices

7+ §% — Mat(3,C)

_ (E3)

V=08 =08y + vy Sy +v.5;.
Then, A is the composition of 7 and .7, i.e. N : R? LN S AN Mat(3,C). Each band of eigenvectors of . induces a
Berry curvature FS” on the sphere. The Berry curvature F induced by N is equal to the pull-back through 7 of FS’,
ie. F=n*FS. The curvature FS° can be calculated explicitly as follows. Let 7. = (sin 6 cos ¢, sin 6 sin ¢, cos 6), the
eigenvectors of the positive and negative bands of N' = # - S are

cosf cos¢p Fisinb
n) = — | Zicos¢ + cos b sin . E4

These induce a Berry connection AS; = —i(¢p1|dp+) = Fcos dp and Berry curvature Ff =dAY = £sin6do A do.

We observe that FEZ is the volume form of the sphere, thus Cy = 1/(27) [p. ﬁ*F§2 is twice the index (or degree)
of the map 7. The index of a map is an integer that counts the signed number of times that the domain (here the
momentum space, compactified to a sphere) wraps on the target space (here the sphere S?). The index of 7 depends
on the relative values of K¢ and K9 as follows. When K7 and K§ have the same sign, the map n does not fully cover
the sphere, thereby yielding a vanishing index and C; = 0. When K7 and K§ have opposite sign, the map 7 covers the
sphere once, so |C4| = 2. The sign of the Chern number then depends on the orientation of the covering: if K§ > 0,
7(0) = (0,0,1)%, so the sphere is covered from the top and thus C;, = 2; if K§ < 0, the sphere is covered from the
bottom, leading to C_ = —2. The result is summarized in Eq. (32). A pictorial representation is given in Fig. 8.

Appendix F: Numerical demonstration of topological edge state

To validate the existence and properties of the topological edge mode, we numerically solve Egs. (21) and (22)
in the presence of a boundary. For stability, we consider the overdamped limit (p = 0), and we use the following
dimensionless variables: Z, = V1224 /h, @ = V12w/h, and t = 12Mt/h?T where M is an arbitrary reference modulus
with dimensions mass/(time? x length). With this normalization, Eqs. (21) and (22) read:

0o o~ - _ .

8{5 =15V + jinOaba + KSeapOats (F1)
a (&7 A 3 ~ = % o = ~ [ o 3 -~ ~

gg =(B0a0s + 1 V?8ap + K{NV?€0p)dp — (20ap + K5€ap) (0p10 + ¢p) + fa(X,1) (F2)

where the the moduli have bee nondimensionalized by M. To drive the system, we have added to the right-hand side
of Eq. (22) a forcing term of the form:

f1(%,t) = exp {W} cos(Q),  fo(%,1) =0 (F3)

where (0 is the driving frequency. The domain of X is taken to be a hexagon of side length v/3 x 10, and we discretize
the equations onto a triangular lattice and impose the boundary conditions in Eq. (33). The equations of motion are
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M(%\

e H\

(a) K9/KS < 0. (b) K¢/KS > 0.

Fig. 8. Visualization of Chern number calculation A cross-section of M(q) and 7(q) shows the index of the maps. In red,
the projection on the unit sphere. The behaviour of the map 7 can be understood visualizing the map M. (a) M describes a

paraboloid that encloses the origin, then 7 = M /||M]|| covers the whole unit sphere. (b) M describes a paraboloid pointing
upwards. Then, n covers the same portion of the unit sphere two times, with opposite orientation, giving index zero.

integrated in Python ‘using scipy.integrate.solve_ivp. In Fig. 7, we use B =0, i =0, K2 =2, fig = 0.05. In
panels (a-c), we use K¢ =1 and in panels (d-f) we use K? = —1. In both panels, we take the driving frequency to
lie in the predicted bulk band gap Q) = 0.1. The simulations are integrated over a range ¢ = [0,300]. In Fig. 7, the
simulation is rendered at time t = 45. See Supplemental Movies 1 and 2 for the entire simulation. Source code is
available upon request.

Appendix G: Mapping between odd-elastic plates and odd-viscous fluids

We assume that the dynamics of the active plate is overdamped, which means that inertial terms in the equations
(pw? in Eq. (25)) can be neglected over the drag term (il'w in Eq. (25)). We can compare the resulting equations to
those of a fluid with odd viscosity exposed to an external magnetic field [54]. For the fluid with odd viscsoity, the
physical fields are the density p and the velocity v. The parameters are the average density pg, the speed of sound
¢, a typical frequency wp analogous to the cyclotron frequency, the ordinary viscosity v and odd viscosity ©°. The
non-dimensional linearized Navier-Stokes equations are ([54], Appendix VII)

Ov =—Ma">V(p/po) + Ro~'v* + Re™'V?v + Re_ |, V2v*
9(p/po) ==V -v

where v* = (vy, —v,) is the velocity rotated by 90° and the Mach, Rossby, Reynolds and odd Reynolds dimensionless
numbers are respectively defined as
U U UL UL

Ma = — Ro=— Re=— Regaa = —.
c Lwg v Ve

(G1)

(G2)

The non-dimensionalized equations of an odd-elastic plate with B= e = 0 can be obtained defining a time scale T’
(so that 9; — T~19;) and read
O = —K9V*w — K9¢* + 11 V3¢ + KPV20* (@3)
Oyw = K§V - ¢*
with
12, T _ . 12K? _ . 12K9
h2T Ki = K = par

and V* = (9, —0,). Then the mapping from the odd-elastic plate to the odd-viscous fluid is obtained through the
identification

= (G4)

¢a = €aB0p w = p/PO
Ma 2 = K§ Ro ! =K%
Re ™' =iy Re i, = KY
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In the mapping, the two scalar fields are identified and the two vector fields are identified (after a rotation by 90°). K¢
is related to the odd Reynolds number, as they refer to the same tensor component, respectively for the elastic tensor
and for the viscosity tensor. K9 is related to wp. In fact, K§ makes the vector ¢ rotate, as wp makes the velocity
rotate. The passive shear modulus j; acts as an ordinary shear viscosity term. Finally, the requirement 1 = K fixes
the time scale of the plate to 7' = h2T'/(12K3).

Appendix H: Supplemental Movies

Supplemental Movie 1. A rendering of the vibrational modes for a odd elastic membrane with K¢/K$ > 0. The
plots are the same as in Fig. 7a-c. The membrane is topologically trivial and it is probed in its bulk band gap, and
accordingly the deformation do not propagate. See appendix F for numerical details.

Supplemental Movie 2. A rendering of the vibrational modes for a odd elastic membrane with K¢/K$ < 0. The
plots are the same as in Fig. 7d-f. The membrane is topologically nontrivial and it is probed in its bulk band gap, and
accordingly a unidirectional wave travels along its boundary. See appendix F for numerical details.
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