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Abstract

We extend Onsager’s reciprocal relation to systems in a nonequilibrium steady state. While
Onsager’s reciprocal relation concerns the kinetic (Onsager) coefficient, the extended reciprocal
relation concerns violation of the fluctuation response relation (FRR) for mechanical and thermal
perturbations. This extended relation holds at each frequency when the extent of the FRR violation
is expressed in a frequency domain. This non-integral form distinguishes the extended relation from
previous relations expressed by integration over a frequency. To obtain this relation, we consider
one-particle one-dimensional systems described by an overdamped Langevin equation with a force
driving the system away from equilibrium. We assume a special property of the potential in the
system. From this Langevin equation, we obtain the Fokker—-Planck (FP) equation describing the
time evolution of the distribution function of the particle. Using the FP equation, we calculate
the responses of the particle velocity and heat current by applying time-dependent perturbations
of the driving force and temperature. We express the extent of the FRR violation in terms of
these responses with time correlation functions and expand them in powers of the FP operator.
This reciprocal relation is valid far from equilibrium. One can also confirm this reciprocal relation
through experiments with systems such as colloidal suspensions because the FRR violation can be

experimentally observed.

I. INTRODUCTION

Thermal and mechanical perturbations to an equilibrium or nonequilibrium system has a
cross effect on thermal and mechanical responses of the system. An example of perturbation
to an equilibrium system is a heat engine because thermal perturbations change mechanical
variables such as energy [1-3]. For an equilibrium cross effect, there are many relations
including Onsager’s reciprocal relation [4] and the fluctuation response relation (FRR) [5, 6],
while nonequilibrium effects are less well studied [7-9]. These studies contrast with those
on mechanical perturbations because they provide many nonequilibrium relations such as
the glassy system FRR [10-19], extended FRR [20-28], and reciprocal relation [29, 30].
Some nonequilibrium studies have also dealt with perturbations other than mechanical ones

[31-36], although the cross effect is out of the scope of these studies.

Yamada and Yoshimori have derived a reciprocal relation between thermal and mechani-
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cal responses by considering the nonequilibrium cross effect of perturbations [7, 8]. When the
perturbations are applied to a nonequilibrium steady state (NESS) [7, 8, 2023, 25-32, 37—
43], neither Onsager’s reciprocal relation nor the FRR is valid. Yamada and Yoshimori
showed that a reciprocal relation is valid for the extent of the FRR violation in nonequilib-
rium Brownian systems. Their reciprocal relation is valid for any type of system potential
and for any driving force strength, which causes the system to deviate from an equilibrium
state. In addition, their relation can be experimentally confirmed because it consists of
measurable quantities.

Yamada and Yoshimori expressed their reciprocal relation by integrating the extent of the
FRR violation over a frequency [7, 8]. The integral over a frequency shows that the reciprocal
relation in the time domain does not hold for all time, but only at zero time. Thus, their
reciprocal relation contrasts with Onsager’s reciprocal relation, which has a non-integral
form holding at each frequency and for all time. In a special case, they numerically found
that their relation has a non-integral form when the potential of the system is proportional
to a cosine [8]. This result, however, has not exactly been proved.

In this study, we exactly derive a non-integral form of a reciprocal relation valid for the
extent of the FRR violation by assuming a condition of the potential U(z) of the system.
This condition is given by U"(z) o U(z), where U”(z) represents the second derivative of
U(z). Using the potential, we calculate responses to force and temperature perturbations on
the basis of the one-dimensional one-particle overdamped Langevin equation with a driving
force. We do not assume the strength of the force driving the system out of equilibrium; thus,
our reciprocal relation holds even far from an equilibrium state. In addition, we confirm
our reciprocal relation for various values of the driving force by numerically calculating the

extent of the FRR violation.

II. MAIN RESULTS

We study a one-particle one-dimensional system described by the overdamped Langevin

equation
B(t) =7 [F(x(t) + e fo(t) + ()], (1)

where z(t) and @(t) are the position and velocity of the particle, 7 is the coefficient of friction,

€1fp(t) represents the time-dependent mechanical perturbation, and we assume a periodic

3
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boundary condition of length [. We write the force term F'(z) as

B dU(z)
Fla)=f -5 )
with the periodic potential
U(x+1)=Ulx), (3)

where f is the time-independent driving force shifting the system out of equilibrium. In

Eq. (1), the Gaussian noise () satisfies

(€()&(s)). = 2v(T + e2T,(1))5(t — s), (4)

where T is the time-independent temperature, e;7),(¢) represents the time-dependent thermal
perturbation, and (- - -). is the average in the presence of €; f,,(¢) and e2T},(¢). In this paper,
we set the Boltzmann constant to unity. The perturbations €; f,(¢) and e27,(t) are applied
to the steady—state system at t = t;,; — —o0.

In the system described by the Langevin equation, we express the entropy production

using the currents and the affinities. We define entropy production as [1]

ASE[ ds B(){O(5))e. (5)

where ((s) = 1/[T + e2T,(s)] and

Qt) = (vi(t) — £(1)) o i(t) (6)

with the Stratonovich product o [48]. We rewrite Eq. (5) in the form [7, §]
2 t
AS = Z/ ds A;(s)(Ji(t))e (7)
i=1 Y7

_ /_ ds Ay (5)(i(s)e + / ds Ax(s){Q(5))e. (8)

o0 —0o0

where J(t) = @(t) and Jy(t) = Q(t) (currents), and A,(t) = (f + e1f,(t))/T and Ay(t) =
1/(T +eT,(t)) — 1/T (affinities). To derive Eq. (7) from Eq. (5), we have used (U(x(t))), =
(U(2(—00))),, which is obtained from the assumptions of f,(s) = T,(s) = 0 for s > t; and
of ty <t |7, 8]. After enough time from the time ¢y when the perturbations are turned off,
the system reaches the same steady state as that at t = —oo.

By expanding the currents using the affinities, we define the nonequilibrium kinetic coeffi-

4
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cients (Onsager’s coefficients). By expanding (z(s)). and (Q(s)). in powers of the perturbed
parts of the affinities §A;(t) = €1 f,(t)/T and §As(t) = —exT,(t)/T?, we define the nonequi-

librium kinetic coefficients L;;(t) as

(x'(t)}eszt—l—/ dsLn(t—s)elfp(S)—/ ds Lig(t — 52108 ()

oo T ~ T2
<Q<¢)>E:J§t+/_ dstl(t—s)“f;(s)—/_ dngg(t—s)€21;f2(s>.... (10)

Here, Ji* and J5' are the particle velocity and the heat current in the steady state with
€1 = €2 = 0, respectively. We assume L;;(t) = 0 for ¢ < 0.

Using the kinetic coefficients, we express the FRR and Onsager’s reciprocal relation in an
equilibrium state while defining their violation in a nonequilibrium state. To express these

relations, the time correlation function Cj;(t) is defined as
Ci(t) = (Ji(1) J;(0))o, (11)

where (- -)¢ is the average in the absence of perturbations. Using Cj;(¢), the FRR is given
by [5, 8]
Cij(t) = Li(t) — (£>0), (12)

and Onsager’s reciprocal relation is given by [4, 49|
Lia(t) = Lai(2). (13)

While Eqgs. (12) and (13) are valid for the perturbations applied to the equilibrium state
(f =0), they are violated for perturbations applied to the NESS (f # 0). For the NESS, if
we define the extent of the FRR violation A;;(t) as

ALH) Ci;(t) — Lij(t) (t>0)

Il
—

—

W
S~—

0 (t<0),

then the following reciprocal relation holds [7, §]:

| sebur= [ GrAa (15)

with Ayj(w) = 77 dt Ay (t) exp(—iwt).
In Sec. IV, we will use the extent of the FRR violation in the NESS to prove the following

reciprocal relation expressed in a non-integral form:
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Alg(w> = Agl(u}). (16)

To prove Eq. (16), we assume
d*U(x)
da?

Equation (16) can be expressed in the time domain as

x U(x). (17)

Aqs(t) = Agi (1), (18)

which holds for all time. Equations (16) and (18) are independent of the strength of the
driving force f, which shows the extent of deviation from the equilibrium state. In Sec. IV,
we will prove Eq. (18), which is equivalent to Eq. (16).

The reciprocal relation Eq. (16) expressed in the non-integral form is equivalent to
Eq. (18) holding for all time in the time domain. Equation (18) holds for a wider time
range than previous nonequilibrium relations, which hold only at zero time [7, 8, 20, 21, 30]
(see the next paragraph). For the property, we need to assume Eq. (17), which is satisfied
by an experimentally constructible potential used in many studies, as explained later. In
addition, because we do not need the frequency integration, our relation is less difficult to
confirm experimentally than those in the integral form.

Equation (16) contrasts with nonequilibrium relations previously expressed in integral
forms [7, 8, 20, 21, 30]. Harada and Sasa have expressed the relationship between the heat
current and FRR violation through an integral identity [20, 21]. Shimizu and Yuge also
used an integral form to obtain a reciprocal relation between two mechanical perturbations
[30]. In addition, Yamada and Yoshimori have obtained an integral form of the reciprocal
relation between the same thermal and mechanical perturbations as those used by this study
(Eq. (15)) [7, 8]. Onsager’s reciprocal relation differs from these nonequilibrium relations in
that it can be expressed in a non-integral form.

To prove that the reciprocal relation holds for all time, we need to assume Eq. (17). The
potential satisfying Eq. (17) has often been used in theoretical and experimental studies
120, 44-47]. The potential can be expressed in the form U(x) = Asin (kx 4 ¢) or U(z) =
Acos (kz + ¢), where A, k, and ¢ are constants independent of x. Such a function has only
one wavelength; thus, we can consider it to be simplest of the periodic functions assumed in
Eq. (3). The potential satisfying Eq. (17) can experimentally be constructed and, in fact,

has been constructed by some experimental studies [44, 45].
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Equations (16) and (18) can be confirmed by performing experiments on cross effects be-
tween thermal and mechanical perturbations. In Eq. (16), Aj5(w) and Ay (w) are measurable
quantities that can be obtained in experimental systems, such as a colloidal suspension. If
the potential of the experimental system satisfies Eq. (17), one need not integrate the extent
of the violation over a frequency. In addition, Egs. (16) and (18) include responses to both
thermal and mechanical perturbations. Thus, the nonequilibrium cross effect between these

perturbations can more deeply be understood though our reciprocal relations.

ITII. A BRIEF SKETCH OF THE PROOF

We will give a brief sketch of the proof before describing its details. We begin the proof
by expressing the extent of the FRR violation A;;(t) using the non-perturbed stationary
distribution function with the Fokker—Planck (FP) operator. To obtain the expression, we
derive L;;(t) by expanding the FP equation in powers of €; and €, and derive Cy;(t) using the
Furutsu-Novikov-Donsker formula. Combining the derived expressions of L;;(t) and Cj;(?),
we derive the expression of A;;(¢) on the basis of Eq. (14). Details of the derivation have
been given by Yamada and Yoshimori [7, §].

From this expression of A;;(t), we obtain Eq. (18) or Ag(t) — Ay2(¢) = 0 by introducing
the new operator ZALI To define ﬂ, we divide the conjugate FP operator into two operators:
one that includes F(z) and one that does not include F(z). The operator Li is defined by
one including F(z). The exponential operators including ﬁ give the time dependence of
Aoy (t) — Aqa(t).

Using the operator LT, we divide Ay (t) — A1o(t) into two parts. This is an important step
of the proof and will be explained as follows. First, we expand the exponential operators
in powers of the conjugate FP operator and count the number of [A/J{ operators included in
the expanded term. Next, using this number, we divide the exponential operators into a
term including an odd number of ZALI operators and a term including an even number. This
division of the exponential operators allows us to divide Ay () — Aqa(t) into two parts.

Finally, we show that the two divided parts of Ag;(t) — Ay2(t) vanish respectively. We
can show that one of the parts vanishes without assuming Eq. (17). In contrast, the other
part vanishes only when Eq. (17) is satisfied. To prove this, the second part is given by the
x-integration, whose integrand is expressed using the product of F(x) and dF(x)/dz. By

7
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integrating the expression by parts, we show that the second part vanishes.

IV. PROOF

We express the extent of the FRR violation A;;(¢) in terms of the Fokker-Planck (FP)

operator IA/,
A 0 0
= _1_ — _
L=—v o <F(m) T@x) , (19)

with the stationary distribution function in a non-perturbed system. Using L, we describe
the time development of the distribution function for the particle P.(x,t) using the FP
equation
L:I:P(ac t)—’yflg ef(t)—eT(t)ﬁ P.(z,t) (20)
ot e\ or 1J/p 24p or e\Ly ).
The FP equation (20) is equivalent to the overdamped Langevin equation (1). The non-
perturbed stationary distribution function Py (z) is defined as the steady-state equation with

€1 = €9 = 0:
aPst(Z‘)
ot

Using the FP operator L with the stationary distribution function Py (x), we can express

Aq(t) and Ag (t) as follows [7, 8]:

= LPy(z)=0. (21)

Aqs(t) = 7_2/0 dz F(x)etiﬁpst(x), (22)

! N
Aoy (t) =772 /0 dz F(x)Je* JPy(z), (23)

where J is the operator defined as

J=F(z) - T%. (24)

Using Egs. (22) and (23), which express Ajo(t) and Ao (t), respectively, we calculate
Aoy (t) — Aa(t). From Egs. (22) and (23), we obtain

l 2 ~
Balt) = Bualt) =7 [ do Fa)[J, 6] IPuo) (25)
0
where [121, E] = AB — BA with the operators A and B. Because the differential equation

[j, eti} = ﬁ[j, eti] + [j, ﬁ] etl (26)
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~ t A A~ ~
[j, etL] :7_1/ ds e F' (z) Jest, (27)

0
substituting into Eq. (25) yields

Aoy (t) — Apa(t) =773 /0 ' /0 t ds F(z)e ™)L F (2).JeL TPy (), (28)
where F'(z) = dF (z)/dz. From integrating Eq. (28) by parts with respect to x, we obtain
Ag (1) — Apa(t) =73 /l dz /t ds [e(t_s)ij(ac)] F’(x)jeS]iszt(x), (29)
0 0
where the conjugate operator of L is defined as
Lt =471 <T% + F(x)) % (30)

In Bq. (29), [Og(z)] indicates that an operator O operates only on a function g(z) and not
on functions outside of [---].

By expanding Ay () — Aa(t) in powers of conjugate operators, we divide Ag (t) — Aqa(t)
into two parts. To expand Ag;(t) — Aja(t), we rewrite Eq. (29) in the form

Aoy (t) — Aqa(t / dx/ ds =L )} F'(x) [esjiT*F(x)] JPy(z) (31)
using the formula (Appendix A)
JesL JPy(z) = [esﬁ“F(x)} TP (), (32)
where L™ = LI — LT with
Ly = y—led—;, (33)
LI = y—lF(x)%. (34)

In Eq. (31), we expand et (x) and et () in powers of LT and L, respectively, via

n

() = 3 (L)), (3)
() = 30 () (). (36)

S
I
o

Using L™ = L} — LT and LT = L] + L! obtained from Eq. (30) with Eqs. (33) and (34), we

9



1 obtain

¢ R@) = S0 ) E) = ol 0) + gl ), (37)
R () = 30 S ) = g 1) + gl 1), (38)
> with
ol 1) = 3 [P () — e F)] = 550 T (B + B FG) — (B~ D) F()] . (39)
_ Ly (Lt IS [ e Pt fiyn
go(@,1) = 5 [ M F(@) + e F(w)| = 530 = [(Lh+ L) F(a) + (L - L)"F(@)] . (40)

3
Il
=)

3 Where [A/I operates on F'(z) an odd and even number of times, respectively. By substituting

+ Egs. (37) and (38) into Eq. (31), we can divide Eq. (31) into two parts,

A1 (t) — Asa(t) = Au(t) + Ac(?), (41)
s where
! ¢ R
A,(t) = —73/ dx/ ds ge(x,t — 8)F'(x)go(x, s)J Py ()
0 0
! ¢
+ 7_3/ dx/ ds go(x,t — s)F'(x)ge(x, s)J Py(z), (42)
0 0
l ¢
Al(t) = 7_3/ dx/ ds ge(z,t — 8)F'(2)ge(, s)J Py ()
0 0
I ¢
— 73/ d:z:/ ds go(, t — ) F'(x)go(x, s)J Py(). (43)
0 0
6 One of the two divided parts A,(t) vanishes. To show this, we transform the variable s

7 into 7 =t — s in the first term of Eq. (42) to obtain

A (t) =—~73 /0 da /0 A7 ge(2, 7)F'(2)go(2,t — 7).J Py ()
—1—7_3/0 d:z:/o dsgo(x,t—s)F'(x)ge(x,s)szt(x). (44)

s On the right side of Eq. (44), the absolute value of the first term is equivalent to that of the

o second term if 7 = s. These terms cancel out, so we obtain
A,(t) = 0. (45)

10



1 We have not assumed Eq. (17) to derive Eq. (45).

2 The other of the two divided parts, A.(t), can be expressed as a product of F(z) and
3 F'(x) assuming Eq. (17). Using

d*F(z)

dz?

= a[F(z) = f] (46)

s+ derived from Eq. (17) with U'(x) = aU(z), we rewrite Egs. (39) and (40) in the forms

=3 W) [Fa) [F (@) (47)

quO

-3 ) F@)P [P )] (48)

p=0 ¢=0

s where hP?(t) and h??(t) are functions of ¢ independent of # (Appendix B). By substituting
o Eqgs. (47) and (48) into Eq. (43), we obtain

= [ [Caswnte ) F@P P IR, 09

p=0 ¢q=0

7 where hP4(t,s) is a function of ¢ and s independent of .
8 Using Eq. (49) expressed in terms of F'(z) and F’(x), we show that A.(t) vanishes. We
o rewrite the integral part of Eq. (49), using [F(z)|]PF'(z) = (p + 1)"'d([F(x)]P*!)/dx, in the

10 form

/0 e [P [F@) " JPu(a - / qp SE @ {dii W JPu(z).  (50)

u Using Eqgs. (21) and (46), integrating Eq. (50) by parts yields

zﬁ Oldx d[F(dx)]m1 {dlgi )] JPy(x) = ag /Ol de [F(2)]"* {di_f)} i)
+ /Ol dz [F(z)P {dlgia?)rq_l P (o).
(51)

12 where ag and a; are z-independent constants determined by p, ¢, and «a. By integrating

13 Eq. (51) p times by parts, we obtain

11



10

11

12

13

14

dz dz
q l ]
. dIF () pratitl |
-3 G / qp )] TP, ()
—ptqti+ 1/ dx

a C. ! d .
——> e [wlr@p LR
—~p+q 0 dz

/Ol dz [F(x)]P [dF(x)]zq“ JPy(z) = éci /Ol dz [F(z)]r {dF_(x)] JPu(2)

+i+1

=0, (52)

we finally obtain Eq. (18) from Egs. (45) and (53) with Eq. (41).

V. NUMERICAL CALCULATIONS

We demonstrate the reciprocal relation derived in the previous section by numerically

calculating A12(t) and Ay (t) using the following form of the potential U(x):

U 2 4
%zcos%%—acos%, (54)

where a is a parameter independent of x. The potential given by Eq. (54) does not satisfy
the condition of Eq. (17) for a # 0, but satisfies the condition for a = 0. To calculate A;;(?),
we convert all quantities to dimensionless forms using the time unit v7~12, energy T, and
length [.

We numerically calculate A12(f) and Ay (f) on the basis of Eqgs. (22) and (23) using the
FP equation [7, 8]. Because Egs. (22) and (23) do not include the perturbations € f,(t) and
e2T),(t), the calculations do not need the explicit forms of the perturbations. Equations (22)

and (23) are represented by
!
Alg(t) = ’}/2/ dz F(%)Plg(l',t), (55)
0
!
Aoy (1) = 72 / dz F ()7 Py (2, 1), (56)
0

where Ppa(x,t) and Py (x,t) are given by Pio(z,t) = etﬁjQPSt(:I;) and Py (z,t) = etﬁszt(a:).
We obtain the distribution functions Pio(z,t) and P (x,t) by solving Eq. (20) with

12
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\ — = D) (f=1)
10\ 12
\ Doy (1) (f=1)
= 8 L “ AIZ(I) (f:0.5)
Zb \ Dy, (1) (f=0.5)
6l Bio(1) (f=0)
4—‘1\ \Y - B (=0)
N\
2 ’\\\“;\“’
0 e e e o
0 0.05 0.1 0.15 0.2
Time t

FIG. 1. Time dependence of the extent of the FRR violation Aj2(t) or Ag;(t) (Eq. (14)) calculated
using the potential in Eq. (54) and the driving forces f = 0, 0.5, and 1 with a = 0. We use a
one-particle one-dimensional model described by a driving overdamped Langevin equation. We
_1l2

convert all quantities into dimensionless forms using the time unit v7T° , energy T', and length [,

where v is the friction coefficient.

€1 = €3 = 0 under the initial conditions Pjs(x,0) = j2PSt(a:) and Py (z,0) = szt(x).
We numerically solve the FP equation with the Euler method and spatial finite difference
method, setting the time and length steps at At = 6.25 x 1077 and Az = 1.25 x 1073,

respectively.

First, we numerically confirm that Eq. (18) is valid using a range of values of the driving
force f, which shows the extent of deviation from an equilibrium state (Fig. 1). Because
Eq. (18) is valid at a = 0 in Eq. (54), we calculate A;;(t) for the potential at a = 0. For
f =0, Aa(t) = Agy(t) = 0 because the FRR is valid in the equilibrium state. We confirm
Aqs(t) = Aoy (t) for all the calculated values. This result shows that our reciprocal relation

is valid in some nonequilibrium states.

Second, we calculate Aj9(t) — Aoy (t) when the potential U(x) does not satisfy Eq. (17)
(Fig. 2). At t = 0, Aa(t) — A9 (t) = 0 for all values of a, as Yamada and Yoshimori
showed [7, 8]. When ¢ increases from 0, Aj5(t) — Ag(t) increases from 0 to a positive value
and reaches a peak between ¢ = 0.02 and 0.03. The peak value increases with a except
for a = 1.0, where the peak is lower than at a = 0.75. In contrast, for a longer time,

Apo(t) — Ao (1) is larger at a = 1.0 than at a = 0.75.

13
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FIG. 2. Time dependence of the difference in extent of the FRR violations Aja(t) and Ag(t)

(Eq. (14)) calculated using the potential in Eq. (54) for five values of the parameter a. We use

a one-particle one-dimensional model described by an overdamped Langevin equation with the

driving force f = 1.0. We convert all quantities into dimensionless forms using the time unit

vT~1I2, energy T, and length I, where v is the friction coefficient.
VI. DISCUSSION

We have exactly proved the reciprocal relations of Eqs. (16) and (18) assuming Eq. (17).
We now discuss why Eq. (17) was necessary for deriving Egs. (16) and (18). Equation (17)
has been used to show A.(t) = 0, where A.(t) is given by the division of Ag(t) — Aya(t)
into A,(t) and A.(t). To show A.(t) = 0, we have to express g,(x,t) and g.(x,t) in the
forms of Eqgs. (47) and (48), where any higher derivative of F(z) is expressed by F(z) and
F'(x). The expressions of the higher derivative can be obtained using Eq. (46) derived from
Eq. (17) and have also been applied to Eq. (51).

In the following, we discuss whether our result can be transferred to non-equilibrium
systems other than the systems considered in this study. First, we discuss the transferability
to systems where the potential does not satisfy Eq. (17). Because we can prove A,(t) = 0
without Eq. (17), Egs. (16) and (18) are valid for systems with A.(f) = 0. Thus, even if
Eq. (17) is not satisfied, we can obtain Ag(t) — Ajs(t) = 0, for instance, in the case of
ge(,t) = go(x,t) in Eq. (43). Because it is not clear whether such a system exits, we have

to study the possibility in future work.

Next, we discuss the transferability to the underdamped Langevin case, where we have

14
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to consider the particle momentum p as well as the position z. Because of the consideration
of p, we cannot divide Ay (t) — Aq2(t) in the same way as in the overdamped case. Even if
we can divide it in another way, we cannot show that the two divided parts vanish. This is
because considering p does not allow us to obtain equations valid in the overdamped case.
We obtain A,(t) = 0 from Eq. (31) and A.(¢) = 0 from Eqs. (47) and (48), but we cannot
obtain such equations in the underdamped case.

Finally, we discuss the transferability to a many-particle three-dimensional system de-
scribed by the overdamped Langevin equation [8]. In this case, we assume

d*U({x})

dx?

o« U({x;}), (57)

where U({x;}) is the potential including particle interaction terms, x; is the position of
particle i, and {x;} = Xj,X3,.... In this system, we can divide Ag(t) — Aja(t) in the
same way as in the one-particle one-dimensional system, so we obtain A,(t) and A.(t).
Nevertheless, we cannot show A,(t) = 0 because Eq. (31) is not valid in this system. In
addition, we cannot show A(t) = 0 even using Eq. (57) because it is not possible to obtain

equations similar to Eqs. (47) and (48).

VII. CONCLUSION

In this work, we have exactly derived the reciprocal relation (16), which is valid in the
NESS, from an overdamped Langevin equation assuming Eq. (17). Our reciprocal relation
can be expressed in a non-integral form with respect to the frequency, in contrast to other
relations derived by previous studies. This relation is valid far from an equilibrium state
because the derivation of the relation is independent of the driving force f representing the
extent of the nonequilibrium state. Because our reciprocal relation is expressed only with
measurable quantities, one can verify its validity through experiments on systems such as a
colloidal suspension. Our reciprocal relation gives deeper understanding of the cross effect

between thermal and mechanical perturbations to the NESS.

Appendix A: Derivation of Eq. (32)

In this appendix, we derive Eq. (32), by expanding esL in powers of L. We expand esl

15
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11

on the left side of Eq. (32) to obtain

fem ST e S d \" .
I SLMPy(x) =) = (—’y_lﬁj) J Py (). (A2)

Jzn‘< N~ de) JPy(x :ZZ—T(— 1 dx)nﬂPst(x). (A3)

From Eq. (A3) with L™ = —~'Jd/dz and
sLT* - i T % "
z; n! (L ) ’ (A4)
we obtain
Je'b JPy(x) = e J2 Py (x). (A5)
We can derive Eq. (32) from Eq. (A5), obtained by expanding esL , using the property of
the stationary distribution function Py (z). Because Eq. (24) leads to the property

d -
aJPStCU) - O, (A6)

we obtain

L 2P, (x) = e F(2)J Py (). (A7)

By applying the operator e*™ to F(z).J Py(z) in Eq. (A7) and using L™ = —v~1Jd/dz and
Eq. (A6), we rewrite the right side of Eq. (A7) in the form

A

LY P(2) TPy (2) = [esﬁ**p(m)] TPy (). (A8)

From Egs. (A5), (A7), and (AS8), we finally obtain Eq. (32).

Appendix B: Derivation of Egs. (47) and (48)

Using Eq. (46), we obtain
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Li[F ()" [F'(@)]"

= 1 [F(2)]"[F' ()" + o[ F (@)™ P [F ()" + e[ F ()" 2 [F' ()" (m > 0,n > 1),
(B1)

L[ F (@) [F' ()"

=\ [F()]" [ (@)]" ™ + GF @)]"[F'(2)]" + [F ()] [F ()]
+ F (@) F ()] + GF (@)™ F(@)]" + c[F ()] [F' ()] (m > 2,0 > 2),
(B2)

where m and n are integers, and ¢; and ¢, are constants independent of z. Equation (B1)

shows that L! changes the exponent of F’(x) into an odd number when 7 is even. When n

is odd, [Aﬂ; changes the exponent into an even number. In contrast, we find from Eq. (B2)

that ﬁg does not change the parity of the exponent of F’(x). Because the same situations

are

valid for n < 2 or m < 2, we can rewrite Egs. (39) and (40) in the forms of Eqs. (47)

and (48).
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