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We suggest a new focus for turbulence studies — multi-mode correlations — which reveal the
hitherto hidden nature of turbulent state. We apply this approach to shell models describing basic
properties of turbulence. The family of such models allows one to study turbulence close to thermal
equilibrium, which happens when the interaction time weakly depends on the mode number. As the
number of modes increases, the one-mode statistics approaches Gaussian (like in weak turbulence),
the occupation numbers grow, while the three-mode cumulant describing the energy flux stays
constant. Yet we find that higher multi-mode cumulants grow with the order. We derive analytically
and confirm numerically the scaling law of such growth. The sum of all squared dimensionless
cumulants is equal to the relative entropy between the full multi-mode distribution and the Gaussian
approximation of independent modes; we argue that the relative entropy could grow as the logarithm
of the number of modes, similar to the entanglement entropy in critical phenomena. Therefore, the
multi-mode correlations give the new way to characterize turbulence states and possibly divide them

into universality classes.

INTRODUCTION

We define turbulence as a state where many degrees
of freedom are deviated from thermal equilibrium. This
usually happens when wavenumbers or frequencies of
the modes excited are vastly different from those of the
modes that dissipate. A statistically steady state is then
a long cascade of excitations.

Fluctuations in a wide interval of scales and times
is the property shared by turbulence and critical phe-
nomena. That analogy was discussed either in terms
of power-law behavior of correlation functions [1, 2] or
in terms of the probability distribution of macroscopic
quantities [3]. However, the analogy was not advanced to
reach deeper understanding of turbulence, in particular,
reproduce the spectacular success of statistical physics in
defining the universality classes of critical phenomena.

We suggest to focus on the entropic characteristics of
turbulence, following the approach developed for critical
phenomena by Wilczek, Kitaev, Cardy and others [4-6].
While the entropy itself is usually linear in the number of
degrees of freedom, the quantum entanglement entropy
or classical mutual information between different parts
of the system or between a system and its environment
could be logarithmic at criticality. The factor in front
of the logarithm is the central charge of the conformal
field theory, which determines the universality class of
the transition [4]. That approach to critical phenomena
brought most progress in two dimensions, here we shall
apply it to one-dimensional model of turbulence.

We believe that an entropic approach is also natural
for turbulence, which must have much lower entropy than
thermal equilibrium (at the same energy). How does the
entropy deficit depend on the number of modes deviated

from equilibrium or, in other terms, on the Reynolds
number? Since the entropy deficit is information, where
it is encoded?

Two natural possibilities exist here: correlations be-
tween points in space or between modes in Fourier space.
The multi-point spatial correlations were first discov-
ered in the simplest case of non-equilibrium imposed by
a spatial gradient (of temperature, velocity, etc). So-
called Dorfman-Cohen anomalies manifest themselves as
infrared divergencies in the density expansion of kinetic
coefficients (thermal conductivity, viscosity, diffusivity)
[7-9]. However, turbulence deviates from equilibrium
by forcing some modes and dissipating other, imposing
different conditions in Fourier space rather than in real
space. Therefore, the cascade nature of turbulence must
manifest itself in inter-mode correlations.

Since the very existence of a cascade hinges on interac-
tion between modes, the traditional approach is usually
focused on the lowest two nonzero moments: the occu-
pation numbers and the flux [10-15], which is typically
a three- or four-mode correlation function. Yet it was
argued recently from an entropic analysis that even for
a weak wave turbulence two moments are not sufficient
to describe the statistics of a multi-mode system, which
could be far from Gaussian [16].

We suggest that the nature of a turbulent state is re-
flected in multi-mode correlations which can be quan-
tified by the mutual information between upscale and
downscale parts of the cascade or between all modes. We
hope that the mutual information can play here the role
that the entanglement entropy plays in critical phenom-
ena. For the formidable task of analyzing the multi-mode
correlations, it is natural to start from the class of sys-
tems where they are weak and can be treated perturba-



tively. We find one such class where occupation numbers
are close to thermal equipartition, the single-mode statis-
tics is close to Gaussian, and the (dimensionless) flux is
small. We demonstrate that nonzero multi-mode dimen-
sionless cumulants can be all of the same order in such
systems. When this is the case, the mutual information
must grow as a logarithm of the total number of modes
in the cascade, thus establishing a direct quantifiable link
with classical and quantum critical phenomena.

Developed turbulence with the same scaling as in equi-
librium occurs in many systems. Omne class is both
direct and inverse cascades in the universal Nonlinear
Schrodinger model in two dimensions [12], which de-
scribes cold atoms and all spectrally narrow wave spec-
tra. Another example is a joint turbulence of interact-
ing high and low-frequency waves abundant in geophysics
and plasma physics [11, 17].

DEFINITION OF THE MODELS

We consider a very wide class of systems with strong
interaction, described by the equations with quadratic
nonlinearity,

ia; = qu (ZquSa:aq + Vsj;;asaq) ) (1)

conserving a quadratic integral of motion, E =
> wjla;|?, as long as VI, # 0 iff wy + w; = w;. Such
are the Euler equations for incompressible fluid flows
and for solid body rotations, as well as the family of
two-dimensional hydrodynamic models from geophysics,
astrophysics and plasma physics, where a scalar field a
(vorticity, temperature, potential) is transported by the
velocity whose stream function 4 is linearly related to
a: da/ot = —(v-V)a, v = (0¢/dy, —0¢/0x), ¥(r) =
[ dr'|r — r'|P~2a(x’). For the 2D Euler equation, 3 = 2.
Other cases include surface geostrophic (§ = 1) [18], ro-
tating shallow fluid or magnetized plasma (8 = —2) [19],
etc. After Fourier transform, ax = 3 g Plkxdlagak—q-
Recently, the family was expanded further by adding
models describing waves or modes with a resonant triplet
interaction determined by the Hamiltonian [20, 21]:

Ho =y wilaP+Y Vi (azaia; +asa.a}) .
J J,8,4

Gauge transformation, a; — a; exp(iw;t), turns ia; =
OH.y/0aj into (1).

All models are scale-invariant: V(Awj, Aws, Awy) =
AV (wj,ws,wq); for hydrodynamic models o = 2 — 3.
They all have exactly Gaussian statistics in thermal
equilibrium [20, 21]: InPg < —E/T and (|a;|*™) =
L(m + 1)n7", where n; = (la;|*) = T/w;. Thermal
equipartition takes place both in a closed system and un-
der a contact with a thermostat, which pumps and dissi-

pates all NV modes equally, see below. Turbulence appears

when pumping and damping act on distant modes, p and
d respectively. Nonlinear interaction provides for a cas-
cade of excitations via the transparency window between
p and d. Cascade is called direct for p = 1,d = N, and
inverse for p = N,d = 1. In the transparency window,

wjd(Ja;|?)/dt =Ty — 11, (2)

due to conservation of E. The right hand side is the dis-
crete divergence of the flux II; ~ Zs}q Vsj;le (C5(7,8,9)),
where C3(j,s,q) = Im{ajasa,} and the brackets ()
denote time averaging. We also denote by C,, with
m = 3,4,..., N generic multiplications of m modes, for
which the averages are the correlation functions with no
reducible parts (zero for Gaussian statistics). For scale-
invariant systems, stationarity requires the flux indepen-
dence on j, which sets the scaling a? o ij_l_a. Strong
turbulence of resonantly interacting waves is different
from weak turbulence determined by quasi-resonances,
where aj oc I [11].

The rest of the article is devoted to the case of & = 1/2,
as it allows us to explore the difference between statistics
of turbulence and of thermal equilibrium. One might ex-
pect a minimal difference, since the scaling of turbulence
and equipartition coincide, a; o wj_(Ha)/B = w2
Yet, turbulence carries the flux from excess to scarcity,
so the energy density Ey = wini is not constant but
must decrease from pumping to dissipation. This imme-
diately brings the higher cumulants, beyond Cs. Indeed,
dCs5/dt is expressed via the fourth-order moments, whose
cumulants are denoted collectively Cy. In a steady state,

d <C3(], S, q)> /dt = Zkl (qul <a;akalas> + Vi (a;fakalaq)
+2Vii(afarai ag) + 2Vij (afarai as) — Vij(aj atasaq) (3)

— Vllataasag)) = (Cs) + 2V, (nang — njn. —nyng) =0.

In equilibrium, ny oc w; ' and (Cy) = -2V (ngng —
njns —njng) < —Vi (wj —wg — ws) = 0. The scaling of
turbulence is the same, so the decrease of wgny towards
the damping must be logarithmic [11]. For a direct cas-
cade, we denote Ap = log(wgq/wi) and assume wing =
Ai, with £ to be determined. Considering j—s ~ j—¢q <
J we expand ng, ng around n; (see the Supplement for the
details), which gives: (C4(j)) ~ 26VIin3/A; o A§571
for A; > 1. Stationarity of C4,C5 give respectively
(Cs) ~ Vn{(C3), (Cs) ~ Vn(Cy) ~ Vn3/A, and gen-
erally (Cp,(j)) =~ Vn;»n/2/A o wj_m/zAEm/Q’l. The
flux law requires that C5 has no logarithm, which gives
& = 2/3. We thus see that the dimensionless cumu-
lants of all orders are suppressed by the same factor:
(Crn(5)) nj_m/2 ~ log ™" (wa/w;). Cumulants are of order
unity at 7 ~ d [21]. As d = N increases, the cumulants
at j < d are getting uniformly smaller but their number
increases, since the cumulants of orders up to m ~d — j



involve the mode j.

COMPUTATION OF CUMULANTS

We now present a direct computation for two models,
defined respectively by the Hamiltonians [20, 21]:

j o * *2
Ho = Zj 27 (a?ajJrl + a; aj+1) R (4)
Hs = Zj Fy (a;a;+laj+2 + ajaj+1a§+2) . (5)

The first (doubling) model describes a chain of modes
resonantly interacting with their second harmonics. The
second (Fibonacci) model describes a chain of resonantly
interacting triplets; here F; are the Fibonacci num-
bers, defined by F; + F;11 = Fji2. The Hamiltoni-
ans are invariant with respect to the gauge transfor-
mation with w; = 2/ and wj = Fj respectively. Since
Fj = [¢ — (—¢)77]/V/5, then at j > 1, the wave fre-
quency also depends exponentially on the mode number,
Fj oc ¢7, where ¢ = (14+/5)/2 is the golden mean. Both
(4,5) are so-called shell models defined in logarithmically
discretized Fourier space [20-23].

To study turbulence, we pass to b; = Clj(d§1+a)/3, which
makes the triple moment j-independent in the trans-
parency window. We also renormalize time to bring the
dynamical equations to the universal form (see numerical
factors in the Supplement):

’Lb] = 2j 2a3_1

- j20¢(—1
ij =¢’' 3

(b?_l + b;bj+1) . (6)
[¢bj_1bj o+ b _1bjt1+ ¢ b3, byl (7)

Remarkably, both equations have an exact stationary so-
lution b; =1, Vj. It corresponds to the turbulent scaling
aj o wj_(Ha)/ ®. The solution is linearly unstable and

cannot be matched with pumping and damping, yet we

find that turbulence fluctuates around it. The prefac-
tors w§2a71)/3 (= 20(2a=1)/3 " $i(2a=1)/3) determine the

dependence of the interaction time on the mode number
j. For a« = 1/2, the equations (6,7) are translation in-
variant along j, the interaction time is the same for all
modes, and scaling laws of turbulence and equilibrium
coincide. Both direct and inverse cascades exist in this
case [20, 21].

Analytic derivations of cumulants for (4) are presented
here and for (5) in the Supplement. Consider the prod-
ucts Crim...(4) = j—kbj—1b5_,, ... b5, having non-zero
mean values when gauge invariant: 27% 4 270 —27™m
...—1=10. Every such product of order m can be ob-
tained from that of m — 1 replacing b; by either b?_l
or b%b;j 1. Denote A, (j) = (|b;j|™). Stationarity of As

similar to (2) gives (C3) = (C115(j)) = 1. Next,

d(30% 1) /dt = 2(|bjbj1]?) — (|bs]*) +2(Coa15(j + 1))
—(Ca10(J +2)) = 2n;(nj11 —ny) + ((Ca(j))) = 0,(8)

where we denoted the combination of the fourth-order cu-
mulants: ((Ca)) = (Caa10) + ((2[b;0541]° = [b;]*)). Dou-
ble brackets denote subtraction of the reducible parts.
Assuming self-consistently that the statistics is close
to Gaussian and n; o log®(2/=%) o |j — d|¢, we ob-
tain ((C4())) ~ 2n;(n; — ny41) ~ 2n2/|j —d|. Nu-
merics described below confirm that. Next, station-
arity of (|b;|*) gives (|b;|?C3(5)) = (|b;]*Cs(j + 1)).
Since the reducible contributions are respectively 3 and
2 times n;(Cs), then the difference of the cumulants is
{([b; 2[C5(j) — Cs(j + 1)) = As()(Cs) = ny, that is
the fifth-order cumulants are comparable to n;. Numer-
ics give (|b;[2C5(4)) = (|b;|*C5(j + 1)) ~ 2.25n;. Sta-
tionarity of (|b;b%, ,[*) by induction over k imposes the
identities: (|b;|*[C3(j + &k + 1) — C3(j — k)]) = 0, the cu-
mulants are negligible for £ > 1 when there is no overlap
(see Supplement). Next orders give ((Cg)) ~ Aa({Cy)) ~
AsAs)lj—d| = Ag/|j—d] and ((C)) = Ay /]j —d], sup-
porting the above estimates in the general case. Since
Ay oc "2, then ((Cn)) = "2 /|j — d] oc |j —d]™¢"
Applying it to (C3) = 1 we obtain & = 2/3, that is
nj o i — dP? Ap(j) ~ nf"? o« |j - d™? and
(Cn())) = Am(3)/17 = d| o< |j = d|""=D/%. We see
that cumulants with m > 3 actually grow with increasing
the length of the cascade. The dimensionless cumulants

Dy = ((Cu))/{|C2,1)1/? all decay by the same law:

((bj—kbj—1b]_...b})) 1

Dis...(j ER
kis...(J) (\bj_kbj—lb;f_s~~'b;|2>1/2 lj —d|

9)

NUMERICAL RESULTS

To check the assumptions in our derivations, we solved
numerically (6,7) for « = 1/2 and both direct and inverse
cascades. Exponentially large w; do not appear for the
variables b;, which allows us to enlarge N without short-
ening the time step. Compared with [20-22], this novel
approach gives much larger transparency window, up to
a record N = 200. Figure 1 shows that the single-mode
probability distribution is close to Gaussian for all modes
in the transparency window, see also [20, 21].

It also shows the dependence of the single-mode mo-
ments A,,(j) on j counted from dissipation. The occu-
pation numbers are of order unity at j ~ d; away from
dissipation, the moments are indeed Gaussian, that is the
renormalized moments A,,(7) A5 ™ *(5)/T(1 + m/2) are
all equal to unity, independent of j. That means that the
single-mode distribution is scale invariant, the scaling is
indeed A,,(j) o |j — d|™/3. The same is true for the
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FIG. 1. Direct Fibonacci cascade. Left: away from damping,
single-mode distribution approaches Gaussian. Right: single-
mode moments A, = {|b;|™).

doubling model.

Both large transparency window and massive statistics
are crucial for the first-ever computation of high-order
cumulants in turbulence presented in Figure 2. Due to
symmetry b; — —bj, the cumulants with even m are
real and those with the odd m are imaginary (they are
non-zero due the breakdown of time reversibility in tur-
bulence). The cumulants of b = ib; are all real and
proportional to the flux, that is have opposite signs for
direct and inverse cascades (see also Supplement). Fig-
ure 2 shows dimensionless cumulants multiplied by |j—d].
The data confirm the scaling (9) for all pure cumulants,
like (C5915), and those comparable to the reducible part,
like (|b;]*C5(5)). The few cumulants due to amplitude-
only correlations, like ((|b;b;j_1]?)), are small differences
of large values; the data are irregular, don’t contribute
the mutual information, and left out of the consideration.

Numerics give the squared flux (C2) = ((b?flb;?)% R~
2.44n3 /|j — d| for (4). Two things are noteworthy. First,
(C3)  |j —d| > (C5)? = 1, that is the flux fluctuates
strongly, its variance grows unbounded with N, while its
mean stays constant. The same is true for (5), and re-
produces the experimental and numerical data on direct
and inverse cascades in fluid turbulence [24]. Second, for
both models, we find no systematic decay of cumulants
with m. We cannot presently prove this for m — oo,
nor we are able to classify all gauge-invariant cumulants
of an arbitrary order. We managed it up to the seventh
order: (4) gives 26 distinct types of cumulants and (5)
gives 70 for m = 7 (see the tables in the Supplement).
For example, cumulants of the type ((C5Cjy)) are among
the largest and are comparable to (Cy){(C3) = (Cy) —
another sign of no decay with m (see also the Table).

To summarize the findings: the dimensionless cumu-
lants are uniformly small far from dissipation: D,,(j) ~
|7 — d|~!. In the thermodynamic limit d = N — oo (di-
rect cascade), all dimensionless cumulants tend to zero
and we have an asymptotic equipartition with the tem-
perature T = N2/3 for all finite j. Yet the number of
cumulants grow with N, so it is not clear if the full multi-

mode statistics approaches Gaussian in the limit.

ENTROPIC CONSIDERATION

Let us argue that the growth of cumulants makes the
full multi-mode probability distribution P{b;} very dif-
ferent from the Gaussian distribution of independent
modes with the same occupation numbers, Pg{b;} =

; n;l exp (—|bj|2/nj). Since the dimensionless cumu-
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FIG. 2. Largest compensated cumulants for every order. Left:
Direct cascade in the Fibonacci model. Right: Inverse cascade
in the doubling model.

lants are small, the probability distribution can be ap-
proximated as follows:

Plosh =2 exp [- N aylbs 2+ B, (10)
Z = (14 (B%o/2) 105" (11)

The average (...)o is with Pg, and B is the sum of all
products giving nonzero cumulants, symbolically

GGl + Ch(Cw)
D D em R

Define Sy = (Inl/P) as the total entropy. Relative
entropy, D(P|Pg) = (In(P/Pg)) measures the differ-
ence between P and Pg. Since the latter is a product,
Pe < 1; exp(—a;|b;|?), then D = Zjvzl S; — Sy is also
the difference of the entropies, that is the multi-mode
mutual information Iy, quantifying correlations in the
system.

In the leading order in 1/|j —d[, D is the sum of
all squared dimensionless cumulants. If we had only
triple cumulant, then D would be given by a converg-
ing series and thus independent of the number of modes:
D = Z;\;g D2(j)/4 ~ Z;.V:g(N —j)72 ~ 1. The con-
tributions of multi-mode cumulants makes D a double
sum. Our computations suggest that the sum of squared
dimensionless cumulants do not decrease with the order:
Table I shows quite irregular dependence on m, but no
overall decay: contributions of m = 4 is comparable to
m = 6, while m = 5 to that of m = 7. This is all
the more remarkable since only nearest neighbors inter-



act. Assuming that indeed the sum of squared cumulants
do not decay with the order and asymptotically satu-
rates to some number (which we cannot yet compute)
¢ = limy, oo | D (§)I?]7 — d|?/4, we obtain the relative
entropy logarithmic in the number of modes:

N

N N N2 N
D:ZZW:CZBZ;Z:clogN. (13)

Jj=m

Since we disregard amplitude-only correlations, the
conclusion is about D(P{b;}|P{|b;|}) which bounds
D(P|Pg) from below. The mutual information between
the two parts of the cascade, I(A, B) = S(A4) + S(B) —
S(A, B), must have the same logarithmic dependence,
since it is given by the double sum over j,m of the
squared cumulants that involve modes from both A =
{p...N/2} and B = {1 + N/2...d}. The longer is the
transparency window, the smaller are the cumulants, yet
larger is their number, so that the mutual information
grows logarithmically with the number of modes excited,
that is with the effective Reynolds number. The reason
for the growth here is the nonlocality of correlations. An-
other source of a logarithmic dependence of the mutual
information on the degree of non-equilibrium was found
for a minimal (two-mode) model of a cascade [25]. It is
a task for the future to derive the logarithmic law with
the factor c¢ for different models, which requires solving
a formidable problem of classification of cumulants of an
arbitrary order. After that, we may be able distinguish
universality classes of turbulent cascades.

DISCUSSION

The next step will be to study multi-mode correla-
tions for o # 1/2, when non-Gaussianity of a single mode
grows exponentially along the cascade: Aa,, /A% ijfg‘
[20-22]. Preliminary (short-interval) data show a linear
gI‘OWth with |j — p| for I(bjfl,bj) and I(bjfl,bj,bj+1)
[20, 21], which bound I(by,...,by) from below due to
monotonicity. It is tempting to treat o = 1/2 logarith-
mic case as that of critical phenomena in dimension 4 [26]
and develop a Wilson-type e-expansion in € = o — 1/2
[27]. That could be non-trivial, since the perturbation
expansions, regular in thermal equilibrium, tend to be
singular in non-equilibrium states, especially in turbu-
lence [7, 8, 16].

Note the dramatic difference between our turbulence
and nonuniform dilute gases described in [7-9]. There,
even though naive expansion encounters divergencies,
renormalized expansion gives higher cumulants propor-
tional to higher powers of the small parameter (density),
which leaves the multi-particle mutual information small.
Our (9) gives all cumulants proportional to the same
(first) power of the small parameter, which may lead to
logarithmically large multi-mode mutual information.

m  Hs direct Hg inverse Ho direct Ho inverse

3  0.17986 0.18992 0.06522 0.05660

4 0.22636 0.22748 0.02818 0.02558

5 0.07100 0.07102 0.00600 0.00356

6 0.11829 0.12089 0.19594  0.17387

7 0.06500 0.06670 0.02553 0.02333
TABLE 1. Sum of squared dimensionless cumulants,

DZ,(4)|j — d|?, in the transparency window for both models.

Our models deal only with resonant modes and respec-
tive cumulants. In a general wave turbulence, both res-
onant and non-resonant interactions are present, so the
analysis of multi-mode correlations will be more compli-
cated. It was argued in [16] that cumulants might be sub-
stantial for resonant modes in the weak turbulence, even
when the statistics of mode amplitudes is close to Gaus-
sian. It is likely that in a continuous limit, determined
by quasi-resonances rather than resonances, the higher
cumulants are proportional to higher powers of the small
parameter, and the mutual information is small. As far as
real-world fluid turbulence is concerned, we believe that
our work shows importance of measuring multi-mode cor-
relations and the entropy of multi-mode distributions.
While only treatment of a moderate number of modes is
feasible, it may provide an important insight.

CONCLUSION

We have shown that turbulent cascade necessary in-
volves multi-mode correlations even in systems with lo-
cal interaction and close to equilibrium. The entropy-
lowering information about turbulence is encoded in the
overlapping sets of multi-mode correlations. As far as
we were able to compute, the degree of correlation does
not decay with the number of modes. If true, multi-
mode cumulants would make the multi-mode statistics
very different from Gaussian; the logarithmic growth of
the relative entropy with the number of modes estab-
lishes a promising analogy with critical phenomena. It
remains to be seen how universal are multi-mode corre-
lations across classes of turbulent systems and whether
they can be related to coherent structures.
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